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Abstract. We prove pointwise and maximal ergodic theorems for probability-measure-
preserving (PMP) actions of any countable group, provided it admits an essentially free,
weakly mixing amenable action of stable type II/;. We show that this class contains all
irreducible lattices in connected semi-simple Lie groups without compact factors. We also
establish similar results when the stable type is III,,0 < A < 1, under a suitable hypothesis.
Our approach is based on the following two principles. First, we show that it is possible to
generalize the ergodic theory of PMP actions of amenable groups to include PMP amenable
equivalence relations. Secondly, we show that it is possible to reduce the proof of ergodic
theorems for PMP actions of a general group to the proof of ergodic theorems in an
associated PMP amenable equivalence relation, provided the group admits an amenable
action with the properties stated above.
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1. Introduction

1.1. Background: ergodic theorems for group actions. Birkhoff’s classical pointwise
ergodic theorem [Bi31] states the following. If T : (X, u) — (X, u) is a probability-
measure-preserving (PMP) transformation of a standard probability space (X, u), then,
forany f € L' (X, u), the averages

1 n
n—f—l%ch
1=l

converge pointwise almost everywhere to E[ f|Z], the conditional expectation of f on
the o-algebra Z of T-invariant Borel subsets. Convergence in the L'-norm had been
proven earlier by von Neumann [vIN32]. This theorem has been extended in many different
directions (e.g., see [Kr85, Te92, As03]). Our focus here is on the possibility of replacing
the semi-group {T'};> with a general locally compact group (see the survey [Ne05] for
further information).

Let G be a locally compact second countable (LCSC) group with a PMP action on a
probability space (X, ). Any Borel probability measure 8 on G determines an operator
on L' (X, u) defined by

B(f) :=/fogd/3(g) forall f e L'(X, w).

Definition 1.1. Let I denote either R. ¢ or N. Suppose {8, },<1 is a family of probability
measures on G. If for every PMP action G ~ (X, ) and every f € LP(X, n) the
functions B,(f) converge as r — oo pointwise almost everywhere to the conditional
expectation of f on the o-algebra of G-invariant Borel sets, then {8, },c1 is a pointwise
ergodic family in LP.

Al f]:=

Since the time of von Neumann and Birkhoff, much of the effort in ergodic theory has
been devoted to actions of amenable groups. We now describe some of the main ergodic
theorems established for these, and then some of those established in the non-amenable
case.

1.1.1. Amenable groups. An LCSC group G is amenable if it admits a sequence
§=1{%x };.10:1 of compact subsets such that, for every compact Q C G,

Jim (108, ATal/ISal) =0,
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where |-| denotes the left Haar measure. Such a sequence is called Fginer or
asymptotically invariant.

A Fglner sequence is doubling if it is monotonic, i.e., §, C §n+1, and satisfies the
volume doubling bound, namely there is a constant C; > 0 such that, for every n > 0,

15,180l < CalSnl.

This condition generalizes the doubling condition introduced by Wiener [Wi39] and
Calderon [Ca53], who proved that doubling Fglner sequences are pointwise ergodic in L'.
A Fglner sequence is regular if there is a constant Creg > 0 such that, for every n > 0,

33

i<n

= Creg|8n|-

The fact that regular Fglner sequences are pointwise ergodic sequences in L! was
established by Tempelman [Te72, Te92], and also by Bewley [Be71], Chatard [Ch70]
and Emerson [Em74].

A Fglner sequence is tempered if there is a constant C > 0 such that, for every n > 0,

U3 "5

i<n

= C[Sal.

It was shown by Lindenstrauss in [Li01] that every Fglner sequence has a tempered
subsequence and every tempered Fglner sequence is a pointwise ergodic sequence in L!.
This is the most general result to date for arbitrary amenable groups. An alternative proof
was given by Weiss in [We03]. The notion of temperedness was introduced and the
L?-case was proven earlier by Shulman [Sh88, Te92].

Let us mention that besides the asymptotic invariance inherent in the definition of a
Fglner sequence, there are two other essential ingredients that appear in the proofs of
each of the pointwise results stated above. One is a case-appropriate generalization of the
Wiener covering argument originally proved for ball averages on Euclidean space, which
leads to a weak type (1, 1)-maximal inequality for averaging on the sets §, in the group.
The other is the Calderon transference principle, which reduces the maximal inequality
in a general action to the maximal inequality for convolutions on the group itself. In our
discussion below, we will seek to generalize these ingredients beyond the case of actions
of amenable groups.

1.1.2.  Non-amenable groups. The question of a possible generalization of ergodic
theorems to arbitrary finitely generated groups was already raised half a century ago by
Arnol’d and Krylov. In [AK63], they generalized Weyl’s equidistribution theorem from
dense free groups of rotations of the unit circle to dense free groups of rotations on the unit
sphere. This result motivated the generalization of von Neumann’s mean ergodic theorem
from the free group on one generator to the free group on any finite number of generators,
established by Guivarc’h [Gu68] using spectral theory.

Ergodic theorems for measure-preserving actions of arbitrary countable groups were
obtained by Oseledets in 1965 [Os65]: he showed that the convolution powers of a
symmetric probability measure on I" form a pointwise ergodic family.
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Semi-simple S-algebraic groups. Techniques based on the spectral theory of unitary
representations have been developed and applied to the case where G is a connected semi-
simple Lie group in [Ne94a, Ne94b, NS94, Ne97, NS97, MNS00]. The more general case
of a semi-simple S-algebraic group and, furthermore, any lattice subgroup of such a group
was established in [GN10], to which we refer for a more detailed account. Typically, the
averaging sequences studied are the uniform averages over concentric balls (and in some
cases spheres) centered at the origin. As an example, we mention that a free group was
handled in [Ne94a, NS94] by viewing it as a lattice in a group of automorphisms of a
regular tree, and in [GN10] as a lattice in PSL; (R).

An important feature of the spectral methods is that the ergodic theorems derived from
them often exhibit a rate of convergence to the ergodic mean, a phenomenon that cannot
arise in the classical amenable context. Thus, when available, spectral methods give results
far sharper than those obtained by any other technique, but their scope is limited to groups
whose unitary representations are well understood, and to their lattice subgroups.

Markov groups. A most elegant proof of the pointwise ergodic theorem for a free group
with respect to spherical averages was given in [Bu00], using Markov operator techniques
developed in [R062]. This approach to the ergodic theorem was inspired by earlier related
ideas in [Gr99]. These techniques extend to a certain extent to groups with a Markov
presentation which includes all Gromov hyperbolic groups. For example, in [BKK11],
it is proven that Cesaro averages of spherical averages converge in L' for every Gromov
hyperbolic group with respect to an arbitrary word metric. The identification of the limit

function as the ergodic average has recently been obtained in the case of surface groups
in [BS10].

1.2.  From amenable groups to amenable equivalence relations. The purpose of this
paper is to introduce a general approach for proving pointwise ergodic theorems for
countable groups I'. This approach has the remarkable feature that it treats amenable and
non-amenable groups on an equal footing, and in fact constitutes a direct generalization of
the classical techniques of amenable ergodic theory which also applies to non-amenable
groups. The two main ideas are as follows. First, we will show that it is possible
to reduce the proof of ergodic theorems in measure-preserving I"-actions (X, u) to the
proof of ergodic theorems in certain associated amenable PMP equivalence relations. The
amenable equivalence relations are obtained by first choosing an amenable action of T,
typically a Poisson boundary (B, v), considering its extension (X x B, u X v) by the
measure-preserving ["-action, and then constructing a PMP amenable subrelation of the
Maharam extension of X x B. Secondly, we will show that it is possible to establish
ergodic theorems along Fglner sets in PMP amenable equivalence relations, directly
generalizing the classical arguments. Thus, when the Fglner sequence in the equivalence
relation is doubling, we proceed by generalizing the arguments of Wiener and Calderon, or
more generally of Tempelman, for regular sequences in amenable groups. When the Fglner
sequence in the equivalence relation is tempered, we proceed by generalizing Weiss’ proof
of Lindenstrauss’ theorem [We03] for tempered sequences in amenable groups. This is
accomplished in §2.
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1.3. Statement of one main result. Next we present one of our main results, with more
refined results given later in the text (specifically, Theorems 4.1, 4.2 and 5.2). Undefined
terminology is explained immediately following the statement of the theorem.

THEOREM 1.1. Let ' ~ (B, v) be a measure-class-preserving action of a countable
group on a standard probability space. We assume the action is essentially free, weakly
mixing and of stable type III|. Let 0 be the measure on R given by dO(t) = e'dt. Let
' (B xR, v x 0) be given by

dv o
g(b, 1) = (gb, ' —log(%(b))).

Let T > 0 be arbitrary, I =[0, T], and 6; be the probability measure on [0, T] given
by do;(t) = (e'/(eT — 1)) dt. Let R; be the equivalence relation on B x I given by
restricting the orbit equivalence relation on B x R (so Ry consists of all ((b, t), g(b, t))
withg €T and (b, t), g(b,t) € B x I).

Let § = {Sr}re1 be a Borel family of subset functions for (B x I, v x 0y, R;). (This
implies, in particular, that §,(b, t) is a finite subset of the intersection of the T'-orbit
of (b,t) with B x 1.) Suppose § is either (asymptotically invariant and regular) or
(asymptotically invariant, uniform and tempered). Let W € L9 (B) be a probability density
function (so ¥ > 0 and [  dv = 1) and define {;// :T'— [0, 1] by

1 (7 1
Vi) e o .
Y(y) = Tfo / 0. t)|13,<b,t)(y(b, )Y (b) dv(b) dt.

Then {{rw},eﬂ is a pointwise ergodic family in LP for every p > 1 with 1/p+1/q < 1. If
Y € L™, then {{;//},eﬂ is a pointwise ergodic family in L log L.

We also obtain related maximal ergodic theorems under more general hypotheses (see
Theorems 3.1 and 5.1).

Let us now explain some of the terminology. Essential freeness of the actionI" ~ (B, v)
means that for almost every (a.e.) b € B, the stability group {g € I' : gx = x} is trivial.
By an amenable action, we mean an action amenable in the sense of Zimmer [Zi78].
Alternatively, by [CFW81], this is equivalent to the existence of a Borel transformation
S: B — B such that for ae. be B, Th={S'b:i € Z}. Weakly mixing means that if
I' ~ (X, w) is any ergodic PMP action, then the product action I' ~ (B x X, v x u) is
ergodic.

The action I' ~ (B, v) has type III; if for every r, € > 0 and every positive measure
Borel set A C B, there exists a positive measure Borel set A9 C A and an element
g € I'\{e} such that gAg C A and

(b) —r

‘dl)og
<€

dv
for every b € Ag. The action I' ~ (B, v) has stable type III; if for every PMP ergodic
action I' ~ (X, ), the product action I' ~ (B x X, v x u) has type I1I;. It should be
noted that we also obtain results analogous to Theorem 1.1 for certain actions of stable
type III, for T € (0, 1), a notion defined in §4.1.

A Borel family § = {§,},e1 of subset functions for (B x I, v x 8y, R) satisfies the
following.
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(1) Foreach (b,t) € B x I, 5, (b, t) is a finite subset of B x I contained in the I"-orbit
of (b, t).
(2) Theset{(b,t,b,t',r)eBxIxBxIxI:b,t)eF (b,t))}isBorel.

Let R; denote the equivalence relation on B x I given by ((b, 1), (b', ")) € R if and
only if (b', t') is in the T-orbit of (b, t). Let Inn(R;) denote the full group of R;; this
is the group of all Borel automorphisms of B x I with a graph contained in R;. A set
W C Inn(R ;) generates R with respect to v x 0y if for v x 67-a.e. (b, t) and almost every
', t") with ((b, 1), (b', t')) € Ry, there exists ¥ in the group generated by ¥ such that
v, t)=@,1).

The family § is asymptotically invariant if |§,(b, t)| > 1 for a.e. (b,t) € B x I and
r € I and there exists a countable set W C Inn(R) which generates R such that, for every
YeWandv x O-ae. (b,t) e B x I,

. 15+ (b, )AY(Sr (b, 1)
im =0

r—o0 1§+, )]

The family ¥ is regular if there is a constant Cyeg > 0, also called the regularity constant,
such that, for v x @7-a.e. (b, t) € B x I and every r > 0,

s '8, 0

t<r

< CreglSr (b, 1)1,

where 8’;18} (b, 1) is the set of all (&, t’) such that F; (&', t') N F, (b, t) # . The concepts
uniform and tempered are described in §2.1.

1.4.  About the hypotheses. Theorem 1.1 and its refinements (Theorems 4.1, 4.2 and 5.2)
each require the existence of a measure-class-preserving action I' ~ (B, v) which is
essentially free, weakly mixing, amenable and either stable type Il or type III,, and
stable type III; for some XA, T € (0, 1). So, it is natural to ask, when does such an action
exist and how can we find one?

First, we note that the requirement that the action be essentially free is not very
restrictive in the sense that if there is an action satisfying the other conditions, then there is
an essentially free action which satisfies all the conditions. To explain, let I' ~ (X, ©) be
any essentially free, weakly mixing PMP action (for example, Bernoulli actions satisfy this
property). If ' ~ (B, v) is weakly mixing, amenable, type III, and stable type III; (for
some A, T € [0, 1]), then the product action I' ~ (X x B, i x v) is also weakly mixing,
amenable, type /I, and stable type III;. Moreover, the product action is essentially free.

Now, given a generating symmetric probability measure i on I', we may consider the
Poisson boundary (B, v) for the random walk with p-distributed increments. There is a
natural action of I" on (B, v) which is always amenable [Zi78] and weakly mixing [AL05].
It is not known whether this action is always type III, for some A € (0, 1], or whether
by choosing w appropriately, one can always require the action to be type III, for some
A € (0, 1]. However, under extra hypotheses on I', we do have some answers. We establish
in §4.4 that all irreducible lattices in connected semi-simple Lie groups without compact
factors have the property that their action on the Poisson boundary B = G /P has stable
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type I1I;. It was shown in [INOO8] that Poisson boundaries of Gromov hyperbolic groups
are never type I11y.

In future work [BN2], we intend to show that if I" is Gromov hyperbolic, then the
action on its boundary with respect to the Patterson—Sullivan measure is weakly mixing,
amenable, type /I, and stable type III; for some A, v € (0, 1]. We will use this in [BN2]
to obtain pointwise ergodic sequences {¢}>2 | for general Gromov hyperbolic groups I,
such that each ¢, is supported in a spherical shell of constant width.

We conjecture that any countable group admits an action satisfying all the requirements

above. If true, then the results of this paper apply to all countable groups.

1.5. Organization of the paper. In §2, we prove ergodic theorems for amenable
equivalence relations. In §3, we prove maximal ergodic theorems. In §4, we use results of
the previous two sections to prove pointwise ergodic theorems when I' ~ (B, v) has stable
type I111. In §5, we prove pointwise ergodic theorems when I' ~ (B, v) has type I1I, and
stable type III; for A, T € (0, 1).

2. Ergodic theorems for amenable equivalence relations

2.1.  Definition of Fplner sets and their properties. A measured equivalence relation
is a quadruple (X, B, u, R), where (X, B, ) is a standard o-finite measure space and
R C X x X is a Borel equivalence relation. It is discrete if every equivalence class,
denoted [x], is at most countable. It is a probability-measured equivalence relation if
(X)) =1. To reduce the notation, we will usually omit the o-algebra from the notation
and say that (X, u, R) is a measured equivalence relation.

Let ¢ denote a counting measure on X (so ¢c(E) =#E for all E C X). The measure i
on X is R-invariant if u x c restricted to R equals ¢ x u restricted to R. In this case,
we say (X, u, R) is a measure-preserving equivalence relation. A Borel map ¢ : X — X
is an inner automorphism of R if it is invertible with a Borel inverse and its graph is
contained in R. Let Inn(R) denote the group of inner automorphisms. This group is
frequently called the full group and denoted by [R]. If i is R-invariant, then V¥, =
for every ¢ € Inn(R). For the rest of this section, we assume (X, u, R) is a discrete PMP
equivalence relation.

A subset function (for R) is a map 4 on X such that (x) C [x] for all x € X. The
inverse of {1 is the subset function =1 (y) := {x € X : y € th(x)}. If &, &I, are two subset
functions, then their product 414l is the subset function defined by

Uit () = JIth () 1 y € th(x).

Their difference U \Ll is defined by ;1\ (x) := Uy (x)\Lo(x). We write Ll C Ly if
Ui (x) C Us(x) for a.e. x. If {h;};¢; is a family of subset functions, their union |, ; ; is
the subset function defined by

(Uw)m:Umm.
iel iel

A Borel family of subset functions § = {§,}re1 (for R) is a family of subset functions
§» indexed by a set I € {N, R.o} such that {(x, y,r) € X x X x[:y € §,(x)} is a Borel
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subset of R x I. As noted already, we will always assume that |, ., §s(x) C [x] is finite

for every x € X and r € I. As a result, we also have that | J, _, SI_IS, (x) is finite for every

r € T and every x € X. -

Let § be a Borel family of subset functions. The definitions below generalize classical
concepts.

(1) AsetW C Inn(R) generates R with respect to p if for u x c-a.e. (x1, x2) € R there
exists ¢ € (W) such that ¥ (x1) = xo (where (W) denotes the subgroup of Inn(R)
generated by W). Equivalently, R = Uwe(\y) Graph (¥), up to a set of p X c-
measure zero.

(2)  §is asymptotically invariant if |§,(x)| > 1 for a.e. x € X and r € I and there exists
a countable set W C Inn(R) which generates R such that, for every ¢ € ¥ and
u-ae. x € X,

B 15 () AY (S (x)]
im =
r—0o0 1§ (x)]
We say that § is Fglner if it is asymptotically invariant.

(3)  §is uniform if there are constants Cy, a,, b, > 0 (for r € I) such that:

(a) b, <Cyua, foreveryr el

(b)) ar <|5-x)| <b, forae. x € X; and

© a <IF'(x)| <b, forae. x € X.

The constant C,, is called the uniformity constant.

(4) §is doubling if:

(i) & is a monotonic family, namely for s < r, we have §;(x) C §,(x) almost
everywhere; and

(i) T satisfies the volume doubling bound, namely there is a constant Cy > 0,
called the doubling constant, such that, for yu-a.e. x € X and every r > 0,

13- () 7' (0] < CalFr ().
(5) & is regular if there is a constant Creg > 0, also called the regularity constant, such
that, for u-a.e. x € X and every r > 0,

s '8

t<r

0.

= Creg|gr(x)|-

(6) T is tempered if the index set =N and there is a constant C; such that, for
p-a.e. x € X and every n > 0,

U 8"

m<n—1

= Gi[§n(x)].

C; is called the tempered constant.
For a function f on X, consider the averages A[ f|§,] defined by
ALFIG1(x) == 1 > f(&) forallxeX.
RO
A subset E C X is R-invariant (or R-saturated) if (Ex X)NR=(X x E)NR =
(ExEYNR (up to u x c-measure zero). For a Borel function f e L'(X), let
E[ f|Z(R)] denote the conditional expectation of f with respect to the o-algebra Z(R) of
‘R-invariant measurable sets.
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2.2. Statement of ergodic theorems for equivalence relations. Keeping the notation
introduced in §2.1, in §§2.3-2.6, we prove the following results.

THEOREM 2.1. If § is either (asymptotically invariant and regular) or (asymptotically
invariant, uniform and tempered), then § is a (restricted) pointwise ergodic family in
L. Namely, for every f € LY(Xx, w), A[f|§,] converges pointwise almost everywhere to
E[fIZ(R)] asr — oo.

Theorem 2.5 below extends Theorem 2.1 and shows that in fact § is an (unrestricted)
pointwise ergodic family in L', namely that the result passes to class-bijective ergodic
extensions. This will be established in §2.6.

Our method of proof of Theorem 2.1 follows the classical pattern and is based on the
next two theorems.

THEOREM 2.2. (Dense subset of good functions) If § is asymptotically invariant, then
there exists a dense subset G C L' (X) such that for all f € G, A[ f|3,] converges pointwise
almost everywhere to E[ f|Z(R)] as r — oo. Moreover, ifL(l)(X) is the set of all functions
f e LY(X) with E[fIZ(R)] =0 almost everywhere, then there exists a dense subset
Go C L(l)(X ) such that for all f € Gy, AL f|S] converges pointwise almost everywhere to
Oasr — oo.

For f € L1(X), let M[ f|§] = sup,cp A[l f1I5,1, where | f| denotes the absolute value
of f. M[:|F] is the maximal operator associated with the family {A[-|§,]},c1. As we shall
see below in the proof of the maximal inequality, the maximal function M][-|§] is Borel
measurable, even when the index set I = R. We can now state the following theorem.

THEOREM 2.3. (Weak (1, 1)-type maximal inequality) Suppose that § is either regular
or (asymptotically invariant, uniform and tempered). Then there exists a constant C > 0
such that, for any f € L'(X) and any . > 0,

p(lx € X - MISfIF] > A)) < %

In fact, C can be taken to be 8C3(1 + C;C,) in the tempered case and Cheg in the regular
case.

Theorem 2.4 below extends Theorem 2.3 to arbitrary class-bijective extensions of
X, u, R).

We recall that the concept of an amenable group action has been defined in great
generality in [Zi78], and several characterizations of this property have been established,
including in [CFW81]. We will not elaborate on these results here, since they are not
directly relevant to our discussion. Instead, we will just note that it has been shown
in [Zi78] that the Poisson boundary associated with a non-degenerate random walk on
I' is an amenable ergodic action of I" (but it is still an open problem whether the type
can be I1ly). Furthermore, in [CFW81], it was shown that the amenability of a general
equivalence relation is equivalent to the existence of an asymptotically invariant sequence
of subset functions (defined taking the Radon—Nikodym derivative into account). Focusing
on the case of PMP equivalence relations, which is our main concern, let us formulate a
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general existence result for doubling Fglner sequences, based on another important fact
from [CFW81], namely that amenability of an equivalence relation is equivalent to the
relation being the orbit relation of a Z-action, as follows.

PROPOSITION 2.1. Let (X, B, u, R) be an amenable discrete PMP equivalence relation.
Then there exists a sequence § = {Fn}r- | of subset functions which is asymptotically
invariant, uniform and doubling.

Proof. Without loss of generality, we may assume (X, B, u, R) is ergodic. If X is finite,
then we may choose §,(x) = X for every n, x. So, let us assume X is infinite. According
to [CFW81, Dy59, Dy63], there exists a measure-preserving Borel transformation 7 :
X — X sothat R ={(x, T'x):x € X, i € Z} (up to a u x c-measure zero subset). Then
we may let §,(x) := {Tix:|i] <n}. Itis easy to check that § = {Sn}zozl is asymptotically
invariant, uniform and doubling. O

2.3.  Dense set of good functions. In this subsection, we prove Theorem 2.2. Assume §
is asymptotically invariant. Let ¥ C Inn(R) be a countable set generating the relation R
that witnesses the asymptotic invariance.

LEMMA 2.2. Let v be in the subgroup of Inn(R) generated by V. Then

5 I5r () AY (§r ()]
im =0
r—00 1§ ()]

Proof. Observe that if ¥, Yo € W, then |Sr(x)Awi_l(Sr(x))| = ¥ (§r (x)) AT (x)]. So,

; IS () Ay (G ()]
m =

r—0o0 18- ()]

0, i=1,2

Also,

I8 () AY1 2 (§r ()| = 15 () AY 1S )]+ Y1 (S (0)) A 2§ (x))]
= 8- () AY1(Er (D)) + 15 () AY2 (§r (X))

Therefore,
. I5r () AY 1Y (§r ()]
im =0
r—00 IS (x)]

Since 1, Y € W are arbitrary, this proves the lemma. O

LEMMA 2.3. Let y € (W), f € L®(X) and define f':= f — fov. Then A[f'|3/]
converges pointwise almost everywhere to B[ f'|Z(R)] =0 as r — oo.

Proof. For a.e. x € X, the previous lemma implies

. 12 _ . l N /
Tim |ALSI§,100] = lim ‘ e ;) F&) = fWE)
< 2| floe lim 15 () AY (S (x))] _0
r—o0 IS (x)]
By definition, E[ f|Z(R)] = E[f o ¥|Z(R)]. Hence, E[ f'|Z(R)] = 0 almost everywhere.
This proves the lemma. O
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LEMMA 2.4. Let f be a measurable function on X such that for every ¥ € (V), f =
f o almost everywhere. Then f is R-invariant, namely f(x)= f(x') for u x c-
ae. (x,x)eR.

Proof. For each ¢ € (W), let

Xy :={xeX:fx)#foy(x)}

Since W is countable, (W) is also countable and

u( U XI/,) =0.

Yye(V)

By definition, if x ¢ Uw€<‘l/> Xy, then f(x) = f(¥(x)) for all Y € (¥), but this implies
f(x) = f(x) for u x c-a.e. (x, x') € R, since the union of the graphs of ¢ € W coincides
with R up to a set of i x c-measure zero. O

Proof of Theorem 2.2. LetZ C L*(X) be the space of R-invariant L functions, i.e., f € Z
if and only if f(x)= f(x’) for ae. (x,x’)eR. Let GC L*(X) be the space of all
functions of the form f — f oy for f € L°°(X) and ¢ € (V). We claim that the span
of Z and G is dense in L2(X ). To see this, let fi be a function in the orthocomplement of
G. Denoting the L? inner product by (-, -), we have

0= (fu, f = fo¥) = (fu, ) = (i, fo )
= (fi, [) = (frov " f)
=(fi— feo¥ ™ f)

for any f e L®°(X) and ¥ € (¥). Since L®(X) is dense in L*(X), we have f, =
fyxow ! forall Y € (¥). So, the previous lemma implies f, is R-invariant, i.e., f, € Z.
This implies 7 + G is dense in L2(X), as claimed.

By Lemma 2.3, for every f € Z + G, A[f[§,] converges pointwise almost everywhere
to E[f|Z(R)]. Since Z 4 G is dense in LZ(X), which is dense in L! (X), the first statement
follows. The second is similar. O

2.4. Maximal inequality: the regular case. To prove the maximal inequality for a
regular Fglner family, we begin with the following basic covering argument, motivated
by the classical case.

LEMMA 2.5. Suppose § satisfies the regularity condition with constant Creg > 0. Let
p:Y = 1 be a bounded measurable function where Y C X is Borel. Then there exists
a measurable set Z C Y such that the family of sets §,(;)(2), z € Z satisfy the following.
(1) Forallzi #z22 € Z, Fp(z)(21) N Sp(zy) (22) =V, namely the family is disjoint.

(2)  The union of the sets in the family covers at least a fixed fraction of the measure of Y :

Cregﬂ(U Sp(z)(z)) > u().

z€Z
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Proof. LetT : X — R be an injective Borel function. We will use T to break ‘ties’ in what
follows.

If Y/ C Y is a Borel set, then we let M(Y’) C Y’ be the set of all ‘maximal’ elements of
Y'. Specifically, yy € M(Y') if y; € Y’ and for all y, € Y’ different from y) either:
D T NTpey(2) =9;
2 pOy) > pOn);or

3 Tpon ) NTpiy(32) #9, p(y1) = p(y2) and T (y1) > T (y2).
Because p is bounded, the equivalence relation has countable classes, and § is regular, it

follows that for any y, the set of y, with §p(y;)(31) N Fp(yy) (32) # ¥ is finite. Thus, in
case (3), there exists a point y; with 7' (y;) maximal, so that if ¥’ is non-empty, then M (Y")
is non-empty.

Let Yo :=Y and My := M (Yp). Assuming that Y,,, M,, C Y have been defined, let

o1 :={yeY: Sp(y)(y) n gp(z)(z) =0VzeM,}
and My, 11 := M(Yy+1). Let
z:=My, Z:=]Fp0@-
n z€Z
By construction, for all z1 # z2 € Z, T (z,)(21) N T p(zy) (22) = . Also,
vyew:=J U &'80®@.

zeZ r<p(2)

So, it suffices to show that Creg,u(f) > w(W).

Define K : R — R by
-1
K(x,y) =

U &%

r<p(z)

if there is a (necessarily unique) z € Z such that y € §,(;)(z) and x € Ursp(z) S;lsp(z) (2).
Let K (x, y) = 0 otherwise. Because u x ¢|r =c¢ X ulRr,

k@ = [ ¥ Kendum = [ 3 Ko due,
x€[y] YeElx]
Observe that Zye[x] K (x, y) =0, unless x € W, in which case
S K,z —— 0@l ¢
velr] Ur<p0) 8 8o @)
where z € Z is any element such that

xe | 5'%0.

r<p(z)

-1
reg’

Thus,
w2 =/ D K@) dp(x) = Cogu(W),

yelx]
which implies the lemma. O
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We can now prove the weak type (1, 1)-maximal inequality (and measurability of the
maximal function) for a regular family.

LEMMA 2.6. Suppose that § is regular with regularity constant Creg > 0. Then, for any
feLY(X)andanyt >0,

n(lx € X MIFIF] > 1) < %‘f"l

Proof. Forn > 0, let
M, [fI51(x) := Joax. ALl FIISr1(x).

Given x, for s < n, the family §;(x) comprises of a finite number of finite subsets of [x],
by our standing assumption on the family §, and, furthermore, (x, s) — §s(x) is Borel.
Hence, M,,[ f|§](x) is measurable, and since M[ f|F](x) = lim,— 0o M, [ fIT](x), so is
MIf1§1(x).

Now let D, ; :={x € X : M[,[ f|§]1(x) > t}. It suffices to show that

Creg”f”l
t

w(Dys) < for each n > 0.

Let p:D,;— 1 be a Borel function such that A[|f]|F,x)](x) >¢ and p(x) <
n forallx € D, ;. Let Z C D, be the subset given by the previous lemma, where
Y =D,;. As before, let 7= U(Spx)(2) : 2 € Z}. The previous lemma implies that
u(Dp ) < Cregﬂ(2)~ ~

The disjointness property of Z implies that for every z € Z, there exists a unique
element 7 (z) € Z with z € §p(r(z)) (7 (z)). By definition of p,
/2 All f1ISp (1T (2) du(2).

Cmg

1(Dy 1) < Cregit(Z) <

Let K : R — R, be the function

Lf (V)]
1802 (T (2))]
ifz e Z and Y € 8p(r(z))((2)), and let K (y, z) = 0 otherwise. Note that for a given y € Z
the number of elements z € [y] such that y € §x (1)) (7 (2)) is precisely |§ () (T (2))].
Since 4 X ¢|r = c¢ X u|r, we conclude

[, T kooamm = [ ol
eX yezZ

z€[y]
=/ YK, 9 du
zeX

yelzl

= [ 41718 mcc @) st

K(y,z)=

So,
Creg
u(Dn,i) = 5 A8 p 21 (2)) dju(z)
||f ||1
= Lo f POty < <l
and the proof of the maximal inequahty is complete. O
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2.5. Maximal inequality: the tempered case. This subsection completes the proofs of
Theorems 2.3 and 2.1, using [We03] as a model. Having considered the regular case in the
previous lemma, it suffices to assume § is asymptotically invariant, uniform and tempered.

LEMMA 2.7. Suppose § is uniform with uniformity constant C, > 0. If f € L'(X) with
f>0andr >0, then

¢! /f(X) du(x) < /A[flﬁr](x) du(x) = Cy /f(x) dp(x).

Proof. Define a function F on R by F(x, y) := f(y)/|§,(x)|if y € §,(x), and F(x, y) :=
0 otherwise. Because i X ¢|R =c¢ X u|R,

/ ALFIZ 100 dp(r) = / Flx, y) du x c(x, y) = / Fix, y) de x u(x. y)

Let a,, b, be the constants in the definition of uniformity. Then a, < |3, l(y)| <b, and
ar <|§r(x)| < b, forae. x, y € X. Therefore,

C.'<a/br< Y 18I b /ja <C.
xegr ()
These inequalities and the equality above imply the lemma. O
We now turn to establishing the important fact that in the uniform case, asymptotic

invariance under a generating set implies asymptotic invariance (in mean) under the entire
group of inner automorphisms.

LEMMA 2.8. If'§ is uniform and asymptotically invariant, then for every ¢ € Inn(R),

/ 8- (x) A@ (S (x))]

d =0
15| wz)

Proof. Because

18- () AD(Sr ()] = I8 NG (S ()] + 19 (Sr (OIS, (x)]
= 13- CO\GF- N + 13- ()\¢ ™' B (1))
and ¢ € Inn(R) is arbitrary, it suffices to show that
/ 18- O\P (S ()|
A% I8 ()]

Let & C Inn(R) be a countable generating set witnessing the asymptotic invariance.
So, W generates R and, for a.e. x € X,

fim STV _ gy e w.

r—>o0 18 ()]

By Lemma 2.2, we may assume, without loss of generality, that W is a subgroup of Inn(R).
Because W generates R, this means that for u x c-a.e. (x, y) € R, there is a Y € W such

du(x)=0.
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that ¥ (x) = y. Because W is countable, this implies that there is a Borel partition {X; }j’il
of X and elements ; € W such that ¢ (x) = ¥, (x) for a.e. x € X;.

Let € >0. Choose N >0 so that /L(UlN:1 X))>1—e. Let Y=,_yXi, so
w(Y) <e. Let U be the subset function U (x) = {y;(x); 1 <i < N}. Recall that we have
defined in §2.1 the product of two arbitrary subset functions, and therefore the expression
UT,(x) ={¥i(y); y € §(x), 1 <i < N} makes sense and is also a subset function. Using
the foregoing pointwise convergence results established for ¢ € (V), Lebesgue’s bounded
convergence theorem implies

13- \US, )|
d =0.
Hoo/ FAC
However,
18 NG G ()] < G O\US ()] + [§-(x) N Y.
Thus,
/m(x)\qs(sr( Dy
A, 15 @]
15 O\US: ()] [ BNy
d 1 —d
Hoo/ RO - BT ATS I

0+ lim / Ally 8] die(x) < Capt(Y) < Cae,

where C,, is the uniformity constant of §. The second to last inequality above follows from
Lemma 2.7. Since € > 0 is arbitrary, this implies the lemma. O

We can formulate the following useful fact which will be used in the proof of the maximal
inequality in the tempered case.

LEMMA 2.9. If§ is uniform and asymptotically invariant and U is a Borel subset function
with 1 < |U (x)| for a.e. x and |U| € L*°(X), then

lim M du(x)=1.

r—0c0 15 (x)]
Proof. Let E={(x,y)eR:xe€U(y) or ye U(x)}. Because U is bounded, this a
bounded-degree graph. By [KST99], this implies that the Borel edge-chromatic number of
(X, E) is finite, i.e., there exists a Borel map « : E — A (where A is a finite set) such that
if (x, y), (v, z) € E and x # z, then a((x, y)) # a((y, z)). We can also assume, without
loss of generality, that a(x, y) = a(y, x).

For each element a € A, define ¢, : X — X as follows. If x € X and there is a y # x
such that (x, y) € E and a(x, y) = a, then define ¢, (x) = y and ¢,(y) = x. Otherwise,
let ¢, (x) = x. Then ¢ is a Borel bijection and ¢, € Inn(R).

So, we have proven that there is a finite collection of automorphisms @y, ..., ¢, €
Inn(R) such that, for a.e. x € X,

U cl i
i=1
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Lemma 2.8 implies that, for every i,

18- (x) Adi (S (X))
du(x)=0.
At / 1300l :
Since this is true for every i, it follows that
1§+ () AU, (x))]
du(x) =0
A1 / or
which implies the lemma. g

We now state the following combinatorial result from [We03], together with its proof,
which will serve as a model in the more complicated set-up of measured equivalence

relations.
LEMMA 2.10. (Basic Lemma [We03]) Let Q2 be a countable set, Vi, ..., V,, CQ be
non-empty finite subsets, k be a positive measure on Q and C, > 1, > > 0 be constants.
Suppose:

(1) Vil/IVjl £ Cy foreveryi, j;

2)  «(V;) = A|V;| for every i; and

(3) YN, ly(w) < Cy| V1| for every o € Q.
Then there is a subset I C {1, ..., m} such that:
() k(U Vi) = am/4C2; and

@) «Uies Vi) = AIIV1I/4CE,

Proof. Beginning with i(1) = 1, inductively define i(k 4+ 1) to be the least integer <m,
greater than i (k), such that

( z(k+1)\ U z(;)) = K(Vz(k+1))
1<j<k

if such an integer exists, otherwise stop and call {i (1), ..., i(k)} =: I. We distinguish two
cases.

Case 1. |I| = m/2|Vy]. In this case, clearly,

K(U )>_Z Vi) = |I|2AC|Z/]| —4cu

iel iel
Case 2. |I| <m/2|Vy|. Let I° = {1, ..., m}\I. By the definition of I, if j € I¢, then
1
k[ Vin Vil = =k(V;).
(1) b

Sum over all j € 7€ and use hypothesis 3 to obtain
- Z k(V) <> K<vj nUJ v,-) < c,,|V1|K(U V)
]elf jeI¢ iel iel
Now use hypothesis 2 and divide by Cy,| V]| to obtain
1 |IC|A (m —m/2|Vi])A
Vi) > Vv
"(U ) 2 36 2 K2 5 2T g

iel

202(1 — 274 viI Hma.
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Because |Vi| > 1, (1 — 271 V;|71)/2 > 1/4. So, this implies
1

This proves the first conclusion. The second one follows from the inequality above and the
hypothesis |1| < m/2|V1]. o

For the next proposition, we let 2 be a countable set and {V; }N | @ sequence of subset
functions on 2. Thus, each V; isamap V; : Q — 2% We define the inverse |2 .29
by Vi_l(y) ={xeQ:V;(x)>y}. We also define the product, union, intersection and
difference of subset functions as in §2.1, which considers the special case of subset
functions for equivalence relations.

PROPOSITION 2.11. Let 2 be a countable set, 11, . .., Iy C Q be pairwise disjoint finite
subsets, {V; : 1 <i < N} a collection of subset functions of 2, k be a positive measure on
Q and Cy, Cy, A > 0 be constants. Suppose:

(D) | Vi()|/|Vi(@)| < Cy for every i and every w, ' € ;

2) k(Vi(w)) = M Vi(w)| for every i and every w € I;;

3) |Vfl|(a)) < C,V;(w) foreveryi and w € 2, and

@) forevery j, IU;; Vi ' Vi@ < C/|Vj(@)].

Then N ) , N
ZUHS(W) <UU V(w))
i=1

i=1 wel;
Proof. Without loss of generality, we may assume each [; is non-empty. For each i with
1 <i < N, choose w; € I;. We construct a partition {L, K}of {1, ..., N}andsets D; C I;
for i € L using the following algorithm.

Step 1. Apply the Basic Lemma to the collection {Vy(®) : @ € Iy} to obtain a set Dy C
Iy such that:

(D) k(Upepy V(@) = AlIy|/4Cy; and

@ «Upepy VN(@) = LDy VN (@y)|/ACE.

It is convenient to rewrite these inequalities in the form:
() |In| < 4CE /MU pepy Va (@)); and

2 IDNIIVN (W) < GCF /MK (U pepy VN (@)
Step 2. Let L:={N},K :=0,i:=1.

Step 3. If i = N, then stop.

Step 4. Let Iy,_, be the set of w € Iy_; such that Vy_;(w) is disjoint from (J{Vi(e') :
ke L, € Dy}
Step 5. If [Iy,_,| > 31Iy—il, then:
(1) setL:=LU{N —i};and
(2)  apply the Basic Lemma to obtain a set Dy_; C I},_; such that:
@  n-il < BCF/MK(Upepy_, VN-i(®)); and
®)  IDN=illVN—i(@n-)| < GCZ /(U pepy_, VN-i(@)).
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Step 6. If |Iyy_,| < S|Iy—i|, thenset K := K U {N — i}.

Step 7. Seti =i+ 1 and go to Step 3.

This algorithm produces a partition {L, K} of {1, ..., N} and subsets D; C I; fori € L
such that:

(1) if,fori e L, H; :=J{Vi(®) : w € D;}, then H; N Hy = @ for all i # k;

Q) || < (8C3/A)K(Uw€Di Vi(w)) foralli € L; and

B3)  DillVi(w)| < (4C2/0)k(Upep, Vi(w)) foralli € L.

The first two conditions above imply that

Su= 3 S i) =S (U )

ieL ieL weD; ieL

Also, if k € K, then there exists a set I; C Iy such that |I]'| > %llkl and for every
wel}', Vi(w) is not disjoint from (J{H;:i > k,i € L}. Therefore, w € v,;lvj(a/)
for some j >k with j € L and some o’ € D;. Because {I,~}f.v=1 are pairwise disjoint,
hypothesis 4 implies that

Dl =2y 1K)

keK keK

< 2‘U{vk—1vj(w) jeL,j>k weDj)

2 ¥ |Uvve)
JeL,weDjli<j
<26 Y Vi)
JEL,weDj
4C?
<2G,Cu Y ID;IIVi ()] = 2C,Cu—*k( | Hr ).
jeL ieL
Thus,
N 2 3
8C2 +8CC
ZIL-I=Z|L|+Z|IH5%’”K<U H)
i=1 ieL keK ielL
which implies the result. m|

Completion of the proof of Theorem 2.3. By Lemma 2.6, it suffices to assume § is
asymptotically invariant, uniform and tempered. Note that temperedness is defined for
sequences only, so the measurability of the maximal function is obvious in this case. For
fe LY(X), define Mp[f]:=sup,<n A[| f115,]. It suffices to prove the existence of a
constant C > 0 such that, for every A > 0, every N > 0 and every f € L'(X) with f >0,

C
pix € X Ml F10 2 2 < L
So, fix N >0, A >0and f € L'(X) with f > 0. Let

Ey:={x € X :Mn[f1(x) = 2}.
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For R > 0, let H(N, R) be the subset function
H(N, R)(x) := Ey N§r(x).

Let 1g,, be the indicator function of Ey. Observe that

|[H(N, R)(x)|
All =—
[1ey IS RI(X) SR
By Lemma 2.7,
H(N, R
W(Ex) < C, / N, RN . @1
[SRr )]

Let Hy, j be the subset function

H'(N, R)(x) :={y € X :3In < N, A[fIFn](y) = 1, Fn(y) CFr()}.

To apply Proposition 2.11, let 2 := [x], the equivalence class of x. Let « be the measure
on  determined by «({y}) := f(y) (for y € ). For each y € H'(N, R)(x), let k(y) be
the smallest number such that §(y)(y) satisfies A[ f|Sky)1(y) = X, Tk (¥) C Fr(x). For
each1 <i < N, letI; bethesetofall y € H'(N, R) such thati = k(y). Let V; () := i (y)
for 1 <i < N and y € Q. It is easy to check that because § is uniform and tempered, the
hypotheses of Proposition 2.11 are satisfied. The conclusion implies that

C
IH'(N Rl — 3 fO),
YESR(X)
where C = 8C3 + 8C,C 3 Divide both sides by §g(x) and integrate over x to obtain
|H'(N, R)(x)| C
ISR ()]

The last inequality follows from Lemma 2.7.
Let U(N) and S(N, R) be the subset functions

Un(x) = U Si(0), SN, R)(x):={y € Fr(®) : Un () £ Fr(x)}.

Cu
I fl- 2.2)

C
dn( = / ALFIBRIC) diatx) <

t<N
Observe that
H(N, R\H'(N, R) C S(N, R) C Uy (UNTR\ZR)-
By Lemma 2.9,
. |UNGROO\SR ()]
1 d =0.
R FR00)] )

Because § is uniform, the function x +— |U 1;1 (x)| is essentially bounded. Therefore,

lim

R—o00

—1
/IUN (UnNSR\SR)(x)] du(x) = 0.

ISR ()]
Since H(N, R)\H'(N, R) C U,;l(UNSR\SR), it follows that

5 / |H(N, R)()\H'(N, R)(x)|
m
(73691

du(x)=0.

R— 0
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Since H'(N, R) C H(N, R), equations (2.1) and (2.2) now imply that

: |H(N, R)(x)]
u(EN) < Rh—>moo Cu W du(x)

. |H'(N, R)(x)]| cCy
= Rl;mw Cy f W dp(x) < T”f”l-

Because f, N, A are arbitrary, this implies the theorem. O

Completion of the proof of Theorem 2.1.

LEMMA 2.12. If § is any family of subset functions satisfying the conclusions of
Theorems 2.2 and 2.3 (i.e., there exists a dense set of good functions and the weak (1, 1)-
type maximal inequality is satisfied), then § is a (restricted) pointwise ergodic family
in L'. Namely, for every f € L' (X, w), A[f|S] converges pointwise almost everywhere
o E[fIZ(R)] as r — oo.

Proof. Let f € L'(X). We will show that {A[ f15-1}r>0 converges pointwise almost
everywhere to E[ f|Z(R)]. After replacing f with f — E[ f|Z(R)] if necessary, we may
assume that E[ f|Z(R)] = 0 almost everywhere.

Fort > 0, let E; :={x € X : limsup,_, o, [A[fI§-1(x)| <t}. We will show that each
E; has measure one. Let € = 12 /4. According to Theorem 2.2, there exists a function
fi1€ Ll(X) with || f — fill1 <€ such that {A[f|§]},>0 converges pointwise almost
everywhere to 0 as r — oo. For any r > 0,

IALF IS < [ALF — fulSel + TALAISA = MLf — filS] + [ALATS AL

Let
D:={xe X :M[f — f1IF1(x) < e}

Since A[ f1]§,] converges pointwise almost everywhere to zero, for a.e. x € D there is an
N > 0 such that r > N implies

IALFIS 101 < MIf — filF1() + JALAIS1(0)] < 2Ve =1.

Hence, D C E; (up to a set of measure zero). By Theorem 2.3,

_ Ct

WE) = p(D) = 1= Ce 2 f = fili > 1= VeC=1-—.
For any s <t, E; C E;. So, w(E;) > u(Eg) >1—Cs/2 for all s <¢, which implies
W(E;) =1. So, the set £ := ﬂ;’o:l E1/y has full measure. This implies the result. O

Theorem 2.1 follows immediately from the lemma above and Theorems 2.2 and 2.3. O

2.6. Extensions of Borel equivalence relations. Together with the amenable equivalence
relation on X, we must consider its class-bijective PMP extensions, whose definition
we now state. For (X, B, u, R), a discrete PMP equivalence relation, a class-bijective
extension of (X, u, R) is a measured equivalence relation ()~( , 1, 7~2) with a Borel map
T:X—>X satisfying the following.
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@)) ()? , 1T, 7i) is a discrete PMP equivalence relation.
() ml=p.
3 (x, x/)ER:>(7T()C) w(x")) e R.
(4) For a.e. R- -equivalence class [x] C R, 7 restricted to [x] is a bijection onto the
R-equivalence class [ (x)].
Suppose § = {§,}rer is a family of subset functions for (X, i, R). Then we may lift
this family as follows. Define § = {{?,}reﬂ by

§,(x) = n_l(gr(n(x))) N[x] forallx e X.

LEMMA 2.13. Let P be a property in {asymptotically invariant, uniform, regular,
tempered}. If § has property P, then § also has property P.

Proof. Case 1. Suppose P = asymptotically invariant.
Let & C Inn(R) be a countable generating set witnessing the asymptotic invariance of
$. This means that, fora.e. x € X and Y € U,

. 18- (DAY (S ()]
1m =
r—>00 8- ()]

For any ¢ € W, define e X—>X by ¥ (x) = x', where x’ € X is the unique element
such that (x, x') € R and Y ((x)) = w(x’). This is unique because m restricted to [x]
is a bijection onto its image. Let W = { : ¢ € W}. This is a countable set of inner
automorphisms of R. Because 7 restricted to each equivalence class is a bijection, for

ae. x € X, |3, (0)| = [§(0)] and [§, () AY G, ()] = 13- () AP (3, (x))]. So,

im 15 () AP G ()] — iy BrOAYE- )]
r—00 13 ()] r—00 18- ()]

The set W is generating because for a.e. (x, x’) € 7~€, there is an element ¥ € W such that
¥ (w(x)) = m(x’), and this implies ¥ (x) = x’. So, we have verified all the conditions for
the asymptotic invariance of §.

Case 2. Suppose P = regular.
Let Cyeg be a regularity constant for §. Because 7 restricted to any equivalence class is
a bijection, for a.e. x € X and every r > 0,

UG5 m| =878 (r(0))| = CreglFr (1(x))] = Creg|r ().
I<r t<r
This proves § is regular.
The other cases, i.e., uniform and tempered, can be handled similarly. O

Recall that we have defined § to be a pointwise ergodzc famzly in L7 if for every class-
bijective extension (X I, R) and every fe€LP (X w), Alf IS"r converges pointwise
almost everywhere to ]E[ f |I(R)] To establish this fact, first define for f € Ll(i),
M[f|3’ :=sup, A |f||{§r where |f| denotes the absolute value of f. M[~|§] is the
maximal operator associated with the family of operators A[- |§,]. As in the case of §, the
maximal function M[ f |§] is Borel measurable, and using the lemma above and Theorem
2.3, we conclude the following theorem.
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THEOREM 2.4. (Weak (1, 1)-type maximal inequality) Suppose that § is either regular
or (asymptotically invariant, uniform and tempered). Then there exists a constant C > 0
such that, for any class-bijective extension (X, [, R), any f € LY(X, [{) and any 1 > 0,

~ > ~ Cliflh
p(fx € X - M[fI§]> A} < Tf
In fact, C can be taken to be SC;‘(I + C;Cy) in the tempered case and Cieg in the regular

case.

Now, using the lemma above, Theorems 2.4 and 2.1, we conclude the following
theorem.

THEOREM 2.5. If § is either (asymptotically invariant and regular) or (asymptotically
invariant, uniform and tempered) then § is a pointwise ergodic family in L.

Finally, we note the following fact, which is a standard consequence of the weak type
(1, 1)-maximal inequality, and will be used below.

THEOREM 2.6. (Strong L”-maximal inequality) Suppose that § is either regular or
(asymptotically invariant, uniform and tempered). Then, for every p > 1, there is
a constant Cp, >0 such that for any class-bijective extension (i L R) and any
fe LP(}N(, ), ||’I~\/JI[f|§]||p < Cp||£||p. Also, there is a constant Cy > 0 such that
if f € (Llog L)X, @), then IM[fI31I1 < Cill fllL10g L-

Proof. This follows from the fact that M[-|§] satisfies a weak (1,1)-type maximal
inequality (by Theorem 2.4 above) and standard interpolation arguments, i.e., since
M f |§] is of weak type (1, 1) and is norm-bounded on L°, it is norm-bounded in every
L?,1 < p < oo (e.g.,see [SWT1, Ch. V, Theorem 2.4]). O

3.  Maximal inequalities for general group actions
Let I" be a countable group and I' ~ (B, v) an amenable action. Recall that the Maharam
extension is the action I’ ~ B x R given by

dvo
e(b, 1) = (gb, ‘- log<%(b))). 3.1)

Let O be the measure on R given by df(t) =e'dt. The action above preserves the
product measure v x 8. Let T > 0, I = [0, T] and let R; be the equivalence relation on
B x I given by restricting the orbit equivalence relation on B x R (so R consists of all
((b, 1), gb, 1)) with g e T and (b, t), g(b, t) € B x I). Let 6; be the probability measure
on I =10, T] given by d6; = (e’/(eT — 1))dt. So, v x 6; is R-invariant.

Notational convention. We change our notation and from now on we let (X, @) denote an

ergodic PMP action of I", and we consider the action of I" on (B x X, v x u), which is an

amenable action and a class-bijective extension of the amenable action of I" on (B, v).
The purpose of this section is to prove the following.

THEOREM 3.1. Let § ={F:}re1 be a Borel family of subset functions for (B x I, v X
01, R1). Suppose § is either regular or (asymptotically invariant, uniform and tempered).
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Let ' ~ (X, u) be a PMP action. Let w: B x X x I — B x I be the projection map
w(b, x,t)= (b, t) and let § = {§,},e1 e the lift of §:

%r(x) :=n_1(3r(n(b, x,H))N[b,x,t] forall(b,x,t)e Bx X x 1.

ForfeLl(BxXxI,vx,ux@l)and(b,x,t)eBxXxI,deﬁne

M £[31(b, x, 1) := sup NEACE )
re
T

o~ 1 ~
MLfI81(b, x) = SHIHJ? A AllFIISAO, x, 1) dt,

~ 1 T ~
ML[fIS, ¥1(x) :=sup — //o Al IS 1(b, x, )Y (b) dt dv(b).

rel T

Then:

(1)  there exist constants C, for p > 1 such that, for every f € LP(B x X x I),

~ o el — 1 1/p
IMLAISI < Cpll £ p, ||M[f|3]||picp< T ) I/ 1ps

also, if1/p+1/g =1and p > 1, then

T

- 1/p
IMLfIS, I/f]llprp( ) IV lg fllp; and

(2) there is also a constant C1 > 0 such that if f € Llog L(B x X x I), then

~ o~ T _1
IMLfISTI < Cill fllL1og L IIM[fIS]IhSCl(e )IIfIILlogL;
if, in addition, W € L*°(B), then
~ el —1
IMLfI, I/f]||1§C1< T )Ill/flloollfllLlogL.

The constants C,, for p > 1, do not depend on f or the action I' ~ (X, ).

Proof. Let us first consider the case p > 1 and 1/p 4+ 1/q = 1. By Theorem 2.6, there is
a constant C, > 0 (independent of f and the action I' ~ (X, w)) such that |[M[f[F]]l, <
Cull £l p- Let us therefore turn to the other two maximal operators.
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By Jensen’s inequality,

IML£I35 = / ML f131(b, x)” dv(b) dju(x)

r - b4
/ f (su% / A[|f||sr1<b,x,t)dr> dv(b) dp(x)

< f/ su%/ AUSIEA®, x. 0P di dv(b) du(x)

< ff;f sup AL £113,1(b, x, )P d dv(b) du(x)
0

rel

T
_ / f = f MLF13,1b. x. 07 di dv(B)du(x)
0

ET -1 T ~
=— /(.) / MIfI3-1(b, x, )P dv(b) dp(x) do; (1)

T

_IM § P~ P el —1 p
T IMLAIS N <Cp T LAl

‘We conclude that

— o~ el —1\l/P
||M[f|5]||pfcp< T > A1 p-

Turning to the last maximal operator, by Holder’s inequality,

IMLFIS, vIlh = f MIfI, ¥1x)P du(x)

/(SUP/ / Al 11, x, 0y (b) dr dV(b)> dp(x)

rel

S/SUP<— // ALSISAD, x, 1)P dtdv(b))
rel\T JJo
T r/q
x </f (b)Y dt dv(b)) du(x)

= Illﬁllq/sup—/f AlFIITA 1B, x, P dt dv(b) dpu(x)

< wnfj;//o MLFIF1b, x, 07 di dv(b) du(x)

T _

1
T )Iltﬁllgllfllg-

T -1 ~
< (e - )uwnf,’nM[fmnﬁscg(e

So,
T _

T

- e 1\ e
IMLFIS, ¥l < Cp( ) I lgfilp-
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Asto the L log L results, let us now suppose f € Llog L(B x X x I)and ¢ € L*°(B).
By Theorem 2.6, there is a constant C; > 0 (independent of f and the action I" ~ (X, u))
such that [M[ f|¥1ll1 < C1ll fllL 10g - The proofs that

T

||M[f|§1||lscl(€ )nfnuogL

and

eT

~ —1
IIM[fI&I/f]II1§C1( T )IIl/flloollfllLlogL

are similar to the proofs in the p > 1 case. O

4. General ergodic theorems from Il actions

Let I’ ~ (B, v) be an action of a countable group on a standard probability space. We
will assume the action is essentially free, amenable, weakly mixing and stable type III)
for some A > 0. From these assumptions and a choice of Fglner sequence for a certain
associated amenable equivalence relation, we will obtain in §4.3 and §5.2 a family of
pointwise ergodic sequences for I'.

Let us begin by explaining the terms mentioned above. Essentially free means that for
a.e. b € B, the stability group {g € I" : gx = x} is trivial. By amenable action we mean
amenability in the sense of Zimmer [Zi78]. Weakly mixing means that if I’ ~ (X, w) is
any ergodic PMP action, then the product action I' ~ (B x X, v x ) is ergodic. We now
turn to defining the (new) notion of stable type.

4.1. The stable ratio set. Let I be a countable group and (B, v) a standard probability
space on which I' acts by non-singular transformations. The ratio set of the Radon—
Nikodym cocycle is a set RS(I", B, v) C [0, +o00] defined as follows: a finite number
r € RS(T, B, v) if and only if for every positive measure set A C B and € > 0O there is a
subset A’ C A of positive measure and an element g € I'\{e} such that:

(1) gA’C A;and

(2) |((dvog)/dv)(b) —r| <eforeverybe A'.

The extended real number +00 € RS(I", B, v) if and only if for every positive measure set
A C B and n > 0, there is a subset A’ C A of positive measure and an element g € I'\{e}
such that:

(1) gA’'Cc A;and

(2) ((dvog)/dv)(b) >nforeverybe A,

The ratio set is also called the asymprtotic range or asymptotic ratio set. By [FMT77,
Proposition 8.5], if the action I' ~ (B, v) is ergodic, then RS(I", B, v) is a closed subset
of [0, oo]. Moreover, RS(I", B, v)\{0, oo} is a multiplicative subgroup of R.¢. In the
special case in which I' ~ (B, v) is an amenable action and a.e. orbit is infinite, it is
known through Krieger’s work [Kr70] that there are four possibilities for RS(I", B, v):
either RS(T", B, v) = {1}, in which case the action is said to be type II; RS(I", B, v) =
{0, 1, +o00}, which is called type Illy; RS(T, B, v) ={0, A", +00: n € Z} for some
A € (0, 1), which is called type III,; RS(I', B, v) = [0, +o0], which is called type III;.
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For a very readable review, see [KW91]. There is also an extension to general cocycles
taking values in an arbitrary locally compact group in [FM77, §8].

Observe that if I' ~ (X, u) is a PMP action, then the product action I’ ~ (B x X, v x
w) has ratio set RS(I', B x X, v x u) C RS(T", B, v). Therefore, it makes sense to define
the stable ratio set of I' ~ (B, v) by SRS(T', B, v) = RS([, B x X, v x w), where the
intersection is over all PMP actions G ~ (X, u). If I' ~ (B, v) is weakly mixing, then
SRS(T, B, v) is a closed subset of [0, oo] and SRS(I", B, v)\{0, oo} is a multiplicative
subgroup of R.¢.

In the case we are most interested in, ' ~ (B, v) is a weakly mixing amenable action in
which a.e. orbit is infinite. Therefore, I' ~ (B x X, v x ) is amenable and ergodic and
there are only four possibilities for SRS(T", B, v): either SRS(I", B, v) = {1}, in which
case we say that I' ~ (B, v) is stable type II; SRS(I", B, v) = {0, 1, 400}, which is called
stable type Illp; SRS(I", B, v) = {0, A", 400 : n € Z} for some X\ € (0, 1), which is stable
type III,; SRS(T", B, v) = [0, 4+-o00], which is called stable type I11;.

4.2.  The Maharam extension. Suppose I' ~ (H, n) is a non-singular ergodic action on
a standard probability space. The group I" acts on H x R by

dno
e(h, 1) = (gh, t —log ('L—ng(m». 4.1)

Let 0 be the measure on R given by df(¢) = edt. The action above preserves the product
measure 1 X 6. This construction is called the Maharam extension [Aa97, Ma64].

The group of real numbers acts on H x R by ¢;(h, t') ;= (h,t' +t) forhe H,t,t' €
R. This action commutes with the action of I and therefore descends to an R-action on
the space of ergodic components of n x 6. This action is called the Mackey range of the
Radon—Nikodym cocycle [Ma66]. It has also been called the Poincaré flow [FM77] and
the Radon—Nikodym flow [Mo08].

LEMMA 4.1. Suppose I' ~ (H, n) is ergodic, amenable, essentially free and type III,, for
some O < A < 1. Then there is a probability measure n' on H which is equivalent to n such
that, for a.e. h € H and every g € T,

dn'og
dn’

(h) € (\" :n e 7).

Proof. Because I' ~ (H, n) is ergodic, amenable and essentially free, this action is orbit
equivalent to an action of Z (see [CFW81]). Proposition 2.2 of [KW91] now implies the
result. O

LEMMA 4.2. Suppose T" ~ (H, n) is ergodic, essentially free and type III, for some
A>0. IfA#1, then let T = —log(A). If =1, then let T > 0 be arbitrary. Then for
every bounded Borel T -invariant function f on H X R, f o ¢7 = f almost everywhere.

Proof. This lemma follows from [FM77, Proposition 8.3 and Theorem 8]. To be precise,
the cocycle ¢ appearing in [FM77] is, for us, the logarithmic Radon—Nikodym cocycle
on the I"-orbit equivalence relation R :={(h, gh):he€ H,geTl'}on H. So,c: R — R,

https://doi.org/10.1017/50143385712000041 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385712000041

Pointwise ergodic theorems beyond amenable groups 803

c(h, by =log((dv o g)/dv)(h), where g €T is an element such that gh =h’. This
element is unique for a.e. # € H because I' ~ (H, n) is essentially free. Then the
asymptotic range r.(c) is, by definition, log(RS(I", H, n) N (0, oo0)) and the normalized
proper range npr(c) is the set of all positive real numbers 7 such that for any I'-invariant
fEL®(H xR), f(h,t)= f(h,t+T) for ae. (h,t) (by [FM77, Proposition 8.3]).
By [FM77, Theorem 8], npr(c) = r«(c). O

COROLLARY 4.3. Suppose I' ~ (H, n) is ergodic, essentially free and type IIl;. Then
'~ (H xR, n x0)is ergodic.

Proof. Let T be the o-algebra of Borel subsets of H x R which are invariant under the
["-action and the flow {¢;};cr. We claim that Z is trivial (i.e., every set A € 7 satisfies
n x 8(A) =0orn x 8(A°) =0, where A° denotes the complement of A). Indeed,if A € 7
then, since A is invariant under the flow {¢;};cr, A = Ag x R for some Borel set Ag C H
(up to measure zero). Since I' ~ (H, 1) is ergodic, n(Agp) € {0, 1}, which implies the
claim.

Lemma 4.2 implies that any bounded Borel I"-invariant function f on H x R is invari-
ant under the flow. By the claim above, this implies f is constant almost everywhere.
Therefore, ' ~ (H x R, n x 0) is ergodic. O

4.3. Random and non-random pointwise ergodic theorems. Let (B, v) be a standard
probability space and {¢, },<1 a family of maps ¢, : B x I' — [0, 1] satisfying

Z ¢ (b,y)=1 forae.beB.
yel

We say {{}re1 is a random pointwise ergodic family in L?P if for every PMP action
'~ (X, n),every feLP(X,u)andae. (b, x) € B x X,

lim " ¢ (b, y) f(yx) =ELf|Z](x),

r—00 s

where 7 is the o-algebra of I'-invariant Borel sets in X.

THEOREM 4.1. Let ' ~ (B, v) be an action of a countable group on a standard
probability space. We assume the action is essentially free, weakly mixing and stable type
III1. Let ' ~ (B x R, v x 0) be the Maharam extension. Let T > 0 be arbitrary, I =
[0, T, and 6; be the probability measure on [0, T given by d6;(t) = (e' /(e — 1))dt. Let
R be the equivalence relation on B x I given by restricting the orbit equivalence relation
on B x R (so Ry consists of all (b, t), g(b,t)) withg e " and (b, t), g(b,t) € B x I).

Let § = {§,}re1 be a Borel family of subset functions for (B x I, v x 07, Ry). Suppose
§ is either (asymptotically invariant and regular) or (asymptotically invariant, uniform and
tempered). Define § : B x I x I' — [0, 1] by

é‘r(b9 Z, J/) = 1&,(b,t)()/(b’ t))

1
I8+, 1)

Then (¢, },e1 is a random pointwise ergodic family for T in L'.
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Proof. LetI' ~ (X, n) be a PMP action and f € L'(X) c LY (B x X x I). Then, for any
(b’ x? t)’
Y (bt y) fyx) = ALFISAB, x. 1),

yell

where {~¥ is the lift of the subset function § from B x I to B x X x 1.
Without loss of generality, we may assume I' ~ (X, w) is ergodic. Because I' ~ (B, v)

is stable type 1111, Corollary 4.3 implies that the equivalence relation (B x X x I, v X u X
01, Ry) is ergodic. By Theorem 2.5, when f € Ll(X),

lim A[f|§](b,x,t)=///fdvd,ud@lz'/fd,u.
r—00 BJX JI X

This proves the result. d

We now turn to proving a (non-random) pointwise ergodic theorem for arbitrary ergodic
PMP actions of I, with respect to a fixed sequence of probability measures supported on I'.
Here, we establish convergence for functions in L?”, p > 1, as well as functions in L log L,
but not for all functions in L.

THEOREM 4.2. Let I' ~ (B, Vv) be an action of a countable group on a standard
probability space. We assume the action is essentially free, weakly mixing and stable type
III). Let T' ~ (B x R, v x 0) be the Maharam extension. Let T > 0 be arbitrary, I =
[0, T, and 6 be the probability measure on [0, T] given by dO;(t) = (e’/(eT — 1)) dt.
Let Ry be the equivalence relation on B x I given by restricting the orbit equivalence
relation on B x R (so R consists of all ((b, t), g(b, t)) with g € T" and (b, t), g(b, t) €
B x1I)

Let § = {§ }rer be a Borel family of subset functions for (B x I, v x 01, Ry). Suppose
§ is either (asymptotically invariant and regular) or (asymptotically invariant, uniform and
tempered). Define ¢ : B x I' — [0, 1] by

1 (7 1
& (b, y) = T /0 mlsr(b,t)(y(b, 1)) dt.

Then {¢r}re1 is a random pointwise ergodic family for T in LP for every p > 1 and in
LlogL.

If € LY(B) is a probability density function (so y >0 and [y dv=1) and ;“,1// :
I' = [0, 1] is defined by ;;//(y) :] & (b, Y)Y (b) dv(b), then {{;//},E]I is a pointwise
ergodic family in LP for every p>1 with 1/p+1/q < 1. If Y € L™, then {;rw}reﬂ is
a pointwise ergodic family in L log L.

Proof of Theorem 4.2. Without loss of generality, we may assume I' ~ (X, p) is ergodic.
The Maharam extension of the product action I' ~ (B x X, v X ) is

I M(BxXxRvxux0)~I'~(BxR,vx0)x (X, uwn).

Suppose now that f depends only on its x-argument (so f (b, x, t) = f(x)). Then, for
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any (b, x),

Yab.nfn=)Y — / oD (b o7 1500 (r (b, D) f (yx) di

yell yeF

1 ~
== / ALF3. x. 1) dt.
0

Similarly,

1 T ~
S aofon=g [ /0 ALFIF 1B, x, 0w (b) di dv(b).

yel

If feL*(X), then the bounded convergence theorem implies that for a.e. (b, x) €
B x X,

lim Y6 (b, ) f (v

yell

r—>00

T
lim + / ALFIFAB. x. 1) di
T Jo

T ~
l/ lim A[f|T, 1, x, t) dt
T g r—oo

1 (T ~
7/0 E[fIZ(RD1(b, x, t) dt=/fdu(x).

Above, R 1 denotes the orbit-equivalence relation of the action ' ~ B x X x R restricted
to B x X x I and Z(Ry) is the o-algebra of R;-invariant measurable sets. This proves
{¢+}rer is a random pointwise ergodic sequence in L*°. Also, for a.e. x € X,

Jim > () f ()

yell

lim —f/ [£15,1, x, )Y (b) dt dv(b)

r—00

T ~
% / f lim ALFIF 15, x, v (B) dt dv(b)
0 T

1 r ~
= / /0 ELFIZ(R 1B, x, 1% (b) di dv(b)

[ o,

This proves {E;// }rer is a pointwise ergodic sequence in L°°.

Suppose now that f € LP(X) C L?(B x X x I) for some p > 1. We will show that

fora.e. (b, x),lim, 00 3_ cr & (b, ¥) f(yx) = [ f dpu. By replacing f with f — [ f du
if necessary, we may assume ff du=0.

https://doi.org/10.1017/50143385712000041 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385712000041

806 L. Bowen and A. Nevo

Let € > 0. Because L°°(X) is dense in L”(X), there exists an element f' € L% (X)
such that || f — f'||, <€ and [ f'du=0. So, fora.e. (b, x) € B x X,

> o b y) f(yx)

yel

lim sup

< lim sup
r—>00 r—0o0

> oG (rx) - f’(yx)]‘

yel

Tim D &b ) f ()

yell

+

= lim sup
r—0o0

> o, I yx) = £ 0]

yel

T
= lim sup ‘% /0 ALf — fI131(b, x, t) dt

r—>0o0

< MLf — f'181(b. x).

Thus, if
D Gy fyx)

yell

F (b, x) :=lim sup

r—>00

’

then
IFllp < IMLf = f181p < Cpllf = f'llp < Ce

for some constant C ;, > 0 (which is independent of f and f’) by Theorem 3.1. Since € is
arbitrary, || F||, = 0, which implies

Tim Y 5 (b ) f(yx) =0

yell

for a.e. (b, x), as required. This proves {{,} <1 is a random pointwise ergodic sequence in
L? for every p > 1.
Now suppose p > 1 and 1/p + 1/q = 1. Let f, f’ be as above. Then, for a.e. x € X,

DO yx) = fyx)l

yell

Yo wnfyx

yell

lim sup
r—0o0

< lim sup
r—00

+ | lim gl ) f ()

yel

= lim sup
r—00

D rx) = £yl

yell

T
— lim sup % // ALf = 1310, x. DY (b) dtdv(b)‘
r—00 0
< MI[f - fI3, ¥1(x).
Thus, if F(x) :=limsup, , o > &V () f(yx), then

IFlp < IMLf = £'15, ¥l < Collf = f'llp < Cre
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for some constant C ;,’ > 0 (which is independent of f and f’ but may depend on V) by
Theorem 3.1. Since € is arbitrary, || F||, = 0, which implies

Jim Y ¢l ) f(rn =0

yell

for a.e. x, as required. This proves {;;// }re1 is a pointwise ergodic sequence in L? for every

p>1
The last two cases to be handled occur when f € Llog L(X) and ¢ € L°°(B). The
proofs of these cases are similar to the proofs above. O

Remark 4.4. (The type II; case) Theorem 4.2 applies, in particular, to any amenable group
which admits a free weakly mixing action of stable type III, for A > 0, for example,
when a non-trivial Poisson boundary with these properties exists. However, when G is an
amenable group, we can also use actions of type /I to produce pointwise ergodic sequences
on G. Indeed, consider a weakly mixing measure-preserving action on a probability space
(B, v). This action is of course amenable, and any (uniform tempered, or regular) Fglner
sequence for the orbit equivalence relation of B induces a random pointwise ergodic
sequence in L! for the G-action on X. By averaging a probability distribution i on
B, we also obtain a pointwise ergodic sequence on G for its action on X. The proof is
straightforward using the arguments in the proof of Theorem 4.2.

Remark 4.5. (Convergence and identification of the limit) Let B be any free amenable
action of a countable group I', not necessarily of stable type /I, or weakly mixing. Thus,
for any (uniform tempered, or regular) Fglner sequence on the I"-orbit equivalence relation
restricted to B x [0, T'] (for any T > 0), we obtain a random sequence ¢, of averages
which converge pointwise almost surely and in L'-norm, the limit being the conditional
expectation on the o-algebra of relation-invariant sets by Theorem 2.1. Averaging them
further with respect to a probability density ¢ on B x [0, T], we obtain averaging
sequences ;‘rw on I' which converge pointwise almost surely. Thus, amenability of B
suffices to obtain convergence almost surely, but may not be sufficient to identify the limit
of g‘rw (f) as the ergodic mean. Our arguments establishing this fact in Theorem 4.2 depend
crucially on weak-mixing and stable type /II;. It is interesting to note that in [BKK11] the
authors prove pointwise convergence of uniform averages of spherical measures on Markov
groups, but they do not identify the limit function.

4.4. Lattices and actions of stable type IIIy. Summarizing our results thus far,
Theorem 4.2 provides the following recipe for proving pointwise ergodic theorems for
an arbitrary group I'. First, find an essentially free, weakly mixing, amenable action
I' ~ (B, v) of stable type III;. Let T > 0, and choose a Fglner family on (B x I, v X
01, R(B x 1)) which is uniform and tempered (or just regular). Such a family always
exists by amenability, as noted in Proposition 2.1. Finally, choose a probability density
Y on B. From these objects, a pointwise ergodic sequence is constructed. The maximal
inequalities for the associated averages hold more generally (they do not depend on the
stable type or the weak mixing hypothesis, as shown in §3.3).

There are several choices in this construction: the action I" ~ (B, v), the Fglner
family §, and the probability density . It is an interesting problem to determine
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whether a given family of probability measures {u,},~0 on I' arises from one of these
constructions. For example, suppose I" acts cocompactly by isometries on a negatively
curved manifold (M, d) with a basepoint x( and B, is the uniform probability measure on
{g e ' :d(gxp, x90) <r}. Then is B, a pointwise ergodic family? Does it arise from one
of these constructions? In [BN1], the authors used an explicit particular instance of the
present construction to prove that spherical averages form a pointwise ergodic sequence
for non-abelian free groups (up to a certain well-known periodicity phenomenon).
The importance of the action I' ~ (B, v) leads to the following question.

Question 4.6. Does every discrete group have an essentially free, weakly mixing,
amenable action of stable type /11, for some A € (0, 1]?

The requirement that the action be essentially free can be removed by the following
device. Let u be the uniform measure on {0, 1}. I" acts on the product space ({0, I}F, ub)
by g - x(f) =x(g~'f) forallx € {0, 1}, g, f € I". This is a Bernoulli shift action. If
I' ~ (B, v) is any action, then the product action I' ~ (B x {0, D, v xul)is essentially
free. Moreover, if (B, v) has any one of the properties {weakly mixing, amenable, stable
type 111, }, then this product action has the same property.

The action of a group on any of its Poisson boundaries is amenable [Zi78] and weakly
mixing [ALO5] (indeed, these actions are doubly ergodic with coefficients in Hilbert spaces
by [Ka03]). If I' is non-amenable, then these actions are necessarily of type III, for some
A €[0, 1]. It may well be the case that the type of the action on a Poisson boundary is
never 11y, but this problem is still open.

We are unaware of any previous study of the stable type of an amenable action.
However, there are results on the types of boundary actions. For example, in [INOO0S], it is
proven that the Poisson boundary of a random walk on a Gromov hyperbolic group induced
by a non-degenerate measure on I" of finite support is never of type I1ly. In [Su78, Su82],
Sullivan proved that the recurrent part of an action of a discrete conformal group on the
sphere S? relative to the Lebesgue measure is type III;. Spatzier [Sp87] showed that if
I" is the fundamental group of a compact connected negatively curved manifold, then the
action of I" on the sphere at infinity of the universal cover is also of III] type. The types
of harmonic measures on free groups were computed by Ramagge and Robertson [RR97]
and Okayasu [OkO03].

An important class of discrete groups for which the type of the boundary action is known
is that of irreducible lattices in connected semi-simple Lie groups with finite center and no
compact factors. Let G be such a group and I' C G an irreducible lattice subgroup. The
maximal boundary B = G/ P, where P is a minimal parabolic subgroup, carries a unique
G-quasi-invariant measure class, denoted v. As to the stable type, we have the following
proposition.

PROPOSITION 4.7. The action of I' on (G/P,v) is amenable, weakly mixing and
essentially free, and of stable type IlI,.

Proof. Recall the duality principle for ergodicity on homogeneous spaces [M066]: if G is
an LCSC group, and H;, H> are two closed subgroups, then H; is ergodic on G/H> if and
only if H, is ergodic on G/ Hj, if and only if G is ergodic on G/H; x G/H,. The measure
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classes taken on G/H; and G/ H; are the unique G-invariant ones, and on G/H; x G/H»
we take their product. A further aspect of the duality principle for homogeneous spaces is
that G/ H» is an amenable H|-space if H» is an amenable subgroup [Zi84, Corollary 4.3.7].

The fact that the action of I on G/ P is amenable and ergodic therefore follows from
the fact that the minimal parabolic subgroup P is amenable and ergodic on G/T". Here,
we take the G-quasi-invariant measure class v on G/P. Let P = MAN be the Levi
decomposition of P. Then up to v-measure zero G/P x G/P = G/A, and since A is
ergodic on G/ T" by the Howe—Moore ergodicity theorem, I" is ergodic on G/P x G/P,
i.e., I' is doubly ergodic. Similarly, I" is doubly ergodic on the product with coefficients
in Hilbert spaces and, in particular, the action of I' on G/ P is weakly mixing. It is well
known that the I"-action is also essentially free.

We now show that the type of the action is /111, and then that the stable type is also III;.
First, note that the Maharam extension of the G-action on G/P, namely the action on
G/P x Rgivenby g(hP,t) = (ghP,t —logr,(g, hP)), is a transitive G-action. Indeed,
the stability group of (P, 1) is the kernel of the modular homomorphism § : P — R* ,
which we denote by L. Now, r,(p, P) = §(p) and the modular homomorphism is clearly
surjective, so the well-defined map G/L — G/P x R given by gL +— (gP, logr,(g, P))
is a G-equivariant isomorphism. In particular, G is ergodic on the Maharam extension
G/P x R, but then so is the restriction of the G-action to I' by [Zi77, Theorem 5.4].
Hence, the Mackey range of the Radon—-Nikodym derivative cocycle of the I'-action on
G/ P is the action of R on a point and the type of the I"-action on the boundary is I11;.

Consider now the action of I' on (G/P x X, v x u), where (X, n) is an ergodic
I"-action. In general, for any cocycle 8 : I x Y — H defined on a I'-space Y, the Mackey
range of the cocycle B coincides with the Mackey range of the cocycle 8, defined for the
G-action on the induced space Indlg(Y) =G/ x4 Y by B(g, ul’, y) = B(a(g, ull), y).
Here,o : G x G/I" — T' is a cocycle associated with asectiont : G/ ' — G with 7 (') =
e, and the notation x, denotes that the action on the second component is via the cocycle
o, namely g(ul', y) = (gul’, a(g, ul')y).

For a I'-space X, consider the G-action Indlg (G/P x X) induced by the I'-action
on G/P x X. Note that the induced action is equivariantly isomorphic to the product
G-action on G/ P and Indlg (X):

G/T x4 (G/P x X)=Ind%(G/P x X) = G/P x (IndS X) =G/P x (G/T x4 X).

This follows from the well-known fact that the action G/ I" x, G/P of G induced by the
["-action on G/ P is isomorphic to the product G-actionon G/I" x G/P.

If (X, n) is a measure-preserving probability I'-space, the Mackey range of the
Radon-Nikodym cocycle r,x;, on G/P x X coincides with the Mackey range of the
Radon-Nikodym cocycle of the G-action on the induced space Indlg(G /P x X). Indeed,
the latter coincides with 7y, since the extension G/P x (G/T" xq¢ X) - G/P is a
measure-preserving extension.

To find the Mackey range of the Radon—-Nikodym cocycle in question, consider the
Maharam extension G/ P X (Indlq X) x R of the product action. The Maharam extension
is clearly G-isomorphic to the product G-action on G/L X Indlg X, since the Maharam
extension G/P x R of G/P is the G-action on G/L, as noted above. Now, Indlg X is an
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ergodic PMP G-action, and its restriction to L is still ergodic. Indeed, while the G-action
on G/ T x, X may be a reducible action, the unipotent radical N of P acts ergodically in
any ergodic G-space. This follows from the Mautner phenomenon: if G; is simple and
non-compact, then any L2-function invariant under the unipotent radical Ny of a minimal
parabolic subgroup P; of G is in fact G-invariant. Hence, if G = ]_[fv: 1 Gi is a product
of simple non-compact groups, N = ]_[lN:l N; is ergodic in any ergodic G space, and hence
so is the larger subgroup L.

It follows that the action of G on G/L x Indlg X is also ergodic. Thus, G is ergodic on
the Maharam extension, and the Mackey range of the G-action is the R-action on a point.
By the foregoing arguments, this is also the Mackey range of the Radon—-Nikodym cocycle
of the action of I' on G/ P x X, and thus the stable type is II];. a

5. General ergodic theorems from III, actions

The purpose of this section is to obtain general ergodic theorems as in the previous section,
but under a different set of hypotheses. The main difference is that we assume throughout
that the Radon—Nikodym derivatives for the action I' ~ (B, v) take values in a discrete
group. More precisely, we assume there is some A € (0, 1) such that if

dvog
R;.(g., D) :=10gx< 7 (b)>, (.1

then R, (g, b) € Z forevery g e I"and a.e.b € B. LetI" ~ B x Z by
g, n) =(gb, n+ Ry(g, b)).

This action, called the discrete Maharam extension, preserves the product measure v x 0,
where 6, ({n}) =A7". Given an integer N >0, let I ={0,..., N — 1} and R; be the
equivalence relation on B x I given by restricting the orbit-equivalence relation of ' ~
B x Z. Let 0,1 be the probability measure on / given by ) ;({n}) =A7"/(1+-- -+
)L—N-H)'

Suppose also that I' ~ (X, u) is a PMP action. Let ' ~ B x X x Z by
g(b, x, n) =(gb, gx,n+ R(g, b)).

This action preserves the product measure v x u x 6. Let ﬁl be the equivalence
relation on B x X x [ obtained by restricting the orbit-equivalence relation of the action
B x X xZ.

Our first step is to prove some maximal inequalities.

THEOREM 5.1. Let § = {Sr}re1 be a Borel family of subset functions for (B x I, v x
0.1, R1). Suppose § is either regular or (asymptotically invariant, uniform and
tempered). We assume I" ~ (B, v) is essentially free. Let m: B x X x I — B x I be
the projection map (b, x, t) = (b, t) and let § = {§,}r€]1 be the lift of §:

gr(x) :=71_1(Sr(n(b, x,H))N[b,x,t] forall(b,x,t) e Bx X x 1,

where [b, x, t] denotes the ﬁ]-equivalence class of (b, x,t). Let € LI(B, v) be a
probability density (i.e., ¥ >0 andf Vdv=1). For fe L"(Bx X xI,vx ju X Or.1)
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and (b, x,t) € B x X x I, define

rel

~ 1 N ~
MIfIS, ¥1(x) == Sup/ Vil Z Al fIIS-1(b, x, )Y (b) dv(b).
t=0

Then:

(1)  there exist constants C), foI p > 1 such that for every f e LP(B x X x 1), if
1/p+1/q =1, then IMLfIF, ¥lll, < CpllwllglL £ 1l p; and

(2) there is also a constant C1 >0 such that if feLlogL(Bx X x 1) and ¥ €
L®(B), then |IMLfIS, ¥1lli < Cill¥llooll fll L 10g L-

The constants Cp, for p > 1, do not depend on f or the action I' ~ (X, w), but they may

depend on p and N.

Proof. The proof is analogous to the proof of Theorem 3.1. We leave the details to the
reader. O

5.1. Ergodic decomposition. We let ' ~ (B, v), Ry (g, b), A >0, etc. be as in the
previous subsection. The main result of this section is Corollary 5.4, which provides
a formula for a certain average of conditional expectation operators. We also obtain
an explicit description of the ergodic decomposition for the Maharam-extension action
' (BXxXXZ,vxux6)).

LEMMA 5.1. Let (W, w) be a standard probability space, I' ~ (W, w) an ergodic action
preserving the measure-class. Leta : ' x W — Z be a cocycle for the action. Assume that
fora.e. x € W and n € Z there is a g € T with a(g, x) =n. Let N > 0 be an integer and
R ={(x,y)eW:3geT,gx=y,a(g,x) =0 mod N}. Then there exists a positive
integer k such that k|N and a partition { H; }f:(% of W such that:

(1) each H; has positive measure and is R'-saturated;

(2)  ol|g, is R'-ergodic; and

(3) forae xecH;, forallgel, gxec Hi & a(g,x)=j—i mod k.

Proof. Let R be the orbit-equivalence relation on W, i.e., R is the set of all (x, gx) for
x € W, g el. The relation R’ is a subequivalence relation of R of index N (i.e., for
a.e. x € W, the R-equivalence class of x contains N distinct R’-equivalence classes). This
is because for a.e. x € W and n € Z, thereisa g € I" with a(g, x) = n.

Because ' ~ (W, ) is ergodic, any R’-invariant measurable function f must take
on at most N different values (after ignoring a measure-zero set). So, the ergodic
decomposition of w with respect to R’ contains k components for some k < N. By the
ergodic decomposition theorem, there exists a measurable partition { Hi}f.:(; of W such
that each H; has positive measure, each H; is R’-saturated and w|g; is R'-ergodic.

For j€{0,...,k—1}, let F; be the function on W defined as follows: F;(x) is
the set of all n + NZ € Z/NZ such that there exists g € I' with gx € H; and a(g, x) =
n mod N. We claim that F; is R'-invariant almost everywhere. To see this, let
xeW,n+NZeFj(x)and geI'" with gx € H; and a(g, x) =n mod N. Let y be
R’-equivalent to x. So, there exists go € I' with y = gox and a(gp, x) =0 mod N.
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Thus,

a(ggy ' y) = a(ggy ', gox) =alg. x) +a(gy ', gox)
= a(g, x) —a(go, x) =a(g,x) mod N.

Because ggaly = gx € Hj, this proves that n + NZ € F;(y). Since x, y, n are arbitrary,
this implies F; is R’-invariant. By ergodicity, F; is constant on each H;.

Let G be the function on W defined by G(x) = F;(x) whenever x € H;. We claim
that G is I'-invariant almost everywhere. So, suppose x € H;, y € H; and y = gox for
some go €. Let n + NZ e G(x). By definition, there exists g € I' with g;x € H;
and a(gr,x)=n mod N. Because F; is constant on H;, there exists go € I' with
2(g1x) € Hj and ar(g2, g1x) = a(go, x). Thus, g2g18; "'y € H; and

(82818, ¥) = a(g2818y '+ g0x) = (g2, g1X) + (818 ', gox)
= (g2, g1%) + (g1, x) —a(go, x) = (g1, x) =n mod N.

Since x, y, n are arbitrary, this shows that G is I'-invariant. By ergodicity, G is constant
almost everywhere. By the cocycle equation, there is a subgroup Gy < Z/NZ such that
G(x) = Gq for ae. x.

Let G(i, j) C Z/NZ be the subset satisfying the following: for a.e. x € H;, F;(x) =
G(i, j). We claim that there is an integer #(i, j) such that t(i, j) + Go = G(I, j).
Indeed, if n + NZ, m + NZ € G(i, j), then for a.e. x € H; there exist g,, gn € ' with
gnXx, 8gmx € Hj and a(g,, x) =n mod N, a(gy, x) =m mod N. Therefore,

ot(gmg,fl, gnx) =a(gm,x) —a(gn, x)=m—n mod N

and g, 8, Yg.x)e H . This implies m — n € G, which establishes the claim.

We claim that if j; # j», then G(i, j1) NG, j)=0. Indeed, if n+ NZe
G(, j1) N G(, jo), then for a.e. x € H; there exists g1, g2 € I such that g1x € Hj;, g2x €
Hj,, a(g1,x)=a(g2,x) =n mod N. Therefore, grx € Hj,, glggl (g2x) € Hj; and
a(g1g, ], g2x) =0 mod N. This contradicts the fact that H}, is R/-saturated. So, the
claim is proven.

For each i, U];;(l) G (i, j) partitions the group Z/NZ into cosets of G (and thus k| N
and Gy is generated by k + NZ). So, after re-indexing the H;s if necessary, we may
assume that G (0, j) = j + Gy for each j.

We claim that G(i, j) = G(0, j —i) =j —i + Gy (indices mod k). Let n+ NZ €
G(i, j). So,fora.e.x € H;, thereisa gy € I' with gox € H; and a(go, x) =n mod N. By
ergodicity, for a.e. such x, there exists g; € I' such that gix € Hy. Then gogl_l(glx) e Hj,
Y] a(gogl_l, g1x) + NZ € j+ Gp and oe(gl_l, g1x) + NZ € i + Gy, but

a(gogy ", g1%) = a(go, x) + (g, g1%).

So,n =w(go, x) = j —i mod k. This proves the claim. Thus, for a.e. x € H;, forall g €
I'gxeHj & a(g,x)=j—i mod k. O

LEMMA 5.2. Suppose I' ~ (B, v) is an essentially free, weakly mixing, amenable action
of type III;, and stable type III, for some A, T € (0, 1). Suppose as well that \N =t for
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some integer N > 1 and R, (g, b) € Z, where R, (-, -) isdefined asin (5.1). LetT" ~ (X, w)
be an ergodic PMP action. LetI' ~ B x X X Z by

g(b, x, n) = (gb, gx, n + Ry (g, b)).

Then, for every bounded Borel T -invariant function f on B x X xR, f(b, x,n) =
f(b, x,n+ N) fora.e. (b, x, n).

Proof. This lemma follows from [FM77, Proposition 8.3 and Theorem 8]. To be precise,
the cocycle ¢ appearing in [FM77] is, for us, Ry. So, ¢: R — Z, c((b, x), (b', x)) =
R;(g, b), where g €T is an element such that gh =5". This element is unique for
a.e. b € B because I' ~ (B, v) is essentially free. Then, the asymptotic range r.(c) is,
by definition, log, (RS(I", B x X, v x ) N (0, 00)). Because I' ~ (B, v) has stable type
I witht =N, RS(T, B x X, v x u) D (AN :i € Z}. So, NZ C ry(c).

The normalized proper range npr(c) is the set of all positive integers 7 such that
for any I'-invariant f € L*°(B x X X Z), f(b, x,n) = f(b, x,n+ T) for a.e. (b, x, n)
(by [FM77, Proposition 8.3]). By [FM77, Theorem 8], npr(c) = r.(c). O

LEMMA 5.3. Let the hypotheses be as in the previous lemma. Then there is a partition

{Hi}f.‘;& of B x X such that k|N and:

() if K;= Ugel- g(H; x {0}), then {Ki}ff;(} partitions B X X X Z up to a set of
measure zero;

2) K;= UjeZ H;j x {j}, where the indices on H are taken mod k;

(3) foreachi,I' ~ (K;, v x u x 04|k;) is ergodic; and

4) vxwu(H)=1/kforalli.

Proof. LetD" x Z acton B x X x Z by
(g, m)(b, x,n) =(gb, gx, m +n+ Ry(g, b)).

We claim that this action is ergodic. Indeed, any I' x Z-invariant Borel set A is necessarily
of the form A = Ag x Z for some ['-invariant A9 C B x X. By ergodicity of the action
'~ (B x X, uxv), uxv(Ap) €{0, 1}, which implies A or its complement has p x
V X 0)-measure zero, establishing the claim.

Let f be a bounded I'-invariant Borel function on B x X x Z. By Lemma 5.2, for
ae. b,x,n)eBxXxZ, f(byx,n)= f(b,x,n+ N), i.e., f is invariant under the
action of the subgroup I' x NZ.

Let R={((b,x),g(b,x))e BxXxBxX:(b,x)eBxX,geTl} be the orbit-
equivalence relation for the action ' ~ (B x X, v x u). Let R’ be the set of all
((b, x), g(b, x)) € R such that R, (g, b)) =0 mod N. Because I' ~ (B, v) is type III,
and R, (g, b) takes values in the integers, it follows that for a.e. b € B, R, (-, b) maps onto
Z. By Lemma 5.1, there exists a measurable partition {H; }i.:é of B x X such that k|N,
each H; has positive measure, each H; is R/-saturated, v x u|g, is R’-ergodic for each i
and forae. (b, x) € H;,forallg €T, g(b,x) € Hj & Ry (g, b)=j —i mod k.

Let K; be the I'-orbit of H; x {0} C B x X x Z. Because ['-invariance automatically
implies I x NZ-invariance, each K; is I' x NZ-invariant. Because {H; }i.:é partitions
B x X, it follows that {Ki}f;ol partitions B x X x Z (up to measure-zero sets). Also,
K; = UjeZ H;yj x {j}, where the indices on H are taken mod k (because of the last
statement in the previous lemma).

https://doi.org/10.1017/50143385712000041 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385712000041

814 L. Bowen and A. Nevo

The restriction of v x u x 6, to K; is ergodic for the I'-action. To see this, let f
be a bounded I'-invariant Borel function with support in K;. As mentioned above, f is
I x NZ-invariant.  Therefore, if ((b, x), g(b, x)) € R’ (i.e., R;(g,b) € NZ) then
f(b, x,0)= f(gb, gx, R, (g, b)) = f(gbh, gx,0). So, the map (b, x) — f(b, x,0) is
R'-invariant. Because v x u|g, is R’-ergodic, f restricted to H; x {0} is constant.
Because K; is the I'-orbit of H; x {0}, this implies that f is constant on K;. Because
f is arbitrary, this proves the claim: I' ~ (K;, v X u x 6y |;) is ergodic.

Let F:B x X — [0, 1] be the function defined almost everywhere by F (b, x) =
w(Aw.x)), where A, x) is defined by

{b} x A,y = ({b} x X) N H;,

where i is such that (b, x) € H;. We claim that F is "-invariant. Indeed, if (b, x) € H; and
g €', then g(b, x) € Hi4 R, (g,») (index mod k). Thus, Agp,x) = gAs,x), Which, because
w is I'-invariant, implies the claim. By ergodicity of I' ~ B x X, there is a constant ¢ > 0
such that F = ¢ almost everywhere.

Letrp : B x X — B be the projection map. Fix i with0 <i <k — 1. For b € np(H;),
choose an element x;, € X with (b, xp) € H;. Then

v x w(H) = / F(b, xp) dv(b) = ¢ - v (H)). (5.2)
g (H;)

We claim that 7p(H;) = B (up to sets of measure zero) for every i. To see this, let
R/ be the equivalence relation on B given by (b, gb) € R/ if and only if R, (g, b) =0
mod N. We claim that v is Rz-ergodic. By Lemma 5.1, there is a measurable partition
{C,-};";Ol of B into R'p-saturated positive measure sets such that v restricted to each C; is
R’B—ergodic (for some integer m|N). Moreover, for b € C;, gb € Ci R, (¢,») With indices
mod m.

Because I' ~ (B, v) is type II;,, there exists a positive measure subset C; C Co and an
element g € I'\{e} such that gC; C Cy and for every b € C;), Ry(g, b) =1. Thus, 0= 1
mod m. So,m=1and v is R’B-ergodic as claimed.

Because H; is R’-saturated, it follows that each g (H;) is R’;-saturated. By ergodicity
and since v x w(H;) > 0, this implies wp(H;) = B up to a set of measure zero. By (5.2),
v X w(H;) =c for every i. Since Zf:é v X w(H;) =1, this implies ¢ = 1/k, which
finishes the lemma. O

COROLLARY 5.4. Let the hypotheses be as in the previous lemma. Let I ={0, ...,
N — 1} and let R; be the restricted orbit-equivalence relation on B x X x 1.
Let K;i=K,NBxXx1I. Then vx n X Gk(fi) =V XUX G;L(Ej) for every i, j.
Also, let 1; be the restriction of v X u x 65 to K; and normalized to have total mass 1.
Then each 1; is 7% -invariant, ergodic and

1 k—1

VXMXQA,IZEZW-
i=0
Thus, forany f € L'(B x X x I) and a.e. (b, x) € B x X,

1 N—1 -
% 2 BUITRNIG, x. i) =/ £ % 1% 65.1)
i=0
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where E[f|I(7€1)] denotes the conditional expectation of f on the o-algebra I(ﬁ;) of
‘R -saturated Borel sets.

Proof. By the previous lemma,

N—1
v x 0K =Y vx p(Hipph ™ = A+ a7+ 4N sk
=0

with indices on H taken mod k. Because v x u X 6|k, is ergodic for the action of T', it
follows immediately that each 7; is R;-ergodic. Because

k—1
UXMXQ)‘:ZUX/’LXQ)JK[,
i=0
it follows that
VXU X6 = VX WX O Bxxxr Zkévxuxeﬂl{ —lkil~.
n )\.,1_1+)\._1+‘..+)\__N+1_1+)\'1+ _}_)" N_;’_]_kl: ni

For any f € L'(B x X x I) and a.e. (b, x, n) IE[f|Z(’R1)](b X,n)= ff dn; almost
everywhere, where i is such that (b, x, n) € K This is well defined because {K; }
partitions B x X x I (up to measure zero). By the previous lemma, if (b, x, n) € K;, then
(b, x,n+1) € K;;1 (indices mod N and k, respectively). Thus, for a.e. (b, x) € B x X,

—ZEmI(RI)(bxz)— Z/fdm /fd(vxuxé’u) O

5.2.  Pointwise ergodic theorems from III, actions.

THEOREM 5.2. Let ' ~ (B, v) be an action of a countable group on a standard
probability space. We assume the action is essentially free, weakly mixing, type III,
and stable type IlII; for some A, 1 € (0, 1), with T = 2N for some integer N > 1, and
Ry (g, b) € Z, where R) (-, -) is defined as in (5.1). Let I ={0,..., N —1}. Let §=
{Sr}re1 be a Borel family of subset functions for (B x I, v x 0,1, Ry). Suppose § is
either (asymptotically invariant and regular) or (asymptotically invariant, uniform and
tempered). Define ¢ : B x I' — [0, 1] by

N—-1

1 1
&b, y) = Z S o ey G D).

Then {¢,}e1 is a random pointwise ergodic family for T in L.

If ¢ € L9(B) is a probability density function (so ¥ > 0and [y dv = 1) and ;‘r'/j ' —
[0, 1] is defined by {,"[’ (y)= f & (b, Y)Y (b) dv(b), then {g‘rw}reﬂ is a pointwise ergodic
family in L? for every p>1 with 1/p+1/qg<1. If € L®°(B), then {§,¢}reﬂ is a
pointwise ergodic family in L log L.
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Proof of Theorem 5.2. Without loss of generality, we may assume I' ~ (X, u) is ergodic.
Suppose now that f € L'(B x X x I') depends only on its x-argument (so f(b, x, t) =
f(x)). Recall that the averaging operator A[ f |§r] is defined by
ALSISAB, x, 0 =8B, x, 017" Y fo X 0).
' X' 1) (b,x, 1)
So, for any (b, x),

1=l
&b, y)fyx) = — ——— 15 b (y(b, 1) f(yx)
y; yzr N ; [ (b, )
1 N—1 -
=5 A[fISA 1B, x, 1).

Il
o

t
Similarly,

1 N—1 -
S 0= [ 2 AEGx 000 dvo)
t=0

yel
By Theorem 2.5 and Corollary 5.4, for a.e. (b, x),
-1

N
Tim 3 66,10 = lim S AU, ¥ )

yell =0

=

I
z[=
i~

—_

lim ALfI§1(b. x, 1)

=

=z~

ELfIZ(RD1(b, x, 1)

Il
=}

t

— [ #auw.

Above, R 1 denotes the orbit-equivalence relation of the action I' ~ B x X X Z restricted
to Bx X x 1 andZ (7%1) is the o -algebra of ﬁI—invariant measurable sets. This proves
{¢r}rer is a random pointwise ergodic sequence in L'. If f € L™, then by the bounded
convergence theorem, for a.e. x € X,

1 N—1 -
tim Yot oo = tim [ [ Y ALEAG . 0w ) v
t=0

yer r—0o0
1 N—-1 -
= ﬁ/ Z Jim ALFISA 1B, x, )Y (b) dv(b)
=0

1 N—-1 -
= ﬁf Z E[fIZ(RDID, x, 1)y (b) dv(b)
t=0

= [ #auw.

This proves {;rw}reﬂ is a pointwise ergodic sequence in L.
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Suppose now that f € LP(B x X x I) for some p>1and 1/p+1/¢g =1. Without
loss of generality, let us assume f fdu=0. Let € >0. Because L°°(X) is dense in
LP(X), there exists an element f” € L°(X) such that || f — f'||, <€ and [ f'du=0.
Then, for a.e. x € X,

Yo wnfyn

yell

lim sup
r—00

< hm sup

D nifrx) - f’(yx)]‘

yell

+| lim Y &) f (v

yel

= lim sup
r—00

Y wnifrx) - f’(VX)]‘

yel

= lim sup|—
r—0o0

< MI[f — f'I3, 1),
where M[ f — f’|§, ¥1(x) is as defined in Theorem 5.1. Thus, if

1
/ZA[f fISr](b,x,t)lﬂ(b)dV(b)‘

F(x) :=lim sup

r—>0o0

IR AACONACZIE

yell

then

IFIp < IMLf = 15, ¥l < Collf = f'llp = Cpe
for some constant CZ > 0 (which is independent of f and f’ but may depend on ) by
Theorem 5.1. Since € is arbitrary, || F||, = 0, which implies

Tim Y ¢ f(yx) =0

yell

for a.e. x, as required. This proves {{,w }rer is a pointwise ergodic sequence in L? for every

p>1
The last two cases to be handled occur when f € L log L(X) and ¥ € L°°(B). The
proofs of these cases are similar to the proofs above. O
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