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Abstract. In this paper we summarize some results about sets in Frege structures. The resulting
set theory is discussed with respect to its historical and philosophical significance. This includes the
treatment of diagonalization in the presence of a universal set.

§1. Introduction. Going back to prior work of Scott (1975), Frege structures were
introduced by Aczel (1980) as a semantical concept to define a notion of set by means of a
partial truth predicate. Beeson (1985) introduced a truth theory for applicative theories by
adding predicates for propositions and truths. (The underlying applicative theories build
the first-order part of Feferman’s 1975, 1979 systems of explicit mathematics.) He shows
that such a truth theory is an axiomatic counterpart of Aczel’s Frege structures.

Flagg & Myhill (1987a, 1987b) investigate Frege structures from a more general per-
spective. In particular, they give up the primitive notion of proposition, defining it instead
in terms of truth. The most comprehensive study of truth theories on an applicative basis
may be found in Cantini’s (1996) monograph, see also Cantini (1993).

These truth theories offer two distinguished features, namely “representation of for-
mulae without Godelization” and “abstraction”. The first one refers to the possibility of
formalizing the truth theory without Godelization of the language. Instead, new applicative
constants are used to represent formulae on the term level.

In this paper, we are mainly concerned with the second feature, abstraction. By “ab-
straction” we mean the possibility of introducing a notion of set (class, type) in this theory,
following Aczel’s original motivation. One may say that these theories allow unrestricted
comprehension and a partial element-of relation: by unrestricted comprehension we build
abstraction terms {x | ¢(x)} for arbitrary formulae ¢ (x), but it is not guaranteed that x €
{x | @(x)} is always equivalent with ¢ (x). An abstraction term is considered as a set only,
if the element relation for it is total (in a sense defined below).

Since the abstraction terms are abbreviations from the underlying applicative language,
the resulting set theory is still first-order. In fact, in its basic formulation it is a proof-
theoretically rather weak theory. However, it has already a strong syntactical expressive
power: it contains, for instance, the basic theory of explicit mathematics. One interesting
aspect is that the set-existence assertions in this theory are not given by axioms; they are
propositions of the properties of the underlying applicative theories. These theories are of
recursion-theoretic nature. Thus, the “philosophical justification” of certain set existence
claims is automatically given by the recursion-theoretic construction of the underlying
terms.
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As an important consequence it follows that our Frege structures permit the definition of
a universal set. From Cantor’s well-known paradox shows that the existence of a universal
set is incompatible with a power set operation, we can conclude that our set theory excludes
the power set operation. Thus, Cantor’s (general) diagonalization method is not applicable
in this case. However, it is possible to show that Cantor’s (first) diagonalization argument
for the power set of the natural numbers works in Frege structures.

The structure of the paper is as follows. In the next section we introduce the applicative
theory TON which provides the basic term language. In Section 3 we introduce Frege
structures as a truth theory over TON and present some basic properties. The set theory of
Frege structures is introduced in Section 4. In Section 5 we discuss the consequences of the
universal set and the treatment of the diagonalization method. The final section is devoted
to some historical and philosophical considerations. In this paper we do not present new
technical results, but the main aim is to give an overview of sets in Frege structures and to
discuss the significance of this set theory.!

Frege structures are discussed by several authors in several variations. Thus, the ap-
proach given here might differ from the one the reader is familiar with. First, we work in
classical logic, while the original formulation was based on intuitionistic logic. Secondly,
we follow Flagg & Myhill (1987a, 1987b), in generalizing Aczel’s original approach by
defining “proposition” in terms of “truth” (instead of taking it as a primitive predicate).
This generalization is essential for several technical results. In general, we follow the
formalization of Cantini (1996).2 In fact, to a large extent we borrow the development
of sets in Frege structures from Cantini (1996, secs. 9A and 9B and around).

§2. The applicative theory TON. The theory TON (total theory of operations and
numbers), introduced and studied by Jiger & Strahm (1995), is the total version of the
theory BON (basic theory of operations and numbers) introduced by Feferman & Jiger
(1993) (see also the textbooks Beeson, 1985 and Troelstra & van Dalen, 1988 which
contain presentations of first-order applicative theories). It is formulated in £;, the first-
order language of operations and numbers, comprising of individual variables x, y, z, v, w,
f,i,m,n, ..., individual constants K, S (combinators), p, po, P1 (pairing and projection),
0, SN, PN (zero, successor, and predecessor), dy (definition by cases), a binary function
symbol - for term application, and the relation symbols = and N. Terms (r, s, ¢, ...) are
built up from individual variables and individual constants by term application. Formulas
(¢, v, ...) are constructed from —, A, and V in the usual manner, starting from the atomic
formulas t = s and N(¢).

In the sequel, we write s ¢ for (s - t) with the convention of association to the left. The
connectives V, —, <>, and 3 are defined as usual from the other connectives.

The logic of TON is classical first-order predicate logic with equality, formulated in a
Hilbert-style calculus. The nonlogical axioms of TON include:

L' 1n this paper, we do not discuss the relations to other theories which allow a universal set, as
presented, for example, in Church (1974) and Oberschelp (1973), nor Quine’s original New
Foundations, cf., Forster (1995). These theories seem to have a rather different setup than then one
considered here. Yet another approach, allowing to define sets by use of abstraction for positive
formulae over a Frege-like system, is given in Libert (2008).

Cantini does not call his truth theories Frege structures, but reserves this name for the more
restrictive approach of Aczel, cf., Cantini (1996, Remark 8.6.1.(i), p. 53). However, already Flagg
and Myhill use the name Frege structures in the broader sense as we do here.
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I. Combinatory algebra.

1) kxy=x,
2) sxyz=xz(y2).

II. Pairing and projection.

(3) po(pxy)=x Ap1(pxy)=y.
ITII. Natural numbers.

4) N(0) A Vx.N(x) = N(snyx),

(5) Vx.N(x) > snx Z0 A pn (SN X) = x,

(6) Vx.N(x) Ax #0 — N(pnx) A sy (PN X) = x.
IV. Definition by cases on N.

(7)) No) AN(w) Av=w > dyxyvw = x,
&) No) ANw)Av#w—>dyxyvw=y.

The definition of applicative theories in Feferman & Jager (1993) and Jiager & Strahm
(1995) also includes primitive recursion. It is needed only for very restricted forms of
induction which we do not discuss.

In the standard way, we can introduce the usual A-notation in TON. Moreover, the type-
free approach allows self-application from which we can define a recursion operator rec.

PROPOSITION 2.1 (folklore).

1. For every variable x and every term t of L;, there exists a term 1x.t of L; whose free
variables are those of t, excluding x, such that TON proves (Ax.t) x = t.
2. There exists a term rec of L; such that TON proves Vx.rec x = x (rec x).

The theory TON is proof-theoretically equivalent to Peano arithmetic PA if we add the
schema of formula induction on N:

Formula induction on N (£;-In)
9(0) A (Vx.N(x) A p(x) = p(sNx)) = Vx.N&x) = ¢o(x).

By interpreting natural numbers as elements of N, we get a straightforward interpretation
of PA in TON + (L;-In), cf., Jiger & Strahm (1995).

Models of TON are discussed at length by Beeson (1985), Cantini (1996), Jiger &
Strahm (1995), and Strahm (1996). One important example, the closed total term model
CTT can roughly be described as follows:

The universe of CTT consists of the set of all closed terms of the language L;, that
is, we interpret the constants by themselves, and application by juxtaposition. Based on a
straightforward reduction relation g for the constants of £;, we interpret equality of terms
by the fact that they have a common reduct with respect to arbitrary reductions on the basis
of p. For this reason, we need to prove the Church—Rosser property to verify transitivity
of equality. N(¢) holds if ¢ reduces to a numeral. For more details about C7TT we refer
to Jager & Strahm (1995) and Cantini (1996).

This model can be formalized in PA. Thus, we get the proof-theoretic equivalence of
TON + (£;-In) and PA.

§3. Frege structures.

3.1. The theory FON. In this section we introduce Frege structures as a truth theory
for TON. There are several variant axiomatizations. We follow essentially the theory
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MF~ of Cantini (1996) (or NMT of Cantini, 1993), cf., also Kahle (2007, chap. 3). The
axiomatizations in Beeson (1985) and Hayashi & Kobayashi (1995), for instance, presup-
pose a notion of proposition which is defined here in terms of the truth predicate. The
definition given here, is in some sense the most general one.
The language L of FON is the language of TON extended by the new relation symbol
T (truth) and new individual constants =, N, =, A, and V.3
For readability reasons we use in the following freely an infix notation for some terms
containing dotted constants. So x = y, for instance, has to be written formally as =x y.
The axioms of FON (Frege structures over TON) are the axioms of TON extended to
the new language plus the following axioms:
I. Closure under prime formulae of TON.
(D) x=yeoTxzy),
@) —x=y o T E=y),
(3) N(x) & T(Nx),
(4) =N(x) & T(=(Nx)).
II. Closure under composed formulae.
(5) T() © T(= (=),
6) T&) AT & TxAy),
(D) T(=x) VT(—y) & T(=(x Ay)),
@) (VxT(fx)TES),
) Ex.TE=(f X)) < T(= ().
ITII. Consistency.
(10) ~(T(x) A T(=x)).

The axioms I-II express that T is closed under formula construction by =, N, T, A, V,
and negation where T may be used only positively.
We will use the following abbreviation:

Pt) = T@) v T(=r).

T(¢) may be read as “f is true” and P(¢) as ““t is a proposition.”

By use of the recursion operator from Proposition 2.1, we can diagonalize over —
and show that not everything can be a proposition (somehow in contrary to Frege’s
[inconsistent] conception).

LEMMA 3.1. FON —Vx.P(x).

Proof. Setl := rec (Ax.—x), thatis, | = —1. Now, T(/) is equivalent with T(—=1). (So [
can be seen as a formalization of the liar sentence.) Thus, P(/) would contradict the axiom
of consistency. 0

This lemma shows that we cannot have a truth definition for the whole languag.e.4 In
particular, we cannot add full self-reference. Thus, we are not allowed to add a term T such

3 Cantini introduces for his theory MF™ these constants as abbreviated terms, cf., Cantini (1996,
definition 7.1).

4 As for usual hierarchies of truth, there exists the possibility to define additional levels of truth
which can treat negative truth of a lower level as a positive statement on the upper level. This is
carried out in Cantini’s (1996, chap. 8) theory TLR and in our FSU (Kahle, 2003). The latter work
also contains a short discussion of the treatment of the liar and the Russell paradox, relativized to
levels of truth.
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that =T(x) < T(% (T x)). But we can introduce a rather trivial version of self-reference
just by defining T as the identity function Ax.x. With this, we get the following clauses:?

Self-reference

Tx) < T(Tx),
T(=x) & T(=(Tx)),

As in TON we will consider formulae induction on N in FON to get mathematical
strength:

1. Formulae induction on N (Lg-Iy)
»(0) A (Vx.Nx) A p(x) > p(SNx)) = Vx.N(x) = ¢(x)
for arbitrary Ly formulae ¢.
Our theories FON and FON + (L ¢-Iy) are essentially equivalent with the theories MF~
and MF, respectively, of Cantini (1996).

3.2. Representation of formulae. One of the essential features of Frege structures is
the possibility of representing formulae by terms without Godelizing the language.
We can straightforwardly associate a term with every formula in FON:

DEFINITION 3.2. By induction of the build up of an L formula, we define:

t=s = t=s
—— .

N() = Nt
= :

Tt = Tt =t
e = 7Y
PAY = QAY
—— .

Vx.p = VY(1x.9)

Since we work in classical logic, we can introduce abbreviations for the other connec-
tives on the term level in the usual way: (f Vs):=— (=t A=ys), (t =>s):=—1 Vs, and
(Ax.t) === (Vx.51).

Using the dot-notation ¢ we would like to indicate the difference of this representation
compared with a Godelization "¢ which is based on an arithmetization of the language.®
From a technical point of view, the representation is particularly convenient with respect to

5 In Cantini’s theory MF™, these two formulas are added as axioms, with T as an additional
abbreviated term.

6 To be fair, we have to admit that we pay a price here: the introduction of the truth predicate T
“costs” something in terms of proof-theoretic strength (see Theorem 3.7 below); this is not the
case for an arithmetization of the language.
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variables and substitution: since terms and variables stay essentially untouched in the term
. . . /_)‘ 7
representing a formula, ¢[#/x] is equal to ¢[7/x].

3.3. T-positiveness. In the following, we have to pay special attention to formulae in
which the truth predicate occurs only positively. The formal definition of T-positiveness is
given simultaneously with T-negativeness:

DEFINITION 3.3.

. t =5, N(), =t = s and —N(t) are T-positive as well as T-negative.
. T(¢) is T-positive; —T(t) is T-negative.

. If ¢ is T-positive (T-negative), then —¢ is T-negative (T-positive).

. If o and y are T-positive (T-negative), then so is ¢ A y.

. If ¢ is T-positive (T-negative), then so is Vx.¢.

W AW N =

Now, we can prove by straightforward induction that FON provides a truth definition
for T-positive formulae:

PROPOSITION 3.4. (Cantini, 1996, theorem 8.8) If ¢ is a T-positive formula of L, then
we have:

FON -T(¢) < o.

3.4. Fixed points. Scott (1975) defines a fixed point theory of sets by use of a Fixed
Point Theorem on the ground structure. In the same manner, Cantini (1996, sec. 10A)
proves that the truth theories may be used to define fixed points of positive operator forms.
We include this result here, on the one hand, to illustrate the expressive power of the
underlying applicative basis, on the other hand, since it is used to establish the proof-
theoretic strength of our theory. First, we define the notion of positive operator form in
FON as a T-positive formulae ¢ (R, x) which contains the (unary) relation variable R only
positively.® Now, we can use Proposition 3.4 to define fixed points of such operator forms
within FON. The proof makes essential use of the possibility of defining fixed points on
the term level.

PROPOSITION 3.5. Let (R, x) be a positive operator form. Then there exists a term t,
of LF such that®

FON FVx.T(t, x) < o(T(t, -), x).

Proof. We define ¢, by use of the Recursion Theorem 2.1:

f—;“
ty:=rec(ly, x.o(T(y ), x)).

7 This property depends, in the case of g);:;, on the definition of the A-terms. In the total setting this
is unproblematic, however, it causes some technical difficulties for Frege structures over partial
applicative theories, cf., Kahle (1999).

8 This notion is analogous to the one used for IT)L see below.

9 The dot in T(t, -) marks the place where the argument of the relation variable R has to be
substituted.
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—
So we have 1, x = p(T(z, -), x) and get

f——’;—
T, x) < T(p(T( ), x))
< (T, ), x). O

Note, that the T-positiveness of ¢ is crucial when applying Proposition 3.4.

This proposition can be used to establish an embedding of the fixed point theory D,
which postulates not-necessarily-least fixed points of positive arithmetical operator forms,
cf., Aczel (1977). A positive operator forms ¢ (R, x) is a formula in the language of Peano
Arithmetic having only positive occurrences of the relation symbol R. For the definition of
ID; we extend the language of Peano Arithmetic by new predicate symbols P? for each
positive operator form ¢ (R, x). Then, ID; extends Peano Arithmetic by the following new
axiom for each of new predicate symbol P?:

(D) Vx.9(Py, x) <> Py(x).

Finally, in IT)I the induction scheme of Peano Arithmetic is extended to the new language.
Now, a standard translation -V of Peano Arithmetic in TON + (L;-Iy) can easily be
extended to the fixed points constants of ID;. So we get:

PROPOSITION 3.6. There exists a translation -~ from the language of Lip into the
language LF such that

D¢ = FON+ (Lp-N) oV,

Cantini (1996, sec. 57) showed that FON + (L r-IN) does not exceed the proof-theoretic
strength of ID such that we have

THEOREM 3.7. FON+ (Lp-IN) and D) are proof-theoretic equivalent and their proof-
theoretic ordinal is ¢ € O (in terms of the Veblen function ¢).

REMARK 3.8. This Theorem shows that we cannot expect to model least fixed points in
FON as they are given in the proof-theoretically much stronger theory ID1. But, even for a
strengthened theory it is not to see how the Recursion Theorem of the applicative theories
could help to define least fixed points. Cantini (1996, chap. 12) introduced in a truth theory
over applicative theories based on supervaluation which allows for an embedding of 1Dy,
cf., also Kahle (2001). In Kahle & Studer (2001) an applicative theory is introduced which
provides a least fixed points for recursive equations on the natural numbers (but not for
arbitrary positive operator forms).

§4. Sets in Frege structures. Now, we introduce abstraction terms together with an
element relation on the basis of the truth predicate, cf., Scott (1975).

DEFINITION 4.1. Given two L terms t and s and an L formula ¢, we define:

{x|p} = Aix.9,
tes = T(so).

Since the term {x | ¢} is defined for arbitrary formulae ¢, we may say that Frege struc-
tures allow unrestricted (or full) comprehension. However, the element relation is only
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partial, that is, not in every case can we actually prove ¢t € {x | ¢} when ¢[t/x] holds. But
we can do so at least for T-positive formulae. From Proposition 3.4, we get as a corollary:

COROLLARY 4.2. If ¢ is a T-positive formula of L, then we have:
FONFx € {x| ¢} © 0.

Note that {x | ¢} is, so far, only an abbreviated term, defined for arbitrary formulae ¢.
Sets'0 are now introduced as terms for which the element relation is total.!!

DEFINITION 4.3 (Sets in FON).
Set(t) := Vx.P(t x), that is, Vx.T(t x) v T(= (¢ x)).
If for a termt of L, FON = Set(¢), we say that ¢ is a set (in FON).

Sets in FON can also be characterized as T-characteristic functions. Since they are
defined in terms of the applicative ground structure, the set formation principles are induced
by this ground structure (rather than given by explicit axioms as in usual set theories).
It turns out that the applicative ground structure provides us with a handy collection of
such set formation principles. In a very general way, we can build new sets for elementary
formula, a notion taken over from explicit mathematics, Feferman (1975), and defined here
as follows.

DEFINITION 4.4. (Cantini, 1996, definition 9.5.(1)) A formula ¢ is elementaryin x1, . . .,
xp iff @ is built up from ¢t = s, N(z), =t = 5, =N(7), € x;, and =(¢ € x;) (1 < i < n) by
means of A, V,Vy,and dy (y & {x1, ..., x}).

Elementary formulas are essentially T-free, except for the element expressions ¢t € x;
and —(¢ € x;), which are abbreviations for T(x; ) and —T(x; t), respectively. We will use
these expressions only in a context where Set(x;) is assumed, which implies that the latter
is equivalent to the T-positive expression T(= (x; 7).

Now, the following proposition is easy to verify.

PROPOSITION 4.5. (Cantini, 1996, corollary 9.7.(ii)) If ¢(y, x1, ..., x,) is elementary
inxy,...,xy,, then

FON Set(x;) A--- A Set(x,) = Set({y oy, x1, ..., xu)}).

This proposition corresponds to the elementary comprehension of explicit mathematics
(Feferman, 1975, 1979). In addition, the join principle of explicit mathematics can also
be defined in FON, cf., Cantini (1996, proposition 9.9). As a consequence we can embed
Feferman’s theory of explicit mathematics with join, EMg + J (Feferman, 1975, 1979;

10 What we call here ser is also called propositional function (see the previous note) or class. In
particular, Cantini (1996) uses the name class (with reference to Feferman) and we followed
him in other papers (e.g., in Kahle, 2003). But, because the abstraction terms can occur without
problem on the left side of the element relation, it seems to be more appropriate to call them
indeed sets.

This definition is literally the one Aczel (1980, definition 3.4) used to define sets as
propositional functions. Note, however, that in Aczel’s approach the truth axioms are relativized
to (axiomatized) propositions. Therefore, our theory might admit “more” sets, at least as terms on
the syntactic level.

11
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Beeson, 1985) or EETJ+ (F-IN) (Feferman & Jiger, 1996), in FON+ (L g-Iy), cf., Cantini
(1996, remark 9.9.1).

REMARK 4.6. Since explicit mathematics is formulated over partial applicative theo-
ries, there is no direct interpretation of Frege structures in explicit mathematics. In Kahle
(1999) we introduced Frege structures for partial applicative theories. However, one faces
some technical problems which make the theories less handy. Let us mention that Hayashi &
Kobayashi (1995) gave a version of Frege structures which is exactly tuned to be equivalent
to a version of explicit mathematics. This formalization uses propositions (P) as a primitive
predicate.

§5. The universal set. A distinguished feature of our set theory (as well as of explicit
mathematics) is the possibility to define a universal set:

PROPOSITION 5.1. Defining V := {x | x = x}, we have FON F Set(V).
The proof is trivial, since x = x is a T-free formula.

REMARK 5.2. Since our sets are given by terms, we can immediately conclude V € V,
which is an abbreviation for T((Ax.x=x) (Ax.x=x)).

In our context, the universal sets has to be distinguished from the “set” of all sets, given
by SET := {x : Set(x)}.

PROPOSITION 5.3 (cf., Cantini, 1996, propositoin 9.3). FON -~ —Set(SET).

Proof. The proof uses a Russell-style argument: let r = {x | x € SET A —=(x € x)}. We
have r € SET andr € r < (r € SET A —=(r € r)) < —(r € r), contradiction. O

5.1. Cantor’s paradox. Nowadays, a universal set is widely discredited by Cantor’s
paradox. This paradox makes essential use of the power set axiom, and it is performed
by the famous diagonalization method introduced by Cantor. It is, in fact, an immediate
corollary from Cantor’s theorem:

THEOREM 5.4 (of ordinary set theory). The power set P(A) of a given set A has higher
cardinality than A.

Proof. Assume that f is a surjective function from A to P(A). LetC :={x € A|x &
f(x)}. C is by definition a subset of A, that is, C € P(A). However, C is not in the range
of f. Let us assume the contrary, that is, it exists an ¢ € A such that C = f(c). But this
results in a contradiction when we ask whether ¢ belongs to C:

ceC o c¢f(o)
& gl O

Since the power set of the universal set would have higher cardinality than the universal
set itself, it would contain at least one element which could not be in the universal set, thus
we get:

COROLLARY 5.5 (Cantor’s paradox). There is no universal set in ordinary set theory.

5.2. Power sets. Cantor’s paradox is blocked in our theory by the fact that we cannot
define a proper power set operation. Defining in FON the subset relation x C y by the for-
mula Vz.z € x — z € y, the straightforward idea to define a power set operation Pow(y)
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would be as {x | Set(x) A x C y}. But this is not an elementary formula, since neither
Set(x) nor x C y, as shorthand notation for Vz.=T(x z) vV T(y z), is elementary. There
is, in fact, no possibility to define Pow(y) as an elementary formula in FON cf., Cantini
(1996, proposition 9.15(iii)).

PROPOSITION 5.6. FON —3x.Set(x) A —=Set(Pow(x)).

Proof. We have Set(V). Since Pow(V) = {x | Set(x) A x C V}is equivalent to SET,
we get from Set(Pow(V)), Set(SET) in contradiction to Proposition 5.3. O

REMARK 5.7 (Cantini, 1996, proposition 9.15(i)). As an alternative for a power set
operation, Cantini also considers the operation POW*(y) defined as {x |x C y}, where
the set condition on x is dropped. But it does not work properly, since we have FON
—Vx.Vy.x C y — x € Pow*(y).

REMARK 5.8. Although there is no power set, we can speak about all subsets of a given
set in the sense that we can, in principle, prove formulas of the form Vx.x C y — w(x).
Leaving open what we can actually prove for certain power “sets” in this form, we can
at least speak about them. The fact that we cannot build the set just means that we cannot
apply the set-theoretic operations available in Frege structures. This is exactly the situation
we have for (proper) classes in certain set theories. In this sense one may say that Frege
structures allow the introduction of a concept of (proper) classes on the level of formulas.

REMARK 5.9. Inexplicit mathematics, the twin framework of Frege structures, Feferman
(1979) proposed two different forms of formalizations of power set (class/type), a weak
and a strong one. He shows by a simple diagonalization argument that the weak one (and
a fortiori also the strong one) is inconsistent in the presence of join. However, the weak
one is consistent with many systems of explicit mathematics without join, cf., Feferman
(1979) and Glass (1996). (Jager, 1997, showed that the strong one is inconsistent even
in the absence of join as long as one has uniform elementary comprehension.) As a
consequence of the applicative “power” of our ground structure, Frege structures have
join automatically built in. Therefore, there is no correspondence to the weak power set
axiom in our context.

5.3. Cantor’s diagonalization method. Let us turn now to Cantor’s diagonalization
method as used in the proof of the uncountability of the real numbers. This proof, praised
by Hilbert (1905, p. 48) as “einer der schonsten Beweise der Mengenlehre” (“one of the
most beautiful proofs in set theory”, also cited in Moore, 2002, p. 48), is more concrete
than the abstract argument (derived from it) given in the proof of Theorem 5.4.

The essence of the argument can be given by the following proposition:'?

PROPOSITION 5.10 (Cantor). The set of infinite, binary sequences
A = {(ag,ay,...)|Viai =0V a =1}
is uncountable.

Proof: The proof is by reductio ad absurdum and it uses the standard diagonaliza-
tion argument. Assuming the countability of A = {s,|s, = (a0, an1,...)} there is a

12" Tyken from Moschovakis (1994, p- 10ff) who adds the remaining steps to get the uncountability
of the real numbers in subsequent propositions.
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surjective function f with f(n) = s, = (a,0, an1,...). Now, we construct a sequence
. 1, ifa; =0, . . .
/ / / / s 12 > /
s’ = (s), s7,...)withs! = . Since s’ is not in the range of f, we have a
( 071 ) t 0, 1fa,-l- =1. g f
contradiction. O

Although this proof is constructive (the negated statement “— (A is countable)” is proven
by reductio ad absurdum, that is, “(A is countable) — _1),” the constructive character is
better highlighted if it is given in its positive form:!?

PROPOSITION 5.11. For every countable set of infinite, binary sequences
I' ={(ag,ai,...)|Viai=0va =1}
there exists a sequence b such thatb & T.

As we said, the proof of Proposition 5.10 is constructive, but, looking at the matter
from the concrete constructive point of view, it might depend on whether the set A of all
infinite, binary sequences can actually be constructed. In the presence of exponentiation, a
constructive set formation principle “replacing” the power set axiom (Beeson, 1985, secs.
9.3 and 11.2), this is indeed possible. However, due to the constructive set-up, it collects,
of course, “only” those sequences which are constructively definable.

This is analog to the situation we have in Frege structures. We can define the set of all
infinite, binary sequences in the following form:

A:={f|ViNG) - fi=0Vv fi=1}
Since Vi.N(i) - fi =0V fi = 1is an elementary formula we have:
PROPOSITION 5.12. FON F Set(A).

PROPOSITION 5.13. A is uncountable within Frege structures, that is, there is no term
t such that

FONF (Vn.N(n) > tn e A) A (Vx.x € A = In.N(n) A tn =x).

Proof. Assuming that there is a surjective function from N to A given as a term 7 we can
construct the “sequence” b := dy 10 (¢ x x) 0. Since b would be an element of A, but for
n with N(n), bn # tnn, t cannot be surjective. Thus, A is not countable—within Frege
structures. g

This result raises the question, why we can apply Cantor’s first diagonalization method to
get an “uncountable” set over N, but why we cannot apply Cantor’s second diagonalization
method to get sets of higher cardinality in general. The difference is easy to observe on the
technical level: In the former case, we diagonalize over (the formalized) natural numbers;
in particular, negative statements about natural numbers are elementary (and therefore
innocent with respect to set formation). For the latter case, we would need to have, first, the
possibility to define a power set operation, which is not available, as it is not expressable by
an elementary relation. But it is worth noting that, if we restrict ourselves to sets only, the

13 In fact, this is the same situation as for Euclid’s proof of the “existence of infinitary many
primes”—stressed by constructivists: Euclid only states the version: “Prime numbers are more
than any assigned multitude of prime numbers.” (Euclid, Elements, Book IX, Proposition 20). The
proof—which is in fact only a schematic proof by example—does not use reductio ad absurdum.
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elementhood relation becomes elementary, and (Russell-style) diagonalization is possible
as performed in the proof of Proposition 5.3, the nonexistence of the set of all set.

REMARK 5.14. The result that A is not countable within Frege structures might be
useful as a didactic example to illustrate Skolem’s paradox. Based on the models of TON
one can easily construct models of Frege structures which have a countable universe; thus
the interpretation of A will be countable, too. However, the surjective function associated
with it is not definable within FON. This is the usual way to explain Skolem’s paradox for
a first-order theory of the real numbers, with the difference that in FON we can actually
present the countable model quite concretely, what is not possible for a theory of real
numbers.

§6. Conclusion. In its presented form, FON can be considered as the result of “repair-
ing” Frege’s original system in the Grundgesetze by restricting comprehension to elemen-
tary formulae. (More exactly, by allowing unrestricted comprehension, but restricting the
(meaningful) element relation to sets formed by formulae equivalent to an elementary one.)
The resulting theory is not very strong, but one can get stronger theories in the same spirit,
for instance, by adding levels of truth (Cantini, 1996; Kahle, 2003)—as already remarked
in Note 4—or by incorporating supervaluation (Cantini, 1996; Kahle, 2001)—as noted in
Remark 3.8.

Despite its weakness, the usefulness of FON as mathematical theory is already stressed
at other places. One can cite the embedding results for ID; and EETJ, theories which allow
to develop an interesting part of mathematics.

In this paper, we focused on the set theory which can be introduced, in a very elegant
way, in Frege structures. Even if it is mathematically weak, it has the interesting property
of admitting a universal set. Historically, the question which set construction principles are
legitimate, and which not, is as old as set theory itself. It was most prominently articulated
in Poincar’s critique of Zermelo’s axiomatization. In fact, more than Russell’s paradox,
it was Cantor’s paradox which questioned the traditional logical formation of concepts:
If a concept is defined, as soon as one has a procedure to determine whether an element
belongs to it or not, the universal set exists triVially.14 With this background, Hilbert (2005,
p- 215) once posed the following questions as a marginal in one of his lecture notes: “Why
is the totality of all sets not permissible? Why is the set of all real numbers a permissible
collection?” (translated in Moore, 1948, p. 48.) It is an essential feature of our theory,
that the question why a set is permissible can be answered: Based on the natural truth-
theoretic axiomatization, the existence of a set follows from the underlying applicative
(that is, essentially recursion-theoretic) structure.
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14" See, for instance, the note Kahle (2009).
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