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We describe and develop a variation on a layered multishift coupler due to Wilson
that uses a slice sampling procedure to allow one to obtain potentially common
draws from two different distribution®©ur main application is coupling sample
paths of Markov chains for use in perfect sampling algoriththe coupler is based

on slicing density functions and we describe a “folding” mechanism as an attractive
alternative to the accefrteject step commonly used in slice sampling algorithms
Applications of the coupler are given to storage models and to auto-gamma distri-
bution sampling

1. INTRODUCTION

In recent yearsadaptations of perfect simulation or “coupling-from-the-past” algo-
rithms have greatly expanded the applicability of such scheftesse methods
often rely on the investigator’s ability to couple sample paths of a Markov chain
This is often a nontrivial taskand in the case of a continuous state spatenay
depend on the development of tedious minorization conditions as in Corcoran and
Tweedig[3] and Murdoch and Gredr 1]. In this article as an alternativeve de-
scribe and develop a variation on a layered multishift coupler due to Wildjthat
allows one to obtain potentially common draws from two different continuous
distributions

Simulation of stochastically ordered variables having potentially common re-
alizations is certainly not a new idglaowever as each method is subject to imple-
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mentational limitationsour aim here is to broaden the reach of a class of techniques
For exampleLindvall [9] gives a method for drawing stochastically ordered vari-
ablesX = Ythat maximizes the probabili(X =), but this technique requires that
we know proper densitiefg andfy (as opposed to likelihoodisthat we are able to
computef( fy Ofy) dx, and that we are able to work with the generalized inverse of
the distribution functiorH(A) = fa( fx O fy) dx These are requirements that we
cannot meet infor example Section 42.1.

In Section 2 we give a “folding coupler” method for drawing a potentially
common value from two uniform distributions where the support of one is contained
within the support of the other usingsinglerandom numbeiWe then extend to
other distributions using standard slice sampling id&as final step in slice sam-
pling, described in detail in Section2 requires that one make uniform draws on
subsequently narrower and narrower sljcasd this is typically achieved with an
accepfreject algorithm that uses an a priori unknown number of values from a
random number generatdn a perfect simulation settinglescribed briefly in Sec-
tion 2.3, it is essential that one organize and reuse random nuirbaes been our
experience that newcomers to perfect simulation have benefited from the stream-
lined storage and retrieval offered by the folding coupler

In Section 3we describe Wilson’s layered multishift coupletich allows one
to draw potentially common values from two distributions with the same shape but
with different locationgsuch as two Normal distributions with a common variance
but different meansand extend the procedure to noninvertible distributibmSec-
tion 4, we combine both folding and shifting methods to allow potentially common
draws from distributions that differ both in shape and location and we apply our
results to a simple storage model

2. THE FOLDING COUPLER

Out goal is to draw a potentially common value from two differently shaped distri-
butions for the purpose of coupling sample paths of a Markov cfdie “folding
coupler” requires that only a single random number be generated anenise a
simple alternative to a more standard ac¢egject algorithm that requires an a
priori unknown number of random numbefihis is especially useful in a perfect
simulation setting where one stores and reuses random numbers

2.1. The Uniform Distribution

We begin by defining and illustrating the folding coupler for simple uniform random
variables Suppose that we want to generate a random varidheat is uniformly
distributed on the intervdla, b] and another random variab¥that is uniformly
distributed on the intervdk, d], wherea= c < d < b. In Section 3we remove the
requirement thdtc, d] be contained ifia, b] by combining the folding coupler with
a shift coupler from Wilsof15].

The folding couplerillustrated in Figure 1proceeds as follows
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uniform[a,b] is uniform[c,d | uniform[a,b] is folded into [c,d ]
| | | | | | | |
[ [ [ [ [ [ Y [ [
a ¢ le] b a c¢ ad b
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(@ (b)
Ficure 1. (a) Step 2 of the folding coupletb) step 3 of the folding coupler

1. Draw a valueX ~ Uniform[a, b] .2
2. If X & [c,d], accept this also as a uniform draw frgigyd ] and sety = X.
3. If X&[c,d], mapXonto the intervalc, d] by “folding itin” according to the

function
8 _d-c)+c ifxelac)
c-ay+b-a o o Bx=Eae
f(x) =f(x;a,b,c,d) =
b—x

4= cTa o g @O fxe@b

1)
and sety = f(X).

It is routine to show that the resultingvalue will be uniformly distributed on the
interval[c,d] and easy to see th&t= X whenevelX € [c,d].

We also have two particular cases holding that will be of interest when we use
this technique to generate random transitions for Markov chains

4. If c=aandd = b (the interval forY is contained in and left aligned with the
interval forX), then this algorithm will result in drawsandy, wherey < x.

5. If m:=(c+d)/2=(a+ b)/2(the interval forYis contained in and centered
in the interval forX), then this algorithm will result in a drawsandy, where
ly—m|=[x—m|.

2.2. Other Distributions

We now extend the procedure of Sectiaft B enable us to draw a common value
from other nonuniform distribution®ne way to sample from a distribution is to
sample uniformly from the region under the plot of its density funcfi@formalize

a method for achieving thisve describe the basis for tiséice sampleapproach

1 Due to the large number of similar statements in this artigkedo not distinguishexcept when nec-

essarybetween a random variabXeand a realization. For examplethis particular statement should be
read as “Draw a valuX = x, whereX ~ Uniform[a, b].”
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Suppose that we can draw a valuir a random variablX with density func-
tion 77 (x) = ch(x) where the constant of proportionalitys possibly unknownwe
then draw a valu¥ = y givenX = x uniformly over the interval0, h(x)) and finally,
draw a value oK’ uniformly fromH(y), whereH (y) is defined to be the “horizontal
slice™

H(y) = {x:h(x) >y}
ThenX’ has densityr (X) sinceY has density

fy(y) =1 fyix (y[x) 7 (x) dx

= cf dx
H(y)

= c|H(y)|

< 1
fwﬁ 10,n(x) (Y) (%) dX

and soX' has density

00 = [ ety dy

* 1
—f_ mimy)(X)C\H(Yde

h(x)
C f dy
0

ch(x)
(X).

In the abovel(-) is the indicator function

The final step of the slice sampler requires that one draws uniformly from a
horizontal sliceUsing the folding coupler at this step allows us to potentially draw
a common value for two differently shaped nonuniform distributidMs illustrate
this approach with the Normal distribution

Assume that our goal is to draw from two Normal distributidfig, o2) and
N(W, o), whereo; > o,. Let hy(x) andh,(x) be the likelihoodor density func-
tions for theN(, o2) andN(, o2) distributions respectively

1. DrawX; ~N(l, o2) and in tandem(using the same random numbgdraw
the X, ~ N(, o2) distribution In this examplewe can simply rescale and
let X, = (0,/01) X41. See Figure 2a

2. Draw U ~ Uniform(0,1) and letY; = Uh;(X;) andY, = Uhy(X,).
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FIGURE 2. Acommon draw fromN(, o) andN(, o2).
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3. Compute the left and right end points for each horizontal slice

Ly = —op\—2log(o, Y1) + 4, L, = —o2\ —2log(o2Y2) + |4,
Ry = a1\ —2log(a1 Y1) + |, R, = o2\ —2log(o,Y2) + .

Note thatlL; < L, < R, < R; and that the intervald_,, R;) and(L,, R,) are
both centered agt. See Figure 2b

4, Draw a valueX ~ Uniform(L 4, R;). This uniform distribution is conditional
on the previous steps of this algorithidnconditionally thoughX has the
N(0, o2) distribution Furthermorewe have the following

If X € (L,, Ry), thenXis uniformly distributed ovefL ,, R,) and hence
the unconditional distribution of is N(0, o#) and so we have achieved
a common draw from both Normal distributiaree Figure 2¢
Otherwise if X & (L,, R»), we will not get a common draw for both
Normal distributions and we finish by drawing from tNeép, o%) dis-
tribution by foldingX ~ Uniform(L 1, R;) onto the intervalL,, R,) ac-
cording to(1).

We note that wheiX & (L,, R,) at the end of step,4ve could instead finish
drawing fromN(y, o) by independently drawing a uniform dh,, R,), but our
intention is to use this construction in a specific way to drive transitions of a Markov
chain while preserving Markov and monotonicity properttegecifically for pur-
poses of perfect simulatigqsee Sect2.3), we want to obseryat time Q the state of
any possible sample path that has traveled forward from time We do not want
its transitions to be conditional on the transitions of another sample path

2.3. Examples

There has been considerable recent work on the development and application of
“perfect sampling” algorithms that will enable the simulation of the invariant mea-
suresr of a Markov chaineither exactly(i.e., by drawing a random sample known
to be fromar) or approximatelybut with a computable order of accuratese were
sparked by the seminal article of Propp and Wil§b2], and several variations and
extensions of this idea have appeared si(eae[4-810,11]). These ideas have
proven effective in areas such as statistical physpstial point processgand
operations researctvhere they provide simple and powerful alternatives to meth-
ods based on iterating transition lavigr example

The essential idea of most of these approaches is to find a random efidoh
the past such thaif we construct sample paths from every point in the state space
starting at—T, then all paths will have coupled successfully by timéf@t —T we
were to draw fromr, then intuitively, since the paths couple regardless of the state
we choosegthe resulting common value at time 0 also has distribution

Perfect sampling algorithms can be particularly efficient if the chastashas-
tically monotonen the sense that paths from lower starting points stay below paths
from higher starting pointgn this caseone need only couple sample paths from the
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“top” and “bottom” of the spaceas all other paths will be sandwiched in betwdén
is possible to generalize one step further to monotone chains on an unbounded state
space by consideringtochastically dominatingrocesses to bound the journeys of
sample paths

There are several easy-to-read perfect sampling tutorials avadeluleve refer
the reader to Casellaaving and Rober{2]; a shorter description can be found in
Rosg[13]. In this article we only wish to emphasize that the key idea in the search
successively further and further back in time for the so-called backward coupling
time T requires that one reuse random number stredimas is if sample paths run
forward to time 0 from time-1 using a random numbéasr random vectorJ_, have
not coalesced by time €hen one must go back furtheay to time—2, and run paths
forward for two steps using a random numbker, and then th@reviously used U,.

The details of the use of the folding coupler in a backward coupling algorithm
is given in the following example

2.3.1. The attractive auto-exponential distribution. We apply the folding
coupler to updates within the Gibbs sampler in order to draw from the density

7 (Xq, X) o @Xp{—B1 Xy — B2Xo — B12X1 X2}, 2

whereg; >0, 82> 0, 81, < 0,0 < X3 < —(B2/B12), and 0< x; < —(B1/B12). We
restrictB,,to be negativéwhich then forces restrictions on the rangesadindx,)
only for ease of algorithm expositioithis restriction is unnecessary and will be
removed in Section.3.2.

To run the standard Gibbs samplere alternate draws from the conditional
truncated exponential distributions

X1/ X, = X, ~ truncated exfrate= B, + B12Xz),
X5| X1 = X, ~ truncated exfrate= 8, + B12X1),

where the truncated exponential densities are simply exponential densities truncated
to and renormalized over the appropriate support $¥esdenote these densities
(likelihoods by 7,,(x) (h,(x)) andm, (x)(h, (X)), respectivelyTo be precisg

Ty, (X) = Brt Bz, exp—(B1 + Bi2X2)X]
2 1—exp(—(B1 + B12X2) (—B2/B12))
foro<x< — &
12
and
_ B2+ BizXy B
70 T o (B + Bax) (Ba ) L Pe T FaXe)X]
foro<x< — &

12
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SinceB,is negativethis model isattractivein the sense that a smalarge x;
will produce a smal(large x, and vice versarhe Gibbs sampler is then stochasti-
cally monotone if we consider the partial ordering

(X1, Y1) < (X2, ¥2) © X1 = X andy; =y,

with a “lowest point” of(0,0) and a “highest point” at—(82/B12), —(81/B12)); that
is, a sample path started at any pair{, X,) in the state space will always stay in
between sample paths started fré®0) and(—(B82/812), —(B81/B12))-

Updating Sample Paths
Suppose that at time the “lower process started in statél\”, 15”) = (0,0), is

at some pointli”,15”) and that the “upper processtarted in statéu\”,uy’) =

(—(B2/B12),—(B1/B12)), is at some pointui™, us”).
We want to draw values for

1"V from truncated ex@rate= B; + B1,13")

u<1”+1> from truncated exgate= B, + Blzu(zn)),

and we want these to potentially be the same value in order for the sample paths to
coalesceSuppressing time notatipthis means that we want to draw potentially
common values for

I, from the truncated exponential density,(x) oc hy,(x)
u; from the truncated exponential density,(x) oc h,(X),

where both densities have common supgoyt(82)/(B12))-
To achieve these common drawse

1. Draw in tandem(using the same random numbgupled valuet; andu;
directly from 7,(x) andx,,(x) so thatl; = uj. One could for example
evaluate the inverses of the distribution functions at a single \djaeawn
from the Uniform(0,1) distribution These values give the locations of the
initial vertical slices for each density

2. Draw V; ~ Uniform(0,1) and sety; = V  h(I1) andY, = V. h,(u}). These
values give the heights of the horizontal slices for each density

3. Find the right end points of the horizontal slidgs= R, (Y;) andR, = R,(Y,),
whereR, = hi*(Y,) andR, = hi}(Y,). Note that the left end points are
always at zero in this example and tiijt= R,.

4. Draw uniformly from the horizontal slices as follows

(i) Draw W; ~ Uniform(0,1) and setW, = —(B,/B12)W;. This value is
uniformly distributed ove(0, —(32/B12)), thewidestpossible horizon-
tal slice
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(i) If W/ =R, thenW, is uniform over(0,R,), so we seti; = W;. On the
other handif Wy > R, we obtain the outcome, by foldingW, into the
interval (0, R,) according to

W, — R,
U, =
R—R,

us

whereR = —(,/B12).

(iii) Similarly, if W{ =R, thenW; is uniform oven0, R;), so we set; = W,.
On the other handf W > R,, we obtain the outcomlg by folding W/
into the interval(0, R,) according to

W -R,
' R-R

K]

whereR = —(,/B12).

Note that coupling of the lower and upper sample paths is achieved WhenR, ;
thatis coupling is achieved when the low process accepts a horizontal uniform draw
without folding In this casel, = u; = Wy, so it is not necessary to run the upper
process at all

We have described only the updates for one of the first components of the lower
and upper processeBhe second components

l,=1""" from truncated exrate= B, + B,1\""),

(n+ l))
)

Y from truncated exfrate= B, + By,UY

Uz = Uz
are updated similarly with independent uniform varidtgsV,, andW,.
We can now describe the algorithm for generating a perfect samplesfrom

Folding backward coupling algorithm

1. Draw three independent sequences of Uniftdyb) variablesU,™, V™,

ande”) for the first component of the Gibbs chaind draw three inde-
pendent sequences of Unifof@yl) variablesu,™, V™, andW," for the
second component of the Gibbs chdor n=0,-1,-2,....
2. For eachtime-n= —1,—2,..., start a lower patil{ ™,15"™) at(0,0).
3. a For the first componentfor k = n,n — 1,...,1, update fromlf") to
|§__k+l) by
(i) using U Y to draw a valud) directly fromar, ¢ (x)
(i) settingY, =Y, "Y' = V"V hu(l}) (the height of the vertical
slice)
(i) settingR,=R{ "V = h@}m(Yl) (the right end point of the horizontal
slice)
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(iv) settingWy = Wy kY = —(B,/B1,) W, " and setting

W/ if W =R,
T D VY
! LR ifW >R,
R_ Rl

whereR = —(8,/B12).
b. For the second componeribr k = n,n —1,...,1, update from s ™ to

Iékarl) by

(i) usingUs "™ to draw a valug} directly fromar -0 (x)

(i) settingY, =Y, "V = Vv, “"Ph,u(l3) (the height of the vertical
slice)

(iii) settingR,=R
slice)

(iv) settingWs = W5k = — (B, /B1,)Ws " and setting

5KV = h, W (Y)) (the right end point of the horizontal

W if W =R,
[k — L R
' =2 TR ifW >R,
R_ R2

whereR= —(f1/B12).
4. Continue until timeT = max(T,, T»), whereT; is the minimumn such that
W,(7n+1) = Ri(*nJrl).

Simulation Results

We simulated 10000 draws from the distribution given {g) usingB, = 2
B> =3, andB,, = —1. Table 1 gives resulting estimates for the probabilities that
draws come from selected regions in the plane and Figures 3 and 4 show the esti-

TaBLE 1. Sample Proportion of Paths Ending in Regi®n

Proportion of

R [ rm(Xq, X2) 95% Confidence Interval Draws inR
[0,1] X [0,1] 0.7340195142 (0.73008170.7356783 0.73288
[0,0.5] X [0,1] 0.5135615395 (0.51040040.5167227F 0.51280
[0.2,3] X [0,0.5] 0.4811806338 (0.47802060.4843407% 0.48228
[0,1] X [1,2] 0.0547009096 (0.053262730.0561390 0.05475
[1,3] X [0,1.5] 0.1955191153 (0.19301079800.198027432p 0.19713
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15,
1.0
0.5
0.0- =TT
0.0 05 1.0 15 2.0 25 3.0

X

FiGuURE 3. 100,000 draws fromr (x4, X,): the marginal distribution oX; with the
true marginal density superimposed

mated marginal densities fif; andX, from 10Q000 draws along with curves show-
ing the true marginal densitisbhe mean backward coupling time in 1000 draws
was 344, with a minimum of 1 and a maximum of 28 histogram of backward
coupling times is given in Figure.5

2.0 1

1.5

1.0 1

0.5 1

0.0-

0.0 05 10 15 2.0
X,

FIGURE 4. 100,000 draws fromr (X4, X,): the marginal distribution oX, with the
true marginal density superimposed
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Backward coupling time

Ficure 5. 100,000 draws fromr (X4, X»): the backward coupling times

2.3.2. The repulsive auto-gamma distribution. The following example uses
an accenpftreject step instead of a folding couplarhich seems to be more appro-
priate for this problemlt is, howeveya natural counterpart to the auto-exponential
distribution described in Section31, so we choose to add it to this subsection

We now consider the bivariate distribution

(X, X2) 0 X§27 X527 exp{—B1 X1 — BaXa — B12X1 Xa}, (3

wherea, a,, B1, B2, and B4, are positive Note that the conditional densities are
given by

X1 X5 = X, ~ (g, By + B12X2),
X5| X1 = X1 ~ T'(az, B + B12X1),
where the scaling parameter appears as follows
X ~ I'(a, B) = X has densitf (X; a, 8) oc X*~re A1 g ) (X).

The model can be generalized t&-aariate density and is known as thato-
gamma modédkegfor instanceMgller[10]). The algorithm described belghased
on an idea of Kenda[l8], can be easily modified to simulate fronkavariate den-
sity; however for simplicity, we will restrict ourselves to the cake= 2.

Repulsive Gibbs Chain

SinceB1, > 0, this model isrepulsivein the sense that a largemal)) x, will
produce a largésmall) scaling parameter for the conditional gamma densityor
and thereforeresultin a smal(large value forx, (and vice versa If we wish to run
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a Gibbs sampler in order to draw values frenix,, X,), the Gibbs chain will be
stochastically antimonotora repulsivewith respect to the natural partial ordering
onR? (as defined in SecR.3.1).

Running the Chain Perfectly

To run the chain in a perfect sampling setting wish to start at Aighestpoint
andlowestpoint In order to maintain an upper and lower proges® = (™, ug™)
andl™ = (1", 15”) (n denotes timg respectivelywe use the upper process to

update the lower chain and the lower process to update the upper tiatiis
draWU(lnH) ~T(ay, B+ ,312|§n)) and |£n+l) ~T'(a, B+ BlZu;n)),
draWU;nH) ~T(ay, B2+ Blzli”“)) and |£n+l) ~T'(az, B2+ BlZUS.nJrl))'

This ideg due to Kendal[8] and implemented by Mgll¢d.0], will preserve mono-
tonicity, so that all sample paths will be sandwiched between the lower and upper
processes

Mgller [10] showed that once the lower and upper process differ only by an
amountg, they will, with the above-described updatetay within a distance of
each othefe-coupling.

The “e-perfect” sampling algorithniwhich results in draws from a target dis-
tribution up to any desired accuraeyrequires that one initializes lower and upper
chains at successively more distant times in the past and run the two processes
forward to time O until the chains at time 0 differ by at mesgt-coupling). Again,
we wish to emphasize that it is necessary to reuse random number streams as de-
scribed in Section 3.

We now describe how to run these sample paths using the slice sampling ap-
proach from Section.2 in order to achieve actual coupling anklerefore perfect
draws from(3).

A Bounding Process

Since the state space(oo) X (0,00), (0,0) is clearly a “smallest point” to start
the lower processhowevey there is no “highest poiritHowever, as mentioned in
Section 23, we can find a bounding process by observing that the conditional dis-
tributions for X; (which have a fixed shape parametg) have a smallest scale
parameteB;, which will yield a “largest”X;, so thatD; ~ I'(«;, 8;i) is an upper
bounding or “dominating” process for théh component of the Gibbs chaiWe
therefore initialize the lower and upper processes in the following manner

1© = (0,00 and u© = (dy,d,).

Updating and Coupling Sample Paths

We will now describe in detail how to update the sample paths using slice sam-
pling in order to potentially get common drawsssume we wish to update the first
component of eactupper and lowerprocessAs with the auto-exponential model
in Section 23.1, we will draw for both processes simultaneously
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We choose to describe the casedgr= 1. The caser; > 1 works analogously
although one has to keep in mind that the shape of the density function is quite
different when doing the slice sampling step

Suppose we need to drdfl ™ ~ I'(ay, B)) andu{""™ ~ T'(ay, B,), Where, =
B1+ BioUy” andB, = By + B1ol5" are the scale parameters defined by the second
component of the upper and lower processpectivelyNote that we havg, <
Bu < B;. Since we do not need to know the constant of proportionally in order to do
slice samplingwe use the likelihooth(x) = (8x)*~1e #* to define the shape of the
curve For the sake of simplicitylet h,(x) denote the gamma likelihood with pa-
rametersy; andg; for the dominating process and kgt(x) andh, (x) denote the
likelihoods with parameters, andg,, and«,; andg,, respectively

Let s, ands, denote seeds to initialize the random number generator (Méd
describe the algorithm for a generic time step and omit the time index for ease of
exposition For examples = s™.)

To update | and |,

1. Seed the random number generdf®NG) usings;.

2. Draw(e.g., by an accepfreject methodiX ~ I' (a1, 1) from the dominating
process

3. Draw U ~ Uniform(0,1) and setY = Uh;(X).

4. Approximate the exact end poiRt= h;(Y) defined by the horizontal slice
H(Y) = [0,h;%(Y)] by R' (whereR < R’) and drawX’ ~ Uniform(0, R’)
until X’ € (0,R), updatingR’ by X’ anytimeX’ & (0, R). (Note thatX’ €
(0,R) can be verified by checking ii;(X’) < Y. Also, note that such an
approximation is only used as an intermediate step and that the ultimate
outcome will not be an approximation

5. « If h, (X") <Y, setu; = X',

» Otherwise seed the RNG using,, setR” = X’, and then perform the
following:

(@) Draw X" ~ unif(0,R").
(b) If h, (X") <Y, setu; = X", otherwise seR” = X" and return to step
5(a).

6. « If h (X') <Y, setl, =X,
e Otherwise seed the RNG usirsg, setR” = X', and then perform the
following:

(@) Draw X" ~ unif(0,R").
(b) If h (X") <Y, setl, = X", otherwise seR” = X" and return to step
6(a).

Remarks:

1. The above-described update eventually yields potentially common values
for u; andl, and therefore allows the upper and lower processes to eventu-
ally couple
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2. Since it is not a priori known how many random numbers will be used to
update the sample pathis is convenient to store seeds inste&dr this
algorithm two seeds are needed for each component and time step

3. To initialize the upper processve need to draw théth component from
['(aj, Bi). In order to run the sample paths preserving the Markov property
the draw for the dominating process must bexth@btained in steps 1-4 in
the above-described algorithm

4. Inthe slice sampling described in SectiaB,2ve needed to scaland shif}
the starting poinX to make it a starting point for the other distributigh
(say X; andX,) from which we are samplingn this casethis step is un-
necessary since we would haXie= (81/8,) XandX, = ( 81/8.) X. However
by omitting certain constants in the choicepive get thah, (X,) = h,(X,) =
h(X), so that they value which defines the horizontal slice is the same for all
three distributions

5. In the six stepswe describe only the update in one component for one time
step —n— —n+ 1. To actually run the perfect-sampling algoriththis has
to be extended for the second component as well as for starting points at
successively further distant times in the past until the lower and upper pro-
cesses have coupled at timeThe random seeds must be reused for the
corresponding time steps

Simulation Results

Again, we simulated 10000 draws from the distribution given K@) using
a1 = ap,=0.5andB; = 2, B, =3, andB,, = 1. Table 2 gives resulting estimates for
the probabilities that draws come from particular regions in the plane and Figures 6
and 7 show the estimated marginal densitiesfpandX, along with curves show-
ing the true marginal densitisBhe mean backward coupling time in 1000 draws
was 107, with a minimum of 1 and a maximum of 3

3. THE LAYERED MULTISHIFT COUPLER

The folding coupler of Section 2 allows us to draw common values from two dif-
ferently shaped distributionk this sectionwe describe the layered multishift cou-
pler of Wilson[15], which allows one to draw common values from distributions

TaBLE 2. Sample Proportion of Paths Ending in RegRn

Proportion of

R Jfrm (X1, X2) 95% Confidence Interval Draws inR
[0,0.5] X [0,0.2] 0.630553 (0.627561 0.633545 0.628010
[0.2,1] X [0.5,2] 0.0200762 (0.019207 0.020946 0.020350
[0.1,00] X [0.2,3] 0.124523 (0.1224770.126569 0.124140
[0.2,2] X [0,1] 0.347604 (0.344652 0.350556 0.347740
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Ficure 6. 100000 draws fromr (X4, X»): the marginal distribution oX; with the
true marginal density superimposed

3.5 b

251 1

1.5 i

FIGURE 7. 100,000 draws fromr (X4, X,): the marginal distribution oX, with the
true marginal density superimposed

https://doi.org/10.1017/50269964803173019 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964803173019

COUPLING METHODS FOR PERFECT SIMULATION 293

with different location parameterand we extend these methods to noninvertible
distributions In this sectionwe combine folding and shifting methods to enable
common draws from differently shaped distributions and diffefeat overlapping
supports

3.1. The Uniform Distribution

We begin by describing the layered multishift coupler of Wilgb8] for the uniform
distribution Let X be uniformly distributed over the intervél, R) and consider the

mapping

‘S+R—X‘
9(s) = x(sLR =|—=——IR-L)+ X (4)
a g

where] - | is the greatest integer or floor functidhis easy to see that for any fixed
s, g(s) is uniformly distributed over the intervés + L, s + R) since

(S)—‘S+R_X‘(R—L)+X
’ pgR-L g
_[(S-I-R—X) ; <s+R—X>}(R L)+ X
“IURoL A\ TRL
s+R-—X
=s+R—frac<—>(R—L).
R—-L

(Note that the second equality holds if the argument of the greatest integer function
is nonnegativeFor x < 0 we can proceed to the same end by writing = x —
(1—frac(x)).)

Now since(s + R — X)/(R — L) is uniformly distributed over the interval
(s/(R —L),[s/(R—L)] + 1), the fractional part of this expression is uniformly
distributed over the interva0,1). Thereforefrom s+ R, we subtract a quantity that
is uniform over(0, R — L), and we have thai(s) is uniform over(s+ L,s + R).

As a result of the truncation provided by the greatest integer functids
possible for different values afto map to the samg(s). Consequentlywe can use
this function to draw a common value from both a particular uniform distribution
and a shifted versiadditionally, this transformation is monotone in the sense that
for s, = s,, it will result in random variableg(s,) = g(s,).

3.2. Other Distributions

In this subsection we describe how Wilsptb] extended the procedure of Sec-
tion 3.1 to enable one to draw a common value from other nonuniform distributions
with different location parameters using the same slice sampler approach as in Sec-
tion 2.2. We again illustrate with the Normal distribution

Assume that the goal is to draw from two Normal distributidd(gi,, o2) and
N(U2,0'2)~

Let h(x) denote the\ (0, o?) likelihood function
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1. Draw a valueX from theN(0, o2) distribution
2. Draw a valueU from the Uniform(0,1) distribution Let Y = Uh(X).
3. Compute the end points of the horizontal slicerat

L=—-oV—-2logY
R=ov—-2logY.

4, Draw a valueX = x from the Uniform(L, R) distribution
5. Shift this draw by computing( ;) andg( ).

g( ;) andg(,) are values drawn from the( iy, o?) andN(Hp, o ?) distributions
respectivelyand are potentially the sam&gain, sinceg(-) is monotonethis algo-
rithm will result in drawsx; andx,, with x; = x,, of the stochastically ordered
random variableX; ~ N(py, 02) andX, ~ N(ly, o 2).

3.3. Noninvertible Distributions

The final slicing step in the multishift coupler requires a draw from a horizontal
slice which can be problematic if the distribution is not invertib®f course one

can use an accefreject scheme to draw uniformly from an interval with unknown
end pointsbut the true end points are still needed for the shift couplét)isthat is

if Xis distributed uniformly on the interval, R] but we only have approximate end
pointsL” andR’, wherel’ = L < R= R’ at our disposalthen

s+ R —X .
g9'(s) = |—=—— |(R"= L") + X# Uniform(s+ L,s + R). (5)
oR-L o

In the following we assume thdt andR are unknown but that one can tell whether
a given point is or is not in the intervgl, R]. This is the casgor example when
slice sampling from a unimodal densi&s in Section £.1. An accepfreject scheme
can then be used to sample uniformly from R].

The Shift-and-Patch Algorithm

We begin by considering usin@) to send draws from a uniform distribution on
[L,R]to[L + s, R+ s]. For a specific examplave takeL = 1, R= 3, ands=1. As
shown by the shading in Figure 8e first half of the interval maps to the second

__ N

1 2 3 4 1 2 3 4
FIGURE 8. gx(1;1,3) for X ~ uniform(1,3).
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s=1

1 2 3 4 1 2 3 4
0'9* 3.2 19 S 42
—
g P er

FIGURE 9. gx(1;0.9,3.2) for X ~ uniform(1,3).

half, and the second half of the interval maps to the fiRgints within each half
maintain their ordering

Figure 9 shows the result usig) with the approximate end point$= 0.9 and
R’ =3.2.Here g, = L — L' andegx = R’ — Rdenoterespectivelythe (unknown left
and right approximation errors aweg = g_+ ez denotes the total end-point approx-
imation error Points falling outside of the intervé®,4] can be detectetk.g., see
step 4 in the algorithm described in SectioB.2) and hence rejectetut in order to
obtain a draw uniformly distributed dr2,4], we must “fill in” or “patch” the gap
with unknown end points in the center

We achieve this “patch” by reusing the rejected draws fallin¢1i®,2] and
[4,4.2]. These draws are “manually” shifted back by simple subtradifg. 109
and the result is then reshifted with the mag5h (Figure 10b.

In generalthis shift-and-patch algorithm applies wheneeex< |s| < R— L.
We refer the interested reader to the Appendix for detailSection 42.1, we apply
the shift-and-patch algorithm to gamma densities

subtract 1
-
i i i i
2 3392 4 1 3
(a)
s=1
- >
i i i 1 T —
2 3392 4 1 10 2 3 440

(b)

Ficure 10. Patching the gap
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4. THE SHIFTING AND FOLDING COUPLER

In this sectionwe combine the folding coupler with the layered multishift coupler of
Wilson[15] to increase the rate of common draws for two distributions with signif-
icantly different shapedn Section 42.2, we apply both folding and shifting meth-
ods to simultaneously draw from distributions with differébtut overlapping
supports

4.1. Shift and Fold

Suppose that we wan{ potentially) common value from draws froMd( 5, o) and
N( Uy, o2). Assume thatr, > o,. We proceed as follows

1. Start with a valueX; drawn from theN(,, o2) distribution

2. Also, draw a valueX, in tandem(using the same random numbjir®m the
N(py, o?) distribution more simplylet x, = 02((x2 - ul)/al) + .

3. Use a common draw from Unifor(@,1) to draw heights for the horizontal
slices and find the left and right end poitsandR,, andL, andR;; that is
draw a valueU from the Uniform(0,1) distribution let Y; = Uh;(X;) and
Y2 = UhZ(X2)7 and let

L, = —o\—2log(o1 Y1) + Yy, L, = —ox\—2log(o,Y,) + Wy,
Ry = o1\ —2log(o, Y1) + Wy, R, = o2\ —2log(0,Y>) + Ha.

4. Follow the procedure of Section13to draw values uniformly frorlL, R;]

and[L; + (M2 — Hy), Ry + (M2 — Ha)].
5. Follow the procedure of Section2to acceptfold the uniform draw from
[Ly+ (M2 — H1), Ry + (M2 — H1)] @¥/into a uniform draw oriL,, R,].

4.2. Examples

4.2.1. Coupled gamma random variates. In this subsectionwe combine
shifting, patching and folding of Sections.3 and 41 in order to producg¢poten-
tially commor) draws from two gamma distribution&gain, our notation is

X ~ I'(a, B) = X has densitf (x; a, 8) oc X*~te 1 g ., (X).

We used a “peak-to-peak” shift to produce J@WD draws from thé& (3,2) and the
I'(2,3) distributions that is we used the layered multishift coupl@ong with the
patching algorithm of Section3) to draw from thd(3,2) distribution with density

f(x;3,2) oc Xx%e 21 g ., (X)
and from the shifted density

h(x) oc (x + 5/3)2e72(x+5/3)1(75/3,00)()()'
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The3 is the distance between the mode ofKt{8, 2) distribution and the mode of the
I'(2,3) distribution

The draws fromf and the draws fronth are shown in Figures 11a and 11b
Roughly 60% of the draws were common drawshistogram of these common
draws are shown in the Figure 1HEinally, the draws frorh are then folded down
to become draws frorfi(2,3). These draws are shown in Figure 11d

4.2.2. Astorage model. We now illustrate the application of the folding and
shifting coupler for a finite storage system [ K ] with independent and identi-
cally distributed exponential replenishments with meAud the arrival times of a
Poisson process with rate Excessive input abovié < oo is considered overflow
and cannot be saved for future uB&tween arrivalsthe content is released deter-
ministically at rater (u). The Markov chain embedded just prior to arrival times
satisfies the PASTA propert{see Asmussefl]), which ensures that its stationary
distribution is identical to the stationary distribution of the continuous time chain
The assumption of finiteness of the system is not critiaalwe mayas in Tweedie
and Corcoranl4], adapt the ideédue to Kendal[8]) of an upper bounding random

0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
0.0 o 0.0
0 2 4 6 8 0 2 4 6 8
(a) (b)

06 1.0
0.8
0.4
0.6
0.4
02
0.2
0.0 0.0
0 2 4 6 0 2 4 6 8

(© (d)

Ficure 11. (a) Draws fromI'(3,2); (b) draws from shifted™(3,2); (c) common
draws forI'(3,2) and shifted version(d) draws fromI'(2,3) (60% in common
with (b)).
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process in order to remove this restrictidMilson (personal communicatigrhas
also developed a system for doing this

We shall consider specifically the cas@) = gufor 8 > 0. Forx € (0,K], it
can be showiiLund, private communicatiorthat the densityr (x) of the stationary
distribution is given by

X (AB™ 1) g—hx

m(X) = forx € (0,K] (6)

K
f X (A8~ =D ghx gy
0

and in generalthe denominator cannot be integrated

In Corcoran and Tweed|8] and Tweedie and Corcor@ih4], we describe per-
fect sampling algorithms applicable to this system involving minorizations and chain
splitting, but the following described folding and shifting technique is much easier
to apply

The “natural” way to simulate an embedded time step of this storage process is
to make a transition from stateto statey as follows

1. Draw replenishment jump and interarrival valjesdt from the exponen-
tial distributions with rateg. and A, respectively

2. Jump toz=x+j.

3. End aty = ze™'. (This is the result of the release rat@) = u.)

Alternatively we may make this transition as follows

1. Draw a jump valug from the exponential distribution with raje

2. Jump toz=x+j.

3. End at valuey drawn from the distribution with densitfi(y) =
(A2 Mo, »(y).

The density in step 3 is simply that %f= ze™ T, whereT is exponentially distributed
with rateA.

Now, to attempt to couple two sample paths with current valyeandx,, we
make a transition as follows

1. Draw a jump valug from the exponential distribution with raje

2. Jump the paths tp, = x; +j andz, = x, + j.

3. Use shifting and folding to draw valué¢potentially commopfrom f/* and
fy2(y).

We consider here only the cage> 1. The relative shapes of the two densities in
step 3 are shown in Figure 1%/e obtain(potentially commondraws from these
distributions by first using the shift method described in Secti@t@draw values
from f2(y) and

/\ A—1
f(y) = ) (Y +22)" gz, 2 (Y)
2
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z, z,

Ficure 12. Relative shapes of two densities for the storage model

(one can imagine sliding the wider density to the left until the vertical lines match
up) and then folding this shifted wide dragpotentially negative at this point
using(1).

Simulation Results

We simulated 10@00 draws from the storage model with= 2, p = 2, and
K =10. A histogram of these draws along with the true density curve giveiblig
shown in Figure 13

The mean backward coupling time in 1000 draws was 128, with a mini-
mum of 1 and a maximum of 62 histogram of backward coupling times is given

0.6 4
0.44
0.2 1
0.0 .
0 2 4 6
Draw

FiGURE 13. Storage model100000 draws fromm(x) with A = 2, u = 2, and
K =10.
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0.02 ‘ “
0 2 0 60

Backward coupling time

FiGure 14. Storage model100000 values of the backward coupling time with
A=2,u=2 andK = 10.

in Figure 14 For this modelour shifting and folding coupler was particularly easy
to apply The mean backward coupling time is approximately four times that given
by the so-called Harris coupler in Corcoran and Tweg8]dut was much easier to
implement as the Harris coupler required that we find a minorizing measure for the
chain and draw from a complicated “residual” transition.law

Wilson[15] points out that for his layered multishift couplére coupling times
are inversely related to the lengths of the horizontal slices encountered during sam-
pling. The same can be said for the folding coupserd it is possible to speed up
either algorithm by manipulating the shape of the densities in such a way that we
preserve areas over any given interval onthgis We refer the interested reader to
[15] for details

With the small backward coupling times given by the shifting and folding cou-
pler, we did not find that the preprogramming setup effort involved in density ma-
nipulation or required by the Harris coupler was worth the small reward of efficiency
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APPENDIX
The Shift-and-Patch Algorithm

The Algorithm
1. Shift Let
X' =gx(s)=[(s+R = X)/(R —L")(R —L") + X
2. If X’ & (L + s R+ s), thenpatch

« Shift back manually by subtractirgy
e Use the truncation map again

CLamm: Letg =L—- L' ande =R —R,and ¢ =g + egand li,y = R— L. Assume that
er < |S| < Iint~

Then the shift-and-patch algorithm defined in Section 4.2.2 shiftdiform(L, R) to Z ~
Uniform(L + s,R+ s).

Proor: We will prove the claim by carefully examining where the shift-and-patch step maps
numbersConsider first theshift stepWe look at the interval(R’ + s— R)/(R' — L’), (R +
s— L)/(R" — L)), which is the domain for the floor function used in the truncation map
Assume thas > 0 (the case whes < 0 works similarly. We observe that = (R +
s—R)/(R -L"), (R +s—L)/(R —L'))since(R' +s— X)/(R' —L')=1forX=L'+sand
that by assumptigrwe have that = L' + e <L +s< L’ + |,y = Rso thatX =L’ +
se (L,R).

Since the interval has lengtiR — L)/(R" — L') = lint/(line + €7) < 1, and 1€ ((R' +
s—-R)/(R —L), (R +s—L)/(R —L")), the floor function in the truncation map can only
take on values if0,1}. In fact we have
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R +s—X 0, Xe(l'+sR)
oR-L g |1, Xe(LL +59).

With this information the truncation map in the shift step can be written as

X, X€E (L' +sR)
Ox(s) = X+ (R —L), XE(LL +s).

Itis obvious thagy(s) maps(L’ + s, R) uniformly onto(L’ + s, R). The second interval
will simply be shifted by the constant amountRif— L’. To see where the second interval will
be mapped to exactlywe evaluat@y(s) at the corresponding end poitsndL’ + s: We find
thatg (s) =L+ (R —L)=R+ (R —R) +(L—L') =R+ erand lim, g gx(S) =
L’ +s+ (R —L') =R + s, so that the shift step can be summarized as uniformly mapping
the following intervals onto

(L"+sR) = (L' +sR),

(L,L'+s)— (R+er,R +5).

Note that this leaves us with the unwanted interyalst s, L + s) and(R+ s, R’ +s), as well
as a gap of sizer in the middle of the intervalsee FigAl for illustration).

We will now show that thepatch stepsticks these unwanted intervals outside+ s,
R+ s) right into this gapIn the patch stepve first shift back “manually so that the domain
for the truncation map becomék’,L) U (R, R’). Since

\
L +5
SHIFT

L +s L+s

PATCH \/

L+sL+s RR+£L R+sT R+s R’ +s

~_1
hg

Ficure Al. Patching the gap
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R +s—X 0, Xe(RR)
OR-L 4 {1, X € (L)L),
the truncation map for these intervals can be written
X, X e (RR)
Ox(8) = {x+ (R —L), Xe&(L,L),
which shows that the patch step uniformly maps the following intervals: onto
(R+sR +s)—> (RR+e),
(L'+sL+s)—(R+e,R+er),
which “fills the gap” |

Remark: Note that the assumptia@y < |s| can be satisfied by choosing small enough incre-
ments when searching for the estimated end painéndR’. The assumption thas| <l is
natural in the sense that witk| > I, it is impossible to get common draws anyway
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