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The stack of G-zips is a Mori dream space

Jean-Stefan Koskivirta

Abstract. We first extend previous results of Koskivirta with Wedhorn and Goldring regarding the
existence of y-ordinary Hasse invariants for Hodge-type Shimura varieties to other automorphic
line bundles. We also determine exactly which line bundles admit nonzero sections on the stack of
G-zips of Pink-Wedhorn-Ziegler. Then, we define and study the Cox ring of the stack of G-zips and
show that it is always finitely generated. Finally, beyond the case of line bundles, we define a ring of
vector-valued automorphic forms on the stack of G-zips and study its properties. We prove that it is
finitely generated in certain cases.

1 Introduction

The broad topic of this article is automorphic forms in characteristic p. Similarly to
classical automorphic forms, they can be defined as global sections of certain vector
bundles on the special fiber of Shimura varieties. For a reductive group G over Fy,
the stack of G-zips of Pink-Wedhorn-Ziegler affords a group-theoretical analog of
Shimura varieties. Specifically, let G be a connected, reductive group over I, and
u: G = Gi a cocharacter of Gi, where k = Fp is a fixed algebraic closure of IF,,.
Attached to the pair (G, u), there is an associated stack of G-zips, denoted by G-zip*,
as defined in [PWZI11, PWZI5]. It appears in several aspects of the theory of Shimura
varieties in characteristic p and is conjectured to share many geometric properties
with them. This approach makes it possible to study questions related to singularities,
cohomology vanishing, etc. from a group-theoretical point of view by studying similar
questions on the stack G-Zip*. In this article, we will prove that G-Zip¥ is a Mori
dream space.

The stack of G-zips can be defined as a classifying stack of certain torsors. It also
admits an expression as a quotient stack (see Section 2.1 for details). It relates to the
theory of Shimura varieties as follows. Let Sk be the special fiber at a place of good
reduction of a Hodge-type Shimura variety, whose attached reductive group (over IF )
is G. Then, Zhang has constructed a smooth morphism of stacks

(:Sx = G-zip#

that can be shown to be surjective. The fibers of this map are called the Ekedahl-
Oort strata of Sk. There is a unique open point in G-Zip¥, and the corresponding
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2 J.-S. Koskivirta

stratum is called the p-ordinary locus of Sx. We think of the stack G-Zip* as a
group-theoretical version of Sk. Beside the aforementioned stratification, it also shares
another important aspect of Shimura varieties, as it carries a natural family of vector
bundles (termed automorphic vector bundles). To explain this, recall that one can
naturally attach to the pair (G, u) a zip datum 2, = (G, P, Q, L, M) consisting of two
parabolic subgroups P, Q with respective Levi subgroups L, M (Section 2.1). Then,
to any algebraic representation p: P — GL(V'), one attaches a vector bundle V(p) on
G-Zip*. In the special case when p is a character A € X*(P) = X*(L), the attached
vector bundle is a line bundle, that we denote by £(1).

In [KW18], Koskivirta and Wedhorn constructed y-ordinary Hasse invariants for
general pairs (G, p) (later extended by Goldring and Koskivirta in [GK19a]). Fix an
appropriate Borel pair (B, T') (we impose that B c P, T c L and that (B, T) be defined
over IF,), and let A denote the simple roots. Write I c A for the set of simple roots
of L and set A := A\I. In loc. cit., Koskivirta and Wedhorn showed the following: If
A € X*(L) satisfies the condition

(11) (L,a¥y <0 forallaeA?,
then there exists N > 1 and a section
Ha, € H(G-zip*, £(1)®N),

whose non-vanishing locus is exactly the open stratum of G-Zip* (i.e., the
p-ordinary locus). Such a section is called a y-ordinary Hasse invariant. It is a group-
theoretical generalization of the classical Hasse invariant. Pulling back this section via
the map (, one obtains similar invariants over the Shimura variety Sg. Our first result
in the present article is to generalize the construction of y-ordinary Hasse invariants
and give a more precise statement regarding their existence. Furthermore, we answer
the question of when the space H’(G-zip*, £(1)) is nonzero. Define a map

P Xu(T)g > Xo(T)g, uid+> 8- pa(d),

where o € Gal(k/F, ) is the p-power Frobenius homomorphism. For eachroot o € A*,
define a quasi-cocharacter 8, € X, (T)q as the preimage 8, := ;' («"). We prove the
following.

Theorem 1.1 (Theorem 3.11, Proposition 3.3) Let A € X* (L) be a character.

(1) There exists a y-ordinary Hasse invariant h € H*(G-Zip", L(1)®™) (for some
m > 1) if and only if A satisfies (1, 8,) > 0 for all a € AP,

(2) The space H°(G-zip", L(A)®™) is nonzero (for some m >1) if and only if A
satisfies (A, 84) > 0 for all a € AP.

The purpose of the paper [KW18] was to construct such invariants as a section of
a power of the Hodge line bundle w, which exists naturally on Sk. The character A,
corresponding to w satisfies the stronger conditions (1.1), so the result of loc. cit. was
sufficient for its purpose. Similar sections were constructed by Goldring-Nicole for
unitary Shimura varieties [GN17] and Goldring and Koskivirta in [GK19a]. However,
it can be useful in general to construct such invariants for other automorphic line
bundles £(1), beyond the case of the Hodge line bundle w.
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The next purpose of this article is to study the spaces H’(G-zip", £(1)) “all at
once”. For this, the standard construction is to form the direct sum:

Cox(G-zip*):= @ H°(G-zip"* L(1)).
AeX*(L)

This object inherits a natural structure of k-algebra, and we call it the Cox ring of
G-z1ip*, by analogy with the Cox ring of a projective variety. Recall that a projective
k-variety X with finitely generated Picard group Pic(X) is called a Mori dream space
if its Cox ring Cox(X) is a finitely generated k-algebra. Examples of such spaces are
spherical varieties and smooth Fano varieties. For an arbitrary pair (G, ), we show
the following.

Theorem 1.2 (Theorem 4.8)  The ring Cox(G-Zip") is a finitely generated k-algebra.
In other words, the stack G-Z1ip* is a Mori dream space.

We also show some elementary properties of the ring Cox(G-Zip*): it is an
integral domain which is integrally closed, and its unit group identifies with the group
of nowhere-vanishing functions on G (Proposition 4.6). When G is semisimple and
Pic(G) = 0, the Cox ring of G-Zip* is a polynomial algebra (Corollary 4.11).

In the last part of the article, we consider more general, higher rank auto-
morphic vector bundles. Let A € X*(T) be a character, and consider the induced
P-representation V;(1) := indj (). Write V;(1) for the associated vector bundle on
G-Zip". In the context of Shimura varieties, the pullback {*(V;(1)) coincides with
the automorphic vector bundle attached to A. Global sections in H’(Sk, V(1)) are
called mod p automorphic forms of level K and weight A. They play a central role in the
mod p Langlands program, as Hecke-equivariant forms are conjectured to correspond
to mod p Galois representations (in certain cases, this was proved in [GK19a] by
Goldring and Koskivirta). Again, we may form the following direct sum:

Rzip = @ HO(G_ZipM’VI(A))'
AeX*(T)
The natural map V;(1) ®¢ Vi(A") - V(A + 1) (for A, A" € X*(T')) endows R, with
a structure of a k-algebra. We call R, the ring of automorphic forms on G-zip”. It
contains the Cox ring of G-Zip* as a subring. One may also interpret Ry, as the Cox
ring of the stack of G-zip flags (see Section 5.1 for details). We conjectured in [Kosl9,
Conjecture 5.1.4].

Conjecture 1.3  The ring R,y is finitely generated.

In loc. cit., we carried out the case of the group G = Sp 4F) where we proved
that R, is a polynomial algebra in three variables. In the present article, we prove
general properties of this ring: it is an integrally closed integral domain, whose field
of fractions identifies with k(B n M) (Proposition 5.3). We show that the veracity of
Conjecture 1.3 is unchanged if we modify G by a central subgroup (Proposition 5.14),
or if we take a product over I, of two IF,-reductive groups (Proposition 5.11). We also
show that it holds in the extremal cases P = G or P = B (Proposition 5.17). Finally, we
illustrate the case of a general linear group in three dimensions (and its IF ,-forms given
by unitary groups) in the theorem below.

https://doi.org/10.4153/50008414X25101582 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101582

4 J.-S. Koskivirta

Theorem 1.4 (Corollary 5.22, Proposition 5.25) Let G be a reductive F,-group such
that Gy ~ GL3 k. For any cocharacter y: Gy, x — Gy, Conjecture 1.3 holds true.

We end this introduction by explaining the content of each chapter. In Chapter 2,
we review some basic definitions regarding the stack of G-zips, their connection
with Shimura varieties, the construction of vector bundles attached to algebraic
representations. Chapter 3 is devoted to studying the space of global sections of vector
bundles over G-Zip*, using as a main ingredient the results of our previous paper
with Imai [[K21]. We also prove Theorem 1.1 regarding y-ordinary Hasse invariants.
In Chapter 4, we introduce the Cox ring of G-Zip* and study its properties. We
prove that it is finitely generated (Theorem 1.2). The last chapter deals with the ring
R,ip of automorphic forms. We illustrate the case of (IF,-forms of) GL3 and prove
Theorem 1.4.

2 The stack of G-zips
2.1 Definition

Fix an algebraic closure k =F, of F,. For a k-scheme X, we write X (?) for the
Frobenius-twist of X. Let G be a connected, reductive group over IF, and y: G, x — Gy
a cocharacter. We call the pair (G, p) a cocharacter datum. We can attach to (G, ) a
tuple ZH =(G,P,Q,L, M) called a zip datum. Here, P, Q are parabolic subgroups of
Gy, defined as follows. First let P, (u) (resp. P_(u)) be the parabolic subgroup whose
k-points are the elements g € G(k) such that the map

Gk = Gis t = u(t)gu(t)™  (resp. t > () 'gu(t))

extends to a morphism of varieties A} — Gy. We obtain a pair of opposite parabolics
(P+(u), P_(p)) in Gy whose intersection P, () nP_(u) = L(u) is the centralizer
of p (it is a common Levi subgroup of P, (u) and P_(u)). We define P := P_(u),
Q:= (P, (1)), L:= L(u) and M := LP), Write ¢: L - M for the Frobenius homo-
morphism. For an algebraic group H, we write R,(H) for its unipotent radical.
Let 6F: P — L be the projection onto the Levi subgroup L, i.e., the map defined by
0P (xu) = x for all x € L and u € Ry(P). Define $: Q — M similarly. The zip group
of (G, p) is defined by

Ei={(x,y) ePx Q| 9(6](x)) = 65 (»)}.
We let E act on Gy, by the action (x, y) - g = xgy ™' forall (x, y) € E, g € Gx. Moonen-—
Wedhorn ([MW04] and Pink-Wedhorn-Ziegler [PWZ11, PWZI15] defined the stack
of G-zips of type p. It can be expressed as a moduli stack of certain torsors. We will
use the following, equivalent definition as a quotient stack:

G-zip* = [E\G].

This stack is a smooth k-stack with finite underlying topological space.
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2.2 Group-theoretical notation

Let again (G, u) be a cocharacter datum and 2, = (G, P, Q, L, M) be the associated
zip datum as in Section 2.1. We explain notation pertaining to the root datum of G,
used throughout the article. We will always make the following assumption: there
exists a Borel pair (B, T') defined over I, satisfying B c Pand T c L. After changing u
up to conjugation, this condition can always be achieved. Let B* denote the opposite
Borel subgroup, i.e., the unique Borel subgroup such that Bn B* = T.

We let X*(T) (resp. X.(T)) denote the group of characters (resp. cocharacters)
of T. Since T is defined over I, these sets are naturally endowed with an action of
Gal(k/F,). Write W = W (G, T') for the Weyl group of Gy. Similarly, Gal(k/F,) acts
on W and the actions of Gal(k/F,) and W on X*(T) and X, (T) are compatible
in a natural sense. We let @, ®*, A denote, respectively, the set of T-roots of G, the
positive roots and the simple roots. Our convention of positivity differs from some
authors: A root « lies in @* if and only if the a-root group U, is contained in B*.
For aroot a € @, we let s, € W be the corresponding reflection. The system (W, {s |
a € A}) is a Coxeter system. We write £: W — N for the length function. In particular,
0(sq) =1forall @ € A. Let wy € W be the longest element of W. Write @7 c ®* for
the positive T-roots of L, and let I := A = ®] n A denote the simple roots of L. We
also define A” := A\ Let Wy := W(L, T) be the Weyl group of L. Write wy s for the
longest element in Wj. Define YW to be the subset of elements w € W which are of
minimal length in the right coset Wyw. The set TW is a set of representatives for the
quotient W7\ W. The longest element in the set ! W is wy_;wy.

We say that a character A € X*(T) is dominantif (A, ") > O forall « € A. The set of
dominant characters will be denoted by X7 (T'). Similarly, if (A, «¥) > Oforall a € I, we
say that A is I-dominant (or L-dominant), and write X ;(T') for the set of I-dominant
characters. For each « € @, choose an isomorphism u,: G, — U, so that (44 ) e is a
realization in the sense of [Spr98, Section 8.1]. In particular, we have

tue ()t = ug(a(t)x), VxeG,, VteT.
2.3 Stratification of G-zip*

Let (G, u) be a cocharacter datum as in Section 2.1, and let G-Zip* = [E\Gy] be the
attached stack of G-zips. We recall the parametrization of the points of the underlying
topological space of G-Zip#. They correspond bijectively to the E-orbits in G. By
[PWZI11, Proposition 7.1], there are finitely many E-orbits in Gi. Furthermore, each
E-orbit is smooth and locally closed in Gy, and the Zariski closure of an E-orbit
is a union of E-orbits. For w € W, we fix a representative w € Ng(T), such that
(wiw,) = wiw, whenever £(wyw;) = £(w;) + £(w,) (this is possible by choosing a
Chevalley system, [ABD+66, Exposé XXIII, Section 6]). We set throughout

zZ = O'(W(),I)W().
For w € W, write

Gy = E-wz,
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for the E-orbit of the element wz~!. We will simply write w instead of #. Define a

partial order < on W as follows: For w, w’ € TW, write w’ < w if there exists w; € W}
such that w’ < wiwo (w;) ™! (see [PWZ11, Corollary 6.3]).

Theorem 2.1 [PWZI11, Theorem 7.5]

(1) The map w ~ G, is a bijection "W — {E — orbitsinGy}.
(2) Forw €W, one has dim(G,,) = £(w) + dim(P).
(3) Forw €W, the Zariski closure of G,, is

Gy = L] Gw.
w/elW, w/sw

In particular, there is a unique open E-orbit U, c Gy corresponding via the map
w G, to the longest element wq ;wq € TW. 1t coincides with the E-orbit of the
identity element1 € Gy. Using the terminology pertaining to Shimura varieties, we call
U, the u-ordinary stratum of G and the open substack U, := [E\U, ] the y-ordinary
locus. It corresponds to the y-ordinary locus of the special fiber of Shimura varieties,
studied in [Moo04, Worl3]. See Section 2.4 below for details. The codimension one
E-orbits correspond bijectively to elements of ‘W of length ¢(wq wy) — 1. Such
elements can be written wg ;s,wo for a € AP, We will simply write Z,, for the E-orbit
G,, corresponding to the element w = wy 1s,Wo. One sees easily that Z,, is the E-orbit
containing s,.

2.4 Shimura varieties

We briefly explain the connection between G-zips and Shimura varieties. Let (G, X)
be a Shimura datum of Hodge-type (i.e., it admits an embedding into a Siegel-
type Shimura datum). In particular, G is a connected, reductive group over Q. Let
K c G(Ay) be a sufficiently small compact open subgroup and write Shx (G, X) for
the associated Shimura variety. It is a quasi-projective variety defined over a number
field E (the reflex field). The field E is the field of definition of the G(C)-conjugacy class
of the cocharacter y: G, ¢ - Gg naturally attached to the Shimura datum (G, X).

Let p be a prime number, and suppose that K can be written as K = K, K*, where
K, c G(Q,) is hyperspecial and K? c G(A;) is compact open (we say that p is a
place of good reduction). By definition of a hyperspecial subgroup, we can write
K, = §(Z,) for a reductive Z,-group § such that § ®z, Q, ~ Gg,. For each place v|p
in E, Kisin ([Kis10] and Vasiu [Vas99] have constructed a smooth, canonical model
8k of Shg (G, X) over the ring Og,. We write Sk := 8k ®0,, k for the special fiber of
Sk, where k is an algebraic closure of the residue field of v.

Define G := § ®z, F). We may assume that it extends to a cocharacter of Gz
(see [IK21, Section 2.5] for details). Write again y: Gy, x = Gy for its special fiber. In
particular, the pair (G, y) gives rise to a stack of G-zips of type u as explained in
Section 2.1. Zhang [Zhal8] has constructed a smooth morphism of stacks

(2.1) (:Sg - G-zip#,

which is also surjective by [SYZ21, Corollary 3.5.3(1)]. It extends to a morphism on a
smooth toroidal compactification of Sx by [GK19a], and the extension is again smooth
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by [And23]. Moreover, the map (2.1) was also constructed for Shimura varieties of
abelian type in [IKY].

The program started by Goldring and Koskivirta in [GK18, GK22b, GK22a] is
aimed at studying the geometry of Sk by using G-Zip* as a group-theoretical analog.
The authors proved in many cases that geometric information pertaining to Sk can be
read off the stack G-Zip".

2.5 Vector bundles on quotient stacks

We recall the construction of vector bundles on quotient stacks attached to algebraic
representations. Let H be a smooth connected algebraic group over a field k, and X a
k-variety endowed with an algebraic action of H (we say that X is an H-variety). Let
p:H - GL(V) be an algebraic representation of H on a finite-dimensional k-vector
space V. Then, the “associated sheaf construction” of [Jan03, Section 1.5.8] produces
a vector bundle V(p) on the quotient stack [ H\X]. It is represented geometrically by
the stack

[H\(X x V)],

where H acts diagonally on X x V. The first projection X x H - X induces a natural
map to the quotient stack [H\X]. Furthermore, the rank of V(p) coincides with
the dimension of V. In particular, characters A: H — Gy, give rise to line bundles on
[H\X]. We will use the notation £ (1) to denote the line bundle attached to A.

We apply this general discussion to the stack of G-zips. Fix a cocharacter datum
(G, u) and write Z, = (G,P,Q, L, M) for the attached zip datum, as defined in
Section 2.1. Let G-Zip* = [E\Gy] be the associated stack of G-zips. For any algebraic
representation p: E — GL(V) on a finite-dimensional k-vector space V, we obtain
a vector bundle V(p) on the stack G-Zip¥. When p: P — GL(V) is an algebraic
P-representation, we view it as an E-representation via the first projection pr;: E — P,
and write again V(p) for the attached vector bundle. Similarly, we always make the
identification X*(E) = X*(P) = X*(L). To avoid ambiguity with the vector V(1)
that will appear in Section 5.1, we write £(A) (instead of V(1)) to denote the line
bundle on G-Zip* attached to a character A € X*(L).

2.6 Picard group of a quotient stack

In this section, we recall general facts about Picard groups of quotient stacks explained
in [KW18, Section 2]. Let k be an algebraically closed field and H a smooth connected
algebraic group over k. Let X be a normal H-variety and write a: H x X — X for
the action map of H on X. Define p,: Hx X - X and pys: Hx Hx X - Hx X
as the projection maps given by (g,x) — x and (g1, £2,x) = (g2, x), respectively.
Let ug denote the multiplication map H x H — H. For a line bundle £ on X, an
H-linearization of £ is an isomorphism ¢ : a*(Z) — p; (%) satisfying the cocycle
condition

p33(9) o (idu x a)*(¢) = (un x idx)" (¢).

Let Pic” (X) denote the group of isomorphism classes of H-linearized line bundles
on X. It identifies naturally with the Picard group Pic([H\X]) of the quotient stack
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[H\X]. Define £(X) := O(X)*/k*, where O(X)* is the group of nowhere vanishing
functions on X. When X is an integral k-scheme of finite type, £(X) is a finitely
generated free abelian group [KKV89, 1.3 Proposition (i)]. Recall the following result.

Proposition 2.2 [KW18, Corollary 2.3.1]  Let H be a smooth connected algebraic group
and X a normal variety endowed with an algebraic action of H. Then, there is an exact
sequence of abelian groups

1- k" = (0(X)) - &(X) - X*(H) - Pic?(X) - Pic(X) - Pic(H).

Here, (O(X)*)" denotes the group of H-invariant elements of O(X)*. Via the
identification Pic” (X) = Pic([H\X]), the map X*(H) — Pic*(X) is given by the
construction A = £ (1) explained in Section 2.5.

We apply the above discussion in the case of the action of E on Gy giving rise to the
stack G-Zip# = [E\Gg]. To simplify notation, we write G instead of Gi. By [KKV89,
1.2 Proposition], the natural map X*(G) - £(G) is an isomorphism. Identifying
X*(E) = X*(L), we deduce that there is an exact sequence

(2.2) 1> X"(G) - X*(L) - Pic(G-Z2ip*) — Pic(G).
Since Pic(G) is finite by [KKLV89, 4.5 Proposition], we obtain an isomorphism
(X*(L)/X*(G)) ®z Q ~ Pic(G-2ip*) ®z Q.
3 Global sections on G-zip*

In this section, we first study in general the space H(G-zip*,V(p)) of global
sections of vector bundles over the stack G-Zip". We then specialize to the case of
line bundles.

3.1 Brylinski-Kostant filtration

Before we recall the main theorem of [IK21], we set notation pertaining to representa-
tion theory of reductive groups. Fix an algebraic B-representation p: B - GL(V') and
let V = @,ex+(1) Vv be the T-weight decomposition of V. For any v € V, and « € @,
we can write uniquely

U (x)v = ijEgj)(v), Vx € G,,
j20
for elements Eij) (v) € Vyijo [IK21, Lemma 3.3.1]. Extend the definition of E&j) (v) by
additivity to any v € V. This defines a map EY:V > Vfor any j > 0and & € ®. When
j<0,putEY =o.

Write o € Gal(k/F,) for the p-power Frobenius element. Let o: T — T be the Lang
map defined by g — g¢(g)~". It induces an isomorphism

02X, (T)z = X4 (T)g; 0> 08 =6 - pa(d).
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For a € A, set 8, = ;' (a). For a € A®, define an integer m, by
(3.1) me =min{m >1|0c""(a) ¢ I}.

For example, if P is defined over I, then m, = 1for all a € A”.

Let m >1 be an integer and let E = (ay,...,ap ) € ©" be an m-tuple of roots.
Suppose H is a closed subgroup scheme of G contaning T and U,, forall1 < i < m. Let
V be a finite-dimensional algebraic representation of H. Fora = (ay, ..., a,) € (K*)™
andr = (r1,...,7y) € R™, define

m
Zn,-r,- 20},

i=1

(z™), = {(nl,...,nm) eZ™

m
Agr = {z nia;
izl

For a character v € X*(T), write [v] for its coset in the quotient X*(T)/Ag,.
Furthermore, define

(n1,....,n,) € (Z"’)r}.

Vv = P v,.
ve[v]

Letj = (j1,...>jm) € Z™ and write again [j] € Z" /(Z™); for its residue class. Define

[]] Y= Zjiri ER,

i=1
01+ 0] 2 = [ve | e x° (1)
i=1
(note that these elements are well-defined). Let [v]e X*(T)/Ag, and let
8: X*(T) - R be any function. We define a subspace Fily*** V{,j c V{, as follows:

Fily™>" Vi,

= N N Ker| > proal B o o0 alr BV = Vi |,
Glezm/(zm), xelvl+ 12, \jeli)
li]r>8(x)

where Pry Vivjsfle = Vy is the natural projection. This filtration is similar to the
Brylinski-Kostant filtration of a representation.

3.2 The space of global sections

We explain the results of [IK21], where Imai and Koskivirta determined explicitly the
space of global sections H°(G-Zip*, V(p)) for a general algebraic P-representation p.
We first recall the following easy result [Kos19, Lemma 1.2.1].

Proposition 3.1 For any algebraic representation p: P - GL(V'), we have
dim; H°(G-zip#,V(p)) < dimy (V).

In particular, for any A € X* (L), the k-vector space H*(G-zip", £L(1)) has dimension
<L
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For a general P-representation P — GL(V), the space H°(G-zip*,V(p)) of
global sections can be expressed as the part of the Brylinski-Kostant filtration of
V invariant under the action of a certain (non-smooth) finite algebraic subgroup
Ly c L [IK21, Theorem 3.4.1]. Specifically, define first L, c E as the scheme-theoretical
stabilizer of the element 1. Explicitly,

Ly =En{(x,x)|x¢eG}.

This algebraic group is in general non-smooth. Via the first projection pr;: E — P,
identify L, with an algebraic subgroup of P. One can then show [KW18, Lemma 3.2.1]
that L, is a finite group-scheme contained in L. Furthermore, let L, c L be the largest
algebraic IF-subgroup contained in L, i.e., Lo := N,z 0" (L). Then, L, can be written
as a semidirect product

Ly = LY % Lo(F,),

where L is the identity component of Ly, which is a finite unipotent group-scheme.
When P is defined over IF,, we simply have Ly = Land L, = L(IF,), viewed as an etale
group-scheme.

For a € AP, let m, be the integer defined by (3.1), put a, = (-1,...,-1) € (k*)™=
and define
Eo = (~a,07(a),...,a” "D (a)).
Define also ry = (a1, «>7a,m, )> Where ro 1 =1—(a, 84) and
a,0,) -1
Tai = <7_>1
p

for 2 < i < m,. We view 8, as a function 8,: X*(T) — R given by 84 (x) = (x> 0a)-

Theorem 3.2 Let p: P — GL(V) be an algebraic P-representation. One has an identi-
fication

H°(G-zip*,V(p)) = V**n D Filg=® eV, ).
aeAP [v]eX*(T)/Az

Easra

3.3 Global sections of line bundles

In this section, we specialize to the case when the representation p: P - GL(V)
is the one-dimensional representation attached to a character A € X*(L) = X*(P).
In this case, the statement of Theorem 3.2 simplifies considerably. Recall that
H°(G-zip*, £())) has dimension < 1. We want to determine for which characters
A € X*(L) this space is nonzero.

Proposition 3.3  For a character A € X* (L), the following are equivalent:

(i) The space H*(G-zip*, L(A)) is nonzero.
(ii) A is trivial on Ly, and (A, 84) > 0 for all a € AP,

Furthermore, in this case H°(G-zip*, L(A)) is one-dimensional.
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Proof Write V;(A) for the underlying one-dimensional vector space of A. In this
case, for dimension reasons we find that

Fil ™V, = Vi = Vi(d),

if (4,84) > 0 and Fil?:’a“’r“ Vy = 0 otherwise. On the other hand, the space V;(1)Le
is zero if and only if A is trivial on the finite subgroup L, c L. The equivalence of
(i) and (ii) then follows easily from Theorem 3.2. When this condition is satisfied,
H°(G-Zip*, £(1)) is one-dimensional by Proposition 3.1. ]
Corollary 3.4 Let A € X*(L) and assume that (A, 84) > 0 for all a € AP. Then, there
is an integer N > 1 such that H°(G-zip", L(1)®N) # 0.

Proof By considering an appropriate multiple NA (N > 1), we can arrange that NA
vanishes on the finite group L. Since £L(NA) = £(1)®¥, the result follows from
Proposition 3.3. u

The set of A such that some positive power of £ (1) admits nonzero global sections
is thus defined inside X* (L) as the intersection of the half-planes given by (1, §,,) > 0.
We note the following.

Proposition 3.5 The linear forms {1 — (A, 84)}gear are linearly independent, when
viewed as linear forms on X*(L)q. Equivalently, they form a basis of the dual vector

space of (X*(L)/X*(G)) ®z Q.
Proof LetD c X*(L)bethesetof A € X*(L) suchthat(A,d,) = 0forall a € AP, Let
A € D and a € AP. By definition of §,,, we have
&x —pa(éa) = 6«x —p50(a) =aV.
Ifo(a) € AP, then we obtain (A, a") = 0. Otherwise, we have o (a) € I. Let r > 1 be the
smallest integer such that 6" (&) € AP, Then, since A € X*(L) and o(a), ..., ()
are in I, we obtain inductively
(/L ‘Xv> = _P(A’ 50(a)>
= _pr</\’ 60’(a)> =0.
Therefore, A is orthogonal to all «¥ for a € A, which implies that A € X*(G). Since we

have rank(X*(L)) - rank(X*(G)) = |AP|, dimension considerations show that the
linear forms A — (A, §4) on X*(L)q are linearly independent. ]

We finish this section with a useful lemma. Let H be a smooth connected algebraic
k-group acting on a k-variety X. For A € X*(H), denote by £(A) the associated line
bundle on the quotient stack [ H\X] (Section 2.5). By definition, the space of global
sections of £(1) can be identified with the space of regular maps f: X — A! satisfying

(3.2) f(h-x)=A(h)f(x), heH,xeX.
We will use the following lemma.

Lemma 3.6 Let By c H be a Borel subgroup (in the sense that H/By is a projec-
tive variety) and A € X*(H) a character. Let f:X — Al be a regular map satisfying
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f(h-x)=A(h)f(x) for all h € By and x € X. Then, f satisfies the same relation for
all h € H and x € X. In other words, f identifies with a global section of £L(A) on [H\X].

Proof Let x € X be fixed, and consider the map y: H — A' defined by

_ f(h-x)
(h) = O heH.

It is clear that y is a regular map. By assumption, for any b € By, h € H, we have
w(bh) = y(h). Since the quotient By \ H is proper, we deduce that y is constant, hence
equal to f(x). The result follows. |

By definition, a section f € H°(G-Zip", £L(1)) (for A € X*(L)) can be interpreted
as a regular map f: Gy — A! satisfying the relation

(3.3) flxgy™) = A(x)f(g)s

for all (x, y) € E and g € Gi. Now, fix a Borel pair (B, T') as explained in Section 2.2.
Define a subgroup E’ c E by

(3.4) E':=En(BxG).

In other words, E’ is the subgroup of pairs (x, y) € E such that x € B. One sees easily
that E/E’ ~ P/B (hence is projective). From Lemma 3.6, we deduce the following.

Corollary 3.7 Let A € X*(L) and let f: Gy, — A! be a regular map satisfying (3.3) for
all (x,y) € E' and g € Gy. Then, the same relation holds for all (x, y) € E and g € Gy.
Hence, f identifies with an element of H°(G-zip", £L(1)).

3.4 p-ordinary Hasse invariants

We recall the main theorem of [KW18] by Koskivirta and Wedhorn. In loc. cit., the
following result was proved.

Proposition 3.8 ([KW18, Theorem 5.1.4])  Assume that A € X* (L) satisfies
(3.5) (AL, a¥) <0, VaeAf.

Then, the space H*(G-Zip", £(1)®N¢) is nonzero for a certain integer N,, > 1. Further-
more, any nonzero section h € H*(G-Zip", L(A)®Nv) is a y-ordinary Hasse invariant,
in the sense that the non-vanishing locus of h is precisely the p-ordinary locus U, c
G-Zip".

By pullback via the map {: Sx - G-Zip¥, the authors also deduced the existence
of such sections on the Shimura variety Sx. We explain below the connection with
Corollary 3.4. For each a € A?, fix an integer d, > 1 such that « is defined over F e
We can write

1 dy—1 o v
Og=——— plat(a’).
phe -1 Zo
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The condition (A, §,) > 0 can thus be written as

da-1
(3.6) Y piA, o' (aY)) <.

i=0
We claim that if A € X*(L) satisfies (3.5), then it is anti-dominant, i.e., {1, a¥) < 0 for
all « € ®*. Indeed, we may write « as linear combination with positive coeflicients
of simple roots. Since (A, &") = 0 for « € I, we deduce the claim. In particular, when
A e X*(L) satisfies (3.5), all terms in the sum (3.6) are non-positive, and the one
corresponding to i = 0 is negative. Thus we see that Proposition 3.8 is compatible with
Corollary 3.4.

We now generalize the construction of y-ordinary Hasse invariants from [KW18].
Unfortunately, we cannot use the statement of Theorem 3.2 as is. We need to return to
its proof, following [IK21, Theorem 3.4.1], in order to state a more precise result. First,
we recall the following: For any algebraic P-representation P - GL(V), the space of
global sections of V(p) over the y-ordinary locus U, can be identified as

(3.7) H°(U,, V(p)) = Vie.

Furthermore, via the identification given by Theorem 3.2, the natural injective map
H°(G-zip*,V(p)) - H*(U,,V(p)) corresponds to the natural inclusion into V¢,

To simplify, we consider the case of a line bundle £(A) (for A € X*(L)). If we write
N, for the order of the finite group-scheme Ly, then for any A € X*(L), the character
N, A vanishes on L,. We deduce that for any A € X*(L), the space H° (U, £(A)®Nx)
is one-dimensional. We may view an element i € H®(U,,, £(1)®"*) as a regular map
h:U, — A satisfying

h(xgy™) =Mx)Nf(g), (x,y)€E,geU,.

Since Gy is a normal k-variety, we may speak of the divisor div(h) of h. By
E-equivariance of h, the divisor div(4) can be written as

div(h) = > multe(h)Z,,

aeAP

for certain multiplicities mult, (1), where { Z, } 4ca» are the codimension one E-orbits
in Gy (Section 2.3). Define the sign function sgn: R - {-1,1,0} by

1 ifx>0
sgn(x)=4-1 ifx<0
0 ifx=0.

The proof of [IK21, Theorem 3.4.1] shows the following.
Lemma 3.9 One has sgn(multy (h)) = sgn({(A, 8,)) for all « € AP,

To prove Lemma 3.9, we review a construction explained in [IK21, Section 3.1]. For
o € @, denote by ¢4:SL, x = Gy the unique homomorphism such that

%((}) ’f)):um), <"«((i ?)):uam
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afforded by [Spr98, Lemma 9.2.2]. It also satisfies ¢, (diag(t,t™")) = a¥(t). For a €
AP, recall that Z, = E - 5, is the E-orbit of s,. For any a € AP, define a subset X, as
follows:
Xo=G:\ U %
BeAP, Bxa
It is clear that X, is open and contains the open E-orbit U,. Set Y = E x A' and define
the map

VoY = Gis ((x,y), t) = Xy (A(t)))fl where A(t) = (_tl (1)) €SLy « .

Onehas ¢,(A(0)) = s, in W. The properties of the map vy, are given by the following
proposition.

Proposition 3.10 [IK21, Proposition 3.1.4]

(1) The image of v is contained in X,.
(2) Forany (x,y) € Eandt € A, one has yo((x, y),t) € U, <=t £ 0.
(3) Forall(x,y) € E, we have y,((x, ¥),0) € Z,.

Since h: U, — A is an E-equivariant function, we can apply the theory of “adapted
morphisms” established in [Kos19, Section 3.2]. We deduce that the sign of mult, ()
coincides with the sign of the multiplicity of the divisor of the composition 4 o v, (loc.
cit., Corollary 3.2.3). Note that A(t) can be decomposed as follows:

-5 6 )

-1
Since a € AP, the image by ¢, of the matrices (_:_1 (1)) and ((1) tl ) lie in Ry (P)
and R, (Q) respectively. We deduce

a(G ) =30 (5 ))) =A@

Since a" = 8, — pa(8,), we obtain h(aV(t)) = A(8,(t)) = t*%). Hence, the sign
of the divisor of h oy, coincides with that of (A, d,). This finishes the proof of
Lemma 3.9. We deduce from this discussion the following theorem, which generalizes
the existence of y-ordinary Hasse invariants of [KW18] and completes Proposition 3.3
above.

Theorem 3.11 For A € X* (L), the following are equivalent.
(i) There exists a y-ordinary Hasse invariant h € H*(G-zip*, L(1)®Nw).
(ii) (A, 84) >0 forall a € AP,

When P is defined over I, one has §, = —;‘—jl, hence the content of Theorem 3.11
coincides with Proposition 3.8. However, for more general situations, for example, the
case of a Weil restriction, the condition (ii) of Theorem 3.11 is less strenuous than that
of Proposition 3.8.
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4 The Cox ring of G-zip"
4.1 Mori dream spaces

We briefly review the theory of Mori dream spaces. The natural setting to define these
objects is that of projective varieties. In the context of this article, we will consider
the stacks of G-zips and G-zip flags (the latter is defined in Section 5.1). Although the
classical theory of Mori dream spaces does not apply in this generality, we will see that
all objects can be naturally defined for the stacks that we consider. Mori dream spaces
were first defined by Hu and Keel in [HK00]. To simplify, we assume below that X a
smooth projective variety over an algebraically closed field k. Then, X is said to be a
Mori dream space if it satisfies the following two conditions:

(a) The Picard group Pic(X) is a finitely generated abelian group.

(b) There are finitely many birational maps f;: X — X; (with X; projective) defined on
some open subset of X, which are isomorphisms in codimension one, and satisfy
that for any moveable divisor D on X, there exists i and a semiample divisor D;
on X; such that D = f*(D;).

Let X be a projective, smooth k-variety, such that Pic(X) is finitely generated. Fix
a system of Weyl divisors D = (Dy,..., Dy, ) such that the attached line bundles
(O(Dy),...,0(Dy)) form a basis of Pic(X)g. For A = (Ay,...,Ap) € Z" setA- D :=
> A;D;. The Cox ring of X is defined as follows:
Cox(X) := @@ H(X,0(1-D)).
AeZm
This ring depends on the choice of D, but most of its properties are independent of this

choice. The cone of effective divisor classes is the grading set (also called the support)
of this graded algebra, namely it is given by:

Eff(X)={)eZ™ |H*(X,0(A-D)) #0}.

Theorem 4.1 [HKO0O, Proposition 2.9] Let X be a projective, smooth k-variety, such
that Pic(X) is finitely generated. The following are equivalent:

(i) X is a Mori dream space.
(ii) The Cox ring Cox(X) is finitely generated over k.

For example, smooth Fano varieties and spherical varieties are examples of Mori
dream spaces. In particular, if G is a connected reductive group over kand Rc G isa
parabolic subgroup, then G/R is a Mori dream space. Let (B, T) be a Borel pair such
that B c P, as in Section 2.2. We will consider the Cox ring of P/B and G/B. Recall that
I c A denotes the type of P. Consider the induced P-representation V;(1) = indj (1)
and define:

(4.1) Cox;(G):= @ Vi(h).
AeX*(T)

Since we can also write V;(A) = H°(P/B, £(1)), the ring Cox;(G) can be interpreted
as the Cox ring of P/B. In particular, Cox;(G) is a finitely generated k-algebra. Taking
P = G, we also have the ring Cox, (G), which is the Cox ring of G/B.
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4.2 Graded rings and monoids

Before we discuss the Cox ring for the stack of G-zips, we make some general
observations on graded rings. Let T’ be a finitely generated free abelian group, and let
X c T be a submonoid. We say that X is finitely generated if there exists x1,...,x, € X
such that X = Zyox; + -+ + Zyx,. Write Xq,, for the set of linear combinations with
non-negative rational coeflicients of elements of X in I'y. We call Xq., a Q5¢-monoid.
Say that Xg,, is finitely generated if there exists x,...,x, € Xq,, such that
Xy = Qsox1 + -+ + Qs0x, (in this case, one can assume that x;, ..., x, € X). Next,
suppose
R=PR,
Ael

is a graded k-algebra, where R, is a k-vector space. Let Eff (R) denote the support of
R, namely, the set

Eff(R):={AeT|R, #0}.

The notation is inspired from the geometric setting, where Eff (R) is the set of effective
classes of divisors, as in 4.1. We make the following assumptions:

e Ris an integral domain.

o Frac(R) is finitely generated over k.

« Ris integrally closed.

o Forall A €T, the k-vector space R, has dimension < 1.

We sometimes call the support Eff (R) the grading monoid of R. Indeed, when R is an
integral domain, one sees immediately that Eff (R) is a submonoid of T.

Lemma 4.2  Under the above assumptions, the following assertions are equivalent:
(i) Ris a finitely generated k-algebra.

(i) Eff(R) is a finitely generated monoid.

(iii) Eff(R)q,, is a finitely generated Qso-monoid.

Proof Assume first that R is finitely generated. Then, we can write R = k[ fi, ..., fu]
for some homogeneous elements f; € Ry, (i =1, ..., n). Since R is an integral domain,
one sees immediately that Eff (R) = ZsgA; + - -+ + ZsoA,, which proves (ii). The impli-
cation (ii) = (iii) is obvious. Finally, assume that Eff(R)q., = Qx0A1 +--- + Qx0h,
for some elements A;,...,A, € I'. After changing A; to a positive multiple, we may
assume A; € Eff(R). By definition, there exists a nonzero element f; € R,,. Denote by
Xy c Eff(R) the monoid generated by Ay, ..., A, and consider the subalgebra

R :=k[fi,. .\ ful-

If feR, is nonzero for some A €I, then by definition A € Eff(R) and hence by
assumption there exist integers d >1 and di,...,d, > 0 such that dA = djA; +--- +
dpdn. Set fo=TI1, fid". Clearly, fy lies in Ry). Since Ry, is one-dimensional by
assumption, we have f¢ = af; for some a € k*. From this, we deduce that the ring
extension R’ c R is integral. Write K’ := Frac(R") and K := Frac(R) for the fields of
fractions. Since R is integral over R’, it is clear that K is an algebraic extension of K'.
Furthermore, since K is finitely generated over k, we deduce that K is a finite extension
of K. Recall the following result.
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Theorem 4.3 [Bou09, Section 3, N°2, Theorem 2]  Let A be an integral domain which is
a finitely generated k-algebra. Write K = Frac(A) and let L/K be a finite field extension.
Then, the integral closure of A in L is a finitely generated k-algebra. [ ]

By assumption, R is integrally closed, so the integral closure of R’ in K coincides
with R. The above result then implies that R is a finitely generated k-algebra. This
terminates the proof.

4.3 Cox ring of G-zips

We return to the setting of Section 3. Let (G, y) be a cocharacter datum over I, and
write G-Z1ip* for the attached stack of G-zips over k (where k is an algebraic closure
of ). Although the stack G-Zip* is not a k-variety (let alone a projective one), we
may still define the Cox ring of G-Zip* as follows. First, recall that the construction
A+ L(A) of Section 2.6 induces a homomorphism X*(L) — Pic(G-Zip") with
finite cokernel (see (2.2)). When Pic(G) = 0, this map is even surjective. We define
the Cox ring of G-Z1ip* as the k-algebra

Cox(G-zip*):= @ H°(G-zip“,L(1)).
Aex*(L)

The ring Cox(G-Zip*) is naturally a graded k-algebra, whose grading monoid is the
set

Eff(G-Zip*) := {A e X*(L) | H*(G-2ip*, L(A)) # 0}.
It can be interpreted geometrically as the set of classes of effective divisors (i.e., the set

of A € X*(T) such that £L(A) = O(D) for an effective divisor D on G-Zip*). It is an
additive submonoid of X*(L) containing 0. By Proposition 3.3, we have

Eff(G-Zip*) = {1 € X*(L) | Ais trivial on L, and (A, 8,) > 0 for all a € A"}

Next, we investigate the first properties of Cox(G-Zip#). For A € X*(L), recall that
we may identify an element f € H°(G-Zip", £(1)) with a regular map f: Gy — A!
satistying the relation (3.3). We obtain a natural injective ring homomorphism:

Cox(G-zip"*) & k[G], (fi)r F—= Laex+) M-
Hence, we may view the Cox ring of G-Zip" as a subalgebra of k[G].
4.4 First properties

Fix a Borel pair (B, T) as in Section 2.2. We consider k[ G] asarepresentation of T x T.
Recall that it decomposes as
kGl= @ k[Ghw
(Mhs)eX*(T)?

where k[G]),1, is the set of regular maps f:Gy — A' satisfying the relation
f(tigt;") = M(t)A2(t2) f(g) forall £y, t, € T and g € Gy. For a character A € X*(T),
define S, as follows:

Sa={f:Ge > A'| f(tgp(t) ") = A(t)f(g), te T, ge Gy}
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Lemma 4.4 For A e X*(T), the space S, is the direct sum of the weight spaces
k[G]a, 2, for pairs (A1, Ay) satisfying My + pa'(A,) = A.

Proof It is immediate to check that S, is stable by the action of T x T on k[G]
(essentially because T is commutative). Therefore, it decomposes as a sum of weight
spaces k[G]y,,1,- The condition clearly implies that A; + pa~'(1,) = A. [

Moreover, we have the decomposition k[G] = @jex+ (1) S1. We define a subalgebra
S c k[G] as follows. Let R,(E’) denote the unipotent radical of the group E’ (see
(3.4)). It coincides with the set of (x, y) € E’ such that x € R, (B). We define S as the
subring of function Gy — A! that are invariant by R, (E’), in other words:

(42)  S:={f:Ge > A'| f(xgy™") = f(g) (x,y) € Ru(E'), g € Gi}.

Note that S is naturally endowed with an action of T. Indeed, if f € S and t € T, the
function ¢ - f defined by (- f)(g) := f(tge(t)™") lies again in S, because (¢, ¢(t))
(for t € T) normalizes R, (E"). Hence, we can decompose S as follows:

S= @ S,

AeX*(T)

where S, c S, is the subspace defined by

(43)  Si={f:Gr > A'| f(xgy™") = Mx)f(g) (%) €E', g€ G}

In the above definition of S, we view A as a character of E’ using the identification
X*(E") = X*(B) = X*(T) given by the first projection pr,: E' - B. When A € X*(L),
Corollary 3.7 shows that S; = H’(G-Zip", £(1)). Therefore, we may write

Cox(G-zip*)= @ Si.
Aex* (L)

In particular, Cox(G-Zip*) is a subring of S. In Section 5, we will focus our attention
to the larger ring S, which we will identify as the ring of (vector-valued) automorphic
forms on G-Zip*. Since Cox(G-Zip*) identifies with a subring of k[G], it is an
integral domain. Let K be the fraction field of Cox(G-Zip*). By the inclusion into
k[G], we may view K as a subfield of k(G).

Lemma 4.5 One has Cox(G-Zip*) = k[G] n K.

Proof Since any f € Cox(G-Zip*) is invariant under the group R, (E’), it is clear
that any function f € K is also invariant under this group. Therefore, any function
f € k[G] n K is regular on G and R, (E")-invariant on some open subset. By density,
it is Ry(E’)-invariant everywhere, so we deduce f € S. Therefore, k[G] N K c S.
Moreover, since Cox(G-Zip*) is a sum of weight spaces of S, it is clear that T acts
on Cox(G-Zip"), and hence also on K. Therefore, we can decompose k[G] N K as a
sum of S for certain characters A € X*(T). Butif f € S; can be written as f = Z—; for
h1, hy € Cox(G-Zip*), then by decomposing h;, h; into homogeneous elements we
see that A must lie in X*(L). Thus, k[G] n K = Cox(G-zZip#). ]

We deduce the following.
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Proposition 4.6

(1) Cox(G-2ip") is integrally closed.
(2) The group of units of the ring Cox(G-Zip") identifies with k[G]* (the group of
nowhere vanishing regular functions on G).

Proof Let f € K and suppose that f is integral over Cox(G-Zip*). Since G is
smooth, it is normal and thus k[G] is integrally closed. We deduce that f € kK[G] n K,
and hence f € Cox(G-Zip") by Lemma 4.5. Finally, it is clear that any unit of
Cox(G-zip*) lies in k[G]*. Conversely, any element of k[G]* can be written as
f=alforaekand A € X*(G). In particular, f € S, and the result follows. ]

Finally, we determine the transcendence degree of K over k. We may define
similarly the Cox ring of the open substack U, c G-zip* as follows:

Cox(U,):= €@ H°(U, L(A)).

AeX*(L)

Clearly, Cox(G-zip*) c Cox(U, ). Furthermore, we claim that these two rings share
the same field of fractions. Indeed, if f € H’(U,, £ (1)), we can multiply f with alarge
power of a y-ordinary Hasse invariant to remove the poles along the codimension one
strata Z, for a € AP, This proves the claim.

For each A € X*(L), the space H’(U,, £(1)) is one-dimensional if A is trivial on
the subgroup L, and is zero otherwise (see (3.7)). Let N, denote the order of the finite
group scheme L, so that N, A vanishes on L, forany A € X*(L). Hence, the subring of
Cox(U,) defined as the direct sum of H(U,, £(A)) for A € N, X*(L) is isomorphic
to k[N, X*(L)]. Furthermore, the ring extension k[N, X" (L)] c Cox(U,) is inte-
gral. In particular, the field of fractions of Cox(U, ) is a finite extension of that of
k[N, X*(L)]. We deduce the following.

Proposition 4.7  The transcendence degree of K over k is rankz (X*(L)).

4.5 Main result

We now state and prove the main result of this section. We first note that
Cox(G-Zip") satisfies the four assumptions stated before Lemma 4.2. Indeed, it
is an integrally closed integral domain by Proposition 4.6. Since its field of frac-
tions K is contained in k(G), it is finitely generated over k. Finally, the space
H°(G-zip*, £(A)) has dimension <1 for all A € X*(L) by Proposition 3.1. Hence,
we may apply Lemma 4.2 in proving our main theorem below.

Theorem 4.8 The ring Cox(G-Z1ip") is a finitely generated k-algebra.

Proof By Lemma 4.2, it suffices to show that Eff (G-Zip*)q,, is finitely generated
as a Qx9-monoid. By Proposition 3.3, the set Eff (G-Zip*) coincides with the set of
A € X*(L) such that A is trivial on L, and (A, 8,) > 0 for all a € A”. Since L, is a finite
group, we see immediately that:

Eff(G-2ip*)g., = {A € X*(L)g | (1, 84) > 0, forall a € A"},
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Hence, Eff (G-Zip")q,, is defined by finitely many inequalities of the form ¢; (1) > 0
given by linear forms ¢;: X* (L) — Q. Thus, Eff (G-Zip*)q,, is a polyhedral cone of
X* (L)@, and in particular is finitely generated. This finishes the proof. [ ]

Applying the usual terminology of projective geometry to this more general setting,
we may say that the stack of G-zips is a Mori dream space, in view of Theorem 4.1.
Finally, we investigate the simpler case when G has a trivial Picard group. Assume
that Pic(G) = 0. In this case, for each « € A®, there exists a map f,: G — A! such that
div(fy) = Z4. Recall the following lemma.

Lemma 4.9 [IK24, Lemma 5.1.2]  Let H be a connected smooth algebraic k-group and
X an H-variety. Let f: X — A! be a regular map such that all components of div(f) are
stable by H. Then, there exists a character A € X*(H) such that

f(h-x) = A(h)f(x),

forallh € Hand x € X. In particular, fidentifies with a section of L(1) over the quotient
stack [H\X].

Applying Lemma 4.9 to the E-variety G, we deduce that there exists 1, € X*(L) =
X*(E) such that f, is a section of £L(1,) over G-Zip*. Since f, only vanishes along
Z 4, Lemma 3.9 implies that the character A, € X*(L) must satisfy the relations

(Aa»85) =0 forall fe AP\ {a}.

Recall by Proposition 3.5 that the linear forms A + (A, 84 ) for a € A” form a basis of
the dual vector space of (X*(L)/X*(G)) ®z Q. The above relations show that (up to
rescaling), the system {14} 4car (viewed as a subset of (X*(L)/X*(G)) ®z Q) is the
dual basis of these linear forms. Write k[ X*(G) ] for the subalgebra of k[ G] generated
by characters Gy — Gy,.

Proposition 4.10 Assume that Pic(G) = 0. The elements (fy)qcar are algebraically
independent over k[ X* (G)] and we have

(4.4) Cox(G-Zip") = k[ X" (G)][{fa}acar]-
In particular, Cox(G-Z1ip") is a polynomial algebra over k[ X*(G)].

Proof Let fe H°(G-zip",L(1)) for A € X*(L). We view f as a regular map
f € k[G]. By E-equivariance, the divisor div(f) can be written

div(f) = Z MaZy,
aeAP

for some integers m, > 0. We deduce that there exists a nowhere vanishing function
fo € k[G]* such that

f=rII

acAP

Furthermore, fy = al for some a € k* and y € X*(G). This shows that (4.4) holds.
Finally, by Proposition 4.7, the transcendence degree of Cox(G-Zip*) is the rank of
the Z-module X* (L), which is also rankz(X*(G)) + |AP|. This shows that ( fy)gear
are algebraically independent over k[ X*(G)]. [
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Corollary 4.11 Assume that G is semisimple and that Pic(G) is trivial. In this case,
Cox(G-Zip") is a polynomial algebra over k of dimension rankz (X*(L)).

Proof Since G is semisimple, we have X*(G) = 0. ]

5 The ring of automorphic forms

In this section, we give a geometric interpretation to the larger subring S c k[G]
introduced in (4.2). We identify it as the Cox ring of the stack of G-zip flags.

5.1 The stack of G-zip flags

The stack of G-zip flags was first introduced in [GK19a] as a group-theoretical analog
of the flag space considered by Ekedahl-van de Geer in [EvdG09]. It was used in the
construction of generalized Hasse invariants on Ekedahl-Oort strata in [GK19a]. It
can be defined as the quotient stack

G-ZipFlag” = [E\(Gk x P/B)],

where E acts on Gi x P/B by the rule (x,y)-(g,hB)=(xgy',xhB) for all
(x,y) € E, g € Gy, h € P. The first projection Gy x P/B - Gy induces a natural map
m:G-ZipFlag” — G-Zip" whose fibers are isomorphic to P/B. Furthermore, the
inclusion Gy ¢ Gi x P/B, g — (g,1) yields an isomorphism of stacks

(5.0) G-zipFlag" ~ [E'\Gi],

where E’ denotes again the subgroup E’ := E n (B x G) (which already appeared in
(3.4)). Via the isomorphism (5.1), the map 7 identifies with the natural projection
[E'\Gx] = [E\Gk]. Let A € X*(T) be a character. We identify the groups X*(E’) =
X*(B) = X*(T) via the first projection pr;: E’ - B. We may apply the construction
explained in Section 2.5 to attach to A a line bundle Vqag(1) on G-ZipFlag”. By
[IK24, Proposition 3.2.1], one has

e (Vaag (1)) = Vi(4),

where V(1) is the vector bundle on G-Zip* attached to the algebraic P-
representation

Vi(1) := indj (1)

induced by A. Concretely, V(1) is the space of regular maps f:P — A! satisfying
f(xb) =A(b)'f(x) for all b € B, x € P. When A € X*(L), the line bundle Vf,z(1)
coincides by construction with the pullback 7*(£(1)). Using (3.2) and the formula
7+ (Vaiag(A)) = Vi(1), the space of global section of Vi, (1) identifies with

HO(G—ZipFlag”,Vﬂag(A)) = H°(G-zip*, V(1)) = S,

where S, was defined in (4.3). Using the notation introduced in the previous papers
[Kosl9, IK21], we write

(52) Rup:= @ H°(G-zip*,Vi(1))= @ H°(G-zipFlag”, Viag(1)).
AeX*(T) Aex*(T)
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In loc. cit., this ring was called the ring of automorphic forms on G-Zip". This ter-
minology stems from the realm of Shimura varieties (for more details, see Section 5.2
below).

Definition 5.1 We define the Cox ring of G-ZipFlag as the ring Ryip.

By the above discussion, R, coincides with the ring S defined in (4.2). In partic-
ular, we may view Ry, as a subring of k[ G]. It contains the Cox ring of G-Zip* as a
subring. Write K.i, for the field of fractions of R,ip.

Proposition 5.1

(1) We have R, = k[G] N Kyip.

(2) Ryip is integrally closed.

(3) The group of units of Ry, coincides with k[G]*.

Proof To prove (1), recall that S = R,j, is the ring of functions Gy — Al that are
invariant under the group R, (E’). Hence, any element of K, is an R, (E’)-invariant
function defined on an open subset of Gi. If f € k[G] n Kip, then f is Ry(E')-
invariant on an open subset, and hence everywhere by density. This shows that
R,ip coincides with k[G] N Kyip. The proof of (2) is completely analogous to that
of Proposition 4.6. Finally, since Ryip is a subring of k[G], we have R} c k[G]*.
Conversely, we showed that k[G]* is the group of units of Cox(G-zip*), which is
a subring of Ryip. Hence, R}, = k[G]*. [

Finally, we determine precisely the field of fractions K, of R,i,. For this, we need to
recall the flag stratification of G-ZipFlag¥. First, one sees immediately that E’ c B x
“B,where z = g(wq,1)wp. Since G-ZipFlag" ~ [ E'\Gy], there is a natural projection
map

y:G-ZipFlag” — [B\Gy/*B].

The stack [ B\Gg/?B] is a finite stack whose points correspond to the B x ? B-orbits in
Gy (called the Bruhat strata). They correspond bijectively to the elements of W via
the map w — F,, := BwBz™'. The unique open stratum is F,,, = BwoBz™'. Forw ¢ W,
write F,, := [E’\F,, ] for the corresponding locally closed substack of G-ZipFlag” =
[E'\Gy]. This defines a stratification of G-ZipFlag” called the flag stratification.
We also write Uax for the unique open stratum. The codimension one strata are
{Fwos. aea- By [IK24, Proposition 5.2.7], there exists for each « € A a section Ha, €
H°(G-zipFlag”, Vag(hay)) for a certain character ha, € X*(T), such that the
vanishing locus of Ha, is the Zariski closure of F,,;, .
We define the Cox ring of U,y as follows:

Rpax = @ Ho(umax’ Vﬂag(A))-
AeX*(T)
In view of (5.2), Ryip is contained in Rpyay. Furthermore, if f € H® (Upax, Viag(1)),
then we can multiply f by large powers of the partial Hasse invariants Ha, to remove

the potential poles of f along the codimension one strata F,, s, (for a € A). This proves
that R,i, and R,y have the same field of fractions.

0Sa

Lemma 5.2 Ry identifies with k[Bn M].
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Proof By [IK22, Lemma 4.2.1(2)], there is an isomorphism Umax =~ [T\(BN M)],
where T actson BN M by t-b = ¢(t)b(a(wo,1)t "0 (wo,r)). This implies that Ryayx
can be identified with a subring of k[B n M]. Furthermore, since T is a torus acting
on k[Bn M], this ring decomposes as a direct sum of weight spaces k[Bn M], for
A € X*(T). By the isomorphism Upax ~ [T\ (B N M)], the weight space k[Bn M], is
simply H(Umax» Veiag(1)). This proves the result. [

We deduce the following.
Proposition 5.3  The field K, identifies with k(B n M).

5.2 Ring of automorphic forms on Shimura varieties

Let Sk be the mod p special fiber of a Hodge-type Shimura variety with good
reduction, as in Section 2.4. Let {: Sx - G-Zip* be the smooth, surjective morphism
explained in (2.1). The vector bundle {*V;(1) (denoted again by V(1)) is called an
automorphic vector bundle on Sk. The space H®(Sk, V(1)) is called the space of mod
p automorphic forms of weight A and level K. There exists also a flag space Flag(Sk)
attached to Sk, defined in [GK19a]. On the special fiber, it can be viewed as the fiber
product

Ciiag .
Flag(Sx) BRLLIN G-ZipFlag*

Sk ———F— G-Zip".

For each A € X*(T), we write again Vg,g (1) for the line bundle on Flag(Sk) given by
pullback via {f,g. Since { is smooth, the formula

TIK, % (vflag(A)) = VI(/\)
also holds on the level of Sk. In particular, we have an identification
(5.3) H'(Sk,Vi(1)) = H° (Flag(Sk), Viiag(1))-
Similarly to Definition 5.1, we may define a k-algebra Rk attached to Sk by

RK = @ HO(SK,VI(A)).
AeX*(T)

Again, via the identification (5.3), we may interpret R as the “automorphic Cox
ring” of the scheme Flag(Sx) (i.e., the subring of the Cox ring of Flag(Sk) given by
the family of line bundles {Vfiag (1) }1ex+(1))- By pullback via {, we obtain a natural
injective map {*: Ry, = Rk of graded k-algebras.

5.3 Conjectures

The following conjecture was first proposed in [Kosl9, Conjecture 5.1.4].

Conjecture 5.4 The ring R,iy, is a finitely generated k-algebra. In other words, the stack
G-zZipFlag" is a Mori dream space.
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We verify by hand a few cases of this conjecture in Section 5.8. For a Shimura variety
Sk, we do not expect the ring Rk to be finitely generated over k. We next present
another conjecture relating the rings R, and Rg. Roughly speaking, it states that the
graded algebras R,i, and Rg share the same support (up to multiple). We denote the
support of Ry, and R as follows:

Cuip = {A € X*(T) | H*(G-2ip*, Vi(1)) % 0}
Cx = {1 e X*(T) | H*(Sk, V1())) # 0}.

In other words, Ck = Eff(Rg) and Cip = Eff (Ryip), using the notation introduced in
Section 4.2. In the terminology of previous articles, we called C,;, the zip cone of
(G, u). It is an additive submonoid of X*(T). We have inclusions

Caip € Cx © X[ ((T),

where X7 I(T) denotes the set of I-dominant characters. Since R, € Rk, the first
1nc1u510n is obvious. Moreover, when A is not I-dominant, the induced representation
V(1) = indh (1) is zero, and hence so is the vector bundle V;(1). This shows the
second inclusion. Goldring and Koskivirta conjectured in [GK18, Conjecture 2.1.6]
the following link between the stack of G-zips and the Shimura variety Sk.

Conjecture 5.5 We have Cyip 0. = Ck,Qs0-

Concretely, this conjecture says that if f € H’(Sk, V(1)) is a nonzero automor-
phic form of weight A, then there exists a nonzero automorphic form fi, on G-zip*
of weight mA for some m > 1. We list all known cases in the theorem below.

Theorem 5.6  Conjecture 5.5 holds true in all cases below.

(1) Sk is a Hilbert-Blumenthal variety.

(2) Sk is a Picard surface at a split prime.

(3) Sk is a Siegel threefold.

(4) Sk is a Siegel-type Shimura variety of rank 3 and p > 5.

(5) Sk is a unitary Shimura variety of signature (r,s) withr + s < 4. In the case (r,s) =
(2,2), assume that p is split.

(6) Sk is a Shimura variety of type A;.

In case (6), we say that a Shimura variety is of type A; if G is a product of
copies of PGL, ; [Kos23, Section 2.5], but P is allowed to be any parabolic subgroup.
In particular, case (6) is a generalization of the case of Hilbert-Blumenthal Shimura
varieties (case (1)). Goldring and Koskivirta proved cases (1)-(3) in [GK18, Theorems
4.2.3 and 5.1.1] and cases (4), (5) in [GK22a, Theorems 3.4.4, 4.2.7, 4.2.8, and 4.3.7].
Finally, case (6) was carried out by Koskivirta in [Kos23, Theorem 5.12.1].

5.4 Griffiths—=Schmid conditions

The Grifliths—Schmid cone Cgs frequently appears in the theory of automorphic
forms (especially in characteristic zero). It is defined as follows:

y>0 forael, }

CGS_{AEX (T) ‘ ) <0 for a € ®H\®}
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Note that A lies in Cgs if and only if wowy ;A is dominant. Goldring and Koskivirta
proved in [GK22b, Theorem 2.6.4] that the weight of any nonzero classical automor-
phic form in characteristic zero always lies in Cgs (this result was already known to
experts, but was not explicitly stated in the literature. We provided a novel, purely
characteristic p method). Conversely, if A € Cgs, then it seems to be known to experts
that there exists a nonzero automorphic form in characteristic zero of weight mA, for
some m > 0.

This cone also plays a role in the theory of G-zips. First, it was proved in [[K22,
Theorem 6.4.3] that the inclusion Cgs,g., € Cyip,0., holds for any cocharacter datum
(G, u). For simplicity, assume now that P is defined over IF,. In this case, one has
Ly = L(FF,) (see Section 3.2). One has the following result.

Proposition 5.7 ([Kosl9, Proposition 3.7.5])  Assume that A € Cgs.
(1) There are identifications H*(G-zip*, V(1)) = H*(U,, Vi(1)) = Vi(A)LED),
(2) Any section f € H(U,, Vi(1)) extends uniquely to G-Zip".

Let A € Cgs be a character. Since y := wowg, 1A is dominant, we may consider the
G-representation Va (wowo 1A). There is a map of L-representations:

IT: Va(wowo,rA)|L = Vi(A)

defined in [IK24, Section 6.3]. We recall its definition. Let f € VA(), viewed as a
function f: Gy — A! satisfying f(xb) = y"'(b) f(x) for all x € Gx and b € B. Then,
II(f) is the function L - A! mapping x € L to f(xwp,;wo). One sees immediately
that IT(f) lies in V(1) and that the map IT is L-equivariant. Note that the map IT is
not completely canonical, since it depends on the choice of representatives wy, wo 1
made in Section 2.2. We have the following result.

Proposition 5.8 [IK24, Proposition 6.3.1]  The map II induces an isomorphism of L-
representations

Va(wowo,11)% ) > Vi (1).
In particular, Va(wowo 1A)|L decomposes as Va(wowo 1A)|L = Vi(A) @ Ker(I1).

This implies also that IT is surjective. Recall the definition of Cox;(G), Coxa(G)
from (4.1). Taking direct sums, the map IT induces a homomorphism of k-algebras:

(5.4) I1:Coxa(G) = € Va(wowe i) — Coxi(G)= @ Vi(A).
AeX*(T) AeX*(T)

Note that this ring homomorphism does not preserve the grading as it sends the
wowo,rA-graded piece into the A-graded piece. Furthermore, the morphism IT in (5.4)
is no longer surjective, because only characters A such that wowy 1A is dominant appear
in the image. In other words, the image of the ring homomorphism II is precisely the
subalgebra

Cox$%(G) = @ vi(h).
).ECGS

In particular, since Coxa (G) is finitely generated, we deduce the following.

Corollary 5.9 The k-algebra Cox° (G) is finitely generated.
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Now, we return to the ring of automorphic forms Ri,. Given the above discussion,
it is natural to investigate the subalgebra Rgs c R, defined as follows:

Res:= @ H°(G-zip*,Vi(A)).
/\GCGS
We continue to assume that P is defined over IF,,. By Proposition 5.7, for all A € Cgs
we have H*(G-zip*, V;(1)) = V;(1)-(F?), Hence, we obtain

L(Fp)
Res = D VIOL)L(FP):( &) VI(A)) = (Cox7(G))"r).

AeCegs AeCes

Since Cox?°(G) is finitely generated and L(F,) is finite, we deduce by Emmy
Noether’s Theorem [Noe26] the following partial result.

Proposition 5.10  The subalgebra Rgs is finitely generated.
More generally, let ' ¢ C,i, be a subcone. Then, we may define a subalgebra

Ry := @ H’(G-zip", Vi(1)).
Ael

When I'z,, has a nonempty interior in C,ip g, then Ry has the same field of fractions
as Ryip. Indeed, fix any section hg € H°(G-zip#,V;(A)) for Ag in the interior of T .
If f € H'(G-zip*, V(1)) isany section, then fh{, lies in Ry for large m. This implies
the claim. In particular, Rgs and R;i, have the same field of fractions.

5.5 Direct products over I,

We consider two cocharacter data (G, 1) and (Ga, p2) (see Section 2.1) and define
G = Gy x G, (product taken over F,), endowed with the cocharacter y = (p1, 2).
Choose Borel pairs (B;, T;) for G; (i € {1,2}) as in Section 2.2 and define B := By x B,,
T:=T xT,. Let R;lg and R;Zp) denote the ring of automorphic forms of (Gi, p1)
and (Ga, 2) respectively, and write Ry, for the ring of (G, u). Similarly, let also
Ciilp) , Cﬁizp) and GC;, denote the associated zip cones. As explained in Section 5.1, we
may identify R, with a subring of k[G] = k[G;] ® k[G,]. Furthermore, we have
X*(T)=X*(T) x X*(Ty).

Proposition 5.11  Via this identification, one has

1 2
Rzip = Riig Ok Riip)’

- — M (2)
CZ'P - Czip X Czip .

Proof The stack G-Zip" decomposes as a product G; — Zip"! x; G, — Zip*?, so
the result follows immediately. ]

5.6 Quotient by a central subgroup

Let (G, u) be a cocharacter datum, and let 2, = (G, P, Q, L, M) be the associated
zip datum. Choose a Borel pair (B, T) as in Section 2.2 and fix a subgroup Zc T
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(defined over IF,) contained in the center of G. Let G’ := G/Z and define ' := mo y,
where 7: G — G is the natural projection map. Recall that the formation of the stack
of G-zips is functorial in the pair (G, ¢) [GK19b], in the following sense: Let (Gy, 1),
(Gg, uz) be cocharacter data and f: G; — G, a group homomorphism defined over
IF, such that y; = f o yj over k. Let @;: G; x - G; — 2ip" (for i = 1,2) be the natural
quotient map. Then, f induces a natural morphism of stacks

}’: Gl-Zip‘ul g Gz-Zip‘uz

such that the natural diagram commutes, i.e., one has fo @1 = @, o f. From this, we

obtain a natural morphism of stacks 7: G-zip* - G’ - zip" " Since Z is a central
subgroup, 7 is a homeomorphism on the underlying topological spaces. Define T” :=
T/Z and B’ := B/Z.For A" € X*(T"), write again A’ for the character ' o w € X*(T).
In this way, view X*(T") as a subgroup of X*(T'). We have a natural pullback map

7 HY(G'-2ip" , Vi()')) — HY(G-zip", Vi(\))

that is clearly injective. Furthermore, since Z is a central subgroup, it acts
naturally on the space H°(G-zip*, V(1)) for any A e X*(T). Indeed, let f e
H°(G-Zip*,Vi(1)), viewed as a regular map f:Gy — Al, satisfying f(xgy™') =
A(x)f(g) forall (x, y) € E', g € Gy. For z € Z, define the function z - f: Gy - Al by
g+ f(gz). One sees immediately that it lies again in H°(G-Zip", V;(1)). Write
H°(G-zip*, V(1)) for the subspace of Z-invariant elements.

Lemma 5.12

(1) Assume that H*(G-2Zip", V(1)) is nonzero. Then, A is trivial on Z, hence lies in
the subgroup X*(T") c X*(T).
(2) If ' € X*(T'), the map n* induces an identification

HY(G-zip" V() = H(G-zip", Vi(X'))2.

Proof Let f:Gy — A' be a nonzero, Z-equivariant function satisfying f(xgy™) =
A(x)f(g) for all (x,y)€eE', geGy. Since Z is defined over F,, we have
f(zgp(z)™) = f(z9(2) ') = f(g) = M(2)f(g) forall z € Z and g € Gx. Hence, A is
trivial on Z, which proves (1). The second assertion is immediate. [ ]
Write Ryip and R}, for the rings of (G, u) and (G', u") respectively. Assertions (1)
and (2) above have the following consequence.
Corollary 5.13  Pullback by m induces an identification R};, = Rﬁp.
Write Zg for the center of G. The connected component Z¢ is a subtorus. Recall
that the character group of Z identifies with X* (T')/Z®, where Z® is the subgroup
generated by ®@. In particular, the map X*(G) — X*(Z¢) has finite cokernel. More-
over, the inclusion Z ¢ Zg induces a surjective map X*(Zg) — X*(Z),because Z, Z¢
are diagonalizable groups (see [Bor91, Chapter III, 8.2, Proposition (c)]. This implies
that there exists N > 1such that for any A € X*(T), there exists a character y € X*(G)
satisfying (NA)|z = x|z. Using this, we prove the following.
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Proposition 5.14

(1) The ring extension Ry, [X*(G)] ¢ Ryip is integral.

(2) Ryp is a finitely generated k-algebra if and only if R, is a finitely generated
k-algebra.

Proof Let f e H'(G-Zip"*,V;(1)), viewed as a regular map f: Gy — A! satisfying
fxgy™) = A(x)f(g) forall (x,y) € E/, g € Gy. By the above discussion, there exists
N >1such that (N1)|z = x|z for some y € X*(G). Consider the function

h:Gp~ Al g~ x(9)' f(N.

It is clear that & is a nonzero element of H°(G-zip*,V;(NA - x)). Since NA — y
is trivial on Z, we deduce from Corollary 5.13 that h € R}, . In particular, f N= xh
lies in the subring R;, [ X*(G)], which proves (1). Now, assume that R, is a finitely
generated k-algebra. Since Z is reductive (not necessarily connected), we deduce that
the invariant algebra R, = R;Zip is finitely generated by Nagata’s Theorem. Conversely,
assume that R,  is finitely generated. By (1), R, is an integral extension of a finitely
generated k-algebra. Since Ri, is integrally closed, we deduce by a similar argument as

in the proof of Lemma 4.2 that R,i;, is finitely generated. This terminates the proof. ®
5.7 General results

We note that Conjecture 5.4 admits the following weaker variants. In increasing order
of difficulty, we conjecture the following statements:

(A) Ciip,0s, is a finitely generated Q»o-monoid.

(B) GC,ip is a finitely generated monoid.

(C) R;p is a finitely generated k-algebra.

It is clear that (C) implies (B), and (B) implies (A). Furthermore, Proposition 5.11
implies that if any of the statements (A), (B), (C) holds for two cocharacter data

(G1, 1) and (Ga, 42 ), then it also holds for the product (over IF,). We first state known
results about property (A). Recall the following definition.

Definition 5.2 Let (G, ) be a cocharacter datum and let 2, = (G, P, Q, L, M) be
the attached zip datum. We say that (G, u) is of Hasse-type if L is defined over ', and
o acts on I by —wg ;.

Example 5.15 The following cases are of Hasse-type:

+ Gis an odd orthogonal group and y is minuscule.
+ G =GLs, and L a Levi subgroup of type (2,1) or (1,2).
* G = GSp,p, and y is minuscule.

A complete classification of Hasse-type cocharacter data is carried out in the
appendix (by Goldring) of the article [IK22] of Imail and Koskivirta. By [IK22,
Theorem 4.3.1], the condition of being of Hasse-type is equivalent to the equality
CpHa, Q50 = Caip, Qs> Where Cph, is the cone of partial Hasse invariants, defined as the
image of X7 (T) by the linear map

h:X*(T) - X*(T), Aw A= pwor(oh).
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The cone Cpp, can be interpreted as the cone spanned by the weights of partial Hasse
invariants (loc. cit., §3.6). It is clear that Cpha,q,, is always finitely generated, so we
deduce that if (G, ) is a cocharacter datum of Hasse-type, then (A) holds true. We
record in the proposition below other known cases.

Proposition 5.16  Statement (A) holds true in each of the cases below:

(1) (G, p) is of Hasse-type.
(2) (G, p) corresponds to any of the cases (1) through (6) of Theorem 5.6 (without
restriction on p in case (4)).

Assertion (1) follows from [IK22, Theorem 4.3.1]. For Assertion (2), the result was
shown in each case in the course of the proof of Theorem 5.6 in [GK18, GK22a, Kos23].

Next, we move on to properties (B) and (C), which are much stronger than (A).
Before we discuss known cases, we point out that these properties hold in the following
trivial cases:

Proposition 5.17 If P = B or P = G, then property (C) holds true.

Proof In case P = B, the stack G-ZipFlag* coincides with G-Zip¥, and the ring
R,ip is simply the ring Cox(G-Zip*), which is finitely generated by Theorem 4.8.
Next, assume that P = G. In this case, we have Cgg = X:,I(T), hence C,i, c Cgs and
hence R;i, = Rgs, which is finitely generated by Proposition 5.10. u

Apart from these trivial cases, property (C) has only been checked in the following
situation: Let G be the symplectic group Sp, given by the alternating matrix

ol ) o)

Let u be the cocharacter z ~ diag(z,z,z7*,z™!). We showed the following.

Proposition 5.18 [Kosl9, Theorem 5.4.1]  In this case, Ry is a polynomial algebra in
three variables.

By Proposition 5.14, property (C) also holds for the group GSpy,» which corre-
sponds to the case of Siegel-type Shimura varieties of rank 2.

5.8 Unitary groups of rank 3
We prove Conjecture 5.4 in the case, when G is an F,-form of GL3 .

5.8.1 Unitary groups and unitary Shimura varieties

We first give some general notation about unitary groups. Let E/Q be a totally
imaginary quadratic extension, and fix a hermitian space (V, ¥) of dimension 3 over E.
We assume for simplicity that there exists a basis B in which v is given by the following
matrix:

(5.5) 1

https://doi.org/10.4153/50008414X25101582 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101582

30 J.-S. Koskivirta

Let G=GU(V,y) be the general unitary group of (V,y). Let (r,s) denote the
signature of yg, where r,s are nonnegative integers such that r +s =3 (the most
interesting case for us is when (r,s) = (2,1) or (1,2) and corresponds to Shimura
varieties of dimension two called Picard surfaces). Fix a prime p that is unramified in
E and let A ¢ V®g Q, be the Og ®7 Z,-lattice generated by the elements of B. The
Zy-group scheme §G:= GU(A,y) gives a reductive Zj,-model of Gq,. Write
K, = §(Z,) for the associated hyperspecial subgroup of G(Q,).

LetK? c G(Ai) be a sufficiently small open compact subgroup and K := K, K?. Fix
aplace v|p of E, and let E, denote the completion of E at v. Kottwitz has constructed in
[Kot92] a PEL-type Shimura variety Sk over Og, which is a smooth, canonical model
of the Shimura variety Shg (G, X). Write Sk = Sk ®0,, k for its special fiber and put
G = §®z, ). Recall that there is a smooth surjective map (:Sx — G-Zip*, where y
is naturally attached to the Shimura datum. The group G depends on the ramification
of p:

(1) If p is split in E, then G is isomorphic to GL3 r, xGp r,. For simplicity, we will
treat the case of G = GLs .

(2) If pisinertin E, then G is a general unitary group GU(3) over IF,,. For simplicity,
we will consider the usual unitary group G = U(3).

We prove Conjecture 5.4 for the group G in the two cases explained above. We
will see that in case (1), Conjecture 5.4 can be reduced to the same statement for the
symplectic group G’ = Sp 4,F,» Which is already known by Proposition 5.18. Case (2)
will require more work.

5.8.2 The split case

We first recall below how the stack of GL,,-zips (for a cocharacter of type (n —1,1)) is
related to the stack of G’-zips for the symplectic group G’ = sz(n_l))FP. For the time
being, we let n > 2 be any integer. We specialize to the case n = 3 later. Put G = GL,
and consider the cocharacter

(5.6) wGmi = GLyk, z+

Write Z, = (G,P,Q,L, M) for the attached zip datum (since P is defined over
F,, note that L = M in this case). Denote by (uy,...,u,) the canonical basis of
k™. The parabolic P is the stabilizer of the line ku, and Q is the stabilizer of
Spany (u1,...,un-1). Let (B, T) be the Borel pair consisting of the lower triangular
Borel subgroup B and the diagonal torus T. The Levi subgroup L = P n Q is defined
over I, and is isomorphic to GL,_1,r, XGm,r,. We make the identification X*(T) =
Z" such that (ay,...,a,) € Z" corresponds to the character diag(x,...,x,) ~
[T, x{". Write (ey,...,e,) for the standard basis of Z". The simple roots of G are
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A={a,...,a 1}, where a; = e; —e;;; (for 1<i<n—1). The cones X} ;(T) and
Cgs are given by:
X (T)={(ar,...,an) €Z" |ay > a3+ > ay_1}
Cos = {(ar,...,a,) € X; [(T) | ar < a,}.

On the other hand, consider the group G’ := sz(nfl),FP , which is the symplectic group
attached to the alternating matrix

Ti:(] _]), where J:=
1

and the size of the matrix J is (n—1) x (n—1). Write T’ for the maximal torus
consisting of diagonal matrices in G’, and B’ for set of lower triangular matrices in
G’ (one shows easily that B’ is a Borel subrgoup of G’). For any k-algebra A, one has

T'(A) = {diag(ti,...s tas £ oo > ) [ t1se oo by € A%}

Consider the cocharacter y': Gy x — Gy, z ~ diag(zl,-1,z7'I,_1), and write 2’ =
(G,P',Q',L',M’) and G'-2Zip" for the attached zip datum and stack of
G'-zips, respectively. The Levi subgroup L' is isomorphic to GL, i, Identify
X*(T') = Z" ' such that (ay,...,a,_;) € Z" ! corresponds to the character that maps
diag(ty, .. taots tylys oo t70) to TI0 £07.

We now explain the relation between the stacks G-zZip* and G’ - Zip” . For any
A€ Z" (resp. M € Z™"1), write V;(A) (resp. V(1)) for the associated vector bundle

on G-Zip* (resp. G’ - Zip" ), as explained in Section 2.5.

Proposition 5.19 [GK22a, Section 4.2.2] Let A € Z" of the form A = (Ay,...,A,-1,0)
and set A := (A1, ..., Ay_1). Then, there is an identification

H(G-zip", Vi(1)) = H(G'-2ip" , Vi (D).

Write R, and R, for the rings of automorphic forms with respect to (G, ¢) and

zip
(G', p") respectively. Let Ryip.0 C Ry, denote the subring
Ryipyo = D H°(G-zip*,Vi(1)).

A=(A1y..shy1,0)€Zn

From the above proposition, we deduce that there is an identification Ryip o = R;ip.
Furthermore, note that the determinant function det: Gy - Gy, ¢ is a non-vanishing
section of £(Aget) on G-Zip#, where dget = —(p—1,...,p - 1).

Proposition 5.20  One has R,ip = Ryip,o[det, det_l].

Proof Write L, c L for the group Section ?? attached to (G, u). Since P is
defined over F,, we have L, = L(F)) ~ GL,_1(F,) xF;. For A €Z", the space
H°(G-zip*,V;(1)) is contained in V;(1)%¢ by Theorem 3.2. Therefore, we deduce
that H°(G-Zip", V(1)) = 0 if A, is not a multiple of p — 1. Moreover, since det is
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non-vanishing, multiplication by det induces an isomorphism
H°(G-zip",Vi(1)) » H*(G-2ip", V(A + Ager)).

It follows that we can always shift the weight so that A, =0. In this case,
H°(G-zip*,V;(1)) is contained in the subalgebra R,y o, which terminates the
proof. ]

Lemma 5.21 The element det is transcendental over Ryip 0.

Proof Assume that det satisfies a polynomial equation ay det™ +ay_; det™ "+ +
ag = 0 where a; € Rip 0 and ag, ay # 0. Looking at homogeneous elements, we find
that there are characters y = (x1,-..> Xn-1-0), 7= (#1,...,n-1,0) and an integer
0 < m < N such that NAgee + § = mAger + 1, which is a contradiction. [

When 7 = 3, we saw that R, is a polynomial algebra in three variables (Proposi-
tion 5.18). Therefore, we deduce the following.
Corollary 5.22 For n = 3, the k-algebra R, is finitely generated. It is isomorphic to

k[a,b,c,d,d™"] where a, b, c, d are indeterminates.

The above corollary settles the case of a parabolic of type (r,s) = (2,1) for the
group G = GL3 ,. The case (r,s) = (1,2) is completely symmetric and can be treated
similarly. Finally, when P = G or P = B, the result holds by Proposition 5.17.

5.8.3 The inert case

Next, we consider the more difficult case when G is a unitary group over F,. Let
(V,y) be a three-dimensional [F,.-vector space endowed with a non-degenerate
hermitian form y: V' x V' — [F . We assume again that there is a basis B of V, where
y is given by the matrix (5.5). Let G = U(V, y) be the associated unitary group. Set
Gal(F,:/Fp) = {Id, 0 }. For any I ,.-algebra A, there is an isomorphism IF > ®p, A —
Ax A, u®x~ (ux,o(u)x). This induces an isomorphism Gr, = GL(V). Using the
basis B, we identify GL(V') and GLs F,,- The action of o on the set GL3(k) is given

byo-A=]("d(A)™")] (where o (A) denotes the usual Frobenius action on GL3(k)).
Let T denote the maximal diagonal torus of GL; and B the lower triangular Borel
subgroup. By our choice of the basis B, the groups Band T are defined over I ,. Identify
X*(T) = Z? asin Section 5.8.2. We let again y: G, x — GL; ; denote the cocharacter
(5.6) for n = 3. Let 2, = (G, P, Q, L, M, ¢) be the associated zip datum. In this case,
note that P is no longer defined over IF,,. The determinant function det: Gy — G,
is now a section of weight Age; = (p+1,p+1, p+1). We recall the expression for
the space H’(G-Zip*,V (1)) determined in [IK21]. Let A = (A1, 42,43) € X7 (7).
Under the isomorphism

GL, xGy, > L; (A,2) (A Z) R

the representation V7(1) corresponds to the GL, xGyy,-representation

(det}(gzL2 ® Sym)“_)Lz (Stdg, )) ® &y,
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where Stdgy, is the standard representation of GL, and ¢, is the character z — z" of
Gm. The representation V7(A) has dimension A; — A, + 1 and its weights are given by

Vi::(Al—l',/lz‘Fl‘,)Lg,), OSlSAI—)LZ

Write V7(1),, for the weight space corresponding to v;. For A € Z?, define:

F()) = ﬁml ~(p-DAa - by).

We showed the following.
Proposition 5.23 [IK21, Proposition 6.3.2]  For A = (A1, A2, A3) € X} [(T), we have

(5.7) H°(G-zip",Vi(1)) = ® Vi(A)y,.
pli, p+1|Az2+i,
pP-1|\—i—pAs, iF())

Using this result, we also proved the following corollary.
Corollary 5.24 [IK21, Corollary 6.3.3] We have
Caip.@so = {(M1>A2,23) € Q® [ A 2 A3 and (p - 1)A; + A, — pAs <0}

We now compute the ring of automorphic forms R,;,. We first construct sections
on G-Zip* that will serve as generators for Ryip.

Partial Hasse invariants

First, consider the weight A = (1, 0, p), which we denote by ha;. In this case, the only
integer i satisfying the conditions under the direct sum sign of (5.7) is i = 0. Hence,
H°(G-Zip*,V;(ha;)) is one-dimensional and coincides with V;(1),,. One checks
immediately that the function

1
Ha;:GLs = A, (aij)i<i,jss = an

lies in H(G-zip*, Vr(ha;)) and hence generates this space.

Next, we choose A = (1+ p,1, p), which we denote by ha,. In this case, the only
integer i satisfying the conditions under the direct sum of (5.7) is i = p, so we deduce
again that H’(G-zip",V;(ha,)) is one-dimensional and coincides with V7(1)y,.
One checks immediately that the function

. 1 a2 di3
Ha:GL; — A, (aij)lgi,jSS — a P

lies in H°(G-zip*,V;(ha,)). The two sections Ha;, Ha, are called partial Hasse
invariants. Their vanishing locus is the Zariski closure of one of the two codimension
one flag strata in G-ZipFlag” (see [IK24, Section 5.2] for details).

u-ordinary Hasse invariant

The p-ordinary Hasse invariant of unitary Shimura varieties was first constructed
by Goldring-Nicole in [GN17] and by Koskivirta and Wedhorn in [KW18] using a
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different approach. Viewed as a function on Gy, the y-ordinary Hasse invariant is
given by

1 = dndzz — dizas,

A

_ 4,1 P :
Ha, ((aij)lgi’jgg,) =ajAr —ay A, with ~
2 = dndzs — dzdis.

The section Ha, is an element of H°(G-Zip*,L(ha,)), where ha, = (p+1,
p+1, p* + p). Its non-vanishing locus is the complement of the unique open stratum
of G-Zip# (the p-ordinary locus). The main result of this section is the following.

Proposition 5.25
(1) The k-algebra R,y is finitely generated and can be expressed as

Rzp = k[Hay, Haz, Hay, det, det_l].
(2) We have Czip = Z20hal + Zzohaz + Zzo hay + Z/\det-

Proof Note that each of the functions Ha;, Ha,, Ha u» det, detis a homogeneous
element of the graded algebra R,i,. Furthermore, for each A € {ha;, haz, hay, Aget}»
the space H(G-zip", V(1)) is one-dimensional and coincides with a weight space
Vi(A), (for some v) of the representation V;(A). In each case A = hay, haz, hay, Aget,
the weight v is given, respectively, by v = haj, v = ha; — paj, v =ha, and v = Age.
Given the form of the representation Vi(A), it is clear that for any v € X*(T), the
weight space V7(1), is at most one-dimensional (however H®(G-zip#, V(1)) may
have higher dimension for general 1). Thus, it suffices to show thatif 0 < i < A; - A,
satisfies the conditions

(5.8) pli, p+1Ay +i, p>—1A; —i—phs, i>F())

then there exists non-negative integers ki, k2, k,, € Zq and kqe; € Z such that
A = kihay + kyhay + kyhay, + kgegAdet
vi = kihay + ka(hay — pay) + kyhay, + kgetAdet-

Since v; = A — ia, this simply amounts to A = k;ha; + kyha; + k,hay, + kgetAder and
i = pka. We check that such a tuple (k1> k2, kys kqer) exists. Since pli by assumption,
we may set k = ﬁ. We find readily:

Al—lzzkl‘f‘pkz:k]‘f'i

/\2 - Ag, = —pk1 - (p - 1)k2 - (p2 - l)k‘u
Therefore, we must define k; := A; — 1, — i and

o PP+ D)i-p?hit p(p—1)ha+phs
u- pz -1 °

The divisibility assumptions immediately imply that k,, is an integer. Moreover, since
0 < i < A; — Ay, the integers ki, k, are non-negative. Moreover, since i > F(1), we find
k, > 0. Finally, by construction the element A" = A — k;ha; + k;has + k,ha, has all

three coordinates equal. Again, the divisibility assumption implies that the coordinates
of A" are divisible by p + 1, so we may write A’ = kgetAder. We have shown that any
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element in V7(1),, satisfying conditions (5.8) can be expressed as a product of the
functions Ha;, Ha,, Ha,,, det, det™. By Proposition 5.23, this shows the result. ]
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