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Nonlinear Hodge flows in symplectic geometry

Weiyong He

ABSTRACT

Given a symplectic class [w] on a four torus T* (or a K3 surface), a folklore problem
in symplectic geometry is whether symplectic forms in [w] are isotopic to each other.
We introduce a family of nonlinear Hodge heat flows on compact symplectic four
manifolds to approach this problem, which is an adaption of nonlinear Hodge theory
in symplectic geometry. As a particular example, we study a conformal Hodge heat
flow in detail. We prove a stability result of the flow near an almost Kéahler structure
(M, w, g). We also prove that, if |V log u| stays bounded along the flow, then the flow
exists for all time for any initial symplectic form p € [w] and it converges to w smoothly
along the flow with uniform control, where u is the volume potential of p.

1. Introduction

The geometric flows have proved to be a powerful tool in geometry and topology, in particu-
lar in Riemannian geometry, complex geometry and geometry of submanifolds. Geometric flows
in symplectic geometry have gained considerable attention, in particular in the last decade;
see [Don99, LWO01, ST14, KS19, Kro87, He2l, FY18, FPPZ21, FP21], etc., and references
therein. Although there has been much progress on these flows, applications of geometric flows
in symplectic geometry and topology have remained relatively few.

In this paper, we will introduce some new geometric flows which may potentially be of interest
in symplectic geometry and topology. Our motivation is the following question for symplectic
four manifolds. Let (M, w) be a compact symplectic four manifold such that a = [w] € H?(M; R).
Let S, denote the set of the symplectic forms in the class of a,

Sa={peQ*(M):p*>0,dp=0, [p] = a}.
The following problem is a long-standing open problem in symplectic topology [MDS27,
Chapter 13].
Problem 1.1. Is S, path-connected?

It is generally believed that Problem 1.1 holds true for hyperKshler surfaces and CP2.
A related problem on Kéhler surfaces was proposed by Donaldson [Don06].

Problem 1.2. Suppose X is a compact Kahler surface with Kahler form wg. If w is any other
symplectic form on X, with the same Chern class and with [w] = [wo], is there a diffeomorphism
f of X with f*w=wg?
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If Problem 1.1 is confirmed, then Problem 1.2 follows as a consequence via the Moser isotropy.
It is known, by the deep theory in symplectic topology, that certain symplectic structures in the
same cohomology class in dimension four are unique modulo diffeomorphisms, including the
projective surface CP?; see [MDS27, Section 13.4] for a detailed discussion of examples and
references. Hence, in particular, if Problem 1.1 were confirmed for CP?, it would imply that
every diffeomorphism of CP? that acts as the identity on cohomology is isotopic to the identity.
However, Problem 1.1 remains completely open for any compact symplectic four manifolds. We
refer to the survey paper by Salamon [Sall3] and the book [MDS27, Chapters 13 and 14] by
McDuff and Salamon for an excellent overview.

Donaldson described a geometric flow approach for Problem 1.1 in [Don99]. We roughly
recall the setup and refer the readers to [KS19] for a detailed discussion. Associate (M, w) with
a compatible Riemannian metric g. For any p € S,, define

pPAp pAp dvol, 1

dvol, := —— == A )= = A A,

VOl = TS s T ol g(A)=p, gpi=u" g(A, A)
The metric g, induces the Hodge star *, and the Donaldson metric on the tangent space 1,8,

at p. The Donaldson flow, defined by
A
dip=dx, d(II(u"xp)), TI(r)=T— T/\pp for 7 € Q2(M), (1.1)
pPAPp

can be viewed as the negative gradient flow of the energy functional (with respect to the

Donaldson metric),
+12
E(p):/ Il dv.
M u

Note that u~!|p*|? > 2 pointwise and it achieves the absolute minimum when %p = p. Hence, w
is the unique minimum of £(p) over a = [w|. If one could prove that the Donaldson flow exists
for all time and converges to w for a generic p € a, Problem 1.1 can be answered affirmatively.
For the progress in Donaldson’s geometric flow, see [KS19, Kro87].

In this paper, we introduce a family of parabolic flow of symplectic forms, motivated by the
Hodge theory, to approach Problem 1.1. Let (M, w, g) be an almost Kéahler manifold of dimension
four. Given a symplectic form p € [w], one can associate a Riemannian metric § depending on
p and g. In this paper, we mainly discuss a conformal metric § = \/ug, where u is the volume
potential of p defined above. Let * denote the Hodge star of g, and % the Hodge star of §. Given
a choice of §=g(p, g), we consider the parabolic flow of p by

Oup = did % p. (1.2)

There is flexibility to choose the metric §. For any such choice, the energy functional

E(p):/MpA*p

is decreasing along the flow and w is the unique minimizer of E(p), by the Hodge theory. In
dimension four, (1.2) has a description as a gradient flow of E(p) if one uses the metric g to
define the metric on the tangent space of p € S,.

When g = g, :=+/ug, the flow equation reads

ow=-d(72). (13)

The first result regarding (1.3) is the following stability near (M, w, g).
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THEOREM 1.3. There exists € >0 depending on (M,w, g) such that for any pg € [w| satisfying
llpo — wllcre <€, (1.3) exists for all time with initial data py and converges to w at the exponential
decay rate when t — oc.

Remark 1.4. With reasonable effort, Theorem 1.3 should be true by assuming pg € [w] such
that for some p > 6, ||po — w||w» <e. It remains a challenge to prove the stability if we assume
po € L N W4 such that ||pg — w||w1a <e.

One key point for Theorem 1.3 is to prove that the normalized energy functional
Eo(p) = E(p) — E(w)

is decreasing along the flow at exponential rate; see Proposition 3.6. The second result is the
following long time existence and convergence criterion.

THEOREM 1.5. Suppose |V logu| stays uniformly bounded along the flow. Then (1.3) has a
long time solution such that p converges to w smoothly with uniform control along the flow.
The convergence is at an exponential decay rate for a set of suitable positive constants Ag, A1, C
satisfying the estimate

</M ]d*p\z + Al‘pO — w\2> (t) < Aoe_Ct. (14)

With the uniform control on |p|, |Vp| and exponential decay (1.4), it is standard practice to
get higher-order exponential decay on ||(d*d)*p||z> for each k>1. The key to Theorem 1.5 is
to explore the nonlinear structure of the equation and consider the function f of the form for
suitable positive constants A and B:

f=IVp|?> + AlVu*+ Blp|* + 1. (1.5)

Assuming the uniform control of |V log u|, one can obtain a differential inequality for f:

8tf§\A/£+le. (1.6)
A maximum principle argument then implies that f(t) < Cpe®**. With this bound, it is now
standard to obtain a Shi-type estimate on higher derivatives of p and to obtain the long time
existence. The exponential decay estimate (1.4) is a refinement of the exponential decay of energy.
To obtain the smooth convergence along the flow with uniform control, we need to bound |p| and
|V p| pointwise. The key point is to use the differential inequality (1.6) to bound f via a delicate
parabolic Moser iteration. Hence, if |V log u| were bounded along the flow, Theorem 1.5 would
solve Problem 1.1 with an affirmative answer. However, this remains a very challenging problem.
Instead of assuming C'* bound on the potential u, it would be a very interesting question to relate
the long time existence of the flow to the geometry of the conformal metric g, = \/ug.

It is not clear whether (1.3) will develop a (finite time) singularity or not in dimension four.
Our result implies that |V log u| blows up at a possible finite time singularity. If the dimension
of M is n =6, McDuff [MD87] constructed a symplectic class on T2 x S? x $? such that S, is
not connected. One can consider a nonlinear Hodge flow

Bp=—d <d*p> (1.7)

ur

for any r > 0. The energy functional F(p) is still decreasing. If (1.7) exists for all time with
uniform control, then the flow will converge to w, the unique minimizer of F(p). This implies
that (1.7) would have to develop singularities for McDuff’s example. Hence, one might expect
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that there would be singularities along the flow (1.3) in general. If that is the case, it would be
an important question to study the formation of singularity of (1.3).

Problem 1.6. Does the flow (1.3) form a (finite time) singularity or does the flow exist for all
time in general?

The nonlinear structure of the conformal Hodge flow is of the form of a nonlinear harmonic
heat flow type with a conformal factor v~1/2 on the leading term:

Oip = \A/g + V(u_1/2) oVp+lo.t.
There are two major difficulties in the study of (1.2) and (1.3). The first is whether the conformal
factor u~1/2 stays uniformly positive and bounded along the flow. The second is related to the
nonlinear structure of the harmonic heat flow type. These two difficulties are intertwined, and it
remains a very interesting and challenging problem to go beyond Theorem 1.5 with more flexible
assumptions on u.
Compare with the linear Hodge flow in the setting

Op=—d(d*p)=d*dx*p.

By the standard parabolic theory and the Hodge theory, the flow exists for all time with uniform
control on p and converges to w, the unique minimizer of E(p). The potential function u stays
uniformly bounded and converges to 1. However, u might not stay uniformly positive, and hence
p would not stay as a nondegenerate two form along the linear Hodge flow. Our method is a
nonlinear modification of the linear Hodge flow, which ensures that p stays nondegenerate before
it develops a singularity.

Problem 1.7. Is there a particular choice of § such that (1.2) exists for all time and converges
to w?

In particular, one might ask whether there is a choice of §g=g(p,g) such that u stays
uniformly positive along the flow (1.2). We will discuss some specific choices of § in Section 4.
Our computations suggest that this is a very delicate problem. In particular, we construct an
example (Example 3.20) of a sequence of symplectic forms on 7% with the normalized volume
potential u=1; along the linear Hodge flow, the volume potential can turn negative almost
instantly (the time can be as small as possible for the sequence).

2. A nonlinear Hodge theory in symplectic geometry

We introduce a family of geometric flows for Problem 1.1, motivated by the Hodge theory. Such
flows can also be defined in higher dimensions. Let (M, w, g) be a compact symplectic manifold
with a compatible metric g of dimension 2n. By the Hodge theory, w is the unique harmonic
form in the class a = [w] that minimizes the norm over a:

E(a):/ |a|2dv:/ a A *a.
M M

The motivation is then to minimize E(p) over S, while enforcing the nondegenerate condition
p™ > 0. Suppose §p = d¢, for £ € QY(M). The variation of E(p) is given by

5E(p):/M§/\d>kp.
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Let g, be a Riemannian metric induced by g and p, with the Hodge star x. We compute

/ ENF(Ed* p) = /<g,;d*p>d@.

By taking £ = %d * p and hence Jp = d(*d  p), we obtain
/ |>|<d*p|g dv.

Orp=d(*d * p). (2.1)

If we fix g, = g, then (2.1) is reduced to the Hodge Laplacian heat flow. The Hodge Laplacian heat
flow exists for all time and converges to w for any initial two form « € a, but the nondegenerate
condition p" >0 cannot be assured. We use the choice of g, to enforce p™ >0, which is evolved
along the flow (2.1) as well. By choosing the metric g,, (2.1) can be viewed as a gradient flow
of E(p) if we use g; to define a metric on the forms in the tangent space at p € S,, as in the
setting of the Donaldson geometric flow [KS19]. Being allowed to choose g, seems to be valuable.
A critical point remains the same for E(p) (or for £(p)). In particular, the flow (2.1) decreases
the functional E(p) and the only fixed point of the flow satisfies d * p=0; by the Hodge theory,
such a fixed point p must be a harmonic form and equal to w. Hence, if the gradient flow (2.1)
has a long time solution with the C'® norm uniformly bounded, the flow will converge to w.
Given a symplectic form p and a metric g, there are many ways to produce a (family of)
Riemannian metric(s) g,. We define the linear transformation A:TM — TM by
It follows that B = —A? is symmetric and positive definite, and hence B” is uniquely well
defined for any real number r. Note that B"A= AB". Suppose the eigenvalues of A read
{£V—1A1, ..., £V/=1N\,} with \; >0 for i=1,...,n. The eigenvalues of B read {)\2,...,\2},
with each repeated. We define g, =g(Q-,-) with Q@ =Q()\,...,A2) to be a positive definite
symmetric matrix such that QA = AQ. A typical choice of @Q is of the form fB" for a positive

function f= f(A1,...,\,) and r € R. Since our primary interest is on symplectic manifolds of
dimension four, we focus on the case n = 2.

We consider the flow

PROPOSITION 2.1. Let (M, w, g) be an almost Kahler manifold of dimension four. For any initial
data pg € a, (2.1) has a unique smooth short time solution p(t) € a in [0, ty) with p(0) = py, for
any choice of Q).

If we apply the Hamilton—Nash—Moser implicit function theorem [Ham82|, the short time
existence of (2.1) follows immediately since the system has an obvious integrability operator
L =d and dxdx is an elliptic operator on Ker(d). Here, we give an elementary argument for the
short time existence, and for simplicity, we consider only n = 2. Suppose, for the moment, that
p is only a nondegenerate two form. We consider

Orp = dxd * p + *xdxdp. (2.2)

PROPOSITION 2.2. Let (M, g) be a four manifold with a nondegenerate two form py such that
pg > 0. Then, for any choice of j, described above, the flow (2.2) is strictly parabolic and admits
a unique short time smooth solution. Along the flow we have

o [ prso== [ (ol + idx ol o (2.3)
M M

Moreover, if dpg =0, then dp =0 along the flow. Proposition 2.1 follows as a consequence.
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Proof. Recall g, = g(Q-,-) with Q@ =Q(N, \3). For any 6 € Q3(M), we compute
%0 = (det Q)™ V2(x0) 0 Q.
We have
%o %1 =% 0 %[ps = —(det Q)7V2Q.
Denote Q = (det Q)~1/2Q. We rewrite (2.2) as
Oip=—d(Q o d*p) — d*(Q o dp).
We only need to consider the leading terms, and hence, at one point, we can assume that
Qri = A0 Then the leading term reads

Opij = Z MO2pij + Lot
k

and hence (2.2) is a strictly parabolic equation on p. This proves the short time existence when
n = 2. Hence, for any initial nondegenerate two form pg, there exists a unique smooth short time
solution p(t) in [0, 7). For any to € (0,71, p(t) is a smooth nondegenerate two form in [0, £o]. We
compute

(915/ ]dp]zdv:2/ (d * dxdp, dp)dv
M M
:2/ (xd*dp, d*dp)dv
M

=2 / (d*Qdp, d*dp)dv.
M

Hence, we compute
o [ ldpf?dv=—2 [ (@"(@dp). a"dp)as
M M
<~ Co [ (o drdpyiv + 0y [ lipladpldo
M M

< 02/ |dp|? dv, (2.4)
M

where Cy, C and Cy are positive constants depending on .

Now, suppose pg € a and dpy=0. By (2.4) and Gronwall’s inequality, it implies that dp =0
over [0, to]. Hence, (2.2) reduces to (2.1), and this proves Proposition 2.1. Note that along the
flow (2.2), we compute

8t/ p/\*p——/ dp/\>T<d,0—/ (d*p) N*(dx*p)
M M M

—— [ (ol -+l ) (25)
Hence, the energy functional F(p) is still decreasing. O]

We describe several interesting choices of @) given p and g. First, we introduce some notation.
The almost Kéhler structure (w, g) is fixed. We choose an orthonormal frame {ej, e, €3, €4} and
its dual coframe {01, 02, 03, 0*}. We write

1 o
p= §pij€91 AN = Z pijm NG,
1<j

2466

https://doi.org/10.1112/S0010437X25102406 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25102406

NONLINEAR HODGE FLOWS IN SYMPLECTIC GEOMETRY

Recall that p=g(A-,-). Define B to be xp=g(B-,-):

0 P12 P13 P14 0 P34 —p24 P23
| —p2 O P23 P24 =P O P14 —pP13
A= . B=
—p13 —p23 0 p3a p2a  —p1a O P12
—p1a —p2a4 —p3a O —p23  p13 —piz2 O

We have AB = —ul, B=—uA"", with u= p1ap3s — p13p24 + p1apas = Vdet A. Denote

pt=3(p++p), p~=5(p—*p).

We have
PP =D "=+ 10 1P 2u=_ pij(+p)ij = (p,p) = p" > = |p~|*.
1<J 1<J
PROPOSITION 2.3. The eigenvalues of A are +£+v/—1\1, £/ —1X\o, with
M= L6t + 107, o= 5ot 157

The eigenvalues of (a;;) =—A? and (b;j) =—B? are {\}, 3,73, 3} and u=+/det A=A\ \.
Moreover,

aij + bij = |p|*6i;.-
Proof. Since A is skew-symmetric and nondegenerate, the eigenvalues of A are purely imaginary,

denoted by ++/—1A1, 4/ —1A3. We can assume A, Ag are both positive. It is then straightforward
to compute its eigenvalues in terms of |p|? and u. In particular,

PP =X +23, u=MM\. O

Ezample 2.4. We describe several examples of Q).

(1) Take Q;j =u'a;;, then det @ =1 and the metric g,=u"'g(a,")=u"'g(A-, A-). This is
the metric used in [Don99] to define Donaldson’s geometric flow. One computes [KS19,
Proposition 3.1]

—xp and pAx,p=pA*p.

_ ol
*ppP = w "’

(2) Take Q= e?#I for a conformal factor ¢ = ¢(p, g); then the metric g, = e*g is a conformal
change. A particularly interesting choice is ¢ = (logu)/4; hence, dvol, =dvol,. For any
conformal change, the Hodge star satisfies

— o(4=2p)p
*, =€ *
for a p-form. Hence,

PA*op=pA*p.

(3) There are many other choices of @ = Q(A1, A2). An important question is whether there is
a choice of ) such that u stays uniformly positive along the flow.
3. A conformal Hodge flow in dimension four
Let (M,w,g) be an almost K&hler manifold of dimension four. In this section, we consider
g, =€*?g with ¢ = (1/4) log u and, hence, dvol, =wu dvol, =dvol,. In this case, since xp = %p,
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Equation (2.1) can also be written as a Hodge Laplacian flow with respect to g,
Oup = didip=—A%p.
We choose a normalization condition such that
Vol(M, g) :/ dvol, :/ dvol, = 1.
M M
Note that the Hodge star of e*#g is related to that of g by, for a p form 0,
*,0 = eU=2)% 5 g,

Hence, for the conformal metric \/ug, the flow reads

ar dd*p durd'p Agp+TR du A d*
atp:_d<\/5>:_ p, dund’p Agp+ (p)+u p (3.1)

+
Vu 2vu3 Vu XV
where R(p) is the curvature tensor acting on p. To be more precise, for an orthonormal frame
{e1, €2, e3,e4} and the corresponding coframe {61!, 62, 63, 6*} and a form ¢,

R(C) =0" A te, R(es, €5)C.
We use the following sign convention for the curvature operator:
R(ei,ej)er = (Ve,Ve, = Ve, Ve, = Vie, e,])ek
Ric(X, X) = (R(e;, X)X, €;).
Let A denote the Laplace—Beltrami operator of g; for any tensor T,
AT =Te(V*T) =) (Ve Ve, T - Vv, . T).
We recall the Bochner—Weitzenbdck identities as follows.
ProrosiTION 3.1. For any k-form (,
Ag¢=—AC=R(C),
3AC7) = (=Aa¢, )+ [VC* + (R(C): ©), (3.2)
where R(C) = 6° A te, R(e;, 5)C.
Note that (3.1) is a quasilinear parabolic system, and if the volume potential u is uniformly

positive and Hoélder continuous, the system has the structure

A A 1
dp="L 4 a2 Nd*p+lot. ==L 4+ —poVpoVp+lot,
Vu u - Ju

Vu

which is similar to the structure of a nonlinear harmonic map heat flow, with the leading
term involved with a conformal factor of u. A standard parabolic theory implies the following
proposition.

PROPOSITION 3.2. Let pg be a C%* symplectic form in [w]. There exists a unique solution of
(3.1) over a short time [0,T') for some T >0 which is smooth for any t € (0,T).

3.1 The stability near the energy minimizer w

In the class of [w], w is the unique harmonic form with respect to g that minimizes the energy
functional. When we restrict to the symplectic forms in [w], the flow (3.1) can be viewed as
a gradient flow of the energy functional E(p). Hence, it is expected that if one starts with an
initial symplectic form pg near w, the flow exists for all time and converges to w. We justify the
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expectation in this section, and the key point is the following monotonicity of the normalized

energy. Denote
EO:E(w):/ w/\w:/ w/\*w:/ |w|? dvol,,.
M M M

For notational simplicity, we will drop the volume elements dvol, in the integrals when there is
no ambiguity. For a closed form « € [w], we have

/|a—w[2—/ |04]2—2/ a/\w—i—/ lw|? = E(a) — Ej.
M M M M

Denote Ey(a) = E(a) — Ey. We have the following Poincaré inequality with ¢; = ¢1(g):

&ﬁwqu;Whﬁ (3.3)

We need the following equivalence for W' norms on the differential forms. For p > 1, one defines
the geometric WP norm of a form a by

ol = [ lap+ [ Jdar s [ jaar,
M M M

and the analytic W}l’p norm is defined as

iy = [ lafP+ [ [Val.
Wa M M

When p =2, it is standard practice to show that two Sobolev norms are equivalent. A key point
we need is that these two norms are equivalent for any p > 1; see [Sco95, Corollary 12].

PROPOSITION 3.3 (C. Scott). For any k-form « on a compact Riemannian manifold (M, g), two
Sobolev norms W'Pand W}"p are equivalent for p > 1.

As a consequence of this equivalence, we have the following proposition.

PROPOSITION 3.4. For any close form « € [w] and p > 1, we have the Poincaré inequality,

/M la —wlP < ey /M |d*afP. (3.4)

Moreover, we have the Sobolev—Poincaré inequality on (M*, w, g),

3/2
/M o — w|? < ey (/M \d*a!4/3> . (3.5)

Proof. Given the equivalence of two Sobolev norms on differential forms, the proof is
rather standard and we sketch a brief argument. The standard Sobolev inequality implies

that
3/2 3/2
/|a—w|2§0</ |V(a—w)|4/3> —|—C’(/ |o<—w|4/3> .
M M M

The equivalence of the Sobolev norms implies that, with da =0,

3/2 3/2
/‘m—wP§C</]meﬁ +c</|a—wﬂﬁ .
M M M

Hence, (3.5) follows by the Poincaré inequality (3.4), with p =4/3. The proof of (3.4) follows by
a standard compactness argument and norm equivalence in Proposition 3.3. Suppose otherwise;
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then there exists a sequence of forms «y, € [w] such that

/]d*ak|p< /\ak—w\p

Suppose [}, |ay —w[P =X} for each k. We consider B = A, Y(aj —w). Then f; is an exact two

form, and
/ |d*Br.P < / Bel”=1.

We write S =d(x, where (; € Im(d*) by Hodge decomposition. By the equivalence of the
Sobolev norms, 3;, € WP with bounded Sobolev norm; note that by the Hodge theory, (j is
uniquely determined by f3; and has a uniform W?P bound. Hence, §) converges by subse-
quence weakly in WP to an exact form fo, = d(s. Moreover, the weak convergence implies

that
/ |d*ﬂoo|p§hminf/ |d* B |P = 0.
M M

It follows that d*fo = d*d(s =0, and hence Sy = d(s, =0 (we have (,, =0 as well, as a con-
sequence of (», € Im(d*)). However, the Rellich-Kondrachov theorem implies that ) converges
strongly in LP. This contradicts the fact that (S converges strongly in LP to P, =0, since
[[BkllL» = 1. O

With the Sobolev—Poincaré inequality, we have the following monotonicity of the normalized
energy functional Fy(p) along the flow.

PROPOSITION 3.5. Suppose the flow (3.1) exists in [0,T"). For any t < T,
Eo(p(t)) < Eo(po)e /. (3.6)
Proof. We have, along the flow,

o [ lo-ut=ar [ 1= [ 12

Apply the Holder inequality:

2/3 1/3 ‘d*p’4/3
/fhg(/ f3/2> </ h3> with f="="F7—, h=u!/%
M M M U
(/ ,d*p|4/3>3/2</ dpf? </ u)”“':/ d*pl?
M “Ju Vu \Ju M Vu

By the Sobolev—Poincaré inequality (3.5), we have

3/2 * |2

2 % 14/3 |d*p|

p—w <02(/ d*pl ) <C2/ —
/]\4‘ | M‘ M Vu

We get (3.6) as a consequence of

1
8/ p—wQS—/ —wl?.
[ l=wl == [ Il .

Now we are ready to state the main theorem in this section.

We get
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THEOREM 3.6 (Stability). There exists € >0 such that if ||pg — w||cr.o <€, then the flow (3.1)
exists over [0, c0) and converges to w when t — oo.

The proof of Theorem 3.6 follows the standard line of argument given the exponential decay
of normalized energy in (3.6). First, we need a more precise statement of short time existence,
including the smooth dependence of initial data (finite time stability). The following is a standard
fact of quasi-parabolic system applied to (3.1).

PROPOSITION 3.7. Suppose there exists 0y =dp(w, g), to="to(w,g), Co=Coh(w,g) and Cj =
Cr(w, g, k), k> 2, for any initial data pg satistying

oo — wllone < do.
Then the flow exists over [0, tg], and for any t € [0, to],
Ip —wlicre < Collpo — wlione
Moreover, for any t € [ty/2,to] and k> 2,
lp = wllcre < Cillpo — wllore.
We assume &g € (0, 1) is sufficiently small and denote, for k > 2,
Vo={pew]:[lp—wllcre <do,[lp —wllcra < Ci}

In particular, for any p € Vjp, its potential volume u is closed to 1, such that the flow (3.1)
is uniformly parabolic. Now, we fix the constants do, to, Co, Cx and Vy. For any t € [to/2, to],
p(t) € Vp. Since p(ty) € Vy, we can get a solution of (3.1) over [to, 2to] by applying Proposition 3.7
with initial data p(tg). For ¢ € [tg, 2to], we have

lp = wllcre < Collplto) — wllcre < Cillpo — wllore
and
lp = wllere < Crllp(to) = wllere < Cillpo — wllcre.

Now, by choosing € << Jp sufficiently small, we can get that p(t) € Vy for te€ [to, 2to] if
llpo — w|lcr.« < €. Applying this repeatedly, we can get finite time stability near w.

ProposITION 3.8 (Finite time stability). For any T > tg, there exists ¢ = €(T, dp) such that if
llpo — wllcr.e <€, the flow (3.1) exists over [0, T], and p(t) € Vy for t € [ty, T.

Now we are ready to prove Theorem 3.6.

Proof. Fix Ty >>1 such that the flow exists over [0,Tp] for the initial data py satisfy-
ing ||po — w||cr.e <€ =€(Tp,d0) and p(t) stays in Vy over [tg, Tp]. Now choose €; << ¢y such
that the flow exists over [0,737] with 77 >>Ty and p€ Vp over [tog, T1] if the initial data
satisfies

10 — wllcre <er.
To obtain a uniform stability, we apply Proposition 3.6 to get
lo(t) —wlz= < e™[lpo — wl[Z. < e .

Hence, we get that ||p(t) — w||cor.e < Cy, (since p € Vo) and ||p(t) — w||2. < e/, where c3 is the
Sobolev—Poincaré constant. By the interpolation inequality, we get a uniform estimate for T
sufficiently large and ¢t > T} /2:

() = wlicne < eo. (3.7)
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In particular, p(7}) satisfies

lp(T1) — wllcre <o

Now we fix T} and take e =¢;. Extend the flow with initial data p(7}). Then we obtain the
flow solution p(t) over [0, 77 + Top] with p(t) € Vi over [to, T1 + Tp]. Since the uniform estimate
(3.7) on p(t) holds for all t > T3 /2, by repeating the argument, the flow exists over [0, c0) with
uniformly bounded C*® norm, and the energy decay implies that p(t) converges to w in the
exponential rate. O

3.2 Shi-type estimates

It is not clear whether the flow will exist for all time or develop a finite time singularity in
general. To understand the behavior of a possible finite time singularity, we develop the Shi-type
estimate [Shi89] for the flow. First, we compute the evolution equations. The evolution equation
of p reads, in local coordinates,

~ Apiij+(R(p))ij | wipjig — ujpir
Oipij = + .
Vu 2vVu?

In this section, we assume that

1

— +|Vp|* < Co. 3.8
NG +|Vpl* < Co (3.8)
Since, along the flow, [|p|r2(ar) is uniformly bounded, the assumption (3.8) implies that
|p| is uniformly bounded. To derive the Shi-type estimates, we need only the following
structures:

_Ap+Rop  poVpoVp

where A o B describes the possible contraction of A and B. Note that we have
Vu=3((+p), Vp) =po Vp.

We have the following proposition.

PROPOSITION 3.9. Assuming (3.8), we have

A[Vpl* =3[V
Vu

where C' is a uniformly bounded constant depending on the metric g, its curvature and derivative
of curvature, and the bound in (3.8). More generally, we have, for k > 2,

O|Vpl* <

+C,

A|VEp|2 = 3|yk+1 )2 k ) '
O VFp|? < Voo \/5‘ i +C [ D IVIpPEI 1) (3.10)
=2

Proof. This is standard practice. With the symbolic notation, we have
AVp n RoVp+VRop L+ V?poVpop+RopopoVp . popoVpoVpoVp
Va Va Vb e

It follows that

8tV,0:

A|Vp|* = 2[V?p|?
Ju

A|Vp|? - 31V2p|?
Ju

| Vp|* < +C(IV?p| +1) < +C. (3.11)
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Note that |Vu| is assumed to be bounded. Hence, we have

AV2p
aVp< — C(IV2p| + [V2p* +[V2p| +1).

And, hence,
AV —2|V3p]?
Vu
_ AV = 5IVEpl?
< Ju
This proves (3.10) for k=2. For general k, an inductive computation gives that

Avkp2_2vk+1p2 ; ; :
R AR el (S 19Vl 9l 1),

where the sum is taken such that i1 +i9 +---+1i, <k +2, with 1 <4, <k+1. By applying
Young’s inequality,

0|V2p|? < +CIV2p|(IV2pl + [V2p[* + [V2p| + 1))

+C(|V?p2+1).

0| VFpl? <

we can get

AIVEp2 — 3| vk+1 )2 k ’ '
at|vkp’2§ ’ P‘ \/’3‘ p’ + Oy Z’vzp’2(k+1)/z+1 '
1=2

Now we state the Shi-type estimate.

PROPOSITION 3.10. Suppose (3.8) holds over [0, T]. Then we have the uniform bound for V¥p
fort € (0,T], k> 2,
IVEp| < Crpt= =172, (3.12)
Such an estimate can be made local. Suppose (3.8) holds on B,(p) x [0, T], where B,(p) is the
geodesic ball of the background metric g. Then over B, j5(p) x [T'/2,T], we have
IV*p| < Cilg, Co, k, T, 7). (3.13)

Proof. Given (3.10), the proof of (3.12) follows almost line by line that of He and Li [HL21,
Proposition 2.1]. The local estimate is also standard. Denote Q = (1 + |Vp|?)|V?p|?, with u
determined later. We compute
0Q = 0|V pl* V20> + (1 + [V p|*)0: V2l
_ (AIVel = 5IV2pl
< N

+C’>|V2p\2

AlV2p|? — 51Vp|?
2 2 2 13
+ (u+1[Vpl )( 7 +C(IV?p| +1)>

AQ 3 2 14 3/L 3 12 3 9 12 9 13
NN W 1).
=/ 2ﬁ\v ol Qﬁ!V pl”+ C1(IV2p[ [VZp[" +[V7p[* +1)

Since u < Cy = Cy(Cl, g) is uniformly bounded by our assumption, by choosing p sufficiently
large, depending on Cy and Cs, we have

ohQ — AQ < —ApQ* + Ay (3.14)

\/ﬁ
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With (3.14) the localization is standard as well. Choose a cut-off function ¢ supported in B, (p),
and ¢ =1 in B, ;. Denote, for a suitable constant A = Ag(r=1, Ag, A1, Cp),

Ay 1
II—-85~+ +1/ A1 A

We compute

1 As(—29A¢ + 6|V p|?) 5 A2 1A
OH=———=, AH= H > =S4+ ——+—.
SR o1 ’ ot T aze A,
For z € B,(p), we have |A¢| + |V¢|? < 10r~2. Hence, for Ay sufficiently large,
AH
oH— —— > —A0H2 + Ajq.

Vu
A maximum principle argument then implies that @ < H over B, (p) x [0, T]. This proves (3.13)
for k = 2. For general k, take Q) = (1 + |V*1p[?)|V¥p|? for sufficiently large pu. O

Hence, by the Shi-type estimate, if the flow exists for the maximal interval [0, T) with T < oo,
then it develops finite singularities at t =T with 1/y/u+ |Vp|? blowing up. Suppose 1/y/u is
bounded; only the Sobolev bound p € WP for p > 4 is needed (p would be Holder continuous in
particular). This is a well-known technique in the study of harmonic map theory. Even though
the argument is standard for specialists, it is technically very involved. Since we do not need
this result, we will not pursue such a generalization.

3.3 Doubling-time property
In this subsection, we show a doubling-time property for |Vp|? + \/ﬂ_l as follows. Denote
1
Az, t) = |Vp|*(2,t) + ———=+1, A(t)=maxA(z,t), Ag=A(0).
u(x,t) z
PropoSITION 3.11. There exists a uniformly bounded constant Cy such that
A
A(t) < I
V1 —TCoATt
Proof. Note that ||p||r2 is uniformly bounded; max |p|(x,t) < CA(t) holds for a uniformly
bounded constant C' depending only on the background geometry. Recall
AVp L RoVp+VRop n V2poVpop+RopopoVp n popoVpoVpoVp
Vu Vu Vud Vub .

Hence, comparing (3.11), we compute

for t < (TCoAS)~L. (3.15)

Bth:

A|Vp|?

8,:|Vp|2 \/»

<C(A®). (3.16)

For the potential u, we compute

Au VuoVpop . (Rlp).*p)

1
We can derive
AU_1/2
o2 - == < C(A®)). (3.18)

Vu o T
2474

https://doi.org/10.1112/S0010437X25102406 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25102406

NONLINEAR HODGE FLOWS IN SYMPLECTIC GEOMETRY

It follows that, with a uniformly bounded constant Cj,

AA(x,t
oA (z,t) — \;ﬂ) < Co(A(t))8. (3.19)
Hence, by the maximum principle, we can deduce that
dA(?) 8
——2 < Cy(A(t))®.
M < cyae)
It follows that, for ¢ € [0, (TCoA]) 1), we have
A
Aty —=2 (3.20)
/1= TCoAft
O
If we denote
~ 1
Ala,t) = |p* (2, 1) + | Vp(z, t)]* + ——=—=—= +1,
u(z, t)
we can derive a pointwise inequality of A(x, ), compared with (3.19):
. AA(z,t .
OiA(xz,t) < Al 1) + Co(A(x, 1)) (3.21)

Ja

3.4 Long time existence and convergence in W12 assuming the bound of |V log u|

Here, we assume |V log u| < Cy. Note that we assume the normalized condition

/udvolz/ dvol =1.
M M

Hence, for any t, there exists x; € M such that u(zs, t) =1. If |Vlogu| < Cp, then there exists
Cy1 = C1(Cy, g) such that
—Ch <logu < (.
This, in particular, implies that
e O <u<e®  and |Vu| < Coe’".
We have the following proposition.

PROPOSITION 3.12. Suppose the flow exists on [0, T] with T' < co and |V log u| < Cy over [0, T7.
Then the flow can be extended across T'.

Proof. We need to be a bit more precise here, given the extra assumptions on v and Vu. We
write the equation as

A R
op="L+ L

u %) o . .
Ju Ja + V( )oVp (3.22)

We compute

Alpl* = 2Vpl* | (R(p).p)  VleguoVpop

2 _ 3.23
Suppose |V log u| < Cy, then we have
AlpP _ —2|Vp|?
Orlp* — < Clp)* + |V : 3.24
ard NI (lol" +1Vpllpl) (3.24)
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It follows that |p|? < |po|2e®* at time ¢. A straightforward computation gives
A|Vp|* = 2[V?p|?
\/ﬂ
For the potential u, we compute
eVl Vg 4 TRl (R
A straightforward computation also gives, with uniform bounds on u and |Vul,
AlVu|? —2|V?ul?

Vu
+C(IV2ul + V2|Vl + |V2ul[Vp| + [V2p| + [Vp[? + [V p| + [pf). (3.27)

Denote f = |Vp|? + A|Vu|? + B|p|? + 1 with 1 << A << B, where the constants A, B depend on
the bound on u and Vu. Then we have, for a uniformly bounded constant Cf,

onf % <avf. (3.28)

| Vp|* < C(IV?plIVp| + [V o|* + [Vpllp| + |V?ul| V). (3.25)

at'LL =

(3.26)

8t|Vu|2 S

A straightforward maximum principle argument implies that
|V,0|2 < 0260115.

Hence, if the flow exists over [0, T] for T < oo such that |V log u| < Cp, then |Vp|? < Coe®'T. By
the Shi-type estimate, we know that the flow can be extended across T'. In other words, the flow
exists as long as |V log u| stays bounded. O

We have the following convergence result when assuming |V log u| < Cj.

PROPOSITION 3.13. Suppose the flow exists for all time with |Vlogu|<Cy for an initial
symplectic form pg € [wo]. Then the flow converges in L? to wy when t — oc.

Proof. If one obtains a uniform estimate of |V logu| < Cy along the flow, then the long time
existence follows Proposition 3.12. The point bounds on |p|?, |Vp|?, etc., derived in the last
subsection, assuming |V logu| < Cy depends on a time factor e“* which is not bounded when
t — 0o. To derive convergence, we use the L? estimate. Recall that we have

o [ lo-wir=- [ <o [ o (3:29)
v

We compute, using |V log u| < Cp,

o o= [ (rora ()= ], (et ()

|dd* p|? / .
< +C [ |dd*pl|dpl. 3.30
/]\/[ Vu M’ 4% (3:30)

QlZ/ !d*P|2+A1/ lp — wol?.
M M

It follows that, for Ay sufficiently large,

e ( [ 1o+ rd*pP)- (3.31)
M M
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An application of the Poincaré inequality implies that 0,Q1 < —C@Q: for some positive
constant C'. It follows that, for ¢ € [0, 00),

/M |d*p|? + Ay /M lp — wol? < Age ", (3.32)

When ¢ — oo, p(t) has a uniformly bounded W2 norm, and hence converges strongly in L? and
weakly in W12 to a limit form po, With peo € [Wo], dpso =0, poo € W2, The convergence implies

that
[ 1o <timint [ =0, [ Jp - =0
M M M

It follows that pee = wo. O

3.5 Smooth convergence

To obtain smooth convergence, we need to obtain the pointwise bound on |p| and |Vp|. This
requires more careful analysis. We have the following proposition.

PROPOSITION 3.14. Suppose |V logu| < Cy over [0, 00) along the flow. Then |p| and |Vp| are
both uniformly bounded. It follows that the flow converges to w smoothly when t — oo with
uniform control.

Proof. The main point is to bound f = |Vp|? + A|Vu|? + B|p|? + 1, which satisfies (3.28) given
the uniform control on |V log u|. We recall the inequality

Of < A—z +CLf. (3.33)

We apply the parabolic Moser iteration, which is a standard and very powerful tool for specialists.
Since the argument is involved and technically delicate in its nature, we include the details
for completeness. For simplicity, we work on the time interval [0, 1]. For 2p —1>0 (say take
p>(5/8)), we compute

2p 2p—1ﬂ 2p
8t/Mf SQP/Mf ﬁ+2p01/Mf

2
=—2p(2p—1) /M f2”2|Y/{7 —2p /M AV +2p /M 12

< deop(2p— 1) /M PRV 4 pC /M PV 4+ 2 /M 2%

o _1 2 —1 2
< _deq (2 p) /M!V(f”)\ e /pr V() + 2 /pr

— P12 L O 2p )
< CO/MW )2 4 p /Mf , (3.34)

where we use the Holder inequality and Young’s inequality. We use ¢y to denote a uniform positive
constant depending on min u~/2, and C to denote a uniformly bounded positive constant which
can vary line by line. Applying a Sobolev inequality to h = fP,

() "< e
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we have the following inequality, for p € [%, oo):

1/2
o fyren(f, )" e f e

Now, given 0<a <b<1,let ¢:[0,1] — [0, 1] be a Lipschitz function such that
¢(s)=0, s€0,al; ¢(s)=1, se[b1],
and ¢(s) is linear for s € [a, b]. Then

#'(s) ﬁ, s€(a,b); ¢'=0, sel0,a)U(b,1].

Taking integration with respect to ¢ over [0, to], for any ty € [a, 1], we have

Oto ¢* ()0 /M 2+ /Oto 0 </M f4p>1/2 o /Oto 52(t) /M 2. (3.36)

Integrating by parts on the first term above, we have

(¢ / £2P)(to) +c0/0 ¢* (/ f47’>1/2 <p0+> /t/ £ (3.37)

We have, by (3.37),
r[rlﬁx/ < (pC’Jr)/ / 7 (3.38)

LU bt [ o

Now, for any ¢ € [b, 1], applying the Hoélder inequality, we get

fors (o) (L) <G fo) (L) o

It follows that over the space time [b, 1] x M,

[ =G o) [ () @4

Applying (3.38) and (3.39) to (3.41), we have

L) <loeesz2) (L) e

and

We write the above as

9 1/2p
£l v (p,1)x M) < <PC+ ba) 1 £ 1l 20 ([a,1) x 2) (3.43)
In other words, we have
1 _
log || f Il oe (p,1]x a) < % log(pC +2(b — a) ") +10g || f1l 2r((a,1]x 1) - (3.44)

Now, take a sequence of p; and b; such that
1/3\"" | T
p@‘:2<2> o bi=g g =012

2478

https://doi.org/10.1112/S0010437X25102406 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25102406

NONLINEAR HODGE FLOWS IN SYMPLECTIC GEOMETRY
and denote ¢; = 2p;. For each i, applying (3.44) with p=p;, a =b;, b=1b;11, we get

2 i+1 ]
8 s < (3 ) 1082+ Ca +log W linooar): - (45)

By letting i — 0o and the fact that >.(2/3)% < oo, (3.45) gives
log || fll o= (2,1xar) £ C +log | fll Las2((0,1)x 1) (3.46)

By choosing the constants in a more careful way, we can indeed get that, for any r > 1, since
(3.44) holds only for 2p > 1,

log || f[| oe 12, 11x 2y < C1(r) +10g || f1| L ([0,1)x 1) (3.47)

where the constant C'y depends on 7, and it could blow up when r — 1. To overcome this difficulty,
we prove that f is indeed in L3/2([t, t + 1] x M) for any t > 0. Note that p is in W2(M) and |p|
is in L*(M). But at the moment, we have no uniform control on [}, [Vp|? for each time slice.
Note that, given bounded |Vul,

/ £ < 2/ Vol +C/ o>+ C.
M M M
Hence, to show that f € L3/2([t,t 4 1] x M) for each t, it suffices to show that for any ¢,

t+1
/t /M Vol < C. (3.48)

To obtain (3.48), we need to use (3.31). Taking the integral over [t, ¢+ 1], we get that

t+1 t+1
/ /|d*d,o|2+/ /|d*p|2§Q1(t)—Q1(t+1)§C’.
t M t M

Using the Bochner—Weitzenbock formula, we obtain that

t+1 t+1
/ /|V2p!2+/ /IW\QSG
t M t M

By applying the Sobolev inequality on each time slice, we obtain

1/2
([ o) <c ([ k1),
M M
t+1 1/2
[ )"z
t M

Now, we have, since |Vp| € L?(M),

t41 t+1 1/2 1/2 t+1 1/2
[ L [ (Lw) ([ wer) <e [ ([ wer) " <c
t M t M M t M

This proves (3.48). Applying (3.46) over [t,t+ 1] and (3.48), we have the uniform control on f
over [t+ (1/2),t] for any t. This gives the uniform bounds on |p| and |Vp|, which implies the
smooth convergence of p — wy along the flow. O

Hence, we have

The assumption |Vlogu|<C can be weakened considerately if we carefully refine the
iteration arguments above.

PROPOSITION 3.15. For any pg > 6, if we assume u~' + ||Vu||z» < C along the flow, then the
flow exists for all time and converges to w smoothly with uniform control.
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Proof. First, we note that u is bounded above by assuming |Vu| € LP°. The key is to bound |p|
and |Vp| along the flow via the parabolic Moser iteration, and the strategy is essentially the
same as for Proposition 3.14. We use the same notation and highlight only the major difference
in the arguments. We have

Oelpl® < ™ 2(Alpl? = 2V pI?) + C(IVul[Vpllp| + (o)
<u (Al = Vo) + C(IVul® + 1) . (3.49)
Denote h = |p|?>. We compute

o, / h? =2p / 219,k
M M

< 2p/ p2p=1 (u*1/2(Ah — |Vp|2) + C(|Vul® + 1)h>
M

§—co/ |V(hp)|2+pC/ h2P (1 + |Vul?), (3.50)

which is similar to (3.34); note that the only difference is that we have no pointwise bound on
|Vul|, and hence we have an extra term involved with |Vu|? compared with (3.34). The iteration
process is almost identical, but it is more involved without the pointwise bound on |Vu|. We
proceed as in (3.42) to get

(/ / h3”> <p0+) (/ / B (14 |Vuf” >) (3.51)

Since |Vu| € LP/2(M), we can obtain

1/‘10 2/po 1 2)
/ h2p<1+|w12><( / h) ( / <1+|Vu|2>m/2) R N CE )
M M M q0 Po

Note that go < (3/2) and

/al </M th%)l/qo dt < (1—a)"/? < / / h2pq°)1/qo. (3.53)
(L, h3p>2 < (ve b—2a>3 a(f /, th%)g/qO ’ (354)

where C( depends on ||Vul|zro. This implies that

Hence, we obtain

1 _
log |2l ow (o1 x 0y < 5 (log(pC +2(b—a)™") +log Co) + log || A|| £2rao ([a,1]x 1) - (3.55)

Since qp < (3/2), we can then proceed with the iteration process to bound h over [(1/2), 1], and
hence to bound |p|. The arguments are almost identical from this point, and we skip the details.
To bound |Vp|, denote again f = |Vp|? + A|Vu|?> + B|p|* + 1. Without the bound on |Vul, we

can obtain
onf < 2L Lo+ [vup). (3.56)
= Ju
We can bound f following the same argument, given that |Vu| € LP° for py > 6. O

One might ask whether it is sufficient for long time existence to assume u™! + ||Vul||z» < C
for any p>4. The following technical question would be much more difficult and one would
expect new technical ingredients to prove such a statement.
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Question 3.16. Does the flow exist for all time when assuming
u+ut + ||Vl e <C?

Remark 3.17. The conformal factor \/u can be replaced by any power u” for r € (0, (1/2)]. For
such r, the metric g, = u"¢ has total volume

V,,:/ uQTdvg/ dv.
M M

The results about stability and long time existence also hold true for r € (0, (1/2)]. But for
r > (1/2), because of the Sobolev embedding, we will not have a straightforward exponential
energy decay. For stability near w, one needs extra input.

3.6 Examples and discussions

In this section, we discuss some examples. First, we consider an example on 7% =St x St x
St x S Let wg=dxgAdzry+dre Adrs and go =Y. dz; ® dx;. Suppose po=ug(x1,z2)dr1 A
dxy + dxs A dxy for a positive function ug: T2 = S' x S — R satisfying

/ ugdry N\ daxg = dxi A dxs. (3.57)
T2 T>
Clearly, dpo =0 and (3.57) imply that pg € [wo]. A straightforward computation implies that the
flow (3.1) reduces to the parabolic flow of u(t):7T? — R,

Au o |[Vul?

o= — — .
VTR W

Note that one can write the equation as
Au=2A(u2). (3.58)

This is an example of the fast diffusion equation. Since ug is assumed to be positive, the maximum
principle implies that u stays uniformly bounded and uniformly positive. By the Krylov—Safonov
estimate, u has a uniformly bounded Hoélder norm. Hence, (3.58) has a unique long time smooth
solution with uniformly bounded Holder norms by the standard parabolic theory. The gradient
flow nature implies that u converges smoothly to u. = 1.

This extends to the example (M*, wo = w; @ ws) = (X1, w1) X (X2, ws) for two closed surfaces
with two volume forms wy, wa. Suppose pg € [wo] of the form py=upw; ® wy for ug: L] — R4

such that
/ Ugw1 = / w1.
21 21

The flow (3.1) is then reduced to the fast diffusion equation in (3.58) in the classical setting.
The computation is almost identical. The example above does not extend to the case when
po = vo(x1, z2)dx1 A dre + wo(x3, x4)dxs A dry satisfying vg, wo > 0, and

/ vodxy N dxg = / wodrs A dry = dri N\ dxrg = drs A dxy.
T2 T2 T2 T2

In this case, pg € [wo], but the product structure is not preserved along the flow (3.1). Note that
in this example, pg is isotropic to wy in an obvious way.

Problem 3.18. Does the flow (3.1) exist for all time and converge to wp on T* in the above
example, with the initial symplectic form

po =vo(x1, z2)dx1 A dre + wo(x3, 24)dxs A dzy?
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The product example above might give some indication of how to choose the metric g = ¢(Q, -)
and the corresponding Hodge star %. Suppose the matrices A and B are defined as p=g(A4-, ")
and *p = g(B-,-). For gy and pg given above on T*, we have

0O » 0 O 0O w 0 O
—-v 0 0 O —w 0 0 0
A= 0O 0 0 wl|’ B= 0O 0 0 w
0 0 —w O 0 0 —v O
Hence, a= —A?=diag(v?, v?,w? w?) and b= —B?=diag(w? w? v v?). One can define

Q= fa" or fb" for some positive function f and some power r. For the conformal metric, we
have @ = \/ul. For the metric g,, @ is given by u™'a. Neither choice of Q = \/ul nor @ =a (or
Q =u"'a) would preserve the product structure. In particular, the flow becomes complicated
for these choices. But if we choose Q =b (or b" for r > 0), then the flow preserves the product

structure such that
1 1
Ov=A <—> , Gtw—A<—>.
v w

If we choose Q = /b, then the flow equation preserves the product structure such that
v =A(logv), Aw=A(logw).

For such a choice, the flow equation becomes the classical fast diffusion equation and the flow
exists for all time and converges to wg on 7% by the standard theory of parabolic equations.

Problem 3.19. Let (M,w,g) be an almost Ké&hler manifold of dimension four. For each
symplectic form p € [w], we define the metric g = g(b-, -). Consider the flow

Op =d(*d x p).
Does the flow exist for all time?

We will analyze the different Hodge flows in the next section. For the second example, we
consider pg € [wo] on (T4, wp, go), with

po=dxy ANdxo +drs Ndry+df withf = a(xl, xg)dl‘;g + b(a:l, ZL’Q)dZL‘4,

where a, b are two functions on S! x S! (hence, periodic functions on R x R). The nondegenerate
condition implies that

up=1—az, by, + azg,by, > 0.

Note that for this example, pg is isotropic to wg via ps =wy + sdf for s € [0, 1], with ps non-
degenerate for each s. The linear Hodge Laplacian flow reduces to the heat equations for a, b
separately:

Ola=Aa=0az,5, + Ogyz,y, Ob=Ab=Dbgy 5, +br,a,-

However, along the Hodge Laplacian flow, the positivity condition on uw=1— ay, by, + az,bs,
might not hold. This fact should be well known for experts. Since we cannot find a direct
reference, we construct an explicit example as follows.

Ezample 3.20. We consider the linear Hodge flow for p=dx Ady+ dz A dw + d(a(z, y)dz +
b(z,y)dw) on T*. The flow is reduced to the heat equation on 72,

oa=Aa, 0;b=Ab,

where a and b are 27 periodic functions for x and y, respectively. Take a(x,y) =a(z), and
suppose a; = f(z) while b(x, y) = h(x)e(y). Along the linear flow, f(x), h(z), e(y) are all periodic
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functions (functions on S') satisfying the heat equation
8tf - flﬂ:l?) 8th = hmx and 8t e = eyy.

Denote e, =c(y). For the initial data, wuo(z,y)=1— fo(z)ho(z)co(y) and u(z,y,t)=1-—
f(z, t)h(z, t)c(y, t), since a(x,y,t) = f(x,t) is independent of y. There is a restriction on f and
¢ such that

2w

27
[ hotw) de = /0 coly) dy =0,

We choose fo, ho such that fo =0 for z € [0, 7] and fy(x) =sin 2z for x € |7, 27|, and ho(z) =0
for z € [, 27r] and ho(z) = sin(2x) for € [0, ). Hence, uo(z,y) = 1 for any (z,y) € S* x S'. Let
f(z,t) and h(x,t) solve the heat equation with initial data fo and hg, respectively. Clearly,
f(z,t)h(z,t) is not identically zero for all ¢ >0, and f(z,t) and h(x,t) both converge to zero
when ¢t — co. Let max f(z, 1)h(z,1)=1/A > 0. Let c(y,t) = Age ' siny. Then u(z,y,1) <0 for
some point if Ag > Ae. By choosing Ay sufficiently large depending on g, u(x,y, ty) can become
negative for arbitrarily small ¢g > 0.

The conformal flow (3.1) is reduced to the system
Aa Ab
—, Ob=— 3.99
\/Ev t \/av ( )

and the factor 1/+/u forces the positivity of u before developing a singularity.

@ta =

PROPOSITION 3.21. Suppose a(t), b(t) : T? — R satisfy (3.59). Then p =wo + df with 6 = adxs +
bdz, satisfies (3.1).

Proof. This is a straightforward computation and the key point is that d*§ = 0. Suppose a, b are
unique solutions of (3.59). Then

dip=d(0,0) = d (

Aadzxs + Abdxy
T .
Since d*6 =0, we have

—d* p=—d*df = A0 = Aadxrs+ Abdzy.

__aq(%r

The system (3.59) is a quasilinear parabolic system for (a, b) on T2, together with a positivity
restriction u =1 — az, by, + az,bz, > 0.

Hence, we have

Problem 3.22. Does (3.59) have a long time solution such that p converges to wy?

It is not clear at the moment whether the flow (3.1) would develop a singularity or not when
n =4. The study of the two special examples above might give a hint for this problem.

3.7 Singularity and soliton

When n =6, the corresponding geometric flow would have to develop singularities in general. In
dimension 6, we choose r=1/3 to consider the flow

d*p
Op=—d .
tpP <U1/3>
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With almost identical arguments as for n =4, one can show that if |V logu| stays uniformly
bounded along the flow, then the flow exists for all time and converges to w strongly in L?.
(If one assumes further that |Vp| is bounded, then the convergence would be in C* topol-
ogy). One expects that, in general, the symplectic forms in a cohomology class [w]| are not
path-connected. A particular example on T2 x S? x S? is provided by McDuff. In this case, the
flow has to develop singularities. The flow can be viewed as a gradient flow, and the normal-
ized energy decreases strictly along the flow (except at w); it would be interesting to analyze
the formation of singularities along the flow. We pose a concrete question on formation of
singularities.

Problem 3.23. Prove (or disprove) that, along the conformal Hodge flow, there is no type-I
singularity.

One considers the solitons on R*. A particular type is

d (f/%) — d(ixpo), (3.60)

where X is a Killing vector field of the Euclidean metric. Let ¢, be the flow generated by X.
Then p(t) = ¥} po satisfies the flow equation on R,

(%)

We can describe a family of special solutions to (3.60) as follows. Let

po=al(z,y)dz ANdy + dw A dz.
Choose X = (V, V2, V3, V%) to be a constant vector field. Then (3.60) is reduced to

(%)m + <\%> +V%a + V2ay, =0. (3.61)

It would be an interesting question to classify solutions to (3.60).

4. Other nonlinear Hodge flows in dimension four
In this section, we discuss different choices of nonlinear Hodge flows. We write the flow equation as
Opij = (hikprrp),j — (Rjkprii) is (4.1)

where h;; = Q;;+/det Q_l is a positive definite symmetric matrix such that h;;p;ir = pirhji. Note
that h;; and @;; are uniquely determined by each other. We fix the background structure
(M, wo, go). For simplicity, we consider the case on the flat four torus, which will simplify compu-
tations since the curvature terms all vanish. We write gg = Ef d@? and wo = df1 A dby + dOs N dby.
Suppose p € [wp] is a symplectic form with

1
p= Z pijdei A dej = Z ipijdei VAN dgj.
i<j i#]
PROPOSITION 4.1. Along the flow, we have

Orlp® =pijhinSpr; + 2pihik, joki, 1>
Ovu =5 (xp)ijhiwAprj + (+p)ijhin P (4.2)
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Proof. We compute
aulpl> =2 pijOupis =Y _ pijOipis
i<j i#j

=2pij(hikpri)

= 2pii ik k15 + 2pi5 ik, Pri -
By dp =0, we have py; 1; = pji, ki + Apg;. Using p;jhir, = prihij, we deduce

2pi ik pri, 15 = Pijhik Ap;-
Similarly, we compute
Oru=5(xp)ijhie Apr; + (%p)ij Rk, Pri-

This completes the computation. ]

First, we consider the linear Hodge flow.

4.1 The linear Hodge flow h;; = d;;
When Q;; = h;j = d;j, the flow is the Hodge flow

The standard theory shows that the flow exists for all time with uniform control and converges
to wg at exponential rate. But the potential u does not remain positive in general. In the previous
section, we construct an example, for any given time ¢y > 0, in which one can choose an initial
symplectic form pg with ug =1, but along the flow u can become negative at ty. Nevertheless,
the linear Hodge flow can indicate some key difficulties in the study of nonlinear Hodge flow, in
particular for conformal Hodge flows. We have
dlpl* = Alp|? — 2|Vpl?, du = Au — (Vp, V(xp)),
At P =Alpt P =2Vt 2 alp™ P = Alp~ [P = 2[Vp 2

The eigenvalues of A are ++/—1A1, £1/—1A2, which are determined by

1 1

At \@(Iflﬂffl)a A2 ﬂ(lpﬂ—lpfl)-

Note that A\; and Mg are smooth functions at points where p~ # 0. We compute
Vet P = VIR Ve P = VIl
V2|pt] V2|p~|
Vet = VIR N Vo2 = |VIp~|]?
] o]

8t)\1 = A)\l

OtAa = AXa

We denote, at points where p~ # 0,
B et 4V 0 et N [
= 7 =
V2lpt] V2lp|
The maximum principle argument implies the larger eigenvalue A1 is bounded above, but fails
to preserve the positivity of the smaller eigenvalue A2. (Strictly speaking, our computation only

works at points where A1 # Ao, but with modifications the argument can work at points where
A1 = A2 as well). Note that at the minimum of Ay, we have

VipT=Vl|p~].

(4.3)
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At the first time, Ao =0, and hence |p*|=|p~| as well; the failure to preserve the positivity
(nonnegativity) of A2 lies in the fact that at such points (the first time Ao =0), the following
control does not hold:

Vot < |V (4.4)

Similar consideration of the evolution equation on w leads to the same observation: that at
the point where uw=0 for the first time, (4.4) does not hold (it has to fail in general). At the
maximum point of u~!|p|?, we have
-2 2 20 ,— |2
091" =1 PVl (4.5)

However, u~!|p|? fails to be bounded above along the flow, which shows that the following control
at maximum point of u~!|p|? fails as well (when u is positive):

o~ PIVet P <ot PIVp |2 (4.6)
The failure of positivity of u along the linear Hodge flow lies in the difference between (4.5) and

(4.6) from a technical perspective. Now, we compute the evolution equations of A\; and Ay with
the different choices of h;;.

4.2 The case when h;; = fd;;

The evolution equation reads
Opij = fApij + fipjii — fipi-
Hence, we compute
Apl* = F(Alpl> = 2|V p|*) + 2fipijpiiy,
Oru=f(Au— Vot P+ Vo~ |*) + fil*p)ijpjii,
Oilpt 1> = F(Alp* 1> = 2IVeT ) + 2fipfpit,
Orlp~ [P = f(Alp~ [P = 2IVp~[*) + 2fip;;pju-

The conformal factor f can take the form of u~" for some r >0, or something like u~!|p|%.
The structure of the evolution equation along the flow indicates the almost identical technical
difficulty of preserving the uniform positivity of v (or \2), since the maximum principle argument
fails similarly as for the linear Hodge flow. It is still possible that the flow exists for all time with
f=u"", but it is hard to obtain the uniform positivity of u along the flow via a direct maximum
principle argument.

4.3 The case when h;; = u_laij
Here, we choose g, =u"1g(A-, A), which is the metric used in the Donaldson geometric flow.
Correspondingly, we have
Ajj
= 2
Q’L] i ”
Recall ai; = pippjp, bij = (¥p)ip(*p)jp and a;; + bi; = |p|257;j. We compute
2
Pl” Pk
ailpl* = < |u - (*P)kj) Apkj +2pijhik,jpri i,

1
Oru = ipijpkj + (xp)ijhik,j Pri - (4.7)
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We compute, with z = [p~|[2/|pT|?,
1+z _ 2(1+x) 4 _
T2 T TAIpTI2 e 2 A 2 _Aa\-Ta) +2_ _F 2
Olp™ "= T Alp™ I + ——Alp7| T, (VP IV
bi |o?
+ ?‘F&ik Pij.iPklL + ) PriPRLL
x 1 ta, iJla: 2(1+x) (48)
Ol |2 = Alpt? 4 2 12 —2
o™ |7 = = Alp™ P+ T Alp™ I = 7 IV/7] T VAl
bik lol?
+{ — =ik | pijiprii+ PkjPkil-
We compute, at points where |[p~| # 0,
Al A Abig — uA20;y N+ 23\ Aiprjpri
Bh = “LAN — 2L(J 4 k) 4 ALk T YAk 4
Y TS A NP Yo vy M e (4.9)
A2 A2 Audip, — Aabig N+ 223\ Aoprjpri '
Ot Ao = — AN K—-—J)+—F—F—piii — =
tN2 — )\ 2+ — A ( ) 'LL()\% _ )\%) Pij,5 Pkl )\1)\2 ; A% — )\%

We analyze (4.9) at points where A\; or A2 obtains its maximum or minimum, respectively. Let
A1(p, t) =maxgepsr A1(z,t). Then at the point p, we have

VA =0, V%) <0.
This implies that V|p*| + V|p~| =0. We compute
(p",Vpt)  (p~,Vp7)
T -
ot P~
We can choose a coordinate at p such that pjo = A1 and p3q = A2 and

=0.

p13 = p2a = p23 = p14 = 0.
This implies that Vpi12 = VA1 =0, VAo = Vp34 at p. We compute
2o

J+ K= )\2 )\2<

1/\2 (IVpisl® + |Vpia|® + [Vpas* + |V p2ul?) + Vp13Vpas — VpasVp1a),
— 2

A

while for

(A% + A%) A1Pkj PRI Z&(p34 oot — pasapiis) + P34,3P41,1 — P34,4P31,1
A1 o j A2 — )\% )\% ’ ’ ’ ’ Ao ’

Abig — uXodiy 1 2 2
u(N =22 Pij,j Pkl X [(p35.4)” + (P4 3)7]-

It seems to be hard to bound A; via a direct maximum principle argument since the term
()\1/)\%)(,034’1;)2171 — p3a2p11,) has the highest order when Ay <<1 and this term does not have
the favorite sign. We denote

A
Odo = 22 ANy + R
A1

and analyze the behavior at the minimum of Ao, where A2(g, t) = min Aa(+, ¢). At the point ¢, we
choose a coordinate such that p;s = A1 and p34 = A9 and

p13 = p24 = p23 = p14 = 0.
At g, VAo =0=Vps4, VA1 = Vp12. We are not able to prove that R >0 at q.
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4.4 The case when h;; = u‘zaij
We have
pI*0k; (%) Pk
szhzk— ’ 02 I w ]7 (*P)ijhzk—jj
We compute
2 2
pl*pk;  (p)ij plPpk;  (xp)kj
Oilpl® = <‘ | 5 — ) ]) Apyj+2 < | 5 — ]) Pkl — 2hikpij i Pri i,
u u u v/ (4.10)

Pkj Pkj
Opu = S L Aprj + (7]) Pkl
u u /j

We compute

2
+u
oo +20) = (L

2 _
e

We compute

o)
Prj — (pu)kj> Apy,

u * i
Pkj — (pu)kj> Apy,

Lol +2u

\pl
A +12

O|pT? =

2 |
p ) kj
+(’ "+ 5 prj — ( j> PriL — NikPijj Pl

|p|* = 2u

52 Alpt]? +

Olp P =

*P)kj
_ ) j) Pril — 2hikpij i Pris
W/

e e
Al = ot -

2
’P’ A| —|2 ’P‘
u

u (%P1
Pk T T J) PriL — 2hikpij Pl
J

+2

(4.11)
|V +|2 ‘P‘ ’V,O |2

2
— U *p
+(|p| 5 Pkj — ( ) J) Pril — hikpij.ipri-

It follows that

A)\l 1
BYERSYL

A)\Q 1
)\% )\2

Oh = J+K)+

Oy = (K —J)+

where we denote

A1bi
u?(\2

Aluéik - i
u?(\2

2,5 Pkl

— 'LL)\Q(Sk;
S PP+ P1s
—A3)

b (4.12)

—g) PP + P,

— A1,j Pkl ((*P)kj

)\1(/\% — )\%) A9
AL,jPkL (*P)kj
)\1(>\% — )\%) A9

_PE
v

Pri  2X2

P =
2 )\2

4.5 The case when h;; = u_lbij

Here, we choose

Qij=hij=—2

We have

pijhik = (xp)kj,  (¥p)ijhik =
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We compute

20,1
Olpl* = (#p)rjAprs — Tlpij,jﬂkula

2 2 (4.13)
*P)kj — UPkj PI"(*¥P)kj — UPkj
atu:/)’(ﬂ)2j pJA,Ok;j—l-(’ %( )J J) PRl
U U j
Hence, we have
2 2
+u)(*p)kj — UPk; b; pI=(kp)kj — upk;
6t|P+’2: (’p’ )(2 ) J JAij _ Lkpij,jpkl,l + <’ ’ ( ) J J> ,Ok:l,la
! " " J (4.14)
_o_ (u—1pP)(xp)r; + ups; bik |01 (+p)kj — upr; '
Olp~|" = o : L Aprj — iﬂzj,jpkz,l - uj : ) Pkl,l-
Hence, we have
A A A1bi — uMo0;
Oh = AN — Z2(J+ K) - SR ok — Ru,
)\1 )\1 ’LL()\I - )\2) (4 15)
O\ :ﬁA)\ _E(K_J)+>‘2b“f_—m... +R .
tN\2 )\2 2 )\2 ’LL()\% _ A%) plj,jpk?l,l 2
where we denote
Ri— </\% + A%) AoCeplkiosis <)\% + /\§> A1L(#P)kj PhL
A1 i )\% — )\% ’ A1 o ; /\% — )\5
4.6 The case when h;; = u_2bij
Here, we choose
b”
Qij =bij, hij= ﬁ (4.16)
We compute
2
*0) i *0)ki — UWPkj
Pijhik:( p) i (p)ishin = |pl*( p); Phj
U U
Hence, we have
*P)kj *P)kj
Olpl* = (u)]Aij +2 <(u)j> Pr1l — 2Nk Pip pPKiL,
7j
2 2
PI"(*P)kj — UPkj *P)kj — UPkj
0 (2u) = P )u; L Aprj +2 <fp| ( )u; P j) PLs (4.17)
7.7
O (|p|? + 2u) = Ryj Apkj + 2Rij, ot — 2hikPip.pPhils
O(|p|* — 2u) = Sk Apkj + 2Sk;. iPris — 2RikPippPrils
where we denote
(Ip* +u) (xp)ij — upr; pej+ (xp)ks  |pl?
Ryj = " B Sy = = (k).

Recall that

VP +2u | plP—2u VP +2u plP—2u
A= 2 * 5 2T 2 - 2
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Note that A\; and g are both smooth functions when |p~|? # 0. We compute
_ u(pl* +2u) | Au(lpl? — 2u)

4/p2+2u  4y/]p]2 —2u
( Ry Api; Skj Dp; ) ( Ruj,jpri Sk P >

4/1pl2+2u  4/|p]?2 —2u 2V/1p2+2u  24/|p]? — 2u

1 1
_ ' ikp: ’ 4.18
<2\/‘,0‘2 + 2u 2\/’P|2 — 2u> ikPip,pPkl,l ( )

8,5)\1

and similarly

_ 0llpl* +2u)  Ou(lpl* —2u)

O A
2Ty |2 +2u  44/|p|> —2u
_(_BrjBpok;  SkiBpkj . Rijjprg  SkjjPri
4/ pl*+2u  4/]p]* —2u 2v/pl*+2u  2¢/[p* —2u
1 1
— — ik i . 4.19
(ww F2u 2/l - 2u> o o)
By (4.18), we compute, using p=p* + p~ and xp=p" — p~,
AN 1 ANk Pip pPriL |pri |2
O =2l S (J+K)— 2Pkl ’

LA AT =N AL(A] = A3)

A1,j Pk 2X 1 Pk;j A2kt ((p)kj/ A2 — prj/ A1)
) ) a2 - . _ PRy J J 4.20
vory (85 eow-52) + woi-ag o 4

and, similarly, we compute

Ay 1 XoRikPippPiil | pia|?
dda =02 4 (K —J) + PPRLL :
T S S N W VIS V)
Lo <ij () 2/\1(*p)kj) L Apitt (Prj/ A2 = Cep)i/ M) (4.21)
(A=A \ N A AL(Af = A3)

When p = Ay (21, x2)dz A dxg + No(x3, x4)dxs A dzy, we have already seen that the nonlinear
Hodge flow with h;; = u_QbU preserves the structure and satisfies

O = Duy oy (ATY), 0002 = Ay o (051, (4.22)

It is a direct computation to check that (4.22) coincides with (4.20) and (4.21). For example,
J=K=0and Pl = Oz, A1, P2l = —0z, A1, p3ll = Oz, A2, P4l = —0z,A2. Note that (4.22) is a fast
diffusion equation for A\; and Ag, respectively. The maximum principle indeed applies to show
that A1, Ao remain uniformly bounded and uniformly positive. By the parabolic theory, the
flow exists for all time with uniform control, and it will converge to w =dx1 A dxgy + dxs A dzy4.
However, the maximum principle argument does not apply directly to (4.20) and (4.21) for the
general case. On the other hand, (4.21) might still suggest that Ay stays uniformly positive
along the flow. When A2 approaches zero, the leading term A5 2A\; is the same as for the fast
diffusion equation and it might force Ay to stay uniformly positive. Nevertheless, it is clear
that the system is really complicated, and it remains a substantial challenge to address these
difficulties.
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