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Nonlinear axisymmetric shape oscillations of an inviscid liquid drop in a vacuum are
investigated theoretically for their relevance for transport processes across the drop surface.
The weakly nonlinear approach is adopted as the theoretical method. For the two-lobed
mode of deformation m = 2, known nonlinear effects are an asymmetry of the times the
drop spends in the oblate and prolate deformed states, and an oscillation frequency smaller
than the linear one found by Rayleigh. The present analysis shows that, for m = 2, the
frequency decrease with increasing surface deformation of the droplet is a third-order
effect. For higher deformation modes, the frequency decrease shows in the second-order
approximation already. The analysis is carried out for modes of initial deformation up
to m = 4, but not limited to that. The nonlinearity is due to two different contributions:
the coupling of different modes of deformation; and the forces from capillary pressure
acting on different drop cross-sectional areas in different phases of the oscillation. For
the two-lobed mode of deformation, at an aspect ratio of 1.5, the two effects reduce
the oscillation frequency by 5 %. The present analysis represents the quasi-periodicity of
nonlinear drop oscillations found by other authors in numerical simulations. The results
show that drops in nonlinear oscillations at strong deformation may never reach the
spherical shape, thus exhibiting a resultant increase of their surface area.

Key words: drops, capillary waves

1. Introduction

Shape oscillations of drops have been the subject of scientific investigations for over 140
years, for fundamental interest and for their relevance for transport processes across the
drop surface. Departure of the drop from the spherical equilibrium state makes the drop
surface area increase. Furthermore, the motion of the surface and the bulk of the drop
induces gradients of velocity, temperature and species mass concentration, influencing
the transport of momentum, heat and mass. In the appendix to his paper on the capillary
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phenomena of jets, Rayleigh (1879) presented a linear analysis of shape oscillations of an
inviscid drop in a vacuum around a spherical equilibrium state. One result is the equation
for the angular frequency of oscillation of the drop deformed according to a mode m
assuming natural values m = 2, 3,4, ... which count the number of lobes on the drop
surface. Lamb generalised Rayleigh’s result by accounting for the drop viscosity and the
density of the ambient medium (Lamb 1881, 1932). He predicted the threshold Ohnesorge
number Oh = u/(cap)'/? of the drop for the onset of aperiodic motion.

Chandrasekhar (1959) presented a normal-mode analysis of small oscillations of a
viscous self-gravitating globe in a vacuum. In this work, the velocity field and stress
tensor in the oscillating globe were determined as solutions of the linearised Navier—Stokes
equations with account for gravity. The characteristic equation of the globe was developed,
which determines the complex angular oscillation frequency. Later, Reid (1960) showed
that the results of such an analysis are the same when the restoring forces producing the
tendency to the spherical form are due to surface tension instead of self-gravitation. A
further generalisation of the analysis of linear drop shape oscillations is due to Miller
& Scriven (1968), who accounted for both the viscous and the inertial influences from
an ambient medium hosting a viscous oscillating drop. Analysing drop shape oscillations
as the solution of an initial-value problem, Prosperetti (1980a) showed that analyses of
linear drop oscillations by the normal-mode approach may miss the fact that, in a range of
Ohnesorge numbers, oscillations starting in an aperiodic manner may turn into periodic
with ongoing time. The most important results, that the papers cited here highlight, are
the angular frequency and damping rate of the oscillations, as well as the time-dependent
shapes of the oscillating drops.

The first computational investigations of nonlinear drop shape oscillations with large
amplitudes are due to Foote (1973) and Alonso (1974). Both Foote and Alonso used the
marker-and-cell finite-difference technique for numerically simulating the time-dependent
free-surface flows with weak influence from the liquid viscosity. Foote (1973) predicted
the oscillation frequency of drops which were initially deformed and at rest. The initial
drop shapes were either oblate spheroids or given by a Legendre polynomial of a certain
degree m. It was shown that the oscillation frequency decreased with increasing aspect
ratio of the slightly viscous drop. Alonso (1974) simulated oscillations of atomic nuclei
and drops initially at rest and prolate deformed according to a Legendre polynomial.
Initially, large deformations and electrical charges of the oscillating drops were addressed.
Results consist in surface area, kinetic and Coulomb energies as functions of time during
the oscillations. Both fission in large-amplitude oscillations and merging after collisions
are addressed. First experimental studies of large-amplitude shape oscillations of drops
in an immiscible host liquid and of levitated free liquid drops in air are due to Trinh
& Wang (1982), who showed the frequency decrease with increasing drop deformation
and an asymmetry of the times spent in the prolate and oblate shapes of the two-lobed
oscillation mode.

Motivated by these numerical and experimental studies, Tsamopoulos & Brown (1983)
investigated nonlinear oscillations of inviscid drops and bubbles for the deformation
modes m = 2,3 and 4 theoretically by means of weakly nonlinear analysis, using the
Poincaré—Lindstedt expansion of the drop shape, the velocity potential and the oscillation
frequency. Similar to Foote (1973) and Alonso (1974), the drop shapes found deviated from
the linear results, and angular frequencies decreased with increasing oscillation amplitude
(for a maximum prolate aspect ratio of the two-lobed shape of 1.4 by approximately
5 %). With increasing oscillation amplitude, the motion also gradually loses the sinusoidal
dependency on time, giving rise to an asymmetry of times during one oscillation period
spent in the prolate and the oblate states of the two-lobed oscillation mode. The resonant
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oscillations theoretically investigated by Tsamopoulos & Brown (1984) for inviscid drops
led to predictions of charged-drop resonance for different modes of drop deformation. The
internal resonance between different modes of deformation in inviscid three-dimensional
nonlinear oscillations was the topic of Natarajan & Brown (1987). Lundgren & Mansour
(1988) developed a numerical boundary-integral method to investigate mode coupling
in large-amplitude oscillations of large axially symmetric liquid drops including the
effects of small viscosity. This work gave insight into instabilities due to large drop
surface deformations and resonant energy transfer to higher-order frequencies. Both
experimentally and theoretically, Becker, Hiller & Kowalewski (1991) found that nonlinear
motion in oscillating drops arises when the amplitude of the fundamental mode exceeds
approximately 10 % of the undeformed drop radius. They proposed an inviscid theoretical
model applicable for determining the surface tension from large-amplitude oscillations
of low-viscosity droplets. Numerical investigations of medium- and large-amplitude
oscillations of inviscid and viscous drops are due to Patzek et al. (1991) and Basaran
(1992), respectively. The former work detected mode coupling by a Fourier spectral
analysis of the deformed drop surface and related the frequency decrease to higher
harmonics. The latter work by Basaran (1992) showed that mode coupling in drops of
finite viscosity was far more intense than with only an infinitesimal amount of viscosity.
Both works showed an increase in the difference of times spent in the prolate and oblate
states and a frequency decrease with increasing drop deformation, in agreement with
earlier results from the literature. The drop spends more time in the prolate than in the
oblate state. Furthermore, it was found that the initial state of the drop (deformed and
at rest, or spherical and disturbed by some pressure impulse) had an influence on the
mode coupling and time asymmetry found in the oscillatory motion, while the frequency
decrease was widely unaffected by the initial conditions. Viscous drops spend less time
in the prolate form than inviscid drops when released from a steady acoustic drive, but
more time in the prolate form than inviscid drops when released from an initial static
deformed state (Patzek et al. 1991). Meradji et al. (2001) demonstrated that the results of
Lundgren & Mansour (1988), Patzek et al. (1991) and Basaran (1992) may be reproduced
with the computational fluid dynamics software ‘fluid dynamics application package’
(known as FIDAP). Experimental data for nonlinear shape oscillations of two different
low-viscosity drops in different states of motion is due to Wang, Anilkumar & Lee (1996).
The experiments were performed in the microgravity environment of a space shuttle flight.
The frequency shift and time asymmetry of the oscillations of the one (non-rotating) drop
investigated agreed with the theory by Tsamopoulos & Brown (1983). More recently,
Smith (2010) developed modulation equations for strongly nonlinear, large-amplitude
oscillations of viscous drops. The occurrence of nonlinear phenomena for amplitudes
exceeding 10 % of the undeformed drop radius and the influence of viscosity on mode
coupling were confirmed. As a new result, abrupt changes in acceleration of the inviscid
bulk as compared with small-amplitude deformations occur for amplitudes exceeding 20 %
of the drop radius. The method applied allows the oscillation frequency to vary with time
and reveals a non-sinusoidal profile of the oscillations with time. The frequency decrease
found for m = 2 agrees very well with Tsamopoulos & Brown (1983).

The present work is motivated by the interest in and the need for a detailed analysis of
the time behaviour of nonlinear drop shape oscillations, with account for the excitation of
modes higher than the mode of initial deformation, and for the quasi-periodic motion
resulting from mode coupling. The method of weakly nonlinear analysis is applied
to investigate nonlinear axisymmetric shape oscillations of an inviscid liquid drop in
a vacuum. Modes of initial deformation up to m =4 are addressed in the study. As
in Tsamopoulos & Brown (1983), our analysis is based on series expansions of the
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Figure 1. Sketch of the geometry of a liquid drop under deformation at mode 2.

flow field variables and the drop shape with respect to a deformation parameter. As
a substantial difference from Tsamopoulos & Brown (1983), the present work reveals
the quasi-periodicity of the drop shape oscillations. Oscillation frequencies arise from
the general solutions of homogeneous differential equations and from the particular
solutions of their inhomogeneous counterparts. The latter introduce frequencies from
products of solutions of the respective lower-order approximations. The nonlinear effects
of both an asymmetry of the times spent in different states of drop deformation and an
oscillation frequency decrease with increasing deformation are studied. The results apply
to the modelling of transport processes across the oscillating drop surface, such as the
quantification of the drag coefficient, as well as the rates of heat and mass transfer, where
the time behaviour of the oscillatory drop motion, as presently developed, is needed.
Applications in production techniques, such as containerless materials processing based
on single drops and in-air microfluidics, will benefit from the results.

In the following section, the problem is formulated, and the equations of motion with
their boundary and initial conditions are derived up to third order of approximation. In § 3,
the solutions of the governing equations are presented. Section 4 presents and discusses
the results of the analysis. Conclusions are summarised in § 5.

2. Formulation of the problem

We study the weakly nonlinear shape oscillations of an inviscid liquid drop as sketched in
figure 1. The drop is assumed to be axisymmetric with respect to the azimuthal angular
coordinate ¢ of the spherical coordinate system. We treat the liquid as incompressible,
and the velocity field is irrotational. The dynamic influence from the ambient medium
is neglected. Body forces are not accounted for, since the Froude number is large. The
problem is formulated in spherical coordinates to account for its geometry.

The equations of change are non-dimensionalised with the undeformed drop radius a,
the capillary time scale (pa’/o)!/? and the capillary pressure o /a. Here, p is the liquid
density and o the surface tension. The drop surface is described by the radial position
rs(@,1) =14 n(0, t), with the non-dimensional deformation n measured with respect to
the unperturbed sphere.

For the problem at hand, the equation of continuity and the two components of the
momentum equation in the radial (r) and polar angular (6) directions read

L9 Pup + O (g sind) = 0 (2.1)
——(r‘u —(up sinf@) =0, .

2Zoare 7T rsing a6 "

ouy ou, Uy ou, ué ap

- 26 _ X 22
or Tl T e T ar (2.2)
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dug oug  ug oug  Uylp 1ap

— 4 U+ —— =———. (2.3)
at ar r 00 r r a6

This set of equations is solved subject to boundary and initial conditions. The kinematic
boundary condition states that the material rate of deformation of the drop surface equals
the radial velocity component at the place of the deformed surface, i.e.

Dn  9n  ugon

Dr o T rae TN (@4)
The dynamic boundary condition for the inviscid drop states that the stress normal to
the drop surface differs across the interface by the contribution of surface tension. This

boundary condition reads

Ur

—p+(V-n)=0 atr=1+n. (2.5)

We obtain the divergence of the normal unit vector as

243 (Lon ’

1 r 06
(Vem=— 32
r 1an\2 /

1+ (-=

r oo

1 9 |a 1an\2\
—QQ+(-1)> sinf | atr=1+47 (26

~ 12sin6 96 | 96 700

For analysing these equations in a weakly nonlinear form, the two velocity components
and the pressure in the flow field, as well as the deformed interface shape, are expanded
in power series of the small deformation parameter g, which plays the role of an initial
deformation amplitude. We therefore formulate the expansions of the flow field properties,
for example u,, p and n, as

Ur =urno + ur277(2) + ur377(3) +e (2.7)
p = pino +pang +pang + -, 2.8)
n=mno+nng+mng + - (2.9)

For these series expansions to converge, the deformation parameter no must be small.
One important difference between the linear and the weakly nonlinear analysis is that, in
the latter, the boundary conditions are satisfied on the deformed drop surface, not on the
unperturbed spherical shape. To achieve this, whilst allowing the functions in the boundary
conditions to be evaluated at »r = 1, the values of the functions on the deformed shape are
represented by Taylor expansions, such as, for example for u, and p,

ou
ur|r=1+r] = Ur|r=1 + — n+--, (2.10)
or r=1
ap
Plr=t4n =DPlr=1+ —| n+---. (2.11)
ar r=1

In integrations with respect to time for determining contributions to the second- and
third-order solutions, secular terms appear, which are unphysical. To suppress those terms,
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the method of strained time is applied (Yuen 1968). The strained time 7 relates to the
physical time ¢ as per

T =t 2.12)

The coefficient v is expanded with respect to the amplitude parameter ng as per

v =19+ vino +vanmg + - . (2.13)

The new time coordinate contributes to a frequency decrease in the oscillatory motion of
the drop, as will be seen later. For the two-lobed mode of motion, the frequency decrease
is visible only when taking the approximation to third order. Substituting these approaches
into the governing equations (2.1)—(2.3) and into the boundary conditions (2.4) and (2.5),
and representing the flow properties and their derivatives as given in (2.7) through (2.11),
we obtain sets of first-, second- and third-order equations of motion, with the boundary
conditions, by collecting all the terms with the deformation parameter 7¢ to the first,
second and third powers, respectively.

The first initial condition states that the initial deformation of the drop surface is
governed by a Legendre polynomial of degree m with the amplitude 5g. Calculation of
the volume of this deformed drop leads to the expression

rs(6,0) =14 n(6,0)

—1/3
=1+ 3 +lng / le(cos9)3d(cos9) + noPm(cos 0)
2m+1 27 )

1 _n_g !
2m+1 6 ),

= 1 + 10Pp(cos 0) — ng Pu(cos8)’d(cos) F---, (2.14)
for the initial non-dimensional drop shape. The second initial condition states that the drop
surface initially is at rest.

2.1. First-order equations

To obtain the first-order equations with their boundary and initial conditions, the above
series expansions are introduced into the respective equations, and all the terms with the
parameter 7q to the first power are collected. The first-order continuity and momentum
equations read

1o , 0
— — ind) =0, 2.15
2ar T S ae (215
oty ap1
=—— 2.16
T or (216)
dug1 19p;
- __ 2.17
T T i e @17
For the kinematic and normal-stress boundary conditions of first order at r = 1 we obtain
0
up = v (2.18)
ot
an1 3*n
—p1— 1|2 —cotf + — ) =0, 2.19
P ( i+ g cotd + -3 (2.19)
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respectively. Furthermore, the initial conditions of first order are
dn1
n1(0,0) = P,(cosf) and voa—(G, 0) =0. (2.20a,b)
T

The first initial condition determines the initial shape of the deformed drop, governed by
a Legendre polynomial of order m.

2.2. Second-order equations

The second-order equations with their boundary and initial conditions are obtained as all
the terms from the expansion with the parameter ng to the second power. The second-order
continuity and momentum equations read

2
_ 2.21
2o T e 90 221)
dup  dpy U 3ur1 url  ugy Oy

o _ e oy St H61 9 222
Yo ot + ar r Vi ot tri ar r 06 ( )

d 10 d d d
. upr  19p> _ o Ug1 o gy _ ugy dugr _ uriug (2.23)

at r 00 T ar r a0 r

The kinematic and zero normal-stress boundary conditions of second order to be satisfied
atr = 1 are
an2 any ugy 9 duy)

S T N T

, (2.24)

o 8% api o 9%
—p2— |2 — cot6 — =2 2n1——cotf — 2n 2.25
P2 (772+ 2 ° +892> M N —2m a9 ° vy - (2.25)

The initial conditions of second order are

3 3
12(6,0) = — and vo%(e, 0) + vy %(9, 0) = 0. (2.26a,b)
T T

2m 41
The first initial condition ensures volume conservation for the deformed drop to second
order. Solving the sets of first- and second-order equations together with their boundary
and initial conditions will reveal the nonlinear effect of unequal time spent in the prolate
and oblate shapes as a function of the initial deformation amplitude. These solutions reveal
the frequency decrease only for initial deformation modes m > 2. To find the frequency
decrease for the two-lobed mode m = 2, the theory must be taken to third order, as will be
shown below.

2.3. Third-order equations
The third-order continuity and momentum equations read

0 1
—25(1" r3) + —0£(M93 sm@) = O (227)
du3  Ip3 Burz oupy Ug1up2
e 2
S Yo e V2 T
up ury  ugy duyp g Oy
- - - et 2.28
R P P L (2.28)
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; dugs  19dp3 ) dugy  Odugr  UpiUed  Updllg]
9r T rae ot ot r r
dug dugy  ug) dugy  ug dug)
— — - — . 2.29
T T T T 00 T T o8 2.29)

The third-order kinematic and zero normal-stress boundary conditions, which must be
satisfied at r = 1, are

s — vy _ oy 0wy 9 ey Oy ug2 By ﬂ(“ﬂ) a771
aT aT at r 90 r 08 0 80
Bgrzm Bg;1n ;Z)auzrl 2, 030
—p3— (2773 + z—ecote + 8897723) - a:rl 1 + %m n ;331721 .
— 1 —2m (nz + aa—gcote + 889'722) — (771 " 38_90 (0 + 8829;721)
-5 (837791> (887791 otf + 3%) +30] <m + aa—ecotH + 889’721> 2.31)

respectively. Furthermore, the third-order initial conditions are

L (m m m\* an3 an an
773(9, O) = _§ (0 0 0) and (VOa_ +v 18_ +v 28_ (9 0) O
(2.32a,b)

where the first initial condition is described in terms of the 3-j symbols (see the
supplementary material available at https://doi.org/10.1017/jfm.2021.568). Solving the sets
of equations up to third order together with their boundary and initial conditions will reveal
the weakly nonlinear dependency of the angular oscillation frequency on the amplitude
of the initial drop deformation. This effect becomes visible due to the strained time
introduced for suppressing secular terms in solutions.

3. Solutions of the governing equations
3.1. First-order solutions

The first-order equations describe the linear problem. The well known solutions in
Rayleigh (1879) and Lamb (1881) for the inviscid drop in a vacuum are expected to be
recovered. Since we investigate two-dimensional flow fields, the Stokesian stream function
is applied for determining the first-order velocity field. We set the coefficient vy in the
strained time to unity. The stream function v (r, 6, 7) is defined by its relations to the two
velocity components u,1 and ug; as (Bird, Stewart & Lightfoot 1962)

1y 1 oy
s d = — 3.1a,b
P2sing 90 ¢ ML= TG00 or (31a,b)

Url = —

These first-order velocity components satisfy the continuity equation identically.
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The first-order drop surface deformation is governed by the Legendre polynomial of the
initial deformation. The solution is therefore sought in the form

n = 7 Pn(cosf) e ", (3.2)

with the first-order initial surface amplitude 7; and the first-order angular frequency o,
for the deformation mode m.

Taking the curl of the vectorial first-order momentum equation with the components
(2.16) and (2.17), the partial differential equation

3%y sinf 9 1 oy
2 T =, 3.3
Py <sin9 ae) 3-3)

for the stream function is obtained. Its solution, which is regular at r = 0, reads (Brenn
2017)

Y = Cpyr™ ! sin? 0 P, (cos§) e 7, (3.4)
where the prime denotes the derivative of the Legendre polynomial P,, with respect to its
argument. The radial and angular components of the first-order velocity vector follow as

Uy = —Cipr 'm(m 4 1)P,,(cos 0) e T (3.5)

and
gy = —Crpr™ L (m + 1)PL (cos 0) e 77, (3.6)

respectively. The function P!, is a Legendre function of degree m and order one. The
integration constant C,, is determined by the first-order kinematic boundary condition as

amﬁl
Cim=——""-—. 3.7
The first-order pressure field is obtained by integration of one component of the
momentum equation as

p1 = —Cim@m(m + D" Py (cosf) e %", (3.8)

The characteristic equation of the drop, which determines the complex angular frequency
oy, follows from the first-order zero normal stress boundary condition (2.19), as obtained
in Rayleigh (1879). Its complex conjugate solutions are

a,(np) = i\/m(m —D(m+2) = iomo, a,(,:') = —iy/m(m — 1)(m +2) =: —i 0,0,
(3.9a,b)

where the superscripts (p) and (n) represent the positive and negative solutions,
respectively. The existence of pairs of solutions of the characteristic equation requires
representation in the first-order solutions. We therefore formulate the first-order
deformation of the drop surface as

(p) (n)
m@,7) =@ e T 47" e TP, (cos 0). (3.10)

The first-order initial conditions (2.20a,b) require that initially the drop surface shape is
governed by the function P, (cos 6), and that the surface is at rest. These conditions reveal
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the deformation amplitudes

(n) (p)
AP = m - % and 7" = h - % G.11ab)
The first-order radial and polar velocity components are represented as
U1 (1,0, 7) = —(C\P) =T 1 ¢ e=ail" Ty 1=y 4 1)P, (cos ) (3.12)
and
ug1(r, 0, 7) = —(CP eo"T 4 € =7y =1 iy 1 )P (cos 0), (3.13)

respectively. The first-order pressure field is

P16, 7) = —(CP P email’t 4 CPq® e=a't) iy 4 )P, (cosh).  (3.14)

1m %m 1m%m

With account for the complex conjugate frequencies in (3.9a,b), the first-order drop surface
shape, velocity components and pressure field simplify to the forms

u(r,0,7) = — ozm,orm_le (cos 0) sin(ot,0T), (3.15)
g1 (r, 6, 7) = —%rm—lpjn(cos 9) sin(am 07), (3.16)
p1(r, 0, 1) = (m—1)(m + 2)r" Py, (cos 0) cos(ct,07), (3.17)
(6, ) = Py(cosd) cos(om,0T). (3.18)

3.2. Second-order solutions

We start developing the second-order solutions from pressure. The general solution for the
second-order pressure is sought as a sum

pa(r,0,7) =pa(r,0,t) +pn(, 0, 1), (3.19)

of two contributions, where subscript ‘21’ indicates the solution of the system of
second-order equations including the products of first-order terms, and subscript 22’ the
solutions of the homogeneous system. In the second-order approximation, the coefficient
v1 in the strained time is unknown and needs to be determined.

The solutions with subscripts ‘21’ are first determined. It is convenient to form the
divergence of the vectorial second-order momentum equation with the components (2.22)
and (2.23) to eliminate the second-order velocity and the terms exhibiting v; with use of
the continuity equation (2.21). This yields the differential equation for the second-order

pressure pap,
10 5 0p21 1 d [ sin6 dpoy
r2 or ar rsiné 96 r 00
1A, dup1 | ug1 0ury 3,
T 2ar |:r (url or T ro00 r
1 9 dugy  ugy dugr  Upiugy\ .
_ _ - 01, 3.20
rsin6 00 [(url ar + r 00 * r )sm i| (520
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which we rewrite, using the Lamé identity and accounting for the curl-free first-order
velocity field, in the form

Alpy +v3/21 =0, (3.21)

which states that the modified pressure Py = po; + v% /2 is potential. The squared
first-order velocity vector determines the time dependency of pressure po;.

The solution of the Laplace equation for the modified pressure P,;, formulated in the
contribution py; to the second-order pressure, accounting for all the time dependencies
arising from the square of the first-order velocity vector may be written as

L
(p) @) (),
p21(7", 0,7)=— Z(Céf[) e—Zarnp T4 Cgil; e—z(xm T Céfln) e—((xmp +o )I)VIP[(COSQ)
=0
1 5 2
— E(ur1 + ugy). (3.22)
The coefficients Cgf l") relating to time-independent terms in pp; are set to zero for all /.

This treatment of these coefficients is justified after the calculation of the radial velocity
in the next step. All the summations arising in the solutions henceforth extend to an
upper summation index symbolised by an uppercase letter. Rewriting the radial momentum
equation (2.22) with the modified pressure for the contribution ‘21°, and knowing that the
first-order velocity field is irrotational, one obtains

oup1 P2 oury
= — -V .

ot ar ot

From this equation, the radial velocity component u,o; is calculated by integration with
respect to time, revealing

(3.23)

- Céfz) —2a e C% —2a)7 | 7,01
w (r,0,7) = =Y | e T4 o2 7Py (cos 0) — vy (3.24)

=0 20(,(71’7 ) 20{,3:[ )
Non-zero coefficients Célpln) in the pressure py; would have produced linearly
time-dependent secular terms, which would grow in time. Setting the coefficients Céfln)

for all / to zero in (3.22) prevents this. The velocity component ug»; is then obtained from
the continuity equation and reads

L (P ) c o
ug (r,0,7) = — § 2 o2ty T2 =2t ) = plos0) — viugy. (3.25)
2 ([7) 2 (n) l

=0 \4%m ¥m

Following the work by Tsamopoulos & Brown (1983, 1984), the surface deformation 7,
is written in a general form as

L
m1(0.7) =Y _ sx(r)Pi(cos ), (3.26)
1=0
where the time dependency is governed by the unknown functions §2;(7), and the deformed
shape by all possible Legendre polynomials. The reason for the latter is that, in the zero
normal-stress boundary condition, pressure and surface deformation are coupled. The
functions §,;(t) are determined for every / using the boundary conditions (2.24) and (2.25).
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For doing this, u;21 and 1o from (3.24) and (3.26), respectively, are substituted into the
kinematic boundary condition (2.24). Its derivative with respect to the strained time 7t is
taken. We substitute the pressure po; and 771, from (3.22) and (3.26), respectively, into the
zero normal-stress boundary condition (2.25). Since we deal with the boundary conditions,
r =1 in both equations. We proceed by multiplying the two equations with a Legendre
polynomial P; and integrating the results between the south and north poles of the drop.
Multiplying the equation resulting from the zero-normal stress boundary condition by the
natural number j and subtracting the two resulting equations eliminates the coefficients
C»y; for all time dependencies, yielding the ordinary differential equation

1
q P . 2 _, WP 2 _
82j(1) +j(J — D+ 2)d2(7) = [—w(afnp) el T + a{m” emom ’)f P,Pjdx
—1
1
a ad a
_10dt \ r 06 ar L
r=

! L 2
+ Rzo1 — = (uyy + ugy)
-1 2 r=1

for 82j(7) (Tsamopoulos & Brown 1983, 1984), where Rzp; is the right-hand side of the
zero normal-stress boundary condition (2.25). For the differential equation (3.27), we are
interested in the particular solutions only, because the homogeneous solutions will be
accounted for by the second-order contribution 22’. The particular solutions need to be
found for every j between zero and L. Introducing back all particular solutions &;(t) of
(3.27) into (3.26), we can write the final form as

2i+ 1
iy (3.27)

JP;j dX}

L
— _ (P 1)
10, 7) = Z(Hé{’,) 2if’e 1 50 20T 4 g ol +i )7 py cos )

(p) (n)
+ %[(1 426 Prye T 4 (14 2aW 1) e TP, (3.28)

where the coefficients Héﬁ), Hé’fj) and Héfj") are known. The second part of the solution
(3.28), with vy in front, exhibits secular terms growing in time. Due to this unphysical
behaviour, these terms must be suppressed by setting v; = 0. With the surface deformation
121 known, the coefficients Coy; in u21, ugo; and po; are readily determined, for every
time dependency and for all [ between zero and L, using one of the boundary conditions
(2.24) or (2.25). The details of the calculation of Cyj; are presented in the supplementary
material. Now, we can write the contributions ‘21’ to the second-order solutions in the
form

o (r, 0, T) = Z ﬂ s1n(2am oD 1P (cos 0), (3.29)
ugr1(r,0,17) = Z — SlIl(ZO[m or)rl lPl (cos ), (3.30)
=0 Um0
L 1
P21 (r,0,7) = —2) " Co1y co8(20,0T )1 Py(cos 0) — E(ufl +ujy), (3.31)
=0
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L
10, 7) = Y (2Ha11c08 e 07) + Hl)")Py(cos 0). (3.32)
=0

The second contributions to the second-order solutions, with subscript 22°, are
determined from the homogeneous forms of (2.21)—(2.23). This set of equations has the
same structure as at first order, where the complex angular frequency o, is replaced by
oy (with the number ‘2 in the subscript indicating the second-order solution, and k a
deformation mode number) and the deformation amplitude of the drop surface 7 by 7ok.
Both replaced variables appear under a sum with the summation index k, implying that all
possible deformation modes k affect the results.

The contributions ‘22’ to the second-order velocity, pressure and deformation are
obtained as linear combinations of eigensolutions of the underlying differential equations
with the summation index k. Their forms are similar to the first-order solutions and read

U (r,0, 1) = Z(Cégl)c e*Olzk T C(n)k e (x2k )

x k(k + 1)r* " P(cos 0), (3.33)
ug»(r,0, 1) = Z(Cél’) _“2k T C(n)k e_o‘zk )

x (k+ Dr* Py (cos ), (3.34)

_ )
0.0 = Yilf e ot

x (k + 1)*Pi(cos 0), (3.35)
K (n)
(0. 7) = (A5he” @'t 4 7% &5 )Py (cos B). (3.36)

The two new complex conjugate angular frequencies ayy, obtained as solutions of the
homogeneous zero normal-stress boundary condition, for all summation indices k take the
forms obtained in Rayleigh (1879):

il =ikl —1)(k+2) = iano, o = —ik(k—1)(k+2) = —iaxy..

(3.37a.,b)

The calculations of the coefficients Cop; and of the amplitudes 77y are detailed in the
supplementary material.
The contributions ‘22’ to the second-order solutions are obtained in the simplified forms

K
w2 (r,0.7) = =2 fyppean0r ™ Pr(cos 0) sin(aas 07), (3.38)
k=0
K A
ugn(r,0,7) = =2 %rk—?}{(cos 0) sin(aak.07), (3.39)
k=1
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K
pn(r,0,7) =2 Z Mook — D (k + 2)rkPk(cos 0) cos(a2k.0T), (3.40)
k=0
K
7]22(9, ‘L') =2 Z ﬁ22kpk(COS (9) COS(O[Zk,Q‘E). (3.41)
k=0

3.3. Third-order solutions

We start developing the third-order solutions also from pressure. The general solution for
the third-order pressure is sought as a sum

p3(r, 0, 1) =p31(r, 0, 1) + p32(r, 0, 1), (3.42)

of two contributions, where subscript ‘31’ indicates the solution of the third-order
equations system including the products of first- and second-order terms, while the
subscript ‘32’ denotes the solutions of the homogeneous system of the governing equations
with its boundary and initial conditions. The coefficient v; in the strained time coordinate
is unknown and needs to be determined.

The solutions with the subscript ‘31’ are first determined. Taking the divergence of
the vectorial third-order momentum equation with the components (2.28) and (2.29), and
using the continuity equation (2.27), the third-order velocities are eliminated. The result is
the following partial differential equation for the third-order pressure p3;:

1 0 [ ,0p3 1 0 [sinf dps
—_— | p—— + - PR P
r2 or or rsiné 96 r 96

S G s i ]
(e e |
(3.43)
which we write in a compact form as
Ap31 = —div[(uy - V)uz + (w2 - V)uq]. (3.44)
The equation is rewritten using the dot product rule to yield
APz =diviug x (V x up) +uy x (V x up)], (3.45)

where the modified pressure is defined as P31 = p3; + uj - up. Evidently the right-hand
side is zero, since the velocity fields involved are irrotational. We determine the time
dependencies of the third-order pressure p3; following the same procedure as for the
second-order modified pressure. Accounting for all the time dependencies arising from
the inner product of the first- and second-order velocity fields we write

H

_2,(P) _a,,m

p3(r,0,7) = — Zthh(x) <C§fze Sam’T Cgﬁe o't
h=0

(ppn) —QaiP +aye (pnn) _ — (P +20)t

+Cyp € +Cyp €
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K K
(pp) (@ +alP)e () — (i +alye
+ Zc3lhke A Zc3lhke "ok
=0 =0

K K
(p), () (m, (p)
+ Y Cp e )T N i el ey ”) —uy-uy. (3.46)
k=0 k=0

The coefficients Céf ;;31 and Cg’llflin relating to time-independent terms in p3; are set to
zero for all A, following the same reasoning as in the second-order approximation. The
contributions ‘31’ to the velocity field are determined by the same procedure as for
second order. Rewriting the radial momentum equation (2.28), using that the first- and
second-order velocity fields are irrotational, and with the definition of the third-order
modified pressure P31, one obtains

9 P 9
w97 g (3.47)
ot ar ot

Integration of this momentum equation with respect to time, with the modified pressure
P31 known, yields the radial velocity component u3; for every time dependency

H (p) (n) (ppn)
u1(r,0, 1) = — Z S e 3t Saun e T G o~ +ai)e
=0 3a,(,,p) 305,(,’,1) 205,511)) + a,(,;l)
(pnn) K (pp)
Caip e+ )T | Z Uk o—(ep!+as)r
Olr(np) + Zar(r’:) = ar(np) + 0‘5/’:)
K (nn) K (pn)
Gk —(@P oy 31k —(@P+a)t

T e T ) e

f=0 %m "~ t Oy k=0\m 9m Qo

K C(np ) ), (p)
+ § — 3k o=(em +ay )T | prh=lp, (cos0) — vouy. (3.48)
k=0\ oy +0‘§1€)
=0\m

Non-zero coefficients Cgf ;31 and Cg’fifn in the pressure p3; would have produced linearly

time-dependent secular terms, which would grow in time, just as seen at second order.
These secular terms are suppressed by this treatment. The polar velocity component is
then determined using the continuity equation (2.27) and reads

H (p) (n) (ppn)
g3 (r,0,7) = — ) Coth o-3ailc 4 Coth sl Clh el el
=0 301,(np ) 30{5,7 ) 2a,(np ) + a,Sf )
(pnn) K (pp)

(ot —@P 2y Z 31 hk —(@SP+aiP)e
06,511)) + 205,5?) = ar(np) -I-Otéf)
K (nn) K (pn)

C QIO (P,
31hk —(am’ +ay )T 31hk —(am toy )T
+) o 4 g + 2 () o ©

k=0 %m 2%k k=0\m %m Ao
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K c\ (I
+ Y Sk om0t | TIplcos ) — vugr. (3.49)
(n) (p)
k=0\m ¥m T Qpp
For formulating the surface deformation n3;, we proceed as in the second-order
approximation. Following the work by Tsamopoulos & Brown (1983, 1984), the surface
deformation is written in a general form as

H
310, 1) = Z 83n(T)Pp(cos 6), (3.50)
h=0

where the time dependency is governed by the unknown functions §3,(t), and the
deformed shape by all possible Legendre polynomials. We determine the functions §35(t)
by deriving the governing ordinary differential equation, following the same procedure as
in the second-order approximation. The procedure eliminates the coefficients C3;; and
C31jx for all time dependencies from the kinematic and zero normal-stress boundary
conditions at third order, (2.30) and (2.31), yielding the ordinary differential equation
(Tsamopoulos & Brown 1983, 1984)

. . _ 2j+1 U Rk
83i() +j(j — D(j+2)83i(1) = —— | — Pjdx
2 -1 at i
r=
2 0? —alPt w2 ey [ ! .
— E(am e +a,’ e ) lePj dx + ](Rz31 —uj - u) JPjdx |,
- B r=1
(3.51)

for 83;(t), where Rk3; and Rz3; are the right-hand sides of the two boundary conditions
(2.30) and (2.31), respectively. We keep this compact formulation of the equation, since
the right-hand sides of the boundary conditions consist of many terms. The calculations
and symbolic derivations were performed with the software Mathematica. We are only
interested in the particular solutions of (3.51). The general solution of the homogeneous
equation will be accounted for by the contribution ‘32, which solves the homogeneous
system of equations. The solutions need to be found for every j between zero and H.
Introducing back all the particular solutions 63;(7) of the differential equation (3.51) into
(3.50), we can write the final form as

H

) )

n31 @.7)= Z (Héﬁ) e 3o T +H§§LJ) e 3, T
Jj=0

+ H(PP") e—(Za,(np)+a,(;))r + Hglpnn) e—(ot,(np)-i-Zot,(,:'))r
J

31)
K » K @, o
() — (o +as?t (nn) —(ap’ +ay )t
+ ZH31jk e T+ ZH3ljk e ok
k=0 =0

K K
(p)_ () () (p)
+ ZH:E'ZIZ.) e_(amp +0(2k )f + ZHé’ilf]? e_(am +042[€’ )T) Pj(COS 9)’ (352)
k=0 k=0

where the coefficients H3j; and H3jjx for all time dependencies are known. Among
them, the coefficients shown in table 1 are set to zero, since the corresponding solutions
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m Coefficients in 13

2 H(P) H(”) H(le) H(P’lll)’H(PP) H(’m) H([’”) H(’lp)

314> H3145 H3pp 75 H3pp 3120> 13120> 31207 73120
(ppn)  py(pnn) 14 (pp)  py(nn)  py(pn)  yy(np)
3 Hyyy s Hyyg s Hyjzgs Hypz00 Hyp30, Hypsg
4 H(]’[’”) H(P’m) H(pp) H(””) H(P”) H(’l[’)

314 > 79314 0 7731400 7731400 T73140° 773140

Table 1. The coefficients H31; and H3yj in the surface deformation n3; for m = 2, 3 and 4 set to zero since
they relate to secular solutions.

exhibit secular terms. These solutions must therefore be suppressed as unphysical, and
their structure would not correspond to those represented by the above equation. The
phenomenon arises because the initial deformation of the mode m excites higher-order
modes i, which can be interpreted as a resonance. The secular terms appear in the three
cases where

ii — )i +2) /a2
ii—1)(i+2)/4a? t = —1. (3.53)
ii — (i +2)/92
Equation (3.51) then assumes the general form
§3.(v) — *85(r) = Ae™ T, (3.54)

with the particular solution
A e
85:(1) = =5 (1 + 2c1) e, (3.55)

where the notation with the asterisk is introduced to indicate the exceptional cases of (3.51)
and its solutions. The solutions exhibit in front of the exponential function a linear secular
term which grows in time. Secular solutions relating to the first part of the statement (3.53),

for which i = m, are due to functions of time on the right-hand sides of (3.51) leading to

resonance with the frequency ot,(np ) or oz,(,f ) appearing in the exponentials. They contain

the coefficient v; in a linear combination with other, known, quantities represented by the
factor A in (3.55). For suppressing all these secular solutions, the values of the coefficient
vy are determined for each mode m of initial drop deformation such that the solutions
vanish. This results in a straining of time, which may be seen equivalent to a change of the
oscillation frequency against the first-order motion. The corresponding coefficients are all

those listed in table 1 for the various modes m, except Hélp 4) and Hé';i.
The second part of the statement (3.53) appears only for m = 5 when i = 8, and form =

10 when i = 16, corresponding to solutions with the coefficients Héf&) , Hé'llgg and Hglpl’glo,

Hé'f’fglo, respectively. These cases are not treated here, since our analysis is restricted to
modes less than m = 5. The third part of the statement appears only for m = 2 when

i = 4, with the corresponding two coefficients H;ﬁf and Hé'ﬂ. The secular solutions 83, (7)

are due to functions of time on the right-hand sides of (3.51) leading to resonance with

the frequency 3a,(np ) or 305,(,:’) appearing in the exponentials. In these secular solutions

834 (1), the coefficient v2 does not occur, so that it cannot be used for suppressing them.

Therefore, the coefficients Héﬁ? and Héﬁ corresponding to this case are set to zero to
suppress this secular solution.
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With the surface deformation n3; known, the coefficients C3;; and Csj for all time
dependencies are calculated using one of the boundary conditions (2.30) or (2.31). The
procedure of this coefficient calculation is identical to the second-order approximation.
We omit the details of this derivation because it involves large expressions. The final
representations of the pressure (3.46), radial velocity (3.48) and polar velocity (3.49) ‘31’
are given in simplified forms as

p3(r,0,t) = -2 Z hPh(x) |:C31h cos(Bam,0T) + C 3h cos(am 0T)
h=0
K
Z 31hk cos((a2k,0 + Am,0)T)
=0
K
Z 31hk cos((a2k,0 — m,0)T) | — Uy - U, (3.56)
O\

k=

C(l) C(2)
w31 (r,0,7) =2 E =1 Py(cos ) |: 31h sin(3y 07) + — sm(cxm 0T)
3 o

h=0 0 "
K (3)
31hk :
+ —————— sin((&2k,0 + ¥m,0)7T)
g 2k, 0 + Um0 "
c®
+ Z 31hk Sln((Olzk,O _ am,O)T) — VU, (357)
0 A2k,0 — Um0
\m
ch o
up3 (r,0, 1) = 22 h— 1Ph(cos 0) 3lh sin(3otn,07) + sin(otm,()f)
— Olm,O m,0
K C(3)
+y—3 sin((ar0 + om,0)T)
5 92k.0 + am,0
(4)
+ Z 3””‘ sin((02k,0 — 0m,0)T) | — Vaug1. (3.58)
k=0\m O2k,0 — Um0

The related drop surface deformation reads

H
n31(0.7) =2 Pylcosd) |:H§1hcos(3ozm 0T) + HS1) cos(@m,07)
h=0

K K
3 4
+ Y H . cos(@ar,0 + am0)T) + Y Hhy cos((@x,0 — am,o)r)} ,

k=0 k=0
(3.59)

where the definitions of the coefficients for the different time dependencies are given in
the supplementary material.
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Having determined the contributions ‘31’ to the third-order solutions, we move to
the contributions ‘32.” The homogeneous system of the third-order governing equations
together with their boundary conditions determine these contributions. The homogeneous
system consists of the third-order governing equations (2.27)—(2.29). Its solutions must
satisfy the third-order homogeneous boundary conditions (2.30) and (2.31). The solutions
are linear combinations of eigensolutions with index 4 which are similar to the first order,
and the contributions 22’ to the second-order solutions. The velocity components, the
pressure field and the deformation of the drop surface read

U (7 0. 7) = Z(C(p) ool c e a7

x h(h+ )"~ 1Py(cos 6), (3.60)
ugzo(r, 0, 7) = Z(Cgp) —a;h T C(n) —ay) 7

x (h+ 1)r""1P}(cos 0), (3.61)
Pl 0.7) = z< (P el + ol i)

x (h+ D)r'"Py(cos 0), (3.62)

(n)
1320, T) = Z(ngg;e @4 e TPy (cosh). (3.63)

Two new complex conjugate angular frequencies a3, which are determined from the
homogeneous third-order zero normal-stress boundary condition, take the form obtained
in Rayleigh (1879). They are determined for all the summation indices % as

o =i/hh—=1)(h+2) = iazo, o) = —iv/h(h— D(h +2) = —iazo.

(3.64a,b)

The calculations of the coefficients Csp, and of the amplitudes 73y, are detailed in the
supplementary material.
The contributions ‘32’ to the third-order solutions are obtained in the simplified forms

H
s (r,0,7) = =2 fizgpaeznor"” Ppcos 0) sin(en 07), (3.65)
h=0
T fona
ugza(r,0,7) = -2y th_lP}l(cose) sin(aan07), (3.66)
h=1
H
px(r,0,1) =2 Z N30, (h — 1)(h + 2)r"Pj(cos 6) cos(a3p,07), (3.67)
h=0
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H

3200, 7) =2 f130,Pn(cos 0) cos(azn,0T). (3.68)
h=0

The solutions developed in this section represent the response of an inviscid oscillating
drop to an initial deformation of its surface from the spherical shape governed by one pure
deformation mode.

4. Results and discussion

In this section we present the solutions from the weakly nonlinear analysis of shape
oscillations of a drop initially deformed with different pure modes. We first quantify
the conservation of the drop volume as a function of deformation amplitude and time,
and then present the drop surface shapes at maximum deformation during one period.
We present the position of the drop north pole as a function of time with its Fourier
frequency spectrum for m = 4. The drop surface area as a function of time is analysed
for its importance in transport processes. Finally, we quantify the contributions to
frequency decrease and time spent in the elongated form of the drop shape with respect
to the symmetry axis for varying initial deformation mode m. Results are validated by
comparison with the literature.

4.1. Volume conservation

The weakly nonlinear theory (WNLT) represents all the field variables as truncated
power series of a small deformation parameter. This includes the drop surface shape. As
a consequence, the non-dimensional drop volume may deviate from its exact value of
Vs = 4m /3, i.e. the volume is not accurately conserved (Renoult ef al. 2018). The relative
volume deviation is determined analytically. At different instants of time, which appear in
every oscillation period, the drop volume deviation is largest, and the time #,,,, at which it
appears depends on the deformation parameter. The non-dimensional drop volume V(¢) is
determined as

27 1 3
V() = ?/ r;(0,1)dcosé, 4.1)
—1

where rg(0,1) =1 4+ n1(0, H)no + n2(6, t)n(z) + n3(0, t)ng. The relative volume deviation
from the exact value Vj is

Viy-Vy 1 b,
—_— = [r;(0,1) — 1]dcosé =: R(no, ). 4.2)
Vs 2 —1

The values of R are all positive, oscillate in time and increase with ng. Figure 2 presents the
results for the modes of initial deformation m = 2, 3 and 4 at the instant of time ¢ = #,;;4, Of
largest volume deviation. The relative volume deviation for the fundamental mode m = 2
at the relatively large deformation ng = 0.4 is around 1 %, while for m = 3 it is around
2.5%.

4.2. Deformed drop surface shapes

The results of the analysis include the deformed drop surface shapes up to third order. The
results are validated against results from Tsamopoulos & Brown (1983) in figures 3-5 for
the initial deformation modes m = 2, 3 and 4. The drop shapes in these figures are turned
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Figure 2. Maximum relative drop volume deviation for initial modes of deformation m = 2,3 and 4 as a
function of the deformation parameter 7.
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Figure 3. Maximum deformed prolate and oblate states of a drop for the initial deformation mode m = 2 with
no = 0.4, axisymmetric around the abscissa axis. Results include the WNLT of first order ( , red) and
third order (————, blue). The third-order result from Tsamopoulos & Brown (1983) is presented as black dots.

by 90 degrees against the sketch in figure 1, so that the axis of symmetry is horizontal.
Every figure shows the results from the present WNLT to first order (Rayleigh) and
to third order in states of maximum deformation. The deformation parameter 19 = 0.4,
which corresponds to the shapes by Tsamopoulos & Brown (1983) indicated in the figures
by black dots for validation of the present results. The third-order results are in good
agreement with the data by Tsamopoulos & Brown (1983).

Figure 3 shows the drop shapes for the m =2 initial deformation, i.e. the
prolate-to-oblate oscillation with a ratio, of drop length to width, L/W = 1.76. The degrees
of Legendre polynomials contributing to the field variables of second and third orders for
various modes of initial deformation are listed in table 2. In the third-order approximation,
we get the coefficient v, = —0.585187 of the strained time coordinate. In the second-order
approximation, our theory yields corrections to the frequency for initial deformation
modes m > 2 only.
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Figure 4. Maximum deformed states of the drop for the initial deformation mode m = 3 with no = 0.4,
axisymmetric around the abscissa axis. Results include the WNLT of first order ( , red) and third order
(= ———, blue). The third-order result from Tsamopoulos & Brown (1983) is presented as black dots.
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Figure 5. Maximum deformed states of the drop for the initial deformation mode m =4 with ny = 0.4,
axisymmetric around the abscissa axis. Results include the WNLT of first order ( , red) and third order

(= ———, blue). The third-order result from Tsamopoulos & Brown (1983) is presented as black dots.
m  Second order Third order
2 0,2,4 0,2,4,6
3 0,2,4,6 1,3,5,7,9
4 0,2,4,6,8 0,2,4,6,8,10, 12

Table 2. Degrees of Legendre polynomials contributing to the solutions at second and third order for the
modes of initial deformation m = 2, 3, 4.

Figures 4 and 5 show the three- and four-lobed drop shapes in their states of maximum
deformation. The results are in good agreement with Tsamopoulos & Brown (1983). The
degrees of the Legendre polynomials contributing to the third-order surface deformations
for m = 3 given in table 2. They all have odd degrees, while for m = 4 only the even
degrees from O to 12 contribute. The third-order results follow the fundamental shapes
of the first-order results, but at the rounded parts the radii of curvature at third order
are smaller than for the linear shape. In the third-order calculation, the coefficient
vy is —0.988785 and —1.398515 for the initial deformation modes m = 3 and m = 4,
respectively. Tsamopoulos (1990) determined frequency corrections which, in the present
symbols, can be transcribed into the form v =1+ V€2 /2, where v, & —1.17037 for
m=2, vy ~—1.97757 for m = 3 and vy ~ —2.79703 for m = 4. With account for the
factor of 1/2 in the frequency series, we see that the coefficients v, by Tsamopoulos (1990)
are identical to the present results.
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Figure 6. (a) Position of the drop north pole relative to the undeformed state as a function of time from the
present WNLT, compared with Tsamopoulos & Brown (1983). (b) Fourier power spectrum of the frequency for
the oscillation in panel (a). The deformation parameter n9 = 0.2, m = 4.

Figure 6(a) depicts the position of the drop’s north pole relative to the undeformed state
as a function of time for the initial deformation mode m = 4 and 19 = 0.2 in comparison
with the third-order solution of Tsamopoulos & Brown (1983). Figure 6(b) depicts the
Fourier power spectrum of the oscillation from the present theory, showing the dominant
mode together with others excited by mode coupling. The dominant frequency is smaller
than the Rayleigh frequency of 8.485 for m = 4, as expected for the nonlinear oscillation.
The influence of mode coupling on the drop dynamics increases with the deformation
amplitude. The oscillations driven by initially higher modes experience stronger mode
coupling; this will be discussed later. Another phenomenon seen in figure 6(a) is the
quasi-periodicity of the motion as one consequence of mode coupling. Quasi-periodicity
is excluded in Tsamopoulos & Brown (1983) and Patzek et al. (1991). This phenomenon
explains the complex form of the deformation trace in time. The present results confirm
the statement in Basaran (1992) and Lundgren & Mansour (1988) derived from numerical
simulations that every third deformation amplitude peak is lower than the previous two.
The frequency of the first oscillation agrees well with Tsamopoulos & Brown (1983),
but differs in the whole of the rest of the oscillatory motion. Quasi-periodicity makes the
oscillation frequency vary in time. The frequency variation will be presented and discussed
in the following subsection.

The change of the drop surface area in time due to the shape oscillations influences
transport processes of momentum, as well as heat and mass. The effect is due to both
the increase of the surface area, and the velocity fields inside and outside the drop
surface, which influence gradients of velocity, temperature and species concentration.
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Figure 7. (a) Relative deviation of the drop surface area from the sphere as a function of time. (b) Drop
meridional section for ng = 0.32 ( , red) at minimum surface area, compared with the circular section for
no = 0.1 (———-), bothat m = 2.

Figure 7(a) presents the relative surface area deviation from the spherical state for the
initial deformation mode m = 2 as a function of time for the two different deformation
parameters 7o = 0.1 and 79 = 0.32. In the maximum deformed state for iy = 0.32, the
drop surface is larger than the spherical one by 3.8 % for m = 2, and by 7 % and 11 % for
m = 3 and m = 4, respectively (not shown). The trace of the calculated drop surface area
for nop = 0.1 is sinusoidal, with minimum values equal to the non-dimensional surface
area of the spherical shape. As the deformation parameter grows to 0.32, however, the
minimum surface areas increase, never becoming zero in the course of the oscillation. The
appearance of the minimum surface area is delayed with increasing deformation parameter
and, due to the quasi-periodicity of the motion, they appear irregularly in every period. The
meridional section of the drop for 9o = 0.32 at# = 0.686, i.¢. in the state of minimum drop
surface area, is shown in comparison with the circular (minimum) shape for 7o = 0.1 in
figure 7(b). This result shows that drops oscillating nonlinearly at large amplitude never
reach the spherical state during the oscillations (Patzek et al. 1991). This effect is not
represented by the linear solution, and it appears for large initial deformations only. The
minimum drop surface area as a function of the deformation parameter no for the modes
of initial deformation m = 2,3 and 4 is given in the supplementary material. The data
show that, for all the modes, the minimum surface area increases according to the function
0.0142(mno)*, which was found empirically.

4.3. Time scales of the drop shape oscillations

It is known as one nonlinear effect in drop shape oscillations that, for the prolate-oblate
motions of mode m = 2, the drop spends more time in the prolate than in the oblate state
of deformation. This effect is studied first in the present subsection, and results for m = 2
are shown in figure 8. For ease of comparison with other literature, figure 8(a) shows the
time per cent spent in the prolate form as a function of the drop aspect ratio, and 8(b)
as a function of the deformation parameter no. The results by Tsamopoulos & Brown
(1983) are transcribed into the dependency on the deformation parameter by using their
analytical solutions. The prolate times represented by the WNLT curves in figure 8(a,b)
are determined from traces of the position of the drop north pole (6 = 0) as a function of
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Figure 8. Percentage of the oscillation period in the m = 2 shape oscillations spent in the prolate shape (a) as a
function of the aspect ratio L/ W of the drop at maximum deformation, and (b) as a function of the deformation
parameter 1. In panel (a), T&W(1982)* denotes experimental data by Trinh & Wang (1982) for initial steady
prolate drive, and T&W (1982)** for initial static prolate shape. Shaded areas represent the standard deviations.

time, such as, for example, in figure 6(a). The times spent in the prolate state are measured
for the first 10 oscillations of the traces from the third-order calculations. Due to the
quasi-periodicity of the motion, the measured values differ in every oscillation. For every
deformation parameter, therefore, the mean value and standard deviation of the time spent
in the prolate state are calculated. The WNLT results are shown as solid lines for the mean
and shaded areas for the standard deviation. The second-order results do not exhibit this
phenomenon, so that their values are depicted by solid lines only. The data show that the
present WNLT represents the time asymmetry of the m = 2 drop shape oscillations. The
results from the present WNLT are in excellent agreement with Tsamopoulos & Brown
(1983), but show slightly smaller excess times for strong deformations than the latter.
This presentation of drop oscillation properties by mean values plus variance accounts
for the fluctuations in time due to the quasi-periodic motion represented by the third-order
approximation.

Experimental results by Trinh & Wang (1982), and numerical results by Foote (1973),
Alonso (1974), Patzek et al. (1991), Basaran (1992) and Meradji et al. (2001), are shown in
figure 8 for validation. The experimental data by Trinh & Wang (1982) gives the percentage
of time spent in prolate shapes by neutrally buoyant silicone oil and carbon tetrachloride
mixture drops in distilled water. The shape oscillations were forced acoustically near the
fundamental frequency. Turning the excitation off, the drop performed a free oscillation,
and the oscillation frequency was measured. Calculation of the viscous correction due to
the immiscible liquid—liquid system confirms the possibility of comparing the system with
free drop shape oscillations in a vacuum. The viscous correction relates to the inviscid
frequency derived by Prosperetti (1980b) (given in figure 14 on p. 175 of that paper).
It corrects the non-dimensional frequency with the viscosities of the inner and outer
fluids having the same density. The corrections have also been made for the numerical
data of Foote (1973) and Alonso (1974). Chandrasekhar (1959) states that the effect of
the viscosity on the oscillation frequency is very small when the Ohnesorge number
w/(cap)'/? is small. As pointed out by Tsamopoulos & Brown, from the data of Foote
(1973) and Alonso (1974) the Ohnesorge numbers of 1/35.4 and 1/3.3 follow, respectively,
which both satisfy the condition. Further numerical work investigating the time
evolution of small-viscosity drop oscillations (Oh = 0.01) is due to Basaran (1992) and
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Meradji et al. (2001). Patzek et al. (1991) studied numerically oscillations of free inviscid
liquid drops. Their results are also included in the present comparison. The percentage of
time spent in the prolate form of the two-lobed oscillations from the latter three studies fits
in the region between our inviscid WNLT and the small-viscosity results by Foote (1973).
Figure 8(a), presenting data by Trinh & Wang (1982), shows that the initial state of the
drop — steady prolate drive or static prolate shape — has an influence on mode coupling.
Therefore, the time asymmetry found in the oscillatory motion is quite different.

The method of Trinh & Wang (1982) for determining the time spent in the prolate
form and the oscillation frequency for different deformation amplitudes was applied by
Wang et al. (1996) to drops acoustically positioned in a microgravity environment. The
data for a glycerin—water drop with Oh = 0.0125 are extracted using a central averaging
scheme to eliminate the role of viscosity in nonlinear effects. Low-viscosity results may
be compared with the inviscid case only if Oh < 0.1, which is the case in the experiments
reported by Trinh & Wang (1982). Figure 8(b) shows comparisons of the excess times
from the present second- and third-order solutions with the results by Tsamopoulos &
Brown (1983) and Wang et al. (1996). For small deformation parameters ng < 0.15, the
present third-order results collapse with the data by Tsamopoulos & Brown (1983). For
higher deformation parameters, these results represent the data by Wang et al. (1996)
very well.

Another nonlinear effect in drop shape oscillations is a decrease of the oscillation
frequency with increasing drop deformation. The WNLT represents this effect. Figure 9(a)
shows the relative decrease of the oscillation frequency below the Rayleigh value a2 o as
a function of the maximum aspect ratio L/W of the drop shape reached in the oscillations
for the initial deformation mode m = 2. Figure 9(b) shows data as a function of the
deformation parameter 1o for ease of comparison with other literature. The oscillation
frequencies represented by the WNLT curves in figures 9(a) and 9(b) are determined from
traces of the position of the drop north pole (8 = 0) as a function of time, such as, for
example, in figure 6(a). The period length found in these data determines the resultant
angular oscillation frequency termed a2 ,.s on the ordinate axis of figure 9. For every
deformation parameter, the period lengths are measured for a set of 10 oscillations on
the trace. Alternatively, the surface deformation was plotted as a function of the stretched
time coordinate 7, which was introduced to suppress secular terms in the solutions of
a differential equation arising in the theoretical analysis. Determining the period length
from these traces, a frequency decrease or increase is found, which is due to mode coupling
only, arising from the various time dependencies of the nonlinear terms in the governing
equations and boundary conditions for the second- and third-order approximations. Three
different WNLT results are presented: the frequency decrease for the first and second
oscillations of each trace, with the solid lines depicting the resultant values, and the
dashed lines the contributions from mode coupling only. The mode coupling causes
quasi-periodicity, which is visible from the variation of the oscillation frequency. The
resultant values variation is quantified by the standard deviation, represented by the shaded
areas. Subtracting the mode coupling result from the resultant values yields the means,
which collapse with the data by Tsamopoulos & Brown (1983). The third results from the
WNLT, depicted by solid lines with square symbols, represent the mean values from each
set of 10 oscillations analysed. The shape of the resultant frequency decrease for m = 2
is concave, which is due to the quadratic form of the strained time coordinate. For the
same mode, the mode coupling which is manifested in appearance of shaded area is weak,
and the mean results collapse perfectly with the data by Tsamopoulos & Brown (1983).
The results of the WNLT including the standard deviation collapse with the data by Foote
(1973) and by Patzek et al. (1991) and follow the same quadratic shape.
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Figure 9. Decrease of the angular frequency for the m = 2 oscillation (a) as a function of the drop aspect ratio
L/W, and (b) as a function of the deformation parameter no for comparison with different literature. Shaded
areas represent the standard deviations.

Figure 9(b) shows inviscid numerical results by Diirr & Siekmann (1987), Becker et al.
(1991), Wang et al. (1996) and Smith (2010), and the classical results from Tsamopoulos
& Brown (1983) transcribed into the dependency on the deformation parameter by using
their analytical solutions. Smith uses different time scales and a formal perturbation
scheme to determine original modulation equations. Using two ordinary differential
equations of the conservation of energy and the averaged projection of the Navier—Stokes
equations onto the vorticity vector, the author derives expressions for the drop surface
deformation. The analytical work by Becker et al. (1991) studies the motion of an inviscid,
incompressible droplet in a vacuum, while Diirr & Siekmann (1987) carried out numerical
simulations using the boundary-integral technique. All the three investigations confirmed a
decrease of the oscillation frequency with increasing deformation amplitude as a nonlinear
characteristic of the m = 2 oscillations. The present WNLT data, including the variations
due to mode coupling, collapses with all the compared data.

After this analysis of excess time and frequency decrease for the initial deformation
mode m =2, we study higher modes of initial deformation. Figure 10 depicts the
percentage of the oscillation period the drop north pole (6 = 0) spends at a larger distance
from the drop centre than in the spherical state for the modes m = 2, 3 and 4. These north
pole positions indicate an elongation of the drop in the direction of the symmetry axis. For
m = 2, this shape is defined as prolate. Figures 10(a) and 10(b) show the mean values and
standard deviations of the percentage of the oscillation period spent in elongated shape for
second and third order of approximation, respectively. The lines represent the mean values,
and the shaded areas the standard deviations as functions of the deformation parameter g
for every m. The data are deduced from the first 10, eight and six oscillations for the initial
deformation modes m = 2, 3 and 4, respectively. The number of oscillations in the set is
smaller for the higher initial deformation modes, since at third order of approximation the
surface deformation trace with time becomes more and more complicated with increasing
no, thus making it impossible to identify period lengths. For this reason the data for the
initial mode m = 4 runs to no = 0.3 only. Figures 10(a) and 10(b) show that the excess
time increases with the mode of initial deformation, with the deformation parameter
no, and with the order of approximation. An important difference between the present
WNLT and Tsamopoulos & Brown (1983) is the quasi-periodicity of the motion at stronger
deformation, which is represented by the present theory. Oscillations of the fundamental
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Figure 10. Percentage of the oscillation period the drop spends in a shape elongated along the symmetry axis
as a function of the deformation parameter 7 for oscillations with m = 2, 3 and 4. Mean value and standard
deviation including (a) the second-order and (b) the third-order approximation, compared with Tsamopoulos
& Brown (1983).
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Figure 11. Decrease of the angular frequency as a function of the deformation parameter 7o for oscillations
with m = 2, 3 and 4. Mean value and standard deviation of the relative decrease of (a) o, ; at second, and
(b) o, res at third order of approximation compared with Tsamopoulos & Brown (1983).

mode exhibit a weak mode coupling. For m = 2, in figure 10(a) the data from both theories
at second-order approximation show no quasi-periodicity. From this finding we conclude
that quasi-periodicity is a third-order effect for m = 2, but it is a second-order effect for
the higher modes of initial deformation.

A comparison of the frequency decrease as a function of ng between the modes
m=12,3 and 4 is shown in figure 11. Figures 11(a) and 11(b) show the mean values
and standard deviations of the relative frequency change for second and third order
of approximation, respectively. The data are deduced from the first 10, eight and six
oscillations for m = 2, 3 and 4, respectively. We also present the results by Tsamopoulos
& Brown (1983) in figure 11(b) for comparison. For m = 2, the frequency does not change
with the deformation parameter in the second-order approximation, thus requiring the
theory to be taken to third order to see this effect for this mode. The mean relative
frequency change for m > 3 at second order (figure 11a) is also close to zero. However, the
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frequency fluctuates in time, as represented by the shaded areas. The fluctuations increase
with the mode of initial deformation and with the deformation parameter. We explain
this behaviour with the modes excited already in the second-order approximation, which
are absent at m = 2. Since the number of excited modes increases with increasing initial
deformation mode, as shown in table 2, the frequency fluctuations also increase with
this mode. As a consequence, the quasi-periodicity is enhanced with increasing mode of
initial deformation and produces stronger frequency fluctuations, which for m = 4 start to
oscillate. The mean relative frequency decreases agree well with Tsamopoulos & Brown
(1983).

5. Conclusions

A weakly nonlinear analysis of shape oscillations of an inviscid, axisymmetric liquid drop
in a vacuum was performed. The components of the velocity vector field, the pressure and
the drop shape are expanded in power series of a small deformation parameter 7, yielding
sets of equations of motion with their boundary and initial conditions corresponding to
different orders of the expansion. The analysis is taken to third order. Secular solutions
for the surface deformation, appearing at second and third orders of approximation, are
eliminated using a strained time coordinate. In the special case of the two-lobed initial
deformation mode m = 2, an additional pair of secular terms arises, which are suppressed
by setting related coefficients in the series expansions to zero.

The first-order solution is the linear one known from Rayleigh (1879). The second
and third orders represent the nonlinear influences from the first order and from the
first and second orders, respectively. Due to the truncated power series representing the
drop shape, the non-dimensional drop volume deviates from the value of 45 /3. For the
two- and three-lobed deformation modes m = 2 and m = 3, the relative deviation at
large deformations up to 79 = 0.4 is around 1% and 2.5 %, respectively. The applied
weakly nonlinear approach proves capable of representing the quasi-periodic motions
induced by nonlinearity for increasing deformation amplitude, which were found by other
authors in numerical simulations. Fourier frequency power spectra reveal frequencies
induced by mode coupling. The deviation from the spherical shape leads to an increase
of the drop surface area. The surface area increase is stronger for higher deformation
parameters. For fixed ng = 0.4, the surface area increases are around 6 %, 10 % and 14 %
for the initial modes m = 2, 3 and 4, respectively. As nonlinear effects, an asymmetry in
the times the drop spends in the oblate and prolate deformed states, and a decrease of
the oscillation frequency, are known for the mode m = 2. The present theory represents
these effects correctly, in agreement with existing experimental and theoretical literature,
and extends the results to the multi-lobed deformation modes m = 3 and m = 4. The
frequency decrease is found to be a third-order effect for the fundamental deformation
mode m = 2. For all higher-order modes of deformation, the frequency decrease is seen
in the second-order approximation already. Due to the quasi-periodic oscillatory motion,
both the time asymmetry and the frequency vary in time.

The present results reveal the detailed time behaviour of drops in nonlinear shape
oscillations. The study goes beyond the classical literature in that it represents the
influence of the coupling of modes excited by the mode of initial deformation on the time
behaviour of the oscillations. The analysis up to third order represents the quasi-periodic
nature of the oscillations, which is due to the interaction between the various modes.
As one consequence of this, the analytically determined drop surface area shows that
drops in nonlinear oscillations at strong deformations never reach the spherical state, thus
exhibiting a resultant surface area increase above the value of the sphere. The related
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velocity field in the drop influences the transport of momentum, heat and mass across
the drop surface. The motion of the drop surface induces motion of the gas phase, which
influences transfer processes. The results are relevant for applications in the modelling of
transport processes across the oscillating drop surface, such as the quantification of the
drag coefficient, as well as the rates of heat and mass transfer. Applications in production
techniques such as containerless materials processing on the basis of single drops and
in-air microfluidics have benefit from the results.

Supplementary material. Supplementary material are available at https://doi.org/10.1017/jfm.2021.568.
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