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We describe and develop a variation on a layered multishift coupler due to Wilson
that uses a slice sampling procedure to allow one to obtain potentially common
draws from two different distributions+ Our main application is coupling sample
paths of Markov chains for use in perfect sampling algorithms+The coupler is based
on slicing density functions and we describe a “folding” mechanism as an attractive
alternative to the accept0reject step commonly used in slice sampling algorithms+
Applications of the coupler are given to storage models and to auto-gamma distri-
bution sampling+

1. INTRODUCTION

In recent years, adaptations of perfect simulation or “coupling-from-the-past” algo-
rithms have greatly expanded the applicability of such schemes+ These methods
often rely on the investigator’s ability to couple sample paths of a Markov chain+
This is often a nontrivial task, and, in the case of a continuous state space, it may
depend on the development of tedious minorization conditions as in Corcoran and
Tweedie@3# and Murdoch and Green@11# + In this article, as an alternative, we de-
scribe and develop a variation on a layered multishift coupler due to Wilson@15# that
allows one to obtain potentially common draws from two different continuous
distributions+

Simulation of stochastically ordered variables having potentially common re-
alizations is certainly not a new idea; however, as each method is subject to imple-
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mentational limitations, our aim here is to broaden the reach of a class of techniques+
For example, Lindvall @9# gives a method for drawing stochastically ordered vari-
ablesX# Ythat maximizes the probabilityP~X5Y!, but this technique requires that
we know proper densitiesfX andfY ~as opposed to likelihoods!, that we are able to
compute*~ fX ∧ fY! dx, and that we are able to work with the generalized inverse of
the distribution functionH~A! 5 *A~ fX ∧ fY! dx+ These are requirements that we
cannot meet in, for example, Section 4+2+1+

In Section 2, we give a “folding coupler” method for drawing a potentially
common value from two uniform distributions where the support of one is contained
within the support of the other using asinglerandom number+ We then extend to
other distributions using standard slice sampling ideas+ The final step in slice sam-
pling, described in detail in Section 2+2, requires that one make uniform draws on
subsequently narrower and narrower slices, and this is typically achieved with an
accept0reject algorithm that uses an a priori unknown number of values from a
random number generator+ In a perfect simulation setting, described briefly in Sec-
tion 2+3, it is essential that one organize and reuse random numbers+ It has been our
experience that newcomers to perfect simulation have benefited from the stream-
lined storage and retrieval offered by the folding coupler+

In Section 3,we describe Wilson’s layered multishift coupler,which allows one
to draw potentially common values from two distributions with the same shape but
with different locations~such as two Normal distributions with a common variance
but different means! and extend the procedure to noninvertible distributions+ In Sec-
tion 4, we combine both folding and shifting methods to allow potentially common
draws from distributions that differ both in shape and location and we apply our
results to a simple storage model+

2. THE FOLDING COUPLER

Out goal is to draw a potentially common value from two differently shaped distri-
butions for the purpose of coupling sample paths of a Markov chain+ The “folding
coupler” requires that only a single random number be generated and is, hence, a
simple alternative to a more standard accept0reject algorithm that requires an a
priori unknown number of random numbers+ This is especially useful in a perfect
simulation setting where one stores and reuses random numbers+

2.1. The Uniform Distribution

We begin by defining and illustrating the folding coupler for simple uniform random
variables+ Suppose that we want to generate a random variableX that is uniformly
distributed on the interval@a,b# and another random variableY that is uniformly
distributed on the interval@c,d# , wherea # c , d # b+ In Section 3, we remove the
requirement that@c,d# be contained in@a,b# by combining the folding coupler with
a shift coupler from Wilson@15# +

The folding coupler, illustrated in Figure 1, proceeds as follows:
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1+ Draw a valueX ; Uniform@a,b# +1

2+ If X [ @c,d# , accept this also as a uniform draw from@c,d# and setY5 X+
3+ If XÓ @c,d# ,mapXonto the interval@c,d# by “folding it in” according to the

function

f ~x! 5 f ~x;a,b,c,d! 5 5
x 2 a

~c 2 a! 1 ~b 2 d!
~d 2 c! 1 c if x [ @a,c!

d 2
b 2 x

~c 2 a! 1 ~b 2 d!
~d 2 c! if x [ ~d,b#

(1)

and setY5 f ~X !+

It is routine to show that the resultingY value will be uniformly distributed on the
interval@c,d# and easy to see thatY5 X wheneverX [ @c,d# +

We also have two particular cases holding that will be of interest when we use
this technique to generate random transitions for Markov chains:

4+ If c5 a andd # b ~the interval forY is contained in and left aligned with the
interval forX !, then this algorithm will result in drawsx andy, wherey # x+

5+ If m :5 ~c1 d!025 ~a1 b!02 ~the interval forY is contained in and centered
in the interval forX !, then this algorithm will result in a drawsx andy,where
6y 2 m6# 6x 2 m6+

2.2. Other Distributions

We now extend the procedure of Section 2+1 to enable us to draw a common value
from other nonuniform distributions+ One way to sample from a distribution is to
sample uniformly from the region under the plot of its density function+To formalize
a method for achieving this, we describe the basis for theslice samplerapproach+

1 Due to the large number of similar statements in this article, we do not distinguish, except when nec-
essary, between a random variableX and a realizationx+ For example, this particular statement should be
read as “Draw a valueX 5 x, whereX ; Uniform@a,b# +”

Figure 1. ~a! Step 2 of the folding coupler; ~b! step 3 of the folding coupler+

COUPLING METHODS FOR PERFECT SIMULATION 279

https://doi.org/10.1017/S0269964803173019 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964803173019


Suppose that we can draw a valuex for a random variableX with density func-
tion p~x! 5 ch~x! where the constant of proportionalityc is possibly unknown+We
then draw a valueY5ygivenX5xuniformly over the interval~0, h~x!! and, finally,
draw a value ofX ' uniformly fromH~ y!,whereH~ y! is defined to be the “horizontal
slice”:

H~ y! 5 $x : h~x! . y%+

ThenX ' has densityp~x! sinceY has density

fY~ y! 5E
2`

`

fY6X~ y6x!p~x! dx

5E
2`

` 1

h~x!
1l ~0, h~x!!~ y!p~x! dx

5 cE
H~ y!

dx

5 c6H~ y!6

and soX ' has density

fX ' ~x! 5E
2`

`

fX ' 6Y~x6y! fY~ y! dy

5E
2`

` 1

6H~ y!6
1l H~ y!~x!c6H~ y!6dy

5 cE
0

h~x!

dy

5 ch~x!

5 p~x!+

In the above, 1l A~{! is the indicator function+
The final step of the slice sampler requires that one draws uniformly from a

horizontal slice+ Using the folding coupler at this step allows us to potentially draw
a common value for two differently shaped nonuniform distributions+We illustrate
this approach with the Normal distribution+

Assume that our goal is to draw from two Normal distributionsN~µ,s1
2! and

N~µ,s2
2!, wheres1 . s2+ Let h1~x! andh2~x! be the likelihood~or density! func-

tions for theN~µ,s1
2! andN~µ,s2

2! distributions, respectively+

1+ DrawX1;N~µ,s1
2! and, in tandem~using the same random numbers!, draw

theX2 ; N~µ,s2
2! distribution+ In this example, we can simply rescale and

let X2 5 ~s20s1!X1+ See Figure 2a+
2+ Draw U ; Uniform~0,1! and letY1 5 Uh1~X1! andY2 5 Uh2~X2!+
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Figure 2. A common draw fromN~µ,s1
2! andN~µ,s2

2!+

COUPLING METHODS FOR PERFECT SIMULATION 281

https://doi.org/10.1017/S0269964803173019 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964803173019


3+ Compute the left and right end points for each horizontal slice:

L1 5 2s1M22 log~s1Y1! 1 µ, L2 5 2s2M22 log~s2Y2! 1 µ,

R1 5 s1M22 log~s1Y1! 1 µ, R2 5 s2M22 log~s2Y2! 1 µ+

Note thatL1 , L2 , R2 , R1 and that the intervals~L1,R1! and~L2,R2! are
both centered atm+ See Figure 2b+

4+ Draw a valueX; Uniform~L1,R1!+ This uniform distribution is conditional
on the previous steps of this algorithm+ Unconditionally though, X has the
N~0,s1

2! distribution+ Furthermore, we have the following:

If X[ ~L2,R2!, thenX is uniformly distributed over~L2,R2! and, hence,
the unconditional distribution ofX is N~0,s2

2! and so we have achieved
a common draw from both Normal distributions+ See Figure 2c+
Otherwise, if X Ó ~L2,R2!, we will not get a common draw for both
Normal distributions and we finish by drawing from theN~µ,s2

2! dis-
tribution by foldingX; Uniform~L1,R1! onto the interval~L2,R2! ac-
cording to~1!+

We note that whenX Ó ~L2,R2! at the end of step 4, we could, instead, finish
drawing fromN~µ,s2

2! by independently drawing a uniform on~L2,R2!, but our
intention is to use this construction in a specific way to drive transitions of a Markov
chain while preserving Markov and monotonicity properties+ Specifically, for pur-
poses of perfect simulation~see Sect+ 2+3!,we want to observe, at time 0, the state of
any possible sample path that has traveled forward from time2`+We do not want
its transitions to be conditional on the transitions of another sample path+

2.3. Examples

There has been considerable recent work on the development and application of
“perfect sampling” algorithms that will enable the simulation of the invariant mea-
surep of a Markov chain, either exactly~i+e+, by drawing a random sample known
to be fromp! or approximately, but with a computable order of accuracy+These were
sparked by the seminal article of Propp and Wilson@12# , and several variations and
extensions of this idea have appeared since~see@4–8,10,11# !+ These ideas have
proven effective in areas such as statistical physics, spatial point processes, and
operations research, where they provide simple and powerful alternatives to meth-
ods based on iterating transition laws, for example+

The essential idea of most of these approaches is to find a random epoch2T in
the past such that, if we construct sample paths from every point in the state space
starting at2T, then all paths will have coupled successfully by time 0+ If at 2T we
were to draw fromp, then, intuitively, since the paths couple regardless of the state
we choose, the resulting common value at time 0 also has distributionp+

Perfect sampling algorithms can be particularly efficient if the chain isstochas-
tically monotonein the sense that paths from lower starting points stay below paths
from higher starting points+ In this case, one need only couple sample paths from the
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“top” and “bottom” of the space, as all other paths will be sandwiched in between+ It
is possible to generalize one step further to monotone chains on an unbounded state
space by consideringstochastically dominatingprocesses to bound the journeys of
sample paths+

There are several easy-to-read perfect sampling tutorials available, and we refer
the reader to Casella, Lavine, and Robert@2#; a shorter description can be found in
Ross@13# + In this article, we only wish to emphasize that the key idea in the search
successively further and further back in time for the so-called backward coupling
time T requires that one reuse random number streams; that is, if sample paths run
forward to time 0 from time21 using a random number~or random vector! U21 have
not coalesced by time 0, then one must go back further, say to time22, and run paths
forward for two steps using a random numberU22 and then thepreviously used U21+

The details of the use of the folding coupler in a backward coupling algorithm
is given in the following example+

2.3.1. The attractive auto-exponential distribution. We apply the folding
coupler to updates within the Gibbs sampler in order to draw from the density

p~x1, x2! @ exp$2b1 x1 2 b2 x2 2 b12x1 x2%, (2)

whereb1 . 0, b2 . 0, b12 , 0, 0 , x1 , 2~b20b12!, and 0, x2 , 2~b10b12!+We
restrictb12 to be negative~which then forces restrictions on the ranges ofx1 andx2!
only for ease of algorithm exposition+ This restriction is unnecessary and will be
removed in Section 2+3+2+

To run the standard Gibbs sampler, we alternate draws from the conditional
truncated exponential distributions

X16X2 5 x2 ; truncated exp~rate5 b1 1 b12x2!,

X26X1 5 x1 ; truncated exp~rate5 b2 1 b12x1!,

where the truncated exponential densities are simply exponential densities truncated
to and renormalized over the appropriate support sets+ We denote these densities
~likelihoods! by px2

~x!~hx2
~x!! andpx1

~x!~hx1
~x!!, respectively+ To be precise,

px2
~x! 5

b1 1 b12x2

12 exp~2~b1 1 b12x2!~2b20b12!!
exp@2~b1 1 b12x2!x#

for 0 , x , 2
b2

b12

and

px1
~x! 5

b2 1 b12x1

12 exp~2~b2 1 b12x1!~2b10b12!!
exp@2~b2 1 b12x2!x#

for 0 , x , 2
b1

b12

+

COUPLING METHODS FOR PERFECT SIMULATION 283

https://doi.org/10.1017/S0269964803173019 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964803173019


Sinceb12 is negative, this model isattractivein the sense that a small~large! x1

will produce a small~large! x2 and vice versa+ The Gibbs sampler is then stochasti-
cally monotone if we consider the partial ordering

~x1, y1! d ~x2, y2! m x1 # x2 andy1 # y2

with a “lowest point” of~0,0! and a “highest point” at~2~b20b12!,2~b10b12!!; that
is, a sample path started at any point~x1, x2! in the state space will always stay in
between sample paths started from~0,0! and~2~b20b12!,2~b10b12!!+

Updating Sample Paths
Suppose that at timen, the “lower process,” started in state~l1

~0! , l2
~0! ! 5 ~0,0!, is

at some point~l1
~n! , l2

~n! ! and that the “upper process,” started in state~u1
~0! ,u2

~0! ! 5

~2~b20b12!,2~b10b12!!, is at some point~u1
~n! ,u2

~n! !+
We want to draw values for

l1
~n11! from truncated exp~rate5 b1 1 b12 l2

~n! !

u1
~n11! from truncated exp~rate5 b1 1 b12u2

~n! !,

and we want these to potentially be the same value in order for the sample paths to
coalesce+ Suppressing time notation, this means that we want to draw potentially
common values for

l1 from the truncated exponential densitypl2~x! @ hl2~x!

u1 from the truncated exponential densitypu2
~x! @ hu2

~x!,

where both densities have common support~0,2~b2!0~b12!!+
To achieve these common draws, we

1+ Draw, in tandem~using the same random numbers!, coupled valuesl1
' andu1

'

directly from pl2~x! andpu2
~x! so thatl1

' # u1
' + One could, for example,

evaluate the inverses of the distribution functions at a single valueU1 drawn
from the Uniform~0,1! distribution+ These values give the locations of the
initial vertical slices for each density+

2+ Draw V1 ; Uniform~0,1! and setYl 5 V1hl2~l1
' ! andYu 5 V1hu2

~u1
' !+ These

values give the heights of the horizontal slices for each density+
3+ Find the right end points of the horizontal slicesRl 5Rl ~Yl ! andRu5Ru~Yu!,

whereRl 5 hl2
21~Yl ! and Ru 5 hu2

21~Yu!+ Note that the left end points are
always at zero in this example and thatRl # Ru+

4+ Draw uniformly from the horizontal slices as follows:
~i! Draw W1 ; Uniform~0,1! and setW1

' 5 2~b20b12!W1+ This value is
uniformly distributed over~0,2~b20b12!!, thewidestpossible horizon-
tal slice+
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~ii ! If W1
'# Ru, thenW1

' is uniform over~0,Ru!, so we setu1 5 W1
'+ On the

other hand, if W1
'. Ru,we obtain the outcomeu1 by foldingW1

' into the
interval~0,Ru! according to

u1 5
W1
'2 Ru

R2 Ru

Ru,

whereR5 2~b20b12!+
~iii ! Similarly, if W1

'# Rl , thenW1
' is uniform over~0,Rl !, so we setl15W1

'+
On the other hand, if W1

'. Rl , we obtain the outcomel1 by foldingW1
'

into the interval~0,Rl ! according to

l1 5
W1
'2 Rl

R2 Rl

Rl ,

whereR5 2~b20b12!+

Note that coupling of the lower and upper sample paths is achieved whenW1
'# Rl ;

that is, coupling is achieved when the low process accepts a horizontal uniform draw
without folding+ In this case, l1 5 u1 5 W1

' , so it is not necessary to run the upper
process at all+

We have described only the updates for one of the first components of the lower
and upper processes+ The second components,

l2 5 l2
~n11! from truncated exp~rate5 b2 1 b12 l1

~n11! !,

u2 5 u2
~n11! from truncated exp~rate5 b2 1 b12u1

~n11! !,

are updated similarly with independent uniform variatesU2, V2, andW2+
We can now describe the algorithm for generating a perfect sample fromp+

Folding backward coupling algorithm

1+ Draw three independent sequences of Uniform~0,1! variablesU1
~n! , V1

~n! ,
andW1

~n! for the first component of the Gibbs chain, and draw three inde-
pendent sequences of Uniform~0,1! variablesU2

~n! , V2
~n! , andW2

~n! for the
second component of the Gibbs chain, for n 5 0,21,22, + + + +

2+ For each time2n 5 21,22, + + + , start a lower path~l1
~2n! , l2

~2n! ! at ~0,0!+
3+ a+ For the first component, for k 5 n, n 2 1, + + + ,1, update froml1

~2k! to
l1

~2k11! by
~i! usingU1

~2k11! to draw a valuel1
' directly frompl2

~2k!~x!
~ii ! settingY1 [ Y1

~2k11! 5 V1
~2k11! hl2

~2k!~l1
' ! ~the height of the vertical

slice!
~iii ! settingR1[ R1

~2k11! 5 hl2
~2k!

21
~Yl ! ~the right end point of the horizontal

slice!
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~iv! settingW1
'[ W1

'~2k11! 5 2~b20b12!W1
~2k11! and setting

l1
~2k11! 5 5

W1
' if W1

'# R1

W1
'2 R1

R2 R1

R1 if W1
' . R1,

whereR5 2~b20b12!+
b+ For the second component, for k 5 n, n 2 1, + + + ,1, update froml2

~2k! to
l2

~2k11! by
~i! usingU2

~2k11! to draw a valuel2
' directly frompl1

~2k!~x!
~ii ! settingY2 [ Y2

~2k11! 5 V2
~2k11! hl1

~2k!~l2
' ! ~the height of the vertical

slice!
~iii ! settingR2[ R2

~2k11! 5 hl1
~2k!

21
~Yl ! ~the right end point of the horizontal

slice!
~iv! settingW2

'[ W2
'~2k11! 5 2~b10b12!W2

~2k11! and setting

l1
~2k11! 5 5

W2
' if W2

'# R2

W2
'2 R2

R2 R2

R2 if W2
' . R2,

whereR5 2~b10b12!+
4+ Continue until timeT 5 max~T1,T2!, whereTi is the minimumn such that

Wi
'~2n11! # Ri

~2n11!+

Simulation Results
We simulated 100,000 draws from the distribution given by~2! usingb1 5 2,

b2 5 3, andb12 5 21+ Table 1 gives resulting estimates for the probabilities that
draws come from selected regions in the plane and Figures 3 and 4 show the esti-

Table 1. Sample Proportion of Paths Ending in RegionR

R **Rp~x1, x2! 95% Confidence Interval
Proportion of
Draws inR

@0,1# 3 @0,1# 0+7340195142 ~0+7300817, 0+7356783! 0+73288
@0,0+5# 3 @0,1# 0+5135615395 ~0+5104004, 0+5167227! 0+51280
@0+2,3# 3 @0,0+5# 0+4811806338 ~0+4780206, 0+4843407! 0+48228

@0,1# 3 @1,2# 0+0547009096 ~0+05326273, 0+0561390! 0+05475
@1,3# 3 @0,1+5# 0+1955191153 ~0+1930107980, 0+1980274326! 0+19713
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mated marginal densities forX1 andX2 from 100,000 draws along with curves show-
ing the true marginal densities+ The mean backward coupling time in 100,000 draws
was 3+44, with a minimum of 1 and a maximum of 26+ A histogram of backward
coupling times is given in Figure 5+

Figure 3. 100,000 draws fromp~x1, x2!: the marginal distribution ofX1 with the
true marginal density superimposed+

Figure 4. 100,000 draws fromp~x1, x2!: the marginal distribution ofX2 with the
true marginal density superimposed+
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2.3.2. The repulsive auto-gamma distribution. The following example uses
an accept0reject step instead of a folding coupler, which seems to be more appro-
priate for this problem+ It is, however, a natural counterpart to the auto-exponential
distribution described in Section 2+3+1, so we choose to add it to this subsection+

We now consider the bivariate distribution

p~x1, x2! @ x1
a121x2

a221 exp$2b1 x1 2 b2 x2 2 b12x1 x2%, (3)

wherea1, a2, b1, b2, andb12 are positive+ Note that the conditional densities are
given by

X16X2 5 x2 ; G~a1,b1 1 b12x2!,

X26X1 5 x1 ; G~a2,b2 1 b12x1!,

where the scaling parameter appears as follows:

X ; G~a,b! n X has densityf ~x;a,b! @ xa21e2bx1l ~0,`!~x!+

The model can be generalized to ak-variate density and is known as theauto-
gamma model~see, for instance,Møller @10# !+The algorithm described below, based
on an idea of Kendall@8# , can be easily modified to simulate from ak-variate den-
sity; however, for simplicity, we will restrict ourselves to the casek 5 2+

Repulsive Gibbs Chain
Sinceb12 . 0, this model isrepulsivein the sense that a large~small! x1 will

produce a large~small! scaling parameter for the conditional gamma density forX2

and, therefore, result in a small~large! value forx2 ~and vice versa!+ If we wish to run

Figure 5. 100,000 draws fromp~x1, x2!: the backward coupling times+
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a Gibbs sampler in order to draw values fromp~x1, x2!, the Gibbs chain will be
stochastically antimonotoneor repulsivewith respect to the natural partial ordering
on R2 ~as defined in Sect+ 2+3+1!+

Running the Chain Perfectly
To run the chain in a perfect sampling setting,we wish to start at ahighestpoint

andlowestpoint+ In order to maintain an upper and lower process, u~n! 5 ~u1
~n! ,u2

~n! !
and l ~n! 5 ~l1

~n! , l2
~n! ! ~n denotes time!, respectively, we use the upper process to

update the lower chain and the lower process to update the upper chain; that is,

drawu1
~n11! ; G~a1,b1 1 b12 l2

~n! ! and l1
~n11! ; G~a1,b1 1 b12u2

~n! !,

drawu2
~n11! ; G~a2,b2 1 b12 l1

~n11! ! and l2
~n11! ; G~a2,b2 1 b12u1

~n11! !+

This idea, due to Kendall@8# and implemented by Møller@10# , will preserve mono-
tonicity, so that all sample paths will be sandwiched between the lower and upper
processes+

Møller @10# showed that once the lower and upper process differ only by an
amount«, they will, with the above-described updates, stay within a distance« of
each other~«-coupling!+

The “«-perfect” sampling algorithm~which results in draws from a target dis-
tribution up to any desired accuracy«! requires that one initializes lower and upper
chains at successively more distant times in the past and run the two processes
forward to time 0 until the chains at time 0 differ by at most« ~«-coupling!+Again,
we wish to emphasize that it is necessary to reuse random number streams as de-
scribed in Section 2+3+

We now describe how to run these sample paths using the slice sampling ap-
proach from Section 2+2 in order to achieve actual coupling and, therefore, perfect
draws from~3!+

A Bounding Process
Since the state space is~0,`! 3 ~0,`!, ~0,0! is clearly a “smallest point” to start

the lower process; however, there is no “highest point+” However, as mentioned in
Section 2+3, we can find a bounding process by observing that the conditional dis-
tributions for Xi ~which have a fixed shape parameterai ! have a smallest scale
parameterbi , which will yield a “largest”Xi , so thatDi ; G~ai ,bi ! is an upper
bounding or “dominating” process for thei th component of the Gibbs chain+ We
therefore initialize the lower and upper processes in the following manner:

l ~0! 5 ~0,0! and u~0! 5 ~d1,d2!+

Updating and Coupling Sample Paths
We will now describe in detail how to update the sample paths using slice sam-

pling in order to potentially get common draws+Assume we wish to update the first
component of each~upper and lower! process+ As with the auto-exponential model
in Section 2+3+1, we will draw for both processes simultaneously+
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We choose to describe the case fora1 # 1+ The casea1 . 1 works analogously,
although one has to keep in mind that the shape of the density function is quite
different when doing the slice sampling step+

Suppose we need to drawl1
~n11! ; G~a1,bl ! andu1

~n11! ; G~a1,bu!, wherebl 5
b1 1 b12u2

~n! andbu 5 b1 1 b12 l2
~n! are the scale parameters defined by the second

component of the upper and lower process, respectively+ Note that we haveb1 ,
bu , bl + Since we do not need to know the constant of proportionally in order to do
slice sampling, we use the likelihoodh~x! 5 ~bx!a21e2bx to define the shape of the
curve+ For the sake of simplicity, let h1~x! denote the gamma likelihood with pa-
rametersa1 andb1 for the dominating process and lethl1~x! andhu1

~x! denote the
likelihoods with parametersa1 andbl , anda1 andbu, respectively+

Let s1 ands2 denote seeds to initialize the random number generator used+ ~We
describe the algorithm for a generic time step and omit the time index for ease of
exposition+ For example, si 5 si

~n!+!

To update l1 and l2

1+ Seed the random number generator~RNG! usings1+
2+ Draw ~e+g+, by an accept0reject method! X; G~a1,b1! from the dominating

process+
3+ Draw U ; Uniform~0,1! and setY5 Uh1~X !+
4+ Approximate the exact end pointR5 h1

21~Y! defined by the horizontal slice
H~Y! 5 @0, h1

21~Y!# by R' ~whereR , R'! and drawX ' ; Uniform~0,R'!
until X ' [ ~0,R!, updatingR' by X ' anytimeX ' Ó ~0,R!+ ~Note thatX ' [
~0,R! can be verified by checking ifh1~X '! , Y+ Also, note that such an
approximation is only used as an intermediate step and that the ultimate
outcome will not be an approximation+!

5+ • If hu1
~X ' ! , Y, setu1 5 X ' +

• Otherwise, seed the RNG usings2, set R'' 5 X ' , and then perform the
following:

~a! Draw X ''; unif~0,R''!+
~b! If hu1

~X '' ! , Y, setu1 5 X '' , otherwise setR''5 X '' and return to step
5~a!+

6+ • If hl1~X ' ! , Y, setl1 5 X ' ,
• Otherwise seed the RNG usings2, set R'' 5 X ' , and then perform the

following:

~a! Draw X ''; unif~0,R''!+
~b! If hl1~X '' ! , Y, setl1 5 X '' , otherwise setR''5 X '' and return to step

6~a!+

Remarks:

1+ The above-described update eventually yields potentially common values
for u1 andl1 and therefore allows the upper and lower processes to eventu-
ally couple+
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2+ Since it is not a priori known how many random numbers will be used to
update the sample paths, it is convenient to store seeds instead+ For this
algorithm, two seeds are needed for each component and time step+

3+ To initialize the upper process, we need to draw thei th component from
G~ai ,bi !+ In order to run the sample paths preserving the Markov property,
the draw for the dominating process must be theX ' obtained in steps 1–4 in
the above-described algorithm+

4+ In the slice sampling described in Section 2+3,we needed to scale~and shift!
the starting pointX to make it a starting point for the other distribution~s!
~say, Xl andXu! from which we are sampling+ In this case, this step is un-
necessary since we would haveXl 5 ~b10bl !XandXu5 ~b10bu!X+However,
by omitting certain constants in the choice ofh,we get thathl ~Xl !5hu~Xu!5
h~X !, so that they value which defines the horizontal slice is the same for all
three distributions+

5+ In the six steps, we describe only the update in one component for one time
step,2nr 2n11+ To actually run the perfect-sampling algorithm, this has
to be extended for the second component as well as for starting points at
successively further distant times in the past until the lower and upper pro-
cesses have coupled at time 0+ The random seeds must be reused for the
corresponding time steps+

Simulation Results
Again, we simulated 100,000 draws from the distribution given by~3! using

a1 5 a2 5 0+5 andb1 5 2, b2 5 3, andb1251+ Table 2 gives resulting estimates for
the probabilities that draws come from particular regions in the plane and Figures 6
and 7 show the estimated marginal densities forX1 andX2 along with curves show-
ing the true marginal densities+ The mean backward coupling time in 100,000 draws
was 1+07, with a minimum of 1 and a maximum of 3+

3. THE LAYERED MULTISHIFT COUPLER

The folding coupler of Section 2 allows us to draw common values from two dif-
ferently shaped distributions+ In this section,we describe the layered multishift cou-
pler of Wilson@15# , which allows one to draw common values from distributions

Table 2. Sample Proportion of Paths Ending in RegionR

R **Rp~x1, x2! 95% Confidence Interval
Proportion of
Draws inR

@0,0+5# 3 @0,0+2# 0+630553 ~0+627561, 0+633545! 0+628010
@0+2,1# 3 @0+5,2# 0+0200762 ~0+019207, 0+020946! 0+020350

@0+1,`# 3 @0+2,3# 0+124523 ~0+122477, 0+126569! 0+124140
@0+2,2# 3 @0,1# 0+347604 ~0+344652, 0+350556! 0+347740
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Figure 6. 100,000 draws fromp~x1, x2!: the marginal distribution ofX1 with the
true marginal density superimposed+

Figure 7. 100,000 draws fromp~x1, x2!: the marginal distribution ofX2 with the
true marginal density superimposed+
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with different location parameters, and we extend these methods to noninvertible
distributions+ In this section, we combine folding and shifting methods to enable
common draws from differently shaped distributions and different~but overlapping!
supports+

3.1. The Uniform Distribution

We begin by describing the layered multishift coupler of Wilson@15# for the uniform
distribution+ Let X be uniformly distributed over the interval~L,R! and consider the
mapping

g~s! 5 gX~s;L,R! 5


s1 R2 X

R2 L 
~R2 L! 1 X, (4)

where{{} is the greatest integer or floor function+ It is easy to see that for any fixed
s, g~s! is uniformly distributed over the interval~s1 L,s1 R! since

g~s! 5


s1 R2 X

R2 L 
~R2 L! 1 X

5 FS s1 R2 X

R2 L
D2 fracS s1 R2 X

R2 L
DG~R2 L! 1 X

5 s1 R2 fracS s1 R2 X

R2 L
D~R2 L!+

~Note that the second equality holds if the argument of the greatest integer function
is nonnegative+ For x , 0 we can proceed to the same end by writing{x} 5 x 2
~12 frac~x!!+!

Now since~s 1 R 2 X !0~R 2 L! is uniformly distributed over the interval
~s0~R 2 L!, @s0~R 2 L!# 1 1!, the fractional part of this expression is uniformly
distributed over the interval~0,1!+ Therefore, from s1 R,we subtract a quantity that
is uniform over~0,R2 L!, and we have thatg~s! is uniform over~s1 L,s1 R!+

As a result of the truncation provided by the greatest integer function, it is
possible for different values ofs to map to the sameg~s!+ Consequently, we can use
this function to draw a common value from both a particular uniform distribution
and a shifted version+Additionally, this transformation is monotone in the sense that
for s1 # s2, it will result in random variablesg~s1! # g~s2!+

3.2. Other Distributions

In this subsection we describe how Wilson@15# extended the procedure of Sec-
tion 3+1 to enable one to draw a common value from other nonuniform distributions
with different location parameters using the same slice sampler approach as in Sec-
tion 2+2+We again illustrate with the Normal distribution+

Assume that the goal is to draw from two Normal distributionsN~µ1,s2! and
N~µ2,s2!+

Let h~x! denote theN~0,s2! likelihood function,
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1+ Draw a valueX from theN~0,s2! distribution+
2+ Draw a valueU from the Uniform~0,1! distribution+ Let Y5 Uh~X !+
3+ Compute the end points of the horizontal slice atY:

L 5 2sM22 logY

R 5 sM22 logY +

4+ Draw a valueX 5 x from the Uniform~L, R! distribution+
5+ Shift this draw by computingg~µ1! andg~µ2!+

g~µ1! andg~µ2! are values drawn from theN~µ1,s2! andN~µ2,s2! distributions,
respectively, and are potentially the same+Again, sinceg~{! is monotone, this algo-
rithm will result in drawsx1 and x2, with x1 # x2, of the stochastically ordered
random variablesX1 ; N~µ1,s2! andX2 ; N~µ2,s2!+

3.3. Noninvertible Distributions

The final slicing step in the multishift coupler requires a draw from a horizontal
slice, which can be problematic if the distribution is not invertible+ Of course, one
can use an accept0reject scheme to draw uniformly from an interval with unknown
end points, but the true end points are still needed for the shift coupler in~4!; that is,
if X is distributed uniformly on the interval@L,R# but we only have approximate end
pointsL' andR' , whereL' # L , R# R' at our disposal, then

g'~s! 5


s1 R' 2 X

R' 2 L' 
~R' 2 L' ! 1 X ò Uniform~s1 L,s1 R!+ (5)

In the following, we assume thatL andRare unknown but that one can tell whether
a given point is or is not in the interval@L,R# + This is the case, for example, when
slice sampling from a unimodal density, as in Section 4+2+1+An accept0reject scheme
can then be used to sample uniformly from@L,R# +

The Shift-and-Patch Algorithm

We begin by considering using~4! to send draws from a uniform distribution on
@L,R# to @L 1 s,R1 s# + For a specific example, we takeL 51, R5 3, ands51+As
shown by the shading in Figure 8, the first half of the interval maps to the second

Figure 8. gX~1;1,3! for X ; uniform~1,3!+
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half, and the second half of the interval maps to the first+ Points within each half
maintain their ordering+

Figure 9 shows the result using~5! with the approximate end pointsL'50+9 and
R'5 3+2+Here, eL 5 L 2 L' andeR5 R'2 Rdenote, respectively, the~unknown! left
and right approximation errors andeT 5 eL 1 eR denotes the total end-point approx-
imation error+ Points falling outside of the interval@2,4# can be detected~e+g+, see
step 4 in the algorithm described in Section 2+3+2! and hence rejected, but in order to
obtain a draw uniformly distributed on@2,4# , we must “fill in” or “patch” the gap
with unknown end points in the center+

We achieve this “patch” by reusing the rejected draws falling in@1+9,2# and
@4,4+2# + These draws are “manually” shifted back by simple subtraction~Fig+ 10a!
and the result is then reshifted with the map in~5! ~Figure 10b!+

In general, this shift-and-patch algorithm applies whenevereT , 6s6 , R2 L+
We refer the interested reader to the Appendix for details+ In Section 4+2+1,we apply
the shift-and-patch algorithm to gamma densities+

Figure 9. gX~1;0+9,3+2! for X ; uniform~1,3!+

Figure 10. Patching the gap+
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4. THE SHIFTING AND FOLDING COUPLER

In this section,we combine the folding coupler with the layered multishift coupler of
Wilson @15# to increase the rate of common draws for two distributions with signif-
icantly different shapes+ In Section 4+2+2, we apply both folding and shifting meth-
ods to simultaneously draw from distributions with different~but overlapping!
supports+

4.1. Shift and Fold

Suppose that we want a~potentially! common value from draws fromN~µ1,s1
2! and

N~µ2,s2
2!+ Assume thats1 . s2+We proceed as follows:

1+ Start with a valueX1 drawn from theN~µ1,s1
2! distribution+

2+ Also, draw a valueX2 in tandem~using the same random numbers! from the
N~µ1,s1

2! distribution; more simply, let x2 5 s2~~x2 2 µ1!0s1! 1 µ2+
3+ Use a common draw from Uniform~0,1! to draw heights for the horizontal

slices and find the left and right end pointsL1 andR1, andL2 andR2; that is,
draw a valueU from the Uniform~0,1! distribution, let Y1 5 Uh1~X1! and
Y2 5 Uh2~X2!, and let

L1 5 2s1M22 log~s1Y1! 1 µ1, L2 5 2s2M22 log~s2Y2! 1 µ2,

R1 5 s1M22 log~s1Y1! 1 µ1, R2 5 s2M22 log~s2Y2! 1 µ2+

4+ Follow the procedure of Section 3+1 to draw values uniformly from@L1,R1#
and@L1 1 ~µ2 2 µ1!,R1 1 ~µ2 2 µ1!# +

5+ Follow the procedure of Section 2+1 to accept0fold the uniform draw from
@L1 1 ~µ2 2 µ1!,R1 1 ~µ2 2 µ1!# as0into a uniform draw on@L2,R2# +

4.2. Examples

4.2.1. Coupled gamma random variates. In this subsection, we combine
shifting, patching, and folding of Sections 3+3 and 4+1 in order to produce~poten-
tially common! draws from two gamma distributions+ Again, our notation is

X ; G~a,b! n X has densityf ~x;a,b! @ xa21e2bx1l ~0,`!~x!+

We used a “peak-to-peak” shift to produce 100,000 draws from theG~3,2! and the
G~2,3! distributions; that is, we used the layered multishift coupler~along with the
patching algorithm of Section 3+3! to draw from theG~3,2! distribution with density

f ~x;3,2! @ x2e22x1l ~0,`!~x!

and from the shifted density

h~x! @ ~x 1 503!2e22~x1503! 1l ~2503,`!~x!+
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The 5
3
_ is the distance between the mode of theG~3,2! distribution and the mode of the

G~2,3! distribution+
The draws fromf and the draws fromh are shown in Figures 11a and 11b+

Roughly 60% of the draws were common draws+ A histogram of these common
draws are shown in the Figure 11c+ Finally, the draws fromh are then folded down
to become draws fromG~2,3!+ These draws are shown in Figure 11d+

4.2.2. A storage model. We now illustrate the application of the folding and
shifting coupler for a finite storage system on@0,K # with independent and identi-
cally distributed exponential replenishments with mean 10µ at the arrival times of a
Poisson process with ratel+ Excessive input aboveK , ` is considered overflow
and cannot be saved for future use+ Between arrivals, the content is released deter-
ministically at rater ~u!+ The Markov chain embedded just prior to arrival times
satisfies the PASTA property~see Asmussen@1# !, which ensures that its stationary
distribution is identical to the stationary distribution of the continuous time chain+
The assumption of finiteness of the system is not critical, as we may, as in Tweedie
and Corcoran@14# , adapt the idea~due to Kendall@8# ! of an upper bounding random

Figure 11. ~a! Draws fromG~3,2!; ~b! draws from shiftedG~3,2!; ~c! common
draws forG~3,2! and shifted version; ~d! draws fromG~2,3! ~60% in common
with ~b!!+
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process in order to remove this restriction+ Wilson ~personal communication! has
also developed a system for doing this+

We shall consider specifically the caser ~u! 5 bu for b . 0+ For x [ ~0,K # , it
can be shown~Lund, private communication! that the densityp~x! of the stationary
distributionp is given by

p~x! 5
x ~lb2121!e2µx

E
0

K

x ~lb2121!e2µx dx

for x [ ~0,K # (6)

and, in general, the denominator cannot be integrated+
In Corcoran and Tweedie@3# and Tweedie and Corcoran@14# , we describe per-

fect sampling algorithms applicable to this system involving minorizations and chain
splitting, but the following described folding and shifting technique is much easier
to apply+

The “natural” way to simulate an embedded time step of this storage process is
to make a transition from statex to statey as follows:

1+ Draw replenishment jump and interarrival valuesj andt from the exponen-
tial distributions with ratesm andl, respectively+

2+ Jump toz5 x 1 j+
3+ End aty 5 ze2t + ~This is the result of the release rater ~u! 5 u+!

Alternatively, we may make this transition as follows:

1+ Draw a jump valuej from the exponential distribution with ratem+
2+ Jump toz5 x 1 j+
3+ End at value y drawn from the distribution with densityfYz~ y! 5

~l0zl!yl21I~0, z!~ y!+

The density in step 3 is simply that ofY5 ze2T,whereT is exponentially distributed
with ratel+

Now, to attempt to couple two sample paths with current valuesx1 andx2, we
make a transition as follows+

1+ Draw a jump valuej from the exponential distribution with ratem+
2+ Jump the paths toz1 5 x1 1 j andz2 5 x2 1 j+
3+ Use shifting and folding to draw values~potentially common! from fY

z1 and
fY

z2~ y!+

We consider here only the casel . 1+ The relative shapes of the two densities in
step 3 are shown in Figure 12+ We obtain~potentially common! draws from these
distributions by first using the shift method described in Section 3+2 to draw values
from fY

z2~ y! and

f ~ y! 5
l

z2
l

~ y 1 z2!l21I~z12z2, z1!~ y!
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~one can imagine sliding the wider density to the left until the vertical lines match
up! and then folding this shifted wide draw~potentially negative at this point!
using ~1!+

Simulation Results
We simulated 100,000 draws from the storage model withl 5 2, µ 5 2, and

K 510+ A histogram of these draws along with the true density curve given by~6! is
shown in Figure 13+

The mean backward coupling time in 100,000 draws was 12+18, with a mini-
mum of 1 and a maximum of 67+ A histogram of backward coupling times is given

Figure 12. Relative shapes of two densities for the storage model+

Figure 13. Storage model: 100,000 draws fromp~x! with l 5 2, µ 5 2, and
K 5 10+
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in Figure 14+ For this model, our shifting and folding coupler was particularly easy
to apply+ The mean backward coupling time is approximately four times that given
by the so-called Harris coupler in Corcoran and Tweedie@3# but was much easier to
implement, as the Harris coupler required that we find a minorizing measure for the
chain and draw from a complicated “residual” transition law+

Wilson@15# points out that for his layered multishift coupler, the coupling times
are inversely related to the lengths of the horizontal slices encountered during sam-
pling+ The same can be said for the folding coupler, and it is possible to speed up
either algorithm by manipulating the shape of the densities in such a way that we
preserve areas over any given interval on thex axis+We refer the interested reader to
@15# for details+

With the small backward coupling times given by the shifting and folding cou-
pler, we did not find that the preprogramming setup effort involved in density ma-
nipulation or required by the Harris coupler was worth the small reward of efficiency+
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APPENDIX

The Shift-and-Patch Algorithm

The Algorithm

1+ Shift: Let

X ' 5 gX~s! 5 {~s1 R' 2 X !0~R' 2 L' !} ~R' 2 L' ! 1 X+

2+ If X ' Ó ~L 1 s,R1 s!, thenpatch:

• Shift back manually by subtractings
• Use the truncation map again+

Claim: Let eL 5 L 2 L' and eR 5 R'2 R, and eT 5 eL 1 eR and lint 5 R2 L. Assume that

eT , 6s6 , l int +

Then the shift-and-patch algorithm defined in Section 4.2.2 shifts X; Uniform~L,R! to Z;
Uniform~L 1 s,R1 s!+

Proof: We will prove the claim by carefully examining where the shift-and-patch step maps
numbers+ Consider first theshift step+We look at the interval~~R'1 s2 R!0~R'2 L'!, ~R'1
s 2 L!0~R' 2 L'!!, which is the domain for the floor function used in the truncation map:
Assume thats . 0 ~the case whens , 0 works similarly!+ We observe that 1[ ~~R' 1
s2 R!0~R'2 L'!, ~R'1 s2 L!0~R'2 L'!! since~R'1 s2 X !0~R'2 L'! 51 for X5 L'1 sand
that by assumption, we have thatL 5 L' 1 eL , L' 1 s , L' 1 l int 5 R so thatX 5 L' 1
s [ ~L,R!+

Since the interval has length~R2 L!0~R' 2 L'! 5 l int0~l int 1 eT! , 1, and 1[ ~~R' 1
s2 R!0~R'2 L'!, ~R'1 s2 L!0~R'2 L'!!, the floor function in the truncation map can only
take on values in$0,1%+ In fact, we have
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

R' 1 s2 X

R' 2 L' 
5 H0, X [ ~L' 1 s,R!

1, X [ ~L, L' 1 s!+

With this information, the truncation map in the shift step can be written as

gX~s! 5 HX, X [ ~L' 1 s,R!

X 1 ~R' 2 L' !, X [ ~L, L' 1 s!+

It is obvious thatgX~s! maps~L'1 s,R! uniformly onto~L'1 s,R!+ The second interval
will simply be shifted by the constant amount ofR'2L' +To see where the second interval will
be mapped to exactly,we evaluategX~s! at the corresponding end pointsL andL'1s:We find
thatgL~s! 5 L 1 ~R' 2 L'! 5 R1 ~R' 2 R! 1 ~L 2 L'! 5 R1 eT and limXr~L'1s!2 gX~s! 5
L'1 s1 ~R'2 L'! 5 R'1 s, so that the shift step can be summarized as uniformly mapping
the following intervals onto:

~L' 1 s,R! r ~L' 1 s,R!,

~L, L' 1 s! r ~R1 eT ,R' 1 s!+

Note that this leaves us with the unwanted intervals~L'1 s, L 1 s! and~R1 s,R'1 s!, as well
as a gap of sizeeT in the middle of the interval~see Fig+ A1 for illustration!+

We will now show that thepatch stepsticks these unwanted intervals outside~L 1 s,
R1 s! right into this gap+ In the patch step, we first shift back “manually,” so that the domain
for the truncation map becomes~L', L! ø ~R,R'!+ Since

 

Figure A1. Patching the gap+
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

R' 1 s2 X

R' 2 L' 
5 H0, X [ ~R,R' !

1, X [ ~L', L!,

the truncation map for these intervals can be written

gX~s! 5 HX, X [ ~R,R' !

X 1 ~R' 2 L' !, X [ ~L', L!,

which shows that the patch step uniformly maps the following intervals onto:

~R1 s,R' 1 s! r ~R,R1 eL !,

~L' 1 s, L 1 s! r ~R1 eL ,R1 eT !,

which “fills the gap+” n

Remark: Note that the assumptioneT , 6s6 can be satisfied by choosing small enough incre-
ments when searching for the estimated end pointsL' andR' + The assumption that6s6, l int is
natural in the sense that with6s6 . l int it is impossible to get common draws anyway+
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