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SUMMARY
It is well known that Parallel Kinematic Mechanisms
(PKMs) have an intrinsic dynamic potential (very high
speed and acceleration) with high precision and high
stiffness. Nevertheless, the choice of optimal dimensions
that provide the best performances remains a difficult task,
since performances strongly depend on dimensions. On the
other hand, there are many criteria of performance that
must be taken into account for dimensional synthesis, and
which are sometimes antagonist. This paper presents an
approach of multiobjective optimization for PKMs that takes
into account several criteria of performance simultaneously
that have a direct impact on the dimensional synthesis of
PKMs. We first present some criteria of performance such
as the workspace, transmission speeds, stiffness, dexterity,
precision, as well as dynamic dexterity. Secondly, we present
the problem of dimensional synthesis, which will be defined
as a multiobjective optimization problem. The method of
genetic algorithms is used to solve this type of multiobjective
optimization problem by means of NSGA-II and SPEA-II
algorithms. Finally, based on a linear Delta architecture,
we present an illustrative application of this methodology
to a 3-axis machine tool in the context of manufacturing of
automotive parts.

KEYWORDS: Parallel robots; Parallel kinematic machine
tool; Criteria of performance; Multiobjective optimization;
Genetic algorithms NSGA-II and SPEA-II.

Notation
W : Reachable workspace
P : Vector of the variables of design
X : Operational variables
q : Motorized joints variables
ψ : Passive joints variables
δq and δx : Infinitesimal displacements
q̇ : Joints velocities

* Corresponding author. E-mail: Ridha.kelaiaia@lirmm.fr

Ẋ : Operational velocities
J : Jacobian matrix
J−1 : Inverse Jacobian matrix
Jx and Jq : Two Jacobian sub-matrices
Jv,i : Jacobian matrix of the translation of the body

i
Jw,i : Jacobian matrix of the orientation of the

body i
κj : Condition number of the matrix J−1

σmax(J−1) : The maximum singular value of J−1

σmin(J−1) : The minimum singular value of J−1

ηj : Index of global kinematic dexterity
ηM : Index of global dynamic dexterity
Fe : Amplification factors of Efforts
Femin : The minimum value of the amplification

factors of Efforts
Femax : The maximum value of the amplification

factors of Efforts
Fv : Amplification factors of velocities
Fvmin : The minimum value of the amplification

factors of velocities
Fvmax : The maximum value of the amplification

factors of velocities
Lc : Characteristic length
τ : Joint forces
f : Generalized forces
ki : Stiffness of the actuator
K : Stiffness matrix
M : Global inertia matrix of PKM
κM : Condition number of mass matrix, M
Ri, Rj : Radius of two segments i and j
Li, Lj : Length of two segments i and j
x ≺ y : x dominates y
k : Elastic stiffness of the segments
mi : Body mass
vGi : Translational velocity of the center of gravity

of body i
wGi : Angular velocity of the center of gravity of

body i
Ii : Inertia matrix of body i
Nc : Number of bodies
m1 : Mass of each actuator
m2 : Mass of each segment (parallelogram)
m3 : Platform (Nacelle) mass
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1. Introduction
Parallel Kinematic Mechanisms (PKMs) are the subject of
many theoretical and applied research tasks.1,2,3 These are
a closed-loop kinematic chain whose end-effector is linked
to the base by several kinematic chains. These present some
advantages (intrinsic high dynamics, in particular) that lead
them to be used in various industrial applications (assembly,
handling, pick and place, machining, etc.). If the design and
optimization are done efficiently, this helps to provide a high
structural stiffness and a good balance of forces between
the chains. Another key factor is the possibility to put the
actuators close to fixed frame to minimize moving masses.
This results in a higher payload and low inertia. Indeed, the
ratio of payload with respect to the robot load is usually about
1
10 for serial robots against 1

2 for their parallel counterparts.1

In spite of the advantages of PKMs compared to
conventional serial machines, their usability is still limited
in the industry. This can be explained due to the following
reasons (if the design and optimization are not well done in
particular):

1. Limitation of their workspace (ratio between machine
footprint and usable workspace).

2. Singularities inside their workspace, which involves
large variability of the performances (workspace is not
isotropic).

3. Complexity of transformations between operational and
joint spaces (the complexity of direct geometrical models,
which may not exist in analytical form).

4. Difficulties for decoupling movements into translations
and rotations.

These previous issues represent fundamental problems
for many researchers, which are interested in the design,
optimization, and analysis of PKMs.

1.1. State of the art
In the last few years, an intensive effort has been devoted to
optimizing PKM structures. In order to briefly situate the state
of the art, some remarkable research has been done. In their
work, Gosselin and Angeles4 analyzed the optimal design of
a planar 3-degrees of freedom (DOF) manipulator. They used
different criteria such as the symmetry, the maximization of
global workspace, and the isotropy of the Jacobian matrix of
the manipulator. Gosselin and Lavoie5 analyzed the isotropic
configurations for a spherical 3-DOF parallel manipulator
and found that the kinematic parameters of a manipulator
could be adjusted to achieve an isotropic design. An approach
using a genetic algorithm was proposed by Boudreau and
Gosselin6 to obtain the architectural parameters of the
Stewart–Gough platform. This algorithm has been used to
determine intersection between the actual workspace and the
prescribed one. It has optimized 26 architectural parameters
to minimize the area of non-intersecting regions.

In his doctoral thesis, Majoux7 proposed the “Regular
Dexterous Workspace (RDW): It’s a part of Cartesian
workspace whose shape is regular (cubic, cylinder, etc.)
and the kinetostatic performances (condition number,
transmission factor) are bounded inside the RDW.” This
concept has been used to optimize PKMs’ geometry and
compare several translational PKMs. He also proposed

a method to improve translational PKMs’ stiffness from
influence analysis of geometrical parameters that did not
modify the RDW volume.

A series of papers4,5,8 have used the condition number of
the Jacobian matrix as a criterion for optimization. When this
number is equal to 1, the configuration is called isotropic.
Yoshikawa9,10 for the first time introduced this index for
serial manipulators. Then Gosselin and Angeles11,12 applied
it to the PKMs to define the global performance index. They
applied this criterion to both serial manipulators and ones
with complex architecture, and observed that based on this
index a numerical optimization should be applied.

Pittens and Podhorodeski13 used the condition number
only to quantify the dexterity of a manipulator. They analyzed
various Stewart platform configurations that optimize local
dexterity for determining optimal architecture and optimal
operating points in the workspace. In their work, Jinsong
and Xiaoqiang14 analyzed the effects of design parameters
on dexterity and workspace, and defined change ratios of the
condition number, which have been used as an indicator to
analyze the effects of design parameters on performances.

Some researchers have concentrated their work on the
improvement of stiffness. Bhattacharya et al.15 proposed
a method where the concept of flexural stiffness over the
workspace is used as the performance criterion.

Other papers16,17 have focussed on the precision, which is
also another major criterion for designing of fine movements
such as machining operation, measurement, and so on.
In their work, Wang and Masory,18 by using the DH
parameters, presented a kinematic model of error for the
Stewart platform to minimize the effects of manufacturing
tolerances, installation errors, and link offsets. In the same
context, Patel and Ehmann19 presented an error model
of the Stewart platform, which is based on an error
model formed through differentiation of kinematic equations.
They proposed automated error analysis software, which
graphically depicts position and orientation errors along
tool paths and throughout the workspace. Obviously, it is
necessary to take into account dynamics when determining
PKMs’ architectures. Several researchers have carried out
this work. Ma and Angeles20 determined the kinematic
and inertial parameters of manipulator architecture using its
generalized inertia matrix, which is isotropic for particular
configurations. They proposed the notion of dynamic
isotropy. Asada21 presented the dynamics of a manipulator in
operational space coordinates by constructing a Generalized
Inertia Ellipsoid (GIE) in each point of the workspace.
Change in the shape and orientation of this ellipsoid was
related to nonlinear forces and coupling in manipulator
dynamics. Toumi and Asada22 and Yang and Tzeng23 laid
conditions that must be satisfied by kinematic parameters
and inertial properties of a manipulator robot to obtain
a decoupled and invariant tensor of inertia. Yoshikawa24

developed a dynamic manipulability ellipsoid on the basis
of end-effector acceleration and used its volume for the
measurement of dynamic manipulability and performances
of manipulators.

Another idea to optimize PKMs is to use a weighted
criterion. Stock and Miller25 used this method for the
geometric synthesis of a linear Delta PKM. They formulated

https://doi.org/10.1017/S0263574711001032 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574711001032


Multiobjective optimization of parallel kinematic mechanisms by genetic algorithms 785

a function, which represents the sum of two indices based
on manipulability and workspace. Zhang et al.26 used a
genetic algorithm to maximize stiffness and workspace of
a tripod PKM. Another work used index of dexterity and
avoidance of singularities to find optimal design. In their
works, Klein and Blaho27 used the index of dexterity and
the avoidance of singularities for finding optimal design.
Other researchers28,29,30 have simultaneously considered the
dexterity, the workspace and the stiffness in the designing of
PKMs. Chablat et al.31 proposed a numerical approach based
on interval analysis for the design and comparison of 3-DOF
PKMs. They used two criteria: a regular workspace shape and
a kinetostatic performance index to find out the largest regular
dexterous workspace enclosed in the Cartesian workspace.
An algorithm describing this method was introduced. Julius
et al.32 optimized each objective function independent of
other functions for the robotic-arm exoskeleton’s torque
capabilities by the modification of the key geometric design
parameters. In addition, small works have proposed global
approaches for designing of PKMs. Pritschow33 proposed
a systematic procedure in six steps for the designing of
hexaglide or hexapod. Company and Pierrot,34 following a
global approach, developed a machine, UraneSX, for three-
axis machining operations (drilling and taping for automotive
industry).

The majority of the above works, based only on one or two
criteria of performance, deal with the problem of dimensional
synthesis of PKMs. In this paper, we will take into account
and simultaneously study several criteria of performance
that have a direct impact on the dimensional synthesis of
PKMs. This leads to establish the dimensional synthesis as
a multiobjective optimization issue. Therefore, some genetic
algorithms will be used to solve this problem.

2. A Multiobjective Optimization Problem
In our approach, we consider the dimensional synthesis
problem as a multiobjective optimization problem.
Mathematically, the problem can be stated in the following
form:
Find a vector P ∗ = [p∗

1, p
∗
2, . . . . . . , p

∗
n]T

that minimizes F (P ) = [f1(P ), f2(P ), . . . . . . , fk(P )]T

with gm(P ) ≤ 0 (m constraints of inequality)
and hl(P ) = 0 (l constraints of equality).
P ∗ ∈n: vector of the decision variables,
F (P ∗) ∈k: vector of the objectives function.

2.1. Definition of objective functions
In order to formulate a mathematical model as a
multiobjective optimization problem, we consider the
objective functions such as workspace, kinematic dexterity,
speed and forces transmission, stiffness, precision, and
dynamic dexterity. Then we will express each of these in
the form of a mathematical function.

2.1.1. Workspace. The workspace “W” is one of the most
important factors for designing PKMs. Theoretically, it is a
set of space configurations that an end-effector can reach.
This space is defined by its limits, which are imposed
by joints (active and passive), lengths of segments, and

internal collisions. A well-conditioned sub-workspace of
the reachable workspace must be determined to guarantee
a given level of performances. To this end, a method based
on an optimization criterion, which is the condition number
of the Jacobian matrix, is used to select only the points
that guarantee a minimum value for this criterion. In other
words, only the reachable points having a condition number
lower than an imposed threshold will be retained to represent
the sub-workspace. This procedure allows having a dextrous
workspace (Wdextrous) in which the performances are better
and more homogeneous, hence

Wdextrous → max. (1)

2.1.2. Kinematic dexterity. It characterizes the ability of
PKMs to perform very fine movements of translation
and orientation (low amplitudes) with high accuracy. It
is necessary to avoid small changes in the control (joint
coordinates) that generate a big displacement of platform
(end-effector). This dexterity can be evaluated by means of
velocity equations of PKMs:

JxẊ = Jqq̇. (2)

So,

q̇ = J−1Ẋ = J−1
q JxẊ (3)

with det(Jq) �= 0.

The inverse Jacobian matrix J−1 characterizes linear
transformation between operational velocities and joint
velocities; the quality of this transformation allows to analyze
the kinematic dexterity of PKMs. The condition number
of J−1 is used to measure the kinematic dexterity. It is
defined as a ratio between the maximum and the minimum
singular values of J−1, which are, respectively, σmax(J−1)
and σmin(J−1) :

κJ = σmax(J−1)

σmin(J−1)
∈ [1, ∞ (4)

When the condition number κJ tends to infinity, the inverse
Jacobian matrix J−1 becomes a singular matrix, and when
κJ = 1, it becomes a perfectly conditioned matrix, which
is highly desirable. In this last case, the configurations are
called isotropic. Therefore, our objective is

{
σmin(J−1) → max

σmax(J−1) → min
. (5)

The objective function of kinematic dexterity is

κJ → min. (6)

It is noted that kinematic dexterity depends significantly
on configuration and geometrical parameters of PKMs.
It evolves inside the workspace; therefore, it is a local
property.35–37 To characterize it over the entire workspace,
we use the global dexterity index ηJ (used very often to
compare various structures), which is defined by the average
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of local dexterity on the reachable workspace. It is given by
the expression

ηJ =
∫
W

κJ dW∫
W

dW
→ min, (7)

where W is the entire workspace volume.
(a) Homogenization of the Jacobian matrix

In case where the Jacobian matrix is composed of two
Jacobian sub-matrices (one related to the position and another
to the orientation), the elements are expressed in different
units. As a direct consequence, the condition number does
not have a physical sense. To solve this problem, we remove
the dimensional non-homogeneity. The researchers have
made several proposals. Angeles36 suggested the use of “the
characteristic length Lc,” which is defined as the normalizing
length that renders the Jacobian matrix dimensionless and
its condition number to minimum at an optimum posture.
It can be obtained by solving the constrained optimization
problem (using numerical techniques), subject to geometrical
constraints of the studied structure:

min
P

κJ , (8)

where P represents the vector of the variables of design.
Another solution consists of using a constant dimension
over all the workspace related to a dimension of the mobile
platform or to integrate a weighting length based on the
ratio between linear and angular speeds mentioned in the
specifications.

(b) Analysis of the singularities

It is an essential operation before the determination of
objective functions (criteria of performance) because the
singular configurations are the ones where the performances
of PKMs are degenerated and the structure may be damaged.
Therefore, their determination becomes an indispensable task
to avoid such situations. There are several methods used to
determine these configurations (geometrical, algebraic, etc.).
The method employed is the analysis of two Jacobian sub-
matrices: Jq and Jx (see Eq. (2)); hence we distinguish the
following cases:

|Jx | = 0: It is known as parallel singularity. This
corresponds to the appearance of uncontrollable mobility of
the end-effector because it is possible to move it, whereas
the motorized joints are blocked. These singularities can
exist inside the reachable workspace of the PKM, which
presents additional difficulties for path planning. In these
configurations the PKM gains one or more uncontrollable
degrees of freedom and the stiffness of the PKM is lost
locally.

|Jq | = 0: It is known as serial singularity. It is not
possible to generate some velocities of the end-effector.
These singularities represent the limits of the reachable
workspace.1 In these configurations the PKM loses one or
more degrees of freedom.

|Jx | = 0 and |Jq | = 0: In this case the end-effector can
move and actuators are blocked, and vice versa.

2.1.3. Velocity and force transmission. In order to evaluate
the aptitude of PKMs to produce forces (forces and/or
torques) or velocities (linear and/or angular) in different
directions of the workspace, Wang et al.,38 used the
manipulability index (in velocity or in effort). This index can
be represented by the manipulability ellipsoids7,36(in velocity
or effort).

The main axes of manipulability ellipsoid are the
eigenvectors of (JJ T )−1 and the lengths of semi-axes (also
called amplification factors of velocity or force), which
are the singular values, σi(J−1) =

√
λi((JJ T )−1). They are

defined by the following relations:

Fvmin = 1

Femax
= 1

σmax(J−1)
, (9)

Fvmax = 1

Femin
= 1

σmin(J−1)
. (10)

We can remark that

max(Fvmin) ⇔ min(Femax) ⇒ σmax(J−1) → min, (11)

min(Fvmax) ⇔ max(Femin) ⇒ σmin(J−1) → max. (12)

According to Eqs. (9)–(12), the goal is to find the best
compromise between Fv and Fe. We can note that this
objective has a direct relation with the condition number
of J−1 (see Eq. (2)), so the objective function is given by

κJ → min. (13)

To characterize it over the entire workspace, we use the global
index ηJ given by relation (7).

2.1.4. Accuracy. It is one of the most important criteria of
PKMs. The errors on the actuators are transformed at the end-
effector via the Jacobian matrix by the following relation:

δX = J δq. (14)

This relation allows calculating the errors of the end-effector
produced by the errors at the actuators. The amplification
factors of δq are the singular values of the Jacobian matrix.
In order to guarantee a good accuracy of PKMs, it is
mathematically translated as

σmax(J ) → min, (15)

and

σmax(J ) = 1

σmin(J−1)
. (16)

Therefore, the objective function is given by

σmin(J−1) → max ⇔ κJ → min. (17)

2.1.5. Stiffness. The value of the stiffness evolves according
to the geometry, the topology of the structure, and the position
and orientation of the end-effector within the workspace. The
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stiffness of a PKM at a given point of its workspace can be
characterized by its stiffness matrix. This matrix combines
the forces and torques applied to the end-effector (tool).
It can be obtained using kinematic and static equations;
a modification of the joint variable δq corresponds to the
variation of the joint force,1 δτ such that

δτ = k δq, (18)

where k represents the stiffness of the actuator,

δq = J−1 δX, (19)

δf = J−T δτ. (20)

If we replace Eqs. (18) and (19) in Eq. (20), we find

δf = k J−T J−1δX. (21)

Therefore, the stiffness matrix K is given by

K = k J−T J−1, (22)

K = k(JJ T )−1. (23)

Generally, to evaluate the stiffness of PKMs, we take
into account the stiffness of actuators; the other parts are
considered as rigid bodies. The majority of PKMs have
similar kinematic chains (this can reduce its costs), i.e., they
have the same actuators, hence k1 = k2 = . . . . . . = kt = k.
The improvement of stiffness can be made by the analysis
of the matrix (JJ T )−1, hence it is possible to estimate
the minimum and maximum values of this stiffness by
the calculation of eigenvalues of the matrix (JJ T )−1. The
smallest value corresponds to the minimum and the largest
one to the maximum of the stiffness.

The goal here is to have the best possible stiffness. This is
obtained by

σmin(J−1) → max ⇔ κJ → min. (24)

To characterize it over the entire workspace, we use the global
index ηJ given by relation (7).

Note: According to relations (12), (17), and (24), we note
that the PKM can simultaneously carry out a task with good
stiffness and accuracy but with slow velocity, and the opposite
is also true, i.e., we cannot ensure a good control of the PKM
at a very high velocity.

2.1.6. Dynamic dexterity. As in many types of mechanisms
other than Cartesian, the non-linearity and the coupling of
the equations of motion make the control of machines more
difficult. However, with the current technological means,
there is no lock. The variation of inertia seen by the actuators
makes more complex the choice of actuators and control
gains when we seek to reach high accelerations.

In order to enhance the dynamical performances, inertia
must be minimized. In our case (dimensional synthesis), we
will focus only on optimizing the inertia matrix, which is
an important criterion to increase the dynamic capacities of
PKMs.

Generally, the mass matrix (inertia matrix) of PKMs or
robots can be obtained on the basis of their kinetic energy.39,40

The kinetic energy of a rigid segment can be written as
follows:

Ti = 1

2

(
miv

T
GivGi + wT

GiIiwGi

)
, (25)

with

vGi = Jv,i q̇,

wGi = Jw,i q̇,

where
Jv, i : Jacobian matrix of the translation of the ith body, and
Jw, i : Jacobian matrix of the orientation of the ith body.

Consequently, the kinetic energy of the PKM is the sum of
the kinematic energies of all segments of the PKM:

T =
n∑

i = 1

Ti, (26)

Ti = 1

2
q̇T

[
Nc∑

i = 1

(
miJ

T
v,iJv,i + J T

w,iIiJw,i

)]
q̇. (27)

Hence, the mass matrix of the PKM is defined as

M =
[

Nc∑
i=1

(
miJ

T
v,iJv,i + J T

w,iIiJw,i

)]
. (28)

The evaluation of the dynamic performances is made
according to the concept of GIE as proposed by Asada.21 We
can conclude that the movement of the end-effector can have
a higher acceleration in the direction of the largest principal
axis of this ellipsoid and a lower one in the direction of the
smallest principal axis.

If the lengths of the two axes are identical, the performance
of the accelerations is isotropic, which renders the dynamic
dexterity better. The difference between the two lengths of
the principal axis represents the anisotropy of the acceleration
performance.

To make acceleration isotropic along all directions, it is
strongly recommended to obtain a better dynamic dexterity.
The condition number of the inertia matrix M used here to
measure this dexterity is defined by

κM = σmax(M)

σmin(M)
∈ [1, ∞[ . (29)

The configurations where κM = 1 are called isotropic
configurations. The objective function is defined as follows:

κM → min. (30)

The dynamic dexterity, as well as kinematic dexterity,
depends on the configuration and the geometrical parameters
of PKMs. It varies within the workspace. To describe it
on the whole reachable workspace by PKMs, we use the
global dynamic dexterity index,12,41 ηM , which is defined by
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dist (Lj, Lj) ≥ Ri + Rj

Li Lj

Ri

Rj

dis (Li , Lj) 

Fig. 1. Distance between two segments.

the average of the local dynamic dexterities over the entire
workspace:

ηM =
∫
W

κM dW∫
W

dW
→ min. (31)

2.2. Definition of constraints
2.2.1. Joints limits. These are represented by the motorized
articulations

ρmin
t ≤ ρ(x, p) ≤ ρmax

t , (32)

and the passive articulations

ψmin
v ≤ ψ(x, p) ≤ ψmax

v , (33)

where
t : number of motorized articulations, and
v : number of passive articulations.

2.2.2. Distance between the segments of the mechanism
(collision avoidance). Internal collisions between segments
can occur as results in a smaller workspace. If we denote
the radii and the lengths of two cylindrical segments i and
j respectively by Ri , Rj and Li , Lj (Fig. 1), then we can
ensure that there is no mechanical interference if the distance
between any pair of segments verifies by the following
condition:42

dist(Li, Lj ) ≥ Ri + Rj . (34)

2.2.3. Technological constraints. Technological constraints
include constraints such as actuators capacity, geometrical
dimensions of the platform, the emplacement of PKMs in
a machining line (manufacturing or assembly, for example),
bulk of the machine, and so on.

2.3. Mathematical formulation of the problem
The formulation of the problem of optimal design based
on the multiobjective optimization has a role to find
the best dimensions of geometrical parameters of PKMs,
which guarantees the best performances while satisfying the
geometrical and technological constraints.

After analyzing the various performances criteria and their
associated objective functions, we have established that they
can be classified and represented as follows:

� Kinematic dexterity, transmission of velocities and forces,
stiffness, and accuracy:

ηJ =
∫
W

κJ dW∫
W

dW
→ min.

� Dynamic dexterity:

ηM =
∫
W

κM dW∫
W

dW
→ min.

Finally, the problem of multiobjective optimization is
formulated as follows:

min F (P ) = min

[
f1 = nJ

f2 = nM

]

such that the constraints

ρmin
t ≤ ρ(x, p) ≤ ρmax

t ,

ψmin
v ≤ ψ(x, p) ≤ ψmax

v ,

and
Ri + Rj ≤ dist(Li, Lj )

are satisfied.

3. Resolution Approaches
There are several techniques for solving this problem;
the more usual one consists of treating successively the
objectives. The result gives advantage to extreme solutions.
Other techniques consist in transforming the multiobjective
optimization problem into a mono-objective optimization
problem, for which there exist various methods (goal
attainment, method of compromise, etc.). The simplest is the
method of weighted sum of objective functions. Its principle
is to apply a weighting coefficient to each objective function
and then to take the sum of the weighted objective functions
to obtain a new unique objective function. Nevertheless, these
methods cannot discover solutions hidden in concavities,
as in some structural optimization problems it can behave
catastrophically.

The appearance of new kind of methods, called
metaheuristics, which include the simulated annealing
method, ant colony algorithms, Tabu search and genetic
algorithms, and so on. overcomes the problems encountered
with conventional methods.

In our case, we selected genetic algorithms because of
their good adequacy with our problem; they offer several
advantages such as overcoming the obstacle of local minima
(or maxima) and enabling the obtainment of the optimal
Pareto front of a multiobjective optimization problem.

Among these algorithms, we propose to use two genetic
algorithms called the Non-dominated Sorting-based Genetic
Algorithm (NSGA-II) and the Strength Pareto Evolutionary
Algorithm (SPEA-II). Both determine optimal Pareto fronts.

The Pareto optimality is based on the concept of
dominance. For two criteria f1 and f2 (to simplify) the
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F1 

F2 

F3 

Pt

Qt

Rt 

Rejected

Non-dominated sorting 
Crowding distance sorting 

Pt+1 
 
 
 
 
 
 
 

 

Fig. 2. (Colour online) A representation of NSGA-II.

solution x dominates another solution y:

(x ≺ y) if f1(x) ≤ f1(y) and f2(x) < f2(y)

orf1(x) < f1(y) and f2(x) ≤ f2(y)
.

A solution is not dominated or effective if no other solution
dominates it: In other words, we cannot improve an objective
without degrading another.

The optimization in the sense of Pareto consists in
calculating all non-dominated solutions (or an approximation
of this package), also called the Pareto front.

3.1. General principle of NSGA-II
The NSGA-II algorithm proposed by Deb et al.43 is a
new version of the NSGA algorithm. It is considered more
effective than its predecessor because of the following:
� It uses an elitist approach that enables to safeguard the best

solutions found in previous generations.
� It uses a sorting procedure based on the non-dominant

(faster) criterion.
� It does not require any adjustment of parameter.
� It uses an operator of comparison based on calculation of

the crowding distance. In the fist step of this algorithm, a
population of parents (Pt ) of size N and a child population
(Qt ) of size N are assembled to form a population (Rt =
Pt ∪ Qt ) as shown in Fig. 2.

This assembly enables to ensure the elitism. The population
of size 2N is then sorted according to a criterion of non-
dominance to identify different fronts, F1, F2, and so on.
The best individuals will find themselves in the first front. In
the second step, a new parent population (Pt+1) is formed by
adding the fronts (first front F1, second front F2, etc.) as long
as those do not exceed N. If the number of individuals present
in (Pt+1) is lower than (N), a procedure of crowding is applied
on the first next front(Fi), not included in (Pt+1). The goal
of this operator is to insert the (N − |Pt+1|) best individuals
that miss in the population (Pt+1). The individuals of this
front are used to calculate distance of crowding between two
neighboring solutions. In the third step, once the individuals
belonging to the population (Pt+1) are identified, a new child
population (Qt+1) is created by selection, crossing, and muta-
tion. The selection by tournament is used but the criterion of
the selection is now based on the operator of comparison.

The process continues from generation to generation, until
a stopping criterion. The various stages described above are
summarized in Table I.

3.2. General principle of SPEA-II
The SPEA-II algorithm proposed by Zitzler et al.44 differs
from its predecessor, the SPEA, by the size of fixed
archive and the calculation of performance of individuals
more refined. Moreover, only the individuals of the archive
take part in the process of reproduction. The principal
characteristics of this algorithm are as follows:

1. The quality of an individual is judged according to criteria
of domination in the global population. More precisely,
we affect to each individual, i, a value S(i), which
represents the number of individuals of the population
that are dominated by i. The quality of the individual j is
then obtained by adding the S(i) for all individuals i that
dominate j.

2. The estimation of the density is affected by the method
inspired by that of the nearest neighboring solution:
distances of all neighboring solutions are calculated and
added to the quality of the individuals (described in the
preceding paragraph) the inverse of the distance to the
ki th neighboring individual (generally k is fixed to 1).

3. The algorithm uses an archive of individuals of fixed
size. In case of necessity, the sorting of the archive is
done by removing the individual that has the nearest
neighboring (in case of equality, we look at the second
nearest neighboring). The principle of the SPEA-II is
clarified by the following algorithm:
� The inputs of the algorithm are as follows:

N : Population size N̄ : Archive size
T : Maximum number of generations

� The output of the algorithm is
A: The non-dominated set.

� The steps of the algorithm are as follows:

Step 1. Initialization: Generate an initial population P0 and
create the empty archive P̄0 = 
 set t = 0.

Step 2. Fitness assignment: Calculate fitness values of
individuals in Pt and P̄t .

Step 3. Environmental selection: Copy all non-dominated
individuals in Pt and P̄t to P̄t+1. If size of P̄t+1 exceeds
N̄ then reduce P̄t+1 by means of the truncation operator,
otherwise if size of P̄t+1 is less than N̄ then fill P̄t+1 with
dominated individuals in Pt and P̄t .

Step 4. Termination: If t ≥ T , or another stopping
criterion is satisfied, then set A to the set of decision vectors
represented by the non-dominated individuals in P̄t+1.

Step 5. Mating selection: Perform binary tournament selec-
tion with replacement on P̄t+1 in order to fill the mating pool.

4. Case Study: Application to the Linear Delta PKM
In this application, we apply the methodology developed for
the dimensional synthesis of a linear Delta PKM (Fig. 3).
Then we compare the results with the results obtained
by Company and Pierrot34 by analyzing its impact on the
dextrous workspace, Wdextrous (the condition number of the
inverse Jacobian matrix is used as a performance criterion).
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Table I. Process of the NSGA-II.

Rt = Pt ∪ Qt Combine parent and children population
F = fast, non-dominated-sort (Rt ) F = (F1, F2, . . .), all non-dominated fronts of Rt

Pt + 1 = 
 and i = 1
Until |Pt + 1| + |Fi | ≤ N Till the parent population is filled
Crowding-distance-assignment (Fi) Calculate crowding distance in Fi

Pt + 1 = Pt + 1 ∪ Fi Include ith non-dominated front in the parent pop
i = i+ 1 Check the next front for inclusion
Sort (Fi,≺n) Sort in descending order using ≺n

Pt + 1 = Pt + 1 ∪ Fi[1 : (N − |Pt + 1|)] Choose the first (N − |Pt + 1|) elements of cal Fi

Qt + 1 = Make new-pop (Pt + 1) Use selection, crossover, and mutation to create a new population, Qt+1

t = t + 1 Increment the generation counter

4.1. Description and geometrical parametrization of PKM
This is a 3-DOF PKM in translation, type 3P(S S)2 (Fig. 4),
using linear actuators connected to the base by sliding axis
parallel to z0. The PKM is mainly composed of a fixed base
attached to a support (not represented) and a mobile platform.

The connection between the fixed base and the mobile
platform is ensured by three identical kinematic chains
arranged at an angle of 120◦, each one of them consists
of a linear actuator and two parallel bars of length L, with a
ball joint at each end. The whole parallel bars and the two
link arms are named parallelogram.

By construction we have,

‖A11A12‖ = ‖A21A22‖ = ‖A31A32‖ = 2d,

‖B11B12‖ = ‖B21B22‖ = ‖B31B32‖ = 2d,∥∥AijBij

∥∥ = ‖AiBi‖ = L, i = 1, 2, 3 and j = 1, 2.

It is important to note that the moving platform always
remains parallel to the base.

The notations are as follows:

R0 = {O0, x0, y0, z0}. The reference frame related to the
base, such as “O0” is the center of an equilateral triangle
O1O2O3 and at the same time the center of a circle of Rb

radius.
Rn = {P, xn, yn, zn}. The reference frame related to the
moving platform, such as “P ,” is the center of an equilateral
triangle B1B2B3 and at the same time the center of a circle
of Rn radius.
ρ1, ρ2, ρ3. Articular parameter of the three linear actuators,
Rb: Radius of circle of center “O0.” It represents the distance
between “O0” and the points Oi : ‖O0Oi‖ = Rb i = 1, 2, 3.
Rn: Radius of circle of center “P .” It represents the distance
between “P ” and the points Bi : ‖PBi‖ = Rn i = 1, 2, 3.

X =
⎡
⎣x

y

z

⎤
⎦: Vector of the operational variables.

Our objective is to optimize the geometrical parameters
(L, Rb, Rn) of this PKM (Fig. 3).

4.2. Kinematic model
The kinematic model of this PKM enables to express the
relation between the situation of the end-effector (xyz)T with

Fig. 3. (Colour online) Geometric description of linear Delta PKM.

https://doi.org/10.1017/S0263574711001032 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574711001032


Multiobjective optimization of parallel kinematic mechanisms by genetic algorithms 791

B
as

e 
P

S

S

S

S

M
ob

ile
 p

la
tf

or
m

 

P
S

S

S 

S 

P
S

S

S

S

P 

S 

Motorized prismatic link 

Passive spherical link 

Fig. 4. Joints and loops graph of linear Delta PKM.

respect to a reference frame R0 = {O0, x0, y0, z0}, knowing
the joint variables of control (ρ1 ρ2 ρ3)T and reciprocally.

The equations of constraints can be chosen as follows:

‖AiBi‖ = L, i = 1, 2, 3. (35)

The coordinates of points Bi in the reference frame related
to the platform (nacelle) are given by

[Bi]na =

⎡
⎢⎣

Rncos αi

Rnsin αi

0

⎤
⎥⎦ , (36)

where αi : angle between the ith actuator and the plane of the
fixed base, i.e., between x0 and xi around axis z, its value is
equal to 2π

3 (i − 1); i = 1, 2, 3.

In the reference frame related to the base

[Bi]base =

⎡
⎢⎣

Rncos αi

Rnsin αi

0

⎤
⎥⎦ +

⎡
⎢⎣

x

y

z

⎤
⎥⎦ =

⎡
⎢⎣

x + Rncos αi

y + Rnsin αi

z

⎤
⎥⎦ .

(37)
The coordinates of points Ai in the reference frame related
to the base are given by

[Ai]base =

⎡
⎢⎣

Rbcos αi

Rbsin αi

ρi

⎤
⎥⎦ . (38)

Hence,

(x − (Rb − Rn)cos αi)
2 + (y − (Rb − Rn)sin αi)

2

+(z − ρi)
2 = L2. (39)

Equation (39) is used to establish the expression of the inverse
kinematic model:

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ρ1 = z ∓
√

L2 − (x + Rn − Rb)2 − y2,

ρ2 = z

∓
√

L2 − (
x + 1

2 (Rb − Rn)
)2 − (

y +
√

3
2 (Rn − Rb)

)2
,

ρ3 = z

∓
√

L2 − (
x + 1

2 (Rb − Rn)
)2 − (

y +
√

3
2 (Rb − Rn)

)2
.

(40)
The sign admitted in the system of Eq. (40) is “+” because

it corresponds well to the configuration represented in Fig. 3.
For the establishment of the direct kinematic model, we

solve the system (40) with respect to x, y, and z, which yields
the following system:

⎧⎪⎨
⎪⎩

Fz2 + 2Gz + H = 0

y = Az + B

x = Cz + D

. (41)

Hence,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

z1 = −G − √
G2 − F.H

F
,

z2 = −G + √
G2 − F.H

F
.

(42)

The adopted solution is z = min(z1, z2), with

A = (ρ2 − ρ3)√
3(Rn − Rb)

, C = 2(ρ2 − ρ1) − A
√

3(Rn − Rb)√
3(Rb − Rn)

,

B =
(
ρ2

3
− ρ2

2

)
2
√

3(Rn − Rb)
, D = ρ2

1
− ρ2

2
− B

√
3(Rn − Rb)

3(Rb − Rn)
,

E = Rn − Rb + B, F = A2 + C2 + 1,

G = A.E + C.D − ρ1, H = E2 + D2 + ρ2
1

− L2.

4.3. Jacobian matrix and singularity analysis
We differentiate Eq. (39) with respect to time and obtain the
following expression:

(x − (Rb − Rn)cos αi)ẋ + (y − (Rb − Rn)sin αi)ẏ
+(z − ρ1)ż = (z − ρi)ρ̇i .

(43)

In matrix form, the system is written as

Jx

⎡
⎢⎣

ẋ

ẏ

ż

⎤
⎥⎦ = Jρ

⎡
⎢⎣

ρ̇1

ρ̇2

ρ̇3

⎤
⎥⎦ , (44)
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Fig. 5. Simplification of a parallelogram.

where

Jx =

⎡
⎢⎢⎢⎢⎣

x − (Rb − Rn) y z − ρ1

x + 1

2
(Rb − Rn) y −

√
3

2
(Rb − Rn) z − ρ2

x + 1

2
(Rb − Rn) y +

√
3

2
(Rb − Rn) z − ρ3

⎤
⎥⎥⎥⎥⎦ ,

Jρ =

⎡
⎢⎣

z − ρ1 0 0

0 z − ρ2 0

0 0 z − ρ3

⎤
⎥⎦ ,

and

J−1 = J−1
ρ Jx. (45)

The analysis of the inverse Jacobian matrix enables us to
avoid singular configurations, thus we can distinguish the
following cases.

4.3.1. Serial singularities (|Jρ | = 0)
∣∣Jρ

∣∣ = 0 ⇒ (z −
ρ1)(z − ρ2)(z − ρ3) = 0 ⇒ z = ρ1 ∨ z = ρ2 ∨ z = ρ3. This
singularity appears when one or two, or even three
parallelograms become perpendicular to the directions of
linear actuators: AiBi ⊥ ei (Fig. 3).

4.3.2. Parallel singularities (|Jx | = 0) |Jx | = 0 ⇒
(Rb − Rn) [P1x + P2y + P3z + P4] = 0. where, P 1 =

√
3

2

(−2ρ1 + ρ2 + ρ3), P2 = 3
2 (ρ3 − ρ2), P 3 = 3

√
3

2 (Rb − Rn),

and P4 =
√

3
2 (ρ1 + ρ2 + ρ3) (Rb = Rn). We distinguish

the following two cases:

� Rb − Rn = 0, i.e., the diameter of the base is equal of the
diameter of the platform to take into account the design.

� The parallel singularities represent the Cartesian plane in
the space whose equation is represented by P1x + P2y +
P3z + P4 = 0.

This singularity appears when three parallelograms are
coplanar; to avoid it, it is enough to choose “L” such as
L > (Rb − Rn).

4.4. Mass matrix
In order to determine the mass matrix, we consider each
parallelogram as a single segment (Fig. 5), and we suppose
that the velocities of the two ends are, respectively, vA, i and
vB, i, where vA, i is the velocity of the ith actuator and vB, i

is the velocity of the mobile platform. These are given by the
following expressions:

vA,i =
⎡
⎣0

0
1

⎤
⎦ ρ̇i ,

vA,1 =
⎡
⎣0 0 0

0 0 0
1 0 0

⎤
⎦ ρ̇ = JA,1ρ̇,

vA,2 =
⎡
⎣0 0 0

0 0 0
0 1 0

⎤
⎦ ρ̇ = JA,2ρ̇

vA,3 =
⎡
⎣0 0 0

0 0 0
0 0 1

⎤
⎦ ρ̇ = JA,3ρ̇,

vB,1 = vB,2 = vB,3 =
⎡
⎣ ẋ

ẏ

ż

⎤
⎦ = J ρ̇.

Hence,

� The kinetic energy of each segment (parallelogram)
is

Ts,i = 1

2
m2

[
1

3

(
v2

A,i + v2
B,i + vA,ivB,i

)]
,

Ts,i = 1

2
m2ρ̇

T

[
1

3

(
J T

A,i
JA,i + J T J + J T

A,i
J
)]

ρ̇.

� The kinetic energy of each actuator is

Ta,i = 1

2
m1v

2
A,i = 1

2
m1ρ̇

T J T

A,i
JA,i ρ̇.

� The kinetic energy of the mobile platform is

Tna = 1

2
mnav

2
na = 1

2
mnaρ̇

T J T J ρ̇.

Consequently, the kinetic energy of the PKM is

T = 1

2
ρ̇T [m1

3∑
i = 1

J T

A,i
JA,i + m2

3∑
i = 1

1

3

(
J T J + J T

A,i
JA,i + J T

A,i
J
)

+mnaJ
T J

]
ρ̇.

Hence, the mass matrix of the PKM is

M = m1

3∑
i = 1

J T

A,i
JA,i + m2

3∑
i = 1

1

3

(
J T J + J T

A,i
JA,i

+J T

A,i
J
)

+ mnaJ
T J.
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Table II. Limits of the dextrous workspace.

Condition number κJ NSGA-II and SPEA-II Company and Pierrot34

x (m) y (m) z (m) x (m) y (m) z (m)

κJ ≤ 2.86

(
1

κJ

≥ 0.35

)
xmin = −0.17 ymin = −0.21 zmin = −1.12 xmin = −0.32 ymin = −0.38 zmin = −1.42

xmax = 0.24 ymax = 0.21 zmax = −0.50 xmax = 0.42 ymax = 0.38 zmax = −0.85

κJ ≤ 2.22

(
1

κJ

≥ 0.45

)
xmin = −0.14 ymin = −0.17 zmin = −1.2 xmin = −0.075 ymin = −0.085 zmin = −1.42

xmax = 0.20 ymax = 0.17 zmax = −0.50 xmax = 0.085 ymax = 0.085 zmax = −0.085

κJ ≤ 1.82

(
1

κJ

≥ 0.55

)
xmin = −0.12 ymin = −0.13 zmin = −1.12 – – –

xmax = 0.15 ymax = 0.13 zmax = −0.50

4.5. Formulation of the optimization problem
In this example, the PKM has the square Jacobian matrix
of dimension (3, 3) and it does not require homogenization
because the movement of the platform is only in translation,
so the geometrical parameters to optimize are the dimensions
of the PKM «Rb, Rn and L».

According to the models developed previously, we find
that the influences of «Rb and Rn» on kinematics and
dynamics are coupled (see expressions of the inverse
kinematic model, Jacobian, and mass matrix). Consequently,

the geometrical magnitude that we take into account is the
difference (Rb − Rn).

In addition, some constraints of the bulk of the machine
limit the values of these parameters as the external
diameter of electro-spindle, which imposes a minimal
value (Rn)min = 0.15 m. Moreover, the PKM should
have a small bulk (including actuators) considering its
location in a production chain transfer,34 from where
(Rb)max = 0.70 m. The parameter «L» remains free to
optimize.

Fig. 6. (Colour online) Optimal front of Pareto.
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Fig. 7. (Colour online) Workspace with the constraints 1
/
κJ ≥ 0.45 when L = 0.750 m.

The multiobjective optimization problem can be
formulated as

min F (P ) = min

[
f1 = nJ

f2 = nM

]

with P =
[
Rb − Rn

L

]
: vector of geometrical parameters,

such that the constraints

0 ≤ |ρi | ≤ 0.600 m i = 1, 2, 3,

Rb − Rn < L,

0.150 m ≤ Rb − Rn ≤ 0.550 m,

0.750 m ≤ L ≤ 1.500 m,

(Ri + Rj ) ≤ d = 0.100 m,

m1 = mna = 50 kg,

m2 = 10 kg

are satisfied.

4.6. Results and discussion

Matlab is used for the implementation of the NSGA-II
and SPEA-II with the following parameters: number of
population = 100, number of generation = 100, crossing
probability = 0.9, and probability of mutation = 0.1.

Figure 6 represents the optimal Pareto front obtained
between the criteria of performance (the kinematic dexterity,
the transmission of velocities and forces, stiffness, and
accuracy) represented by ηJ and the dynamic dexterity
represented by ηM . We notice that the optimal Pareto fronts
obtained by applying the two algorithms NSGA-II and
SPEA-II are almost the same. The geometric parameters,
which correspond to the two fronts, are practically the
same:[
Rb − Rn

L

]
=

[0.550 m
0.750 m

]
.

We also note that both fronts are obtained when the
difference (Rb − Rn) increases from where we should have
(Rb − Rn) the greatest possible and when the length «L » of
segments decreases, from where the chosen «L» must be as
small as possible.
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Fig. 8. (Colour online) Workspace with the constraints 1
/
κJ ≥ 0.45 when L = 1.000 m.

4.7. Analysis of dexterous workspace
After taking account of several criteria of performance
in developed methodology, we present in this section its
impact on the dextrous workspace (optimized according
to a kinetostatic criterion: the condition number of the
inverse Jacobian matrix), which presents this workspace with

the geometrical parameters P =
[
Rb − Rn

L

]
=

[0.550 m
0.750 m

]
obtained with methodology developed above. Then we
compare it with the dextrous workspace obtained with the
geometrical parameters obtained by Company and Pierrot34

where P =
[
Rb − Rn

L

]
=

[0.550 m
1.000 m

]
.

The workspace of PKM is obtained by the intersection of
three cylinders whose axes are parallel the z-axis.

We note here that the minimum value of condition number
J−1 obtained on the whole workspace with dimensions of
Company and Pierrot34 is (κJ )min = 1.990 and by the method
of the genetic algorithms the value is (κJ )min = 1.265.

Table II represents the limits of the dextrous workspace
according to the value of κJ obtained with the geometrical

parameters P =
[
Rb − Rn

L

]
=

[0.550 m
0.750 m

]
(obtained with

the genetic algorithms NSGA-II and SPEA-II) and P =[
Rb − Rn

L

]
=

[0.550 m
1.000 m

]
(obtained by Company and

Pierrot34).
According to Table II, we note that when the values

of κJ are minimized so that (κJ → 1), the dextrous
workspace obtained with parameters obtained by genetic
algorithms becomes increasingly larger than that obtained
with Company and Pierrot’s34 parameters.

Figure 7 presents the dextrous workspace when κJ ≤
2.22( 1

κJ
≥ 0.45) and with the geometrical parameters P =[

Rb − Rn

L

]
=

[0.550 m
0.750 m

]
(obtained by genetic algorithms)

in space (xyz) and three plans (xy), (xz), and (yz) for better
visualization.
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Figure 8 presents the dextrous workspace when κJ ≤
2.22( 1

κJ
≥ 0.45) and with the geometrical parameters

P =
[
Rb − Rn

L

]
=

[0.550 m
1.000 m

]
(obtained by Company and

Pierrot34) in space (xyz) and three plans (xy), (xz), and (yz).
We note here that the shape of the dextrous workspace

obtained with both methods is shaped irregularly, but from
the dimensions given in Table II, we can obtain a dextrous
workspace with regular shape as parallelepiped, cubic,
cylinder, and so on by optimizing the dimensions of the form
that we desire to obtain.

5. Conclusion
In this paper, we have presented a methodology of
dimensional design of PKMs based on an approach of
multiobjective optimization by genetic algorithms. In order
to be implemented (done), we have introduced and discussed
several indices (criteria) of performance, which intervene in
the dimensioning of PKMs such as the workspace, kinematic
dexterity, the factors of transmission velocity and effort,
the precision, stiffness, and dynamic dexterity. Then we
have defined the objective functions from the criteria of
performance, the constraints, and the variables (geometrical
parameters) that allow formulating mathematically the
multiobjective optimization problem, and for its resolution
(approach of resolution), we have chosen two genetic
algorithms, the NSGA-II and the SPEA-II. To test the
efficiency of this methodology, we have applied it to
a linear Delta PKM (three axes), which was also the
object of dimensional synthesis studied by Company and
Pierrot.34

The proposed approach allows determining a good
approximation of the compromise (front of Pareto) between
the various criteria of performance (sometimes antagonistic),
which is very difficult to obtain with the classical methods
that cannot take into account all these criteria simultaneously.

Furthermore, the comparison between the results obtained
by this methodology and those obtained by the method
presented in ref. [34] reveals concordant results (very
appreciable).

Indeed, the optimal dimensions obtained respect the
various criteria of performance to have a larger dextrous
workspace (where the performances are better).

Thus, taking into account the generic approach to model
this problem and the results obtained, it remains as a prospect
to generalize this methodology of design to other PKMs with
more complex structures.
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