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If G is a graph with vertex set [1] then o7 = 21"l is G-intersecting if, for all 4, B € ./, either
AN B # 0 or there exist a € A and b € B such that a ~¢ b.

The question of how large a k-uniform G-intersecting family can be was first considered
by Bohman, Frieze, Ruszink6 and Thoma [2], who identified two natural candidates for
the extrema depending on the relative sizes of k and n and asked whether there is a sharp
phase transition between the two. Our first result shows that there is a sharp transition
and characterizes the extremal families when G is a matching. We also give an example
demonstrating that other extremal families can occur.

Our second result gives a sufficient condition for the largest G-intersecting family to
contain almost all k-sets. In particular we show that if C, is the n-cycle and k > on + o(n),
where o = 0.266... is the smallest positive root of (1 —x)3(1 4 x) = 1/2, then the largest
Cy-intersecting family has size (1 — o(1))(})-

Finally we consider the non-uniform problem, and show that in this case the size of the
largest G-intersecting family depends on the matching number of G.

1. Introduction

The following generalization of the notion of an intersecting family was introduced by
Bohman, Frieze, Ruszink6 and Thoma [2]. If G is a graph with vertex set [n] then .o7 < 20"
is G-intersecting if, for all A, B € .o/ either AN B # () or there exist a € A and b € B such
that a ~¢ b.

The question of how large a k-uniform G-intersecting family can be is a natural
generalization of the Erdés—Ko—Rado problem; indeed, if G is the empty graph it is
answered by the classical Erd6s—Ko—Rado theorem [6].
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Theorem 1.1 (Erdés—Ko-Rado 1938 [6]). If <7 = () is intersecting then

o] < (), 1<k <n/2
) n/2 <k <n.

Moreover, if k <n/2, then equality is attained if and only if of consists of all k-sets
containing a fixed element of [n]; while (trivially), if k > n/2, then equality is attained if
and only if </ = ().

For a graph G with vertex set [n] and 1 < k < n, we define
o ) [n]\ . . .
N(G,k) = max{ || : o < k is G-intersecting p.

Bohman, Frieze, Ruszink6 and Thoma [2] were the first to consider the problem of
determining N(G, k). They identified two types of behaviour for the extrema depending
on the relative sizes of k and n, mirroring the extremal behaviour of ordinary k-uniform
intersecting families (as given by Theorem 1.1).

The augmented neighbourhood of A = [n], denoted by I't(4), is the union of 4 and its
neighbourhood in G. So a family .o/ = 2" is G-intersecting if and only if, for all 4, B € .7,
we have ANTT(B) +# 0.

An obvious example of a k-uniform G-intersecting family is the collection of all k-sets
meeting a fixed clique in G. For instance, if G = C, is the n-cycle, then

of = {A € ([Z]> AN {1,2) #(Z)}

is C,-intersecting. However, ./ is not maximal: it can be extended to

%zﬂu{Be <[Z]) :3,neB}.

More generally, if K is a clique in G and My, My, ..., M, < [n]\K satisfy
KcTt(M;) for1<i<r and M;NTH(M;)#0, i+}j,

then

[n]

AK;M,...,M,) = {Ae (k

) cANK #0or M;c A forsomei} (1.1)

is also G-intersecting. We will call such a family a (G, k)-star with centre

.
C=Kul M.
i=1
Bohman, Frieze, Ruszinké and Thoma [2] showed that if G is sparse and k = O(n'/%),
then the largest G-intersecting families are of this form. (More recently Bohman and
Martin [3] gave an improvement, showing that a similar result also holds for k = O(n'/?).)
Bohman, Frieze, Ruszinko and Thoma [2] also showed that if G is sparse with minimum
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degree ¢ and k > cn, where c is a constant satisfying ¢ — (1 — ¢)°*! > 0, then

N(G,k) = (1 —0(1))(Z>.

These two different types of extrema mirror the two cases of the Erdés—Ko—Rado
theorem; however, there is a large gap between the values of k for which they are known
to occur. Bohman, Frieze, Ruszinko and Thoma [2] asked whether there is a sharp phase
transition and whether other types of extrema exist.

Our first result in the next section (Theorem 2.1) shows that there is a sharp transition,
and characterizes the extremal families when G is a perfect matching. We also give an
example of a graph demonstrating that other types of extrema exist.

In Section 3 we give a sufficient condition for the largest G-intersecting family to
contain almost all k-sets (Theorem 3.1). In particular we show that if C, is the n-cycle and
k > an + o(n), where o = 0.266... is the smallest positive root of (1 —x)*(1 +x) = 1/2,
then the largest C,-intersecting family has size (1 — o(1))(}) (Corollary 3.2). This improves
an earlier bound of k > 0.317n due to [2].

In Section 4 we consider the non-uniform problem, and show that in this case the size
of the largest G-intersecting family depends on the matching number of G (Theorem 4.1).

We end the paper with some open problems and conjectures.

2. Matchings

Let M, be a matching of order n = 2t with edges ey,...,e, where ¢; = {2i — 1,2i}. For
Ae (") letl,={ie[t] : ANe; # 0} (so I, indexes the edges that A meets). An obvious
candidate for the largest M,-intersecting family when k is small is

A iy = {A € ([Z]> e IA}.

The precise form of the extremal family when k is large will depend on the parity of t.

For t odd let
[n] t
Mmajz{Ae (k) :|IA|>2}.

For t even we can extend o/, by adding half of those k-sets meeting exactly t/2 edges.
To be precise, for ¢ even let # < (,j,) be an (ordinary) intersecting family of maximum

size %(I/IZ) We define

A maj = {A e ([Z]> L4l > % orly e %’}

Note that both .o, and o7 ,j are M,-intersecting.

The result of Bohman and Martin [3, Theorem 2] implies that .o/ is a k-uniform
M,-intersecting family of maximum size for k = O(n'/?), while the result of Bohman,
Frieze, Ruszinko and Thoma [2, Theorem 7] implies that N(M,,k) = (1 —0(1))(;:) for
k > 0.38196n. We can give the following result describing a sharp threshold for the
behaviour of N(M,,k) and characterizing the extremal families.
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Theorem 2.1. Let n =2t > 1000, 1 < k < n and M, be a matching of order n with edges
{1,2}, {3,4},....,{n—1Ln}. Ifd=1 — 2712 =029289... then

&{airzn_n_z, k < dn,
N(Mn,k) — {| p | (k) ( k )n h

|7 maj =(1—0(1))(k), k > dn(1 + €,),
where €, = 30\/1"% = o(1). Moreover, up to isomorphism, these bounds are only achieved
by the families of pair and o/ s described above.

For the remainder of this section we will say that k is small (with respect to n) if k < dn
and k is large (with respect to n) if k > dn(1 + €,).

Proof of Theorem 2.1. Let .o/ = () be a k-uniform M,-intersecting family of maximum
size (so |.&/| = N(M,,k)). We define

I(A)={Is<=[t] : A€ o}

Note that the sets in .#(.e/) all have sizes in the range [k/2] up to k (since a k-set cannot
meet less than [k/2] edges or more than k edges).

For B < [t] define
Wi(B) = {A c ([Z]> Iy = B}.

So Wi(B) is the family of all k-sets meeting precisely those edges indexed by B. The size
of this family depends only on the size of B. For 1 <m <t let wi(m) = |Wi([m])| (so
wi(m) # 0 if and only if [k/2] < m < k).

We break the proof down into a number of lemmas whose proofs we defer. Lemma 2.2
tells us that .#(.27) is a maximal intersecting family in {B < [t] : [k/2] < |B| < k}. Together
with Lemma 2.3, this allows us to reduce the problem of determining N(M,,k) to a
weighted intersection problem for .#(</), with the weight of a set B € .#(«/) given by
wi(|BJ).

Lemmas 2.4 to 2.7 establish various facts regarding the weights. In particular, Lemma 2.5
shows that the weights are unimodal; Lemma 2.6 shows that when k is small the weight
of a set B < [t], |B| < t/2 is greater than the weight of its complement while Lemma 2.7
shows that when k is large the total weight of all sets of size at most t/2 is negligible.
Lemma 2.8 is a version of the local LYM inequality [4].

Lemma 2.2. .#(</) has the following properties.

(a) FA(f) is intersecting.

(b) If B = [t], [k/2] < |B| < k and (/) U {B} is intersecting, then B € J(.<f).
(c)IfBe S(), B=C < [t] and |C| <k, then C € I().

Lemma 2.3. If A€ o/, Be () and 1, =1, then B € /. Hence

o= | WiB).
Be S ()
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Thus, if = {A € ot |L4] = m}, F() = {B € F(4) : Bl = m} and i, (/) = T ().

then
k
L | = i Ywi(m) and  |f| = D" in(L)wi(m).
m=[k/2]
Lemma 2.4.

2m=k( MmN [k/2] < m <k,
wk(m) — (kfm) [ / ] .
0, otherwise.

Lemma 2.5. There exists m* = m"(k,t) such that {wk(m)}f;:[km satisfies
wi([k/2]) < -+ < wi(m") = wi(m"™ + 1) > wi(m” 4 2) > - > wy (k).
That is, the sequence is strictly increasing up to a maximum which is attained at m" and

possibly also attained at m* + 1, and thereafter the sequence is strictly decreasing.

Lemma 2.6. If k is small then m* < t/2. Moreover, if [k/2] < m <k and m <t/2, then
wi(m) > wi(t — m).

Lemma 2.7. If k is large, then m* > t/2 and

> mmf) <i:)

m<t/2
Lemma 28. If my <my, # < (,[72) and
om)() = {C € <’Efi]1> :C < B for some B € 93},
then
10" ()] > i
) G

Returning to the proof of Theorem 2.1, we suppose first that k is small and let .#(.</),
Ay, Im(Z) and i, (/) be as defined above. Lemma 2.3 implies that for m < t/2

|=52{m| + |=5Z{t7m‘ = l'm(JZ{)Wk(Wl) + itfm(&{)wk(t - m) (21)
By Lemma 2.2(a), im(/) + ir—m(/) is the size of an intersecting family in (1)U ().

m t—m

Hence Lemma 2.6 and the Erd6s—Ko—Rado theorem (Theorem 1.1) imply that
t—1 t—1
|=53{m| + |=52{t—m| < < >Wk(m)+ < >Wk(t_m),
m—1 t—m—1

with strict inequality unless .#,,(o/) U .#,_(.«7) consists of all sets in (1) U (1 ) containing

m m
a fixed element of [t] (which is the case for o7 ,;). Finally, if t is even then Theorem 1.1
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implies that

] < wk(r/z)% (;2)’ (22)
and again this is achieved by .o/ .ir. Hence N(M,,, k) = |.o/| < |- paicl-

To see that o, is (up to isomorphism) the unique extremal family, note that for
equality to hold .7 5)(.«/) must consist of all [k/2]-sets containing a fixed element i € [¢].
Without loss of generality we may suppose that i = 1. Lemma 2.2(c) now implies that
A pair © /. Finally k < dn implies that .o/, is a maximal M,-intersecting family and
hence .o/ = o/ p,ir. (Indeed it is easy to check that .o/, 1S a maximal M,-intersecting
family whenever k < n/3.) Note that this part of Theorem 2.1 holds for all values of n
and k < dn (the condition n > 1000 is only required for the k large case).

Now suppose that k is large, that is, k > dn(1 +€,). If k >t = n/2 then .o/, = ([Z])
and the result is trivial, so suppose that k < t. In this case Lemma 2.7 tells us that the
maximum of wg(m) is achieved at m" > t/2. By Lemma 2.5, wi(m) is strictly increasing
for m < m” so wi(m) > wi(t —m) for t/2 < m < m*. By Lemma 2.2(a), i,,() + i;_m(s/) is
the size of an intersecting family in (1) U (M) so, for t/2 < m < m", wi(m) > wi(t —m)
implies that

Ll + |5l < (t>wk<m), 2.3)
m

with strict inequality unless .#;_,,(<7) is empty and %, (/) = (Eﬂ) (which is the case for
&/maj)'

If t is odd then (2.3) bounds the number of sets in .o7,, for t —m* < m < m*. However,
if t is even then we note that i;/;(.«/) is the size of an intersecting family in (1;2) and so
(2.2) holds.

If 4,(o/)=0 for m <t—m" then (2.3) and, in the case of t even (2.2), imply that
|- 7| < |9 majl, With strict inequality unless .o/ = .o/, We suppose now, for a contradiction,
that there exists m < t —m" such that .#,,(.«7) # 0. Let my < t —m" be chosen' so that

im(olgz)/) = max{ im((’j) m<t— m*}.

Let f = imy(#)/(,,) > 0. By Lemma 2.3 we have

Sl <p S wk<m><,;). (2.4)

m<t—m"* m<t—m"

The complements of the sets in ., (<) are all missing from .#,_,,,(.«/), which implies
that, if 2 = (1) )\I 1, (2), then || > im,(/) = B(,;, ). Recall that

t
mo

0" (RB) = {C € (Eﬂ) :C < B for some B € ,%’}

1'So the proportion of mg-sets in #(.<7) is maximal subject to mg < t —m".
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Ift/2 < m < t — mg then Lemma 2.2(c) implies that 0""(#) N .#,,(«/) = 0, while Lemma 2.8
implies that
10" (2)| &
> =B
(};) (l’—r}'m))

Note that m* <t — myg, and hence, for t/2 <m < m",

() < (t> o) < (1 —b’)(t) (2.5)
m m

Now, if t/2 <m < m" then wi(m) > wi(t —m), so (2.5) implies that

t
ot 1810l < (1)L Bt + P = ), 26)
If m <t —m" then, by the definition of f,
t
Sl < ﬁ< )wk(mx 27)
m

while, trivially, if m > m" then |.oZ,y| < wi(m)(}). Together with (2.6), (2.7), and in the case
of t even (2.2), this implies that

|| — |- ma| < Zﬁ( )wk(m > ﬂ()
t/2<m<m*

m<t/2
= ()

t/2<m<m*

Now Lemma 2.7 implies that

f1= et < (5 (1) -

So we will have|.o/| < |.o7m,j| (and the proof will be complete) if we show that

> ()= (5): 28)

t/2<m<m
Let m; satisfy
wk(ml)( ! ) = max{wk(m)<t> c[k/2] <m < k}.
mq m
Recall that
k
t n
> ()= ()
m k
m=[k/2]

and k < t. Hence

t 1 n 2 n
(ml>wk<m1> > (k) > Hz(k) (29)

Since m* > t/2, both wy(m) and ( ) are increasing in m for m < t/2 and decreasing in m for
m>m"som €{[t/2],...,m"}. If my # t/2 then t/2 < my < m", and so (2.9) implies that
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(2.8) holds. Otherwise t is even and m; = t/2, in which case (2.9) and wi(t/2 + 1) > wi(t/2)
imply that

t t t 2t n
2+1 — (t/2) 2 —— .
<r/z T 1)”"“/ MRS <t/2> w2 > (k)
This implies that (2.8) holds so long as 2t> > (t + 2)?, which is true for t > 5. O

Proof of Lemma 2.2. If A, B € .#(/) then there exist C,D € .o/ such that A =I¢ and
B = 1Ip. Since o/ is M,-intersecting so C and D must meet a common edge e¢;. Hence
i€ AN B and so J(</) is intersecting.

If Lemma 2.2(b) does not hold then there is B < [¢], with [k/2] < |B| < k such that
J(/)U{B} is intersecting but B ¢ .#(</). Now [k/2] < |B| < k implies that Wy(B) #
0 and so # = .o/ U W(B) is a k-uniform M,-intersecting family satisfying |%| > |.<7|,
contradicting the maximality of |.o7|.

Finally (b) implies (c), since if B = C and B € .#(</) then .#(.o/) U {C} is also intersect-
ing. Ll

Proof of Lemma 2.3. If A€ ./, B € ([Z]) and I, = Ip then o/ U {B} is M,-intersecting.
So, by the maximality of |.<7|, B € .«/. Hence

o= |J WuB).
BeS ()
Moreover this is a disjoint union since if B,C € .#(.«/) and B # C then Wy (B) N W;(C) =
(. The final part follows directly from the definitions. L]

Proof of Lemma 24. If m < [k/2] or m > k then no k-set meets m edges and hence
wi(m) = 0, so suppose that [k/2] < m < k. Consider 4 € ([Z]) meeting the first m edges
of M, (that is 4 € Wy([m])). For such a set let a; denote the number of edges it meets in
exactly i elements, where i = 1,2. Since a; + a, = m and a; + 2a, = k we have a; = 2m —k
and a; = k —m. Thus such a set is uniquely determined by choosing k — m of the m edges
from which to take both vertices and then choosing one of the two possible vertices from
each of the remaining 2m — k edges. ]

Proof of Lemma 2.5. We show first that if [k/2] < m < k then
wi(m)? > wi(m + Dwi(m —1). (2.10)

First note that this holds for m = [k/2] or m = k since in this case the right-hand side of
(2.10) is zero while the left-hand side is positive. So suppose that [k/2] < m < k. Now

wi(m)? mk —m+ 1D)2m —k +2)2m —k + 1)
wem+ Dwem—1) — (m+ D)k —m)2m —k)2m —k —1)
mk —m+1)

(m+ 1)(k—m)
> 1.

Hence if y,, = wi(m)/wi(m + 1) then {J’m}ﬁp[k/z] is strictly increasing. This implies the
result. o
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Proof of Lemma 2.6. Let k be small. We will assume that t = 2s is even; the proof for
t odd is essentially identical. By Lemma 2.5, if wyi(s — 1) > wy(s) then m* < s. Recall that
since k is small we have k < dn— 1, where d = 1 — 2712 and n = 2t = 4s. Now

wi(s—1) (2s—k)2s—k—1)

wi(s) 4s(k —s+1)
(2s —k —1)?
4s(k —s+1)
> 1.

Hence m" < s =1t/2.

We now prove by induction on a > 1 that if [k/2] < s —a < k then wi(s — a) > wi(s +
a). (Note that we may suppose that s + a < k, since otherwise wi(s 4+ a) =0.) For a =1
this follows from m* < s — 1 and Lemma 2.5, so suppose that a > 2 and the result holds
for a — 1. It is sufficient to show that

wi(s —a) _ wi(s—(a—1))

we(s+a) 7 wi(s+a—1)"
since the right-hand side of (2.11) is strictly greater than 1 by our inductive hypothesis.
We consider

(2.11)

_ wils—aw(s+a—1)
Cowk(s+awi(s — (a— 1)
We wish to show that y > 1. Now
2s—2a—k+2)2s—2a—k+1)2s+2a—k)2s+2a—k —1)
- 6s—a+O)s+a)k—stak—s—a+tl)
(2s —k +2a—1)>(2s —k —2a — 1)?
16((s2 — a?)((k —s + 1) — a?)
Since (2.12) is decreasing in k and k < dn (since k is small) we may suppose that
k =dn—1=4ds — 1. Rearranging, we now need to check that

(s — 2ds + a)*(s — 2ds — a)*> — (s* — a*)((4ds — s)*> — a®) > 0. (2.13)

(2.12)

Differentiating (2.13) with respect to a we see that it is increasing in a, for a > 0 (the
partial derivative is 16ad’s*). Hence it is sufficient to check that (2.13) holds for a = 0,
which it does with equality. U]

For the proof of Lemma 2.7 we will require Azuma’s inequality.

Lemma 2.9 (Azuma [1]). If Yo,...,Y; is a martingale and |Y; — Y;_1| < ¢; for 1 <i<t,
then for any A >0

-2
P(Y;, > Yo+ 1) <exp| —— .
( t 0 ) p(zzflcf)

Proof of Lemma 2.7. Let k be large. We will assume that t = 2s is even; the proof for
t odd is essentially identical. By Lemma 2.5, if wi(s) < wy(s + 1) then m* > s. Since k is
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large we have k > dn 4 4d = 4d(s + 1), where d = 1 — 272 and n = 2t = 4s. Now
wi(s)  (2s—k+2)2s—k+1)

wi(s+1) 4(s + 1)(k — s)
(2s —k +2)?
4s+1)k—s—1)
<1

Hence m* > s =1t/2.
We now need to show that

S wi(m) (;) < 1(’;) (2.14)

m<t/2
IfAe ([Z]) is chosen uniformly at random and

Iy={ic[t] :Ane; # 0},

then
wi(m) (!
P(Li <t/2)= ) ()()
m<t/2 k
So it is sufficient to prove that
1
P(I4] <t/2) < . (2.15)

For j € [n] let

0, otherwise.

1, jeA,
Xj(A)={

Recall that M, has edges ey,...,e, with ¢; = {2i—1,2i}. For i € [t] let #; be the o-
algebra generated by Xi,X>,..., X5 and define Y; = E(|[t]\l4| | 7). If Yo = E(|[t]\14])
then Yy, Yi,..., Y; is a martingale and

_ ")
[(\L4]) = Z}P’(Aﬁe, =)= —~k2.
()
The values of X»;_; and X»; can change the expected number of edges which 4 meets

among e;.1,...,e, by at most two, as well as determining whether or not i € I 4. Hence

[Yi— Y] <3

Azuma’s inequality then implies that

n—2
1
IF’(Y, > t< k ) 18t10gt> -
(&)
Now |I4] =t — Y, so the proof will be complete if we show that (for k large)
t n—2
(),
(&)

=

t
18tlogt < =.
og 5
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181
(2t — k) < 22 —4z2,/@.

A routine calculation now shows that this holds for k > dn(1+ 30 1"%) and n =2t >
1000. ]

This will hold if

Proof of Lemma 2.8. This is a simple exercise in double counting. Each set B € 4
contains (;?) subsets of size mj, while each set C € 0")(#) is contained in (, " )
supersets of size m, (and thus in at most this number of sets in %). Hence

|a“"1>(@)|( £—mi ) _p ('"2)
my — my mj

which implies the result. |

In fact the same value d = 1 —2~'/2 is a threshold for a slightly more general class of
graphs.

Theorem 2.10. If G, is the graph of order n with w, pairwise disjoint edges and n — 2w,
isolated vertices, where w,, — o0 as n — oo, then there exists 6, = o(1) such that

N(Gn,k) — {(Z) - (n;2)’ k < dn’ ‘
(I—o(1))(}), k> dn(1+d,).
Proof. For k < dn note that G, is a subgraph of M, and so N(G,,k) < N(M,, k). More-
over .o pir is a (G, k)-star of size (}) — (”;2).
For k > dn(1 + ¢,) a similar proof to that already given for Theorem 2.1 can be used
(for more details see Corollary 3.3 in the next section). U]

Bohman, Frieze, Ruszinkd6 and Thoma [2] asked whether other types of extremal G-
intersecting families can occur — apart from families which are either (G, k)-stars or consist
of almost all of ([Z]). We show that they can, by giving a simple example of a graph for
which (for appropriate values of k) the extremal family must be of a third type.

Let H, be the graph with vertex set [n] and edges {1,2},{3,4},{5,6}. The following
family is H,-intersecting:

o ) = {A IS <[Z]> : A meets at least two of the three edges of H,,}.

- ()3

Let € >0 be small, n > ng(e) be large and 1 —2"2 4+ e <k/n < 1/2—e. Since k/n >
1 — 2712 4 e it is straightforward to check that .7, is larger than the largest (H,, k)-star.
(The largest (H,, k)-star consists of all k-sets meeting a fixed edge of H, and so has
size (}) — (",%).) Moreover, N(H,,k) # (1 —o(1))(}), since k/n < 1/2 — e implies (by the

Note that
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Erdés—-Ko—Rado theorem) that any H,-intersecting family contains at most (Zj) of the
sets in (["],\(\[6]), so N(H,,k) < (}) — (”;7).

Hence, if # is a k-uniform H,-intersecting family of maximum size then % does not
contain almost all k-sets and 4 is not an (H,, k)-star. We do not know what form % can
take, only that it must be of some new third type; however, .o/, is an obvious candidate
extremal family.

3. General k-uniform problem: k large

The conclusion of Theorem 2.1 for k large can be extended to give an analogous result
in a more general setting. The exact formulation of this generalization (Theorem 3.1) is
rather ugly; however, we give two natural corollaries (Corollaries 3.2 and 3.3). Recall the
definition (1.1) of a (G, k)-star with centre C from the Introduction.

Theorem 3.1 has the following intuitive interpretation: if a largest (G, k)-star contains
slightly more than half of all k-sets and there are lots of ‘independent’ (G, k)-stars of this
size then the ‘majority family’, consisting of all k-sets belonging to more than half of
these (G, k)-stars, contains almost all k-sets. (Idea of proof: a random k-set belongs to any
particular largest (G, k)-star with probability 1/2 + ¢, so with high probability it belongs
to a majority of them.)

Theorem 3.1. Let {G,}7, be a sequence of graphs of order n and 1 <k < n. If the fol-
lowing three conditions hold for all n sufficiently large, then N(G,,k) = (1 — 0(1))(;:).
(1) There exist isomorphic (G, k)-stars: <y, 5, ...,
Ci1,Cy,...,C,, such that w, — o0 as n — oo.

(ii) The common size of the centres of the <7 is p,.
(iii) Each of the </} has size S, satisfying

1 logw, \ (n
nZ |5 n 1 .

It is natural to ask whether the conditions of Theorem 3.1 are in fact best possible.
In general we have no idea, but we give two conjectures in Section 5 of cases when we
believe they are.

Let C? denote the pth power of the n-cycle (that is, the graph with vertex set [n] and
i ~cr jif and only if 1 < dist(i, j) < p, where distance is measured around the cycle).

with pairwise disjoint centres

Corollary 3.2. Let p > 1 be a constant and let «, be the smallest positive root of

(1 —x)H (1 +px) = 1/2.
There exists €,, = o(n) such that if k > opn + €, then N(CE,k) = (1 —o(1))(}). In partic-
ular, N(Cy, k) = (1 — o(1))(}) for k > 0.266n.

Corollary 3.3. If r > 1 is a constant and the number of pairwise disjoint r-cliques in G,
is unbounded as n — oo then there exists €., = o(n) such that N(Gn, k) = (1 — 0(1))(;:),f0r
k>1—=2"""Yn+e.,.
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We note that both Corollaries 3.2 and 3.3 could be extended to the case of p,r
non-constant, but for simplicity we omit these extensions.

Proof of Theorem 3.1. Suppose that {G,}2,, /], /5,.. oy, ,and Cy, Cs,...,C,, satisfy
conditions (i)-(iii). For A4 € () let

MA) =#{icw)] :Ae ;)

A ey = {A € <[Z]) L A(A) > W,,/2}.

Clearly .7 maj is Gp-intersecting, since if 4, B € o/, then there exists i € [w,] such that
A,B € o/}, and o/} is G,-intersecting (since it is a (Gy, k)-star). We will adapt the proof
method of Theorem 2.1 to show that |.o/my| = (1 — o(1))(}).

Let A € () be chosen uniformly at random. For j € [n] let

PP SR L
! 0, otherwise.

and define

Since the centres Cj,C,...,C,, are pairwise disjoint and have common size y, we
may suppose that for i € [w,] we have C; = [(i — 1)y, + 1,iy,]. For i € [w,] let &, be
the o-algebra generated by X(A4), X»(A4),..., X, (4). (That is, we condition on how A4
meets the centres of .o/}, <75, ...,A;.) Let Yy = E(w, — A(A4)) and for i€ [w,] define
Y; = E(w, — A(4)|.F;). Now Yy, Yy, ..., Y, is a martingale and, since each centre has size
vn, We have

Yi—=Yial <yt 1,

for i € [w,]. Moreover,

Sn n
Yo = w, <1 — n> < W? — (pn + 1)/ w, log w,,.

Applying Azuma’s inequality (Lemma 2.9), we obtain
P(A ¢ o maj) = P(Yy, = wy/2)

< P(Ywn 2 YO + (yn + 1) V Wn IOg Wn)
1

N

E

Il

S
=

=
=

The result now follows. ]

Proof of Corollary 3.2. A largest (C!, k)-star, €, is given by taking a largest clique
K (of order p+ 1) and all (?}') pairs of vertices {i,j} € (")*) satisfying i £¢» j and

K = I'*({i, j}). Hence

=)
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Note that the centre of " has size 3p + 1. Moreover, the number of (C?,k)-stars of
maximum size with pairwise disjoint centres is at least |n/(3p 4+ 1)] — o0 as n — oc. (So
conditions (i) and (ii) of Theorem 3.1 hold.)

Writing ¢ = k/n we have

6| > <1 — (1 — P (1 +ep) + 0<1)> (”>
n k

Hence, for a suitable choice of €, (which can clearly be taken to satisfy €,, = o(n)), if
k > opn + €,, then condition (iii) of Theorem 3.1 also holds and the result follows. [

Proof of Corollary 3.3. This is almost identical to the proof of Corollary 3.2 so we give
only a sketch. Let Ky, K»,...,K,, be pairwise disjoint r-cliques in G,, with w, — oo as

n— oo. If
&ifz{Ae ([Z]) :AﬂK,-#Q)}

then |.«Z;| = (}) — (","). Conditions (i) and (ii) of Theorem 3.1 hold with y, = r. Moreover,
there exists €., = o(n) such that if k > (1 —27'")n + ., then condition (iii) also holds.
The result now follows. ]

4. Non-uniform G-intersecting families

The question of how large a non-uniform intersecting family .o/ < 2"l can be is rather
easy: .o/ cannot contain both a set and its complement and so |.oZ| < 2"~!; moreover, this
bound can attained in numerous different ways.

The non-uniform G-intersection problem is also easier to solve than the k-uniform
version. For a graph G of order n let

N(G) = max{|.«Z| : .o/ < 2" is G-intersecting}.

The size of the extremal family depends on the matching number, m(G), the size of a
largest matching in G.

Theorem 4.1. If {G,}>, is a sequence of non-empty graphs of order n with m(G,) non-
decreasing then either m(G,) — o0 as n — oo, in which case N(G,) = (1 — 0(1))2", or there
exists m > 1 such that m(G,) = m for all n > ny and

N(Gy)

S S =27, (4.1)

1 —e™® < P(Bin(m, 3/4) > m/2) <

In the latter case both bounds are attainable.

Lemma 4.2. Let G be a graph of order n with a matching of size m > 1. Then
N(G)
2n

> P(Bin(m, 3/4) > m/2) > 1 —e "/,

Proof. Take a matching M of size m and define
Mgy = {A € 21" 1 4 meets > m/2 of the edges in M}. (4.2)

Note that .#,j is G-intersecting.
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If we select a set A € 2" uniformly at random by choosing each i € [n] independently
with probability 1/2, then A meets any edge e € M independently with probability 3/4.
Hence, if X ~ Bin(m, 3/4) then

P(A € M maj) = P(X > m/2).

—m/8

Hoeffding’s inequality [7] implies that this is at least 1 — e and the result follows. [

Proof of Theorem 4.1. Since m(G,) is increasing, either m(G,) — oo as n — oo or there
exists m > 1 such that m(G,) = m for all n > ny. In the former case Lemma 4.2 implies that
N(G,) = (1 —0(1))2", so suppose that m(G,) = m for all n > ny. Lemma 4.2 now implies
that the lower bound in (4.1) holds. For the upper bound consider a maximal matching
in G,: this contains at most 2m vertices. Let W < [n] be the other vertices of G,,. Since W
is the complement of a maximal matching it is an independent set, and so if 4, B < 2%
are G,-intersecting then A N B # (. Hence, if .o/ = 21" is G,-intersecting then it contains
at most half of the sets from 2". The fact that |W| > n — 2m yields the upper bound in
(4.1).

Note that if G, is the union of a clique of order 2m + 1 and n — 2m — 1 isolated vertices
then the upper bound in (4.1) is sharp. (The family of all sets meeting the clique is
G,-intersecting and of the correct size.)

To see that the lower bound in (4.1) is also attainable requires slightly more work. We
claim that if G, is the union of a matching M on m edges and n — 2m isolated vertices,
then the family .#,; defined in (4.2) is a largest G,-intersecting family. (We will assume
for simplicity that m is odd; if m is even a similar argument will work.)

Let .« < 2 be a G,-intersecting family of maximum size. Let E = {e1, es,..., ey} be
the m edges of the matching and let V = {vy, va,...,0,—2s} be the n — 2m isolated vertices.
For A E and B< V let

F(A,B)={Ce2M:A={ecE:Cne+0land B={veV :veC}.

So #(A, B) contains those sets which meet precisely those edges in 4 and contain precisely
those isolated vertices in B.

First note that if 4 = E and B < V then |¥(4, B)| = 31! Secondly,if A < Eand B< V
then at most one of .« N ¥ (A4, B) and .o/ N ¥(E\A, V\B) can be non-empty (otherwise .o/
is not G,-intersecting). Moreover, the maximality of .«/ implies that if .o/ N % (4, B) # 0
then ¥(A4, B) < .«/. Finally, note that if, for each A < E and B < V, we take the larger of
F(A,B) and S(E\A, V\B), then the resulting family is at least as large as .«/. However,
this family is ./ maj. |

5. Open problems and conjectures

An analogue of Theorem 2.1 should surely hold when G,, = K;UK,U---UK, is the
disjoint union of r-cliques, where » > 2 is a constant and n = rt. Indeed, by Corollary 3.3
we have N(G, k) = (1 —o(1))(}) for k > d.n(1 4 o(1)) (where d, = 1 —271/"). Moreover,
if k < d,n(1 —o(1)) then we can prove that N(G, k) = (1+0(1))((}) — (","))- However,
an exact version should hold, so we make the following conjecture.
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Conjecture 5.1. Ifr > 2 is a constant, G,,, is a disjoint union of r-cliques and d, = 1 — 271/,
then there exists 6., = o(1) such that

(=), k<dn(1—=36,,),
(1 —o()(1), k> dpn(1 +0,,).

Moreover, the extremal families are unique up to isomorphism.

N(Gr,nak) = {

Since there is a small range of values of k for which Theorem 2.1 fails to determine
N(M,, k), we ask the following obvious question.

Question 5.2. Is N(M,,k) = max{|.« paic|, |-/ maj| } for all values of k and n?

Bohman, Frieze, Ruszinké and Thoma [2] made the following conjecture concerning
the cycle.

Conjecture 5.3 (Bohman, Frieze, Ruszinkdo and Thoma [2]). There is a constant ¢ such
that, for any fixed € > 0,

Ny = L0 =)+ 0. k<(e—em
o). ks erem

Given our result for cycles (Corollary 3.2), we make the following conjecture.

Conjecture 5.4. Conjecture 5.3 is true with ¢ = 0.266..., the smallest positive root of (1 —
x)P(1+x)=1/2.

Given our example showing that there exist graphs and values of k for which the
extremal k-uniform G-intersecting families are neither (G, k)-stars nor almost all of ([Z]),
we pose the following question.

Question 5.5. Is it true that for any graph G and 1 <k < n, there exist (G, k)-stars
A ,.... 7 such that N(G,k) = |.o/ maj| ? Here, for t odd,

A maj = {A € ([Z]> : A belongs to > t/2 of the y/f},

and for t even we extend this family to include as many k-sets as possible that belong to
exactly t/2 of the <.

We note that a result of Erdds, Frankl and Katona [5] implies that a positive answer
to this question would yield a positive answer to Question 5.2.
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