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A MIXED LOGIC WITH BINARY OPERATORS
IVO DUNTSCH2), RAFAL GRUSZCZYNSKI'Z), AND PAULA MENCHON

Abstract. In previous work [4] we introduced and examined the class of betweenness algebras. In the
current article we study a larger class of algebras with binary operators of possibility and sufficiency, the
weak mixed algebras. Furthermore, we develop a system of logic with two binary modalities, sound and
complete with respect to the class of frames closely related to the aforementioned algebras, and we prove
an embedding theorem which solves an open problem from [4].

We dedicate this article to our esteemed colleague and friend Dimiter Vakarelov.

§1. Introduction. Possibility-sufficiency algebras (PS-algebras), as Boolean alge-
bras expanded with unary operators of possibility and sufficiency, were first studied
in [5]. The latter operator is an algebraic counterpart of the window modality,
whose provenance can be traced back to [8, 9, 11], and also [1] in the framework
of deontic logic. The theory of PS-algebras was refined and developed further in
[6, 7], with particular emphasis on two subclasses of PS-algebras: mixed and weak
mixed algebras, which force a relationship between the—otherwise independent—
operators of possibility and sufficiency.

Building on the aforementioned works, we initiated in [4] a theory of betweenness
algebras (b-algebras), which were thought of as an approach to study the most
general algebraic and logical properties of the ternary relation of betweenness well-
known from ordered geometry. Being ternary, betweenness calls for binary opera-
tors, and for this reason, our PS-algebras are Boolean algebras with binary operators
of possibility and sufficiency. To guarantee the interplay between the two operators,
we focused on weak mixed algebras, which we enriched with equalities expressing
the basic and well-motivated properties of betweenness. The approach turned out
to be fruitful and allowed for the development of both representation and canonical
extensions of algebras arising from betweenness relations. For these, the canonical
frames of b-algebras are triples of the form (W, R, S). where S and R are ternary
relations on W obtained in the standard way from sufficiency and possibility
operators, respectively, with S C R. In a certain sense, R and S together simulate
the betweenness relation. We showed that this cannot be avoided, in the sense that,
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2 IVO DUNTSCH. RAFAL. GRUSZCZYNSKI, AND PAULA MENCHON

in general, the canonical frame of a b-algebra cannot have just one ternary relation
which is a betweenness. This was a negative result, as the starting point of our
research was precisely frames (W, B), where B is a betweenness, and the properties
of the complex algebras of such frames gave rise to the axiomatization presented in
the article. However, the negative finding did not exclude the existence of a more
general ternary relation that could allow for a representation theorem for b-algebras,
and finding such a relation was formulated as problem (1) in [4].

With the problem in focus, we concentrate below on a general study of frames
(W, R.S) with S C R (wMIA frames). We develop a logic K# with binary operators
of possibility and sufficiency (window modality) that is sound and complete with
respect to the class of wMIA frames. To this end, we adapt for our needs the
copying method from [8, 14], which allows for the transformation of wMIA frames
into frames with a single ternary relation. Further, we study algebraic models of K*,
i.e., PS-algebras determined by an equational theory X. We prove that the variety
V(Z) is precisely the variety generated by the class of weak mixed algebras (which
does not form a variety itself).

The techniques and results mentioned above allow us to prove that every weak
mixed algebra can be embedded into a frame of the form (W, R), and in consequence,
solve the problem (1) for b-algebras. In the article’s final section, we demonstrate
how «far from» betweenness the ternary relation R is.

§2. Notation and first definitions.

2.1. Boolean algebras. Throughout, (4,+,-,—0,1) is a non-trivial Boolean
algebra, usually denoted by 4. For a, b € A we define the symmetric sum

aVb=a b+-(a+b), (df V)

which is the complement of the symmetric difference (a-—5b) 4 (b-—a) and
corresponds to logical equivalence. Clearly, a = b ifand only ifa V b = 1.

LemMA 2.1 [13, Lemma 5.22]. If F is a filter on A, then the relation on A defined
by

aOp bifandonlyifaVbeF

is a Boolean congruence relation. Conversely, if 0 is a Boolean congruence on A, then
Fp:={a € A:a0 1} isa filter on A. Furthermore, Or, = 0 and Fy, = F.

2.2. PS-algebras. A binary possibility operator on Aisamapping f : A x A — A
which satisfies for all a, b, a’, b’ € A,

f(a.0) = 1(0.a) =0, Normality (2.1)
fla.b)+ f(a.b) = fla,b+b"), Additivity, (2.2)
fla.b)+ f(a'.b) = f(a+a'.b).

The dual 2 of f is the mapping defined by f?(a,b) :=— f(— a.— b). often called
a binary necessity operator.
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A binary sufficiency operator on A is amapping g : A x A — A which satisfies for
alla.b.a’,b’' € A,
g(a.0)=g(0.a) =1, Co-normality (2.3)
glab) gla,b')=gla.b+b), Co-additivity, (2.4)
gla.b)-g(a'.b) =gla+a'.b).
It is well known that f is isotone in each component and that g is antitone in
each component. A PS-algebra is a structure 2 := (A4, f, g), where f is a possibility
operator and g is a sufficiency operator.
We prepare the description of the congruences on a PS-algebra 2 with a few

known facts. The Boolean congruences on A were described earlier in Lemma 2.1.
Congruences with respect to a binary necessity operator were characterized in [15].

LEmMa 2.2 [15, Theorem 29]. If m is a binary necessity operator on A and F is a
Sfilter of A, then Or preserves m if and only if a € F implies m(a,0) - m(0,a) € F.

To apply these results, we first define for a sufficiency operator g : 4 x 4 — A4
amapping g* : A x A — A by g*(a.b) = g(— a.— b). The operator g* is a binary
necessity operator, and a Boolean congruence preserves g if and only if it preserves
g*, since g and g* are mutually term definable. We now define an auxiliary mapping
u:AxA4— A

u(a,b) = 2(a.b)-g*(a.b). (af u)

Clearly, u is a binary necessity operator on A.
Given a Boolean algebra 4 with binary necessity operators m; (for some index
set I), a filter of F of A is a congruence filter if and only if 0 preserves each m;.

THEOREM 2.3. Let 2 := (A, f.g) be a PS-algebra. Suppose that F is a filter of A.
Then. F is a congruence filter (i.e.. Or preserves f2 and g*) if and only if u(a.0) -
u(0,a) € F foralla € F.

PrROOF. (=) Let F be a congruence filter and a € F. Then, f?(a.0)-
f9(0.a) € F and g*(a.0) - g*(0.a) € F by Lemma 2.2. Thus,

u(a.0)-u(0.a) = /%(a.0)-g*(a.0) - £°(0.a) - g*(0.a) =
[%(a.0)- 1°(0.a) - g*(a.0) - g*(0.a) € .
(<)Ifa € Fand u(a.0) - u(0,a) € F, then
[%(a.0)-g*(a.0)- 1°0.a) - g*(0.a) € F
and thus, £2(a.0)- f9(0.a) € F and g*(a.0) - g*(0.a) € F since F is a filter.
2.3. Complex algebras and canonical frames. The canonical frame of 2 is the

structure Cf(2) := (Ult 4. R;. S, ). where R, and S, are ternary relations on Ult A
defined by

Ry (.. %) = [% x U] C . (df Ry)

IThe name refers to the universal modality which is related to the unary discriminator
(see. e.g.. [8. 10]).
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Se(%. . %) & g% x W10 U # 1. (at S,)
Additionally, we define an auxiliary operator i: A x A — A by
h(a.b) = f(a.b)+ —-gl(a.b). (df h)
and we set
Ty(%. U. %) = h|% x U] C . (af Tj)

Lemma 2.4. T) = RyU - S,.

ProOF. (C) Suppose h[% x %) C U and g[% x U1N U # 0. Let {(a,b) €
94 x 9 be such that g(a.b) € 2. Pick x € Zyand y € 23. Asx -a € 724 and y -
b € %4, it must hold that A(x - a,y - b) € 9. As g is antitone, also g(x - a,y - b) €
9. Thus by the definition of 4 we obtain f(x - a,y - b) € %. Now, f is isotone, so
f(x.y) € 2. as required.

(D) Let %.%.% € UltA, and a € %.b € 2. 1If R;(%%%) then,
f(a,b) € 2. and it follows that h(a.b) = f(a.b)+ — gla.b) € U. (. U, Us)
is not an element of S,. then g[% x %] N % = 0. hence. g(a.b) & %. which
implies — g(a.b) € %. 1t follows that h(a.b) = f(a.b)+ —g(a.b) € . -

In this article, a frame is a structure § := (W, R, S), where W is a nonempty set,
and R and S are ternary relations on W. The full complex algebra of § is the structure
Cm(F) = (2", (R),[[S]]). where (R) and [[S]] are binary operators (of possibility
and sufficiency, respectively) on 2" defined by

(RYX.Y)={zeW : (X x{z}x Y)NR #0}. (df (R))
[SNX.Y):={ze W: (X x{z} x Y)C S}. (af [[S1])
A subalgebra of Cm(g) is called a complex algebra.

§3. The binary logic K#. We will develop the logic K* for the binary case using the
copying construction from [14] adapted for our needs. This is a Boolean logic with
a set Var of propositional variables, a constant T, and two extra binary modalities
¢ and M with duals O and <. Formulas have the form:

T. p. . @ Ay, O(e.y). Dle. ).

where p € Var. We use the usual definitions of the Boolean connectives L, V,
—, «>. The axioms are those for classical propositional logic plus the following
modal axioms:

O (L) =0 (p. L), (M1)

Ol w) VOolp. x) & Ole.w Vv x)
Olp. ) VOolrw) & OleV . w).

M(L.e)  Dle.1). (M3)
) AD(e. ) < D, w V )
)ALz y) < Dl V x.w).

(M2)

M(ep.

®
o (M4)

7
v
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The auxiliary operator (U)) is defined by

(U) . y) = Olp. ) v e, y). (af (U)))
Its dual is denoted by [U]]:

[UN(p. w) = O(p, y) AD(=p. ).

We consider the following additional axioms:

(U@, T) AU (. T) = (U) (. w). (Cv)
@ = (U)(p. T). (To)
(UNAUNe. T).T) = (UNe. T). (4v)
o = [UN((U)(p. T). L). (Bu)

The names (Ty). (4y), and (By) are motivated in an obvious way by reference
to the standard unary modal axioms corresponding to reflexivity, transitivity, and
symmetry. The name for (Cy;) is justified by the axiom postulating a non-standard
behavior of possibility with respect to conjunction.

K*# is the smallest set of formulas that contains propositional tautologies. all
instances of (M1)-(M4), (Cy)-(By). and is closed under modus ponens, uniform
substitution, and the following rules for ¢ and [:

Fo—w Fo—y
Fo(p. ) = O x) Fo(r.e) = Olxw)
Fo—w Fo—w
F(p, x) — D(w. x) FO(. ) = Dx w) -
‘We have that
K* H(U) . w) = (U) (. ). (Sv)

3.1. Relational semantics. § := (W, R.S) is called a weak MIA frame (wMIA
frame, for short), if S C R. The class of weak MIA frames is decisive in the
determination of the relational models of the logic K*.

Generalizing the notion of complex algebras of weak MIA frames we arrive at
the following definition. A PS-algebra 2l is a weak MIA (wMIA) if it satisfies

(Va.b € A)[a #0and b # 0 = g(a.b) < f(a.b)]. (WMIA)

The class of weak MIAs is denoted by wMIA. Note that wMIA is a first-order
positive universal class, and so it is closed under subalgebras and homomorphic

images. The following establishes a relationship between weak MIAs and weak
MIA frames.

LemwMma 3.1 [4].

(1) The complex algebra of a wMIA frame is a weak MIA.

(2) The canonical frame of a weak MIA is a weak MIA frame.
THEOREM 3.2 [4].

(1) Each wMIA frame is embeddable into the canonical frame of its complex
algebra.
(2) Each weak MIA is embeddable into the complex algebra of its canonical frame.
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Notation not explained here can be found in [2, Section 5] and [3, 4], in particular,
II Section 10 of [3].

Models are structures M := (F, v), where § := (W, R, S) is a wMIA frame, and
v: Var — 2" isa valuation, extended over the Boolean connectives in the usual way.
and over the modal operators as follows:

v(Op.w)) = {x: (v(e) x {x} x v(y)) N R # 0}, (3.1)
v([@p. y)) = {x : (v(p) x {x} x v(y)) € S}. (3.2)

We call § the base of the model. A formula o is satisfied at x € W with respect to M,
written as M, x = ., if x € v(p). Then,

M. x E Olp. ) & (vlp) x {x} xv(y) NR#0, (3.3)
M. x | Dp. y) < vlp) x {x} xv(y) CS. (3.4)

Consequently,
M, x = O, p) & ((-p) x {x} x v(=y)N-S #0, (3.5)
M. x E(U)(p.p) & (v(p) x {x} xv(y)) N R#0or (3.6)

(v(p) x {x} x v(y))N-S #0.
Thus,

M. x = (U)(p.p) & v(p) #0and v(y) # 0. (3.7)
M. x = [Ull(p. w) & v(p) = Woruv(y) =W (3.8)

and—thanks to these—with (U)) and [U]] we can associate global modalities,
existential and universal, respectively

Mx = (U)(p.T)e Fye W)M.y e (Ev)

M.x = [Ulllp. L) & (Yye W)M.y = . (Ay)

3.2. The canonical frame for K*#. The main objectives for this section are proofs
of soundness and completeness of K# with respect to the class of WMIA frames.
For these, we use the standard notion of validity in a frame, i.c., a formula ¢ is valid
in § if for any model 90t based on § and any x € W, 9, x = ¢.

Soundness, as usual, is easy.

TueorEM 3.3 (Soundness). K*# is sound with respect to wMIA frames.

PrROOF. Let M := (§, v) be a model with the base § := (W, R, S). It is easy to see
that the axioms (M1)—(M4) are satisfied at all x € W.

Straightforward computations show that for all x e W, M, x = (Ty).
M. x = (4y), and M. x |= (By). For (Cy), observe that if x € W is such that
M. x E(U)(p. T) A(U)(w. T), then there exist y,z € W such that M,y = ¢
and M, z = v, ie., v(p) # 0 # v(y). Therefore, M, x = (U) (o, w) by (3.7).

Since the valuation is arbitrary, we have shown that the axiomatization of K* is
sound with respect to wMIA frames. o
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For completeness, we will need several definitions and lemmas. The key notion
will be that of the canonical frame of the logic K*.

# . . . . .
Let WX” be the collection of all maximal consistent theories of K*. The canonical
frame® for K* is the structure

SK# . (WK#,RK#,SK#>,

where
RK#(x, y.z) & Ox xz] C oy, (df RK#)
SK#(x, y.z) &= Ox xz]Ny #£ 0. (af S&#)
We also define
T« (x.y.z) & (U)[x x z] C y. (df TK#)

In analogy to Lemma 2.4 it can be shown that:
LemMA 3.4. In the canonical frame SK#., TK" = RK*U - 5K*,

To simplify the notation we usually omit the superscripts in those situations which
will not lead to any ambiguities.
We will prove the following.

Lemma 3.5. In SK# the relation T satisfies the following properties:

(T1) T(x.x.x).

(T2) If T(x,y.z), then T(z, y, x).

(T3) If T(x1.y.z1). T(x2.y.22), and T (x3, y. z3), then T (a. b, c) for every triple

{a.b,c)in {x1,x2, x3}° U{z1. 22. 23}°.

Proor. For (T1), consider ¢,y € x. So ¢ A w € x and, since x is a maximal
theory, by (Ty) and (Cy) we obtain (U)(p Aw.p Ay) € x. It follows that
(U)(p.y) € x, and therefore (U))[x x x] C x.

For (T2), suppose that (U)[x x z] C y. Let ¢ € z and w € x. By assumption,
(U)(w.p) € y, and thus (U) (e, w) € y by (Sy) as required.

For (T3), suppose that (U)[x; x z1] C y, (U)[x2 x z2] C y,and (U))[x3 x z3] C
y. Let ¢ € x| and w € x3. By assumption, we know that (U) (¢, T) € y and
(U)(y.T) € y. By (By)

[UNCUY U (w. T). T). L) €y

and by (40‘)

[UNCU)(w. T). L) € y.
By the same argument [U]]((U) (o, T). L) € y. Since

[UNCUN (. T). L) ATUTIKU ) (w. T). L) = [UNKU ) . T) AU (w. T). L).

2The terminology we use is ambiguous. but intentionally so. In Section 2.3 we use the term for frames
of ultrafilters of Boolean algebras with operators. Here, we use it for the relational structure whose
domain consists of maximal consistent theories of K#. The two notions can be reconciled, though, as
the canonical frame for K¥ is indeed a frame of ultrafilters of the Lindenbaum algebra of K*.
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from this and (Cy) it follows that
[UNCUNe.p). L) €y ie. ~(UNAU)(p.w).T) € y.
In consequence —(U ) (. w) ¢ x1 U x, U x3 because otherwise
(UN(AUN(p.w). T) € y.

a contradiction. As we are dealing with maximal consistent theories of K * we
obtain (U))(p. y) € x; N x, N x3, and therefore T'(x;.x1, x3). T(x1, x2.x3), and

T(x1.x3.X3).
All remaining possibilities are shown using the previous two points and choosing
o and y suitably. o

LEmMMA 3.6. Let SK# be the canonical frame for K¥. For x € W, let
Wy ={yeW:3zeW)T(y.x,z)}.
Ify ¢ Weand T(a. y.b). thena.b ¢ W,.

PrROOF. Assume z € W is such that T(y. x,z) and that T (a, y.b). By (T1) we
have that T'(x, x, x), and from (T3) we obtain T'(x, y. x). Applying (T3) again, but
this time to T'(a, y,b) and T(x. y, x), we obtain that T(a. x.a) and T (b, x,b). so
both a and b are in W,. -

Lemma 3.7. If x € WK#, then §. = (Wy. R,.S,) such that and R, = RN W}
and S, = S N W} is a wMIA frame (and a subframe’ of'SK#).

PrOOF. Let(r,s,t) € S,. By the definition of W, and by (T3) we obtain T'(r, s, t),

so (r,s,t) € RU—S by Lemma 3.4. By assumption, (r,s.t) € S so we obtain
(r.s,t) € RN W3 ie., (r.s.t) € R, as required. —1

TueOREM 3.8 (Completeness). If K¥ ¥ &, then there is a model of K* based on a
wMIA subframe of FK " at which o fails. Thus, if 6 is valid in the class of wMIA frames,
then K# I 6.

PrOOF. Suppose that K# I/ 6, and let x be a maximal consistent theory of the logic

#
withd ¢ x. Let V': Fml — 2W" be the following mapping on the canonical frame

5" y € V(p)ifand onlyifp € y.So x ¢ V(). Take the weak MIA subframe §,
and consider the function v: Fml — 2"~ defined by

v(y) = V(y)N W,

Let us show that v is a valuation on the frame §,, and in consequence of this and
Theorem 3.3, M, = (F,.v) is a model of K¥ (in which J fails at x, of course).

For the Boolean connectives, the proofs are straightforward, e.g., for negation,
we have

v(=p) = V(np) N W, = 1 V(N Wy =W, \U(‘P)~

3% = (W', R, S’) is a subframe of § := (W, R, S) if W/ C W and R’ and S’ are restrictions of,
respectively, R and S to W',
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For the possibility operator

yeu(Olp.y)) & y e WunV(0(p.y))
e (Vlp) x {y}xV(y))NR#Dand y € W,
so, from the first conjunct, we obtain that there are a € V (¢) and b € V() such

that (i) R(a. y. b) and from the second one that (i) y € W,. From (i) and Lemma 3.4
it follows that T'(a. y.b), so (ii) and Lemma 3.6 entail that @, b € W,. Thus,

yev(Olp.w) & (V)N Wy) x {y} x (V(y) N W)NR#Dand y € W,
& (v(p) x {y} xv(y)) N R #0.

For the sufficiency operator we have to demonstrate that

{yew :Vip) x{ptxV(y) CSINWe={y € Wy :v(p) x {y} xv(y) C Sx}.

(C) If V(@) x (v} x V(p) CS. ye W, and (a.1.b) € v(p) x {} x v(y).
then also a, b € W, and thus the triple is in S\, as required.

(D) Lety € W, besuchthatv(p) x {y} x v(yw) C S,. By the definition of W, we
have that there is z € W such that T'(y. x, z). Take (a.b.c) € V(p) x {y} x V(y),
and assume towards a contradiction that (@, y,b) ¢ S. By Lemma 3.4 it is the case
that T'(a, y.b). By Lemma 3.6, a.b € Wy, so (a, y.b) € S, C S, which contradicts
our assumption. -

3.3. Special frames and models. A weak MIA frame § := (W, R.S) is called
special if R = S. Similarly, a model 9t based on a wMIA frame § is special if
§ itself is special.

Two models 9t = (W, R, S,v) and M = (W', R',S",v') are called modally
equivalent if the same formulas are true in both, i.e., if for all ¢ € Fml,

MEp oM E=ep!

Our next aim is to construct—given (W, R, S, v)—a special model (W, R, S.v),
that is modally equivalent to (W, R, S, v). The idea of the construction of R and S
is to “separate” triples (x, y, z) which are in the intersection of R and - S, i.e., to
remove those triples which prevent R = S (see Figure 1).

Let us start with a fixed frame § := (W, R, S). Let § W § be the disjoint union of
§ with its isomorphic copy §' := (W', R’. S’) whose domain is disjoint from that
of §. Thus,

W =(WUW ,RUR ,SUS")>

Clearly, if both frames are WMIA frames, then S U S’ C RU R’, so the disjoint
union is a wMIA frame as well.
For W := W U W', there are triples in > such that:

(1) all coordinates are from either W or W', which we call pure, or

M = @ if M, x |= ¢ for every point x of M.
5The copying method was introduced in [14].
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FIGURE 1. A visual presentation of the construction of the special frame of a frame
(W.R,S) with S C R. Observe that 4 == {(x.y,z). (x",y".z)}.

(2) at least one coordinate is from W and at least one from W'; these triples will
be called mixed.

For a fixed pure triple (x. y.z) € W3 (or its copy (x'.y’.z’) € (W')3). in W?
there are eight “variants” of (x, y, z): the triple itself and
(x.y.z). (x.y'2). (ey2h) (3N z) (xp2) (e 2 Ly ).
We denote the collection of these by
clx,y.z) ={(r.s.t):re{x.x'}ands € {y,y'}and r € {z.2'}}

and we call it the cell determined by (x., y, z).

Let i: W — W’ be the bijection that assigns to any element of the domain its
copy i(u) = u'. Let i* be the function inverse to i. By means of these we define an
onto function j: W U W’ — W such that

t ifre W

() =
U i*(t) iftew'.
Clearly, forx € W, j '(x) = {x.x'},and W =,y j ' (x). Moreover

cx,y.z)={(r.s.t):x=j(r)and y = j(s)and z = j(1)}.
The next lemma justifies the name cell.
LemMMA 3.9 (Partition Lemma). The collection
Cell(W?) = {c(x.y.z) : (x.y.2) € W3}
is a partition of W3.

PrROOF. Let (r,s.7) € W?>. Then, there are x. y.z € W such that x = j(r) and
y = j(s)and z = j(¢), and thus {r, s, 1) € c(x, y, z).
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If {r,s, 1) € c(x0. yo. 20) N c(x1, y1. 21), then
xo=j(r)=x; and yo=j(s) =y and zo=j(t) =z
and so ¢(xo, yo. z0) = c(x1. y1. 21). B

For P C W3, let P’ be its copy. P and P’ are relations that contain pure triples
only. For relations that are subsets of W* (and may therefore contain mixed triples).
we are going to use underlined letters, e.g., P, R, and S.

Given a relation P C W?*, we define the mixture of P as the value of the function

m: 2% 5 27 defined by
m(P):= | (). j(s). (). (af m)

(r.s.t)eP

In consequence, for P C W3 and its copy P’ C W’ we have

m(P) = U c(x.y,z) and m(P') = U c(x.y.2).

(x.y.2)€P (x!.y'z"yeP!

LemMA 3.10. For all relations P and Q from W3 we have
m(P) =m(P') = m(PUP'), (3.9)
m(W3) = w3, (3.10)
PCm(P) and P Cm(P'), (3.11)
P C Q=m(P)Cm(Q). (3.12)
W3\ m(P)=m(W3\P) and W3\ m(P')=m(W?\ P (3.13)
m(P N Q) =m(P)Nm(Q). (3.14)
m(PU Q) =m(P)Um(Q). (3.15)
Proor. (3.9), (3.11), (3.12), and (3.15) have routine proofs that we leave to the

reader.

(3.10) By the Partition Lemma.

(3.13) () Let 7 be a triple not in m(P). Thus, for all (x, y,z) € P, t ¢ ¢(x, y.z).
By the Partition Lemma there is a triple (xo. yo. z0) € W? such that € ¢(xo. yo. Z0)-
Clearly, (xo. yo.z0) ¢ P.sot € m(W3\ P).

(D) Ift € m(W?3\ P). then there is (x. y.z) ¢ P such thatt € c(x. y.z). If there
were (r,s,t) € m(P) such that 7 € ¢(j(r). j(s). j(¢)), then P and W3\ P would
have a non-empty intersection, which is 1mp0551b1e

The proof for the copy of P is similar.

(3.14) The left-to-right inclusion holds as m is isotone. For the reverse inclusion,
pick © € m(P) N m(Q). Then, there are triples (xq, yo. z0) € P and (x1.y1,z1) € Q
such that

T € ¢(x0. yo. z0) Ne(x1, y1.21).

By the Partition Lemma, these triples must be identical, and so {(x, yo, zo) € PN Q,
which entails that T € m(P N Q). o
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The frame m(F) = (W, m(R), m(S))—obtained from the disjoint union of § and
its copy §'—will be called the mixture of §. By (3.12), it is a wMIA frame, provided
that § itself is.

The mixture m(F) of any wMIA frame § can be turned into a special frame via
the following construction of R and — S (below, — R and — S are the complements
of the two relations in W?3):

m(S) U[(m(R)Nm(-S))\ (RUR')]
m(S)U [m(R\ S)\ (RUR)].
CR)URUR)N(=SU(=S))]
—m( R)UI(RUR)\ (SUS")].
Lemma 3.11. If § is a wMIA frame, then R = S.

PrROOF. We are going to show that RU— S = W3 and RN - S = 0.
For the first equality, we have to prove that

W =m(S)u[m(R\S)\ (RUR)Um(-R)U[(RUR)\ (SUS)].
By (3.10) and (3.15) we have
W3=m(W?3) =m(S)um(R\ S)Um(- R).

-S=m

so it is enough to show that
m(R\ S) = [m(R\ S)\ (RUR)U[RUR')\ (SUS.
Indeed, S US’ C RUR’ and m(S)N (RUR’) = SUS’, while from Lemma 3.10
it follows that m(S) C m(R), SUS’ C m(S). and RU R’ C m(R). Together these
imply
m(R) \ m(S) = [(m(R) \ m(S)) \ (RUR)U[(RUR)\ (SUS")]S

Using Lemma 3.10 again, we obtain m(R \ S) = m(R) \ m(S).

For the second equality, observe that each of the following four sets is empty
(again, see Figure 2 for diagrammatic representation):

m(S) Nm(- R),
m(S)N[(RUR)\ (SUS').
m(R\ S)\ (RUR')Nnm(-R),
m(R\S)\ (RUR)NIN[(RUR)\ (SUS")].

The first one is empty by (3.14), since SN — R = 0. The second one is empty since
(RUR’)\ (SUS’) has only pure triples that are in R U R’, but not in m(S). The
emptiness of the third follows from (3.13), and the fourth one has a purely set-
theoretical justification.

This concludes the proof. =

LemmA 3.12. If §:=(W.R.,S) is a wMIA frame, then (r,s,t) € R implies
(j(r). j(s). j(2)) € R.

6See Figure 2.
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W3

FIGURE 2. m(R) \ m(S) is equal to the union of [m(R)\ m(S)]\ (RUR’) and
(RURN\ (Sus’).

PrOOF. Assume that (j(r), j(s), j(¢)) €~ R. By the relevant definitions,

c(j(r).j(s).j(1)) S m(- R) C- S,

so by Lemma 3.11 we have that ¢(j(r). j(s), j(z)) C— R. Consequently, (r, s, t) is in
the complement of R as required. -

TueoreM 3.13. If 9 = (F.v) is a model of K*, based on a wMIA frame
§ = (W.R,S), then there is a special model M = (W, R, S.v) such that M and
Mt are modally equivalent.

Proor. Fix a model 90t := (§.v). Let § be an isomorphic and disjoint copy
of §. Put M’ = (F',v'). wherev'(¢) == {w’ : w € v(p)}.LetF, = (W, R, S) bethe
special frame obtained from m(g). Letv(p) = v(p) Uv'(p) for every propositional
variable p. and extend it to the valuation of all formulas v : Fml — 2" in the standard
way. We will prove by induction on the complexity of the formulas that for any
@ € Fml, v(p) = v(p) Uv'(p).

For the negation, we have

Other Boolean connectives are straightforward, so we move to the modal operators.
Suppose v(p) = v(p) Uv'(¢) and v(yw) = v(y) Uv'(y). we will prove that

v(O(p.w)) = v(O(p. w)) Uv' (Oe. w))
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and

v(@(p. ) = v(@(p. w)) UV (@(p. ).

Let s € W be such that s € v(O(p, w)), e, (v(p) x {s} x v(w)) N R # (. By
the induction hypothesis, we have that

[(v() Uv'()) x {s} x (v(y) Uv"(y))IN R # 0.

If (r s,t) is in the intersection, then by Lemma 3.12 the triple (j(r), j(s),j(z))
is in R. Clearly, j(r) € v(p) and j(t) € v(w). So. if s € W, then j(s)==s
and (j(r).s. j(1)) € (v(p) x {s} xv(y))NR. If s€ W', then j(s) =s and
(J(r). 5. j(2)) € (0'(p) x {5} x ' (y)) N R". Thus s € v(O (. y)) U (O, ).

Let s € v(O(p, w)) Uv'(O(p, w)). and consider the case that s is in the first
component of the union. Then s € W and (v(p) x {s} x v(y)) N R # (. So, there
exist y € v(¢) and z € v(y) such that (y.s.z) € R. By definition, (y’.s,z’) €
R and, by the induction hypothesis, (v(p) x {s} x v(y)) N R # 0. Therefore
s € v(O(p, w)). The proof'is analogous for s € v/ (<@, w)).

For the case of the sufficiency operator, let s € v(M(p., y)). ie.. v(p) x {s} x
v(y) CR. If s € W, let y €v(p) and z € v(w). By the induction hypothesis,
(.5, z) € R. As the triple is pure, by the construction of R it must be an element of
S. Consequently, we obtain v(p) x {s} x v(w) C S.ie.,s € v(@(p,w)). If s € W',
it follows by a similar reasoning that s € v'(D(¢. w)).

Let s € v(@(g. y)) Uv' (@D, w)). If s € v(@(p, y)). then v(p) x {s} x v(y) C
S.Letr € v(p) =v(p)Uv'(p)andt € v(y) = ( YU’ (w). So, j(r) € v(p) and
Jj(t) € v(w), and the assumption entails that (j (r), s, j(¢)) € S. By the construction
of R, we have ¢(j(r),s, j(1)) C R, and as the triple (r, s, ¢) is in the cell, it must be
in R, too. The proof is analogous for s € v'((¢p, y)).

Since 90t and 9 are copies of each other, it is easy to see that the model
M= (W.R,S.v) is modally equivalent to M and by Lemma 3.11, we have
R=S. =

§4. The class V(wMIA). In this section we shall exhibit an axiom system for
the equational class of algebraic models of K*. To this end, consider the following
equations for the operator u introduced by (df u) in Section 2.

u(a,0) <a (4.1)
u(a,0) <u(u(a.0),0), (4.2)
a <u(u®(a.,0),0). (4.3)
ula.a) =u(a.0) = u(0,a), (4.4)
u(a,b) = u(a,0) 4+ u(0.b). (4.5)

Recall that the class of wMIAs was defined as a subclass of the class of PS-algebras
incorporating as an axiom the condition (wWMIA), which is not an identity. We
consider the class V(wMIA), the smallest variety containing wMIA.

7As in the case of £, u®(a. b) :==— u(— a.— b).
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(0.1) (L.1) 1
[ 2 o
dMIA A —*
(0.0) *1.0) %0

FIGURE 3. Assume that (4, <,) is a linearization (i.e., <, is an extension of < which
is a linear order compatible with <) of a dMIA A, and take its binary product.
Then, according to Lemmas 4.2 and 4.3, the binary operator u always sends the
three black pairs to 1, and the gray ones to 0.

Suppose that
S = {(2.1).....(2.4), (4.1). ... (4.5)}
and let V(Z) be the subvariety of PS-algebras generated by equations (4.1)—(4.5).
We will prove that the two varieties coincide.
TaeoreM 4.1. V() = V(wMIA).

Along the way we shall exhibit a larger class of algebras, which is relevant to our
considerations.

In the case of unary modalities investigated in [7] a unary PS-algebra (4. f. g)
is a weak MIA if and only if the mapping defined by u’(a) := f2(a) - g(— a) is the
dual of the unary discriminator. We have shown in [4] that for binary modalities
such equivalence does not hold any more, and the weaker condition

(Va.b c A)[a-b #0=g(a.b) < f(a.b)]} (di)
is necessary and sufficient for the discriminator to exist.

LeEmMA 4.2 [4, Lemma 6.13]. Suppose that A .= (A, f, g) is a PS-algebra. Then,
d(a) = f(a,a)+ - g(a, a) is the unary discriminator if and only if A satisfies (di).

Clearly, every wMIA satisfies (di). On the other hand, Table 1 from [4] shows that
(wMIA) is not equivalent to (di).

Let2 = (4, f.g) be a PS-algebra. We say that 2 is a dM1A if it satisfies (di). The
class of all AMIAs will be denoted by dMIA.

LemMA 4.3. Let A == (A, f.g) be a dMIA. Then, 2 satisfies (4.4) (see Figure 3).
Proor. Firstly, assume that ¢ = 1. Then,

u(a,0) =u(1.0) = 2(1,0)-g(0.1) =1-1=1.

By analogous reasoning #(0,a) = 1 and u(a.a) = 1.

8This is condition (5) from the above-mentioned paper.
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©0.1) (L) R
wMIA A v
(0,0) *(1.0) 0

FIGURE 4. This time let (4, <;) be a linearization of a WMIA A4, and consider its
binary product. Then, according to Lemma 4.4, the binary operator u sends the
three black pairs to 1, and all the remaining ones to 0. The less saturated fragment
of the rectangle indicates the area of possible differences between the behavior of u
for dMIAs and wMIAs.

Secondly, let a # 1, i.e., —a - 1 # 0. Then by (di) we have g(- a.1) < f(-a.1),
and thus
u(a,0) = f(-a.1)-g(=a1) =0.
In a similar way we show that #(0,¢) = 0 and u(a,a) = 0. 4

LemMA 4.4, Suppose that A = (A, f.g) is a weak MIA. Then, 2 satisfies (4.5)
and the range of the u operator is {0,1} (see Figure 4).

Proof. If @ =1 or b =1, then by the mere fact that u is a necessity operator we
obtain u(a.b) = u(a,0) + u(0,5).
Ifa#1and b #1, then —a # 0 and — b # 0, and by (WMIA), g(—a.—b) <
f (= a.—b). Therefore,
u(a.b) =g(-a,-b)-— f(-a.—b) =0.
In particular u(a,a) =0 and u(b,b) = 0. By Lemma 4.3, u(a.0) = u(a,a) and
u(0,b5) = u(b, b), so the claim follows. 4

The algebra in Figure 5 is an example of a PS-algebra that satisfies (4.5) but not
(wMIA), which shows that the condition is strictly weaker than (wMIA).

PROPOSITION 4.5. Let A := (A, f,g) be a PS-algebra. Then, 2 is a wMIA if and
only if it satisfies both (4.5) and (di).

PrOOF. Suppose that 2l satisfies (4.5) and (di). Observe that
if x # 1, then u(x,0) = 0.

Indeed, if x # 1, then — x # 0 and by (di) we have g(— x.1) < f(- x.1), and so:
u(x.0) = g(-x.1)- — f(— x.1) = 0, as required.

To show that wMIA holds, assume thata # 0and b # 0.1.e.,—a # land- b # 1.
By the above we have u(— a.0) = 0 and u(— 5,0) = 0. By (4.5) and (4.4) (which is
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FIGURE 5. A PS-algebra that satisfies (4.5) but is not a weak MIA.

fl0a b1 g|0a b1 w0 ab 1
0/0 0 0 O 0/j1 11 1 0/0 0 0 1
al0 0 1 1 all 0 0 O alO0O 1 0 1
b0 0 0 O b|1 0 1 O b0 0 0 1
1/0 0 0 1 111 0 0 O 111 1 1 1

FIGURE 6. A PS-algebra that satisfies (4.1)—(4.3) and the equation u(c,0) = u(0. ¢)
forall ¢, but u(a.a) =1 # u(a.0) = 0.

a consequence of (di) by Lemma 4.3) u(-a.—b) =0+ 0=0. Thus, — f(a.b) -
gla.b) =0.1ie., gla,b) < f(a,b). Therefore, A is a weak MIA.
The other direction is immediate by Lemma 4.4, -

Using again the algebra in Figure 5 we can see in light of Proposition 4.5 that
(4.5) does not entail (di). Also, the algebra from Table 1 of [4] shows that (di) is
strictly weaker than (WMIA), and thus (di) cannot entail (4.5) either. Therefore, we
obtain the following.

COROLLARY 4.6. (4.5) and (di) are independent in the class of PS-algebras.

LemmA 4.7. Suppose that A := (A, f,g) is a weak MIA. Then, 2 satisfies
(4.1)—(4.3). and for all a,b € A, u(a,b) = u(b,a).

Proor. For commutativity, by (4.5) and (4.4), u(a.b) = u(a,0)+ u(0,b) =
u(b,0) +u(0.a) = u(b,a).

(4.1)If a # 1, then by Lemma 4.3, u(a.0) = 0 < a.

(42)Ifa =1, then u(1,0) =1 = u(u(1,0).0). If a # 1 then u(a, 0) = 0 and the
result follows.

43)Ifa=1 u?(1,1)=u(0.0)=0=1.S0. 1 <u(1,0)=1.If0<a<1,
u%(a.1) = u(—a,0) = 0=1.Thus, ¢ < u(1,0) = 1. 5

REMARK 4.8. Note that Condition (4.4) contains two identities, u(a, 0) = u(0, a)
and u(a, a) = u(0, a). We need the second identity to prove that simple algebras in
the variety generated by (4.1)—(4.4) are exactly the elements of the class dAMIA. In
Figure 6, there is an example of a PS-algebra in the variety generated by (4.1)—(4.3)
that satisfies the first but not the second identity.
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Let u': A — A be the unary necessity operator defined by:
u'(a) = u(a.0).

It is easy to see that the dual u'? is the possibility operator defined by
ula(a) =u%(a.1).

Indeed, — u'(- a) = u(- a.0) = u?(a. 1) = ula(a).
So, by Lemma 4.7, we obtain that u! is the standard S5 operator.

LEMMA 4.9. Let A = (A, f.g) be a PS-algebra that satisfies (4.2) and (4.4). If
a € A, then 1 u(a,0) is a congruence filter on .

Proor. If u(a.0) < x, then u(u(a.0),0) <u(x,0). By (4.2) we have that
u(a.0) < u(x.0). By (4.4) we have that u(x, 0) - u(0, x) € Tu(a.0), and so Theorem
2.3 entails that T u(a, 0) is a congruence filter. =

LeMMA 4.10. Suppose that A .= (A, f.g) is a subdirectly irreducible PS-algebra
in the variety generated by (4.1)—(4.4). Then U is simple, and u'(a) = u(a.0) is the
dual discriminator.

Proor. We first show that 2( is simple. Since 2l is subdirectly irreducible, there
is the smallest non-identity congruence 8. In consequence, Fy is a non-trivial (i.e.,
# {1}) congruence filter, which is the smallest among the non-trivial congruence
filters of A. From the latter, we obtain that Fj is principal, say Fy = 1 ¢. Indeed, let
x € Fp \ {1}. Then tu(x,0) C Fy, since Fy is a congruence filter, and Fp C 1 u(x,0)
by the lemma above and the fact that Fj is the smallest non-trivial congruence filter

OnCQl[éarly, ¢ # 1. Furthermore, ¢ < u(c,0), since u(c.0) € Fy, and so
c=u(c.0) (+)
by (4.1). Also,
u(a,0) <c foralla # 1. (%)

For this, observe that in the case a # 1. Tu(a.0) is a congruence filter for which
Fy C1u(a,0),andso ¢ € Tu(a,o0).
Assume ¢ # 0. Then,
—c < u(-u(c0).0) by (4.3)
=u(-c.0) by (+)
<c by (% ). since — ¢ # 1.

This contradicts ¢ # 1. Thus, Fy = 4 and § = 4 x A, which means that 2l is simple.
Simplicity of 2 implies that
1, ifa=1,

_ (4.6)
0, otherwise.

u(a,0) = {

Indeed. if @ = 1. then u(a, 0) = 1. since u is a necessity operator. On the other hand.,
ifa # 1, then u(a.0) # 1 by (4.1). So. since for the congruence filter F := 1 u(a.0).
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Or is either the identity or the universal relation, it must be the case that 0 = 4 x A4,
and using Lemma 2.1 we obtain Fy, = F = A. Thus, u(a.0) = 0.
This completes the proof. N

Lemma 4.11. If A is a subdirectly irreducible PS-algebra in the variety generated
by (4.1)—(4.4), then (di) holds in . In particular, if A is a subdirectly irreducible
PS-algebra in the variety generated by (4.1)—(4.5), then 2 € wMIA.

ProOF. Let 2 be a subdirectly irreducible PS-algebra in the above-mentioned
variety. By Lemma 4.10 and (4.4),

1, ifa=1,

u(a,a) = .
(a.a) 0, otherwise.

(4.7)

Then, d(a) = u(—a,— a) = f(a,a)+ - g(a.a) is the unary discriminator. From
Lemma 4.2, we obtain (di) holds in 2. If in addition 2 satisfies (4.5), then by
Proposition 4.5, 2l € wMIA. B

We can now prove Theorem 4.1.

ProoF. (C) From Lemma 4.11 we know that every subdirectly irreducible 2 in
the variety V() is a wMIA. In consequence V() C V(wMIA).
(D) (4.1)—(4.5) hold in wMIA by Lemmas 4.7 and 4.3. So if 2 is in V(wMIA),

then 21 must satisfy these equations too. —
u(a,0) <a
u(a,0) <u(u(a,0),0)
a<u(-u(-a0),0) V(dMIA)
ula,a) =u(a,0) =u(0,a) V(WMIA)
u(a.b) = u(a.0) +u(0.b) (4.5)

Finally in this section we will show an analogon to [7, Theorem 8.5]. Let T'(Var)
be the term algebra over the language of K# with the set Var of variables. Then. each
formula ¢ (py. .... p,) of K* can be regarded as an element of 7'(Var) via the natural
translation 7. If 2 is an algebra with the signature of K*, we say that o(p;. .... p,)
is valid in 2l—written as A | @(p1. ..., pn)—if 2(@(v(p1),....v(py))) =1 for all
valuations v : Var — 4.

LemmA 4.12. Let 9 := (W.R.S.v) be a model of K¥, and B, = {v(y):
¢ € Fml}. Then:

(1) B, = (B,.N.U, 0, X, (R),[[S]]) satisfies (WMIA).
(2) If B is a subalgebra of Cm(OM) and v is a mapping onto a set of generators of
B, then B = B,,.
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Ult 43 Ult 4’
(W, Us. Us) (. . %)\ M
Or I R
M
cm s
(. 75.%5)
-R

FIGURE 7. An application of the construction of the special frame to
the canonical frame Cf?S(2A) = (UltA4,Q f,Sg> of the wMIA A. M =
{<%1, U, ‘?/3>., <%1/, %2,, %3/>} where <%1, . %3> S Qf \ Sg.

Proor. 1. By definition, the extension of v over T'(Var) is a homomorphism
T (Var) — Cm(9M), thus, B, is a subalgebra of Cm(97). Since Cm(M) satisfies
(wMIA), and this is a universal sentence, we obtain that 9B, satisfies (WMIA).

2. This follows from the definition of the extension of v and the fact that v maps
Var onto a set of generators. -

§5. 3-frames for weak MIAs. By a 3-frame, we mean any Kripke frame § :=
(W, R) in which R is a ternary relation on W. In [4] we asked the following question:
is there for each betweenness algebra A a 3-frame § such that 2 is embeddable into
Cm(F)? Below, we answer this question positively by showing a stronger statement:
any weak mixed algebra 2 can be embedded into the complex algebra of a 3-frame,
which is the special frame of the canonical frame of 2. To this end we follow the
construction developed in Section 3.3.

THEOREM 5.1. Let U = (A, f, g) be a wWMIA. Then, there exists a 3-frame § such
that U is isomorphic to a subalgebra of Cm(g).

Proor. Let Cf(A) = (Ult 4, Q. S,) be the canonical frame of 2. Since Cf(2l)
is a wMIA frame, we construct its special frame following the method from
Section 3.3 (see Figure 8). To this end, let us consider an isomorphic copy
Cf'(A) = (Ult 4, Q). S,) of Cf(2), where Ult 4 and Ult A’ are disjoint sets. We

put Ult 4 := Ult 4 U Ult 4, and define R C Ult 4° and its complement as before:
R =m(Sg) U[(m(Qr) Nm(-Se))\ (Qr U QY]
(Sg) Um(Qr \ Se) \ (97 U Q7]
~R:=m(- Q) UN(QrUQ))N (=S, U(-S,))]
m(= Q) UL(Qr UQY)\ (- Sg U (= Sg) )]
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Fix § := (Ult 4, R). We will prove that 2l embeds into the complex algebra Cm(gF)
via the mapping s : 4 — 2Ut4 defined by

sta) ={%eUltAd:a c 2y {% € UltA' :a € %)}.

First, note that s(0) = ( and s(1) = Ult 4. It is easy to check that s(a-b) =
s(a)Ns(b), s(a+b)=s(a)Us(b), and s(— a) = Ult 4 \ s(a). We will prove that
s(f(a.b)) = (R)(s(a),s(b)) and s(g(a.b)) = [[R]I(s(a).s(b)).

Let %° denote either the ultrafilter % or its copy %'. Assume that %° €
s(f(a.,b)). By the definition, we have that f (a.b) € %. Thus, there exist %,. %, €
Ult A such that a € %,. b € U, and [[%, x U] C U’ i.e.. (U, U U) € Qy. By
construction, (%, %°*, %) € R. 1t follows that (s(a) x {#*} x s(b)) N R # () and
therefore % € (R)(s(a), s(b)).

For the other direction, let Z° € (R)(s(a).s(b)), i.e., (s(a) x {%°} x s(b)) N
R # (). Then, there exist %,,%, € UltA such that % € s(a). % € s(b) and
(U . %) € R. By construction, (%,. % %) € Sg ot (U, U.U) € QrN— S,.
In both cases, (%,. %. %) € Qy.which implies that f[%, x %] C % and therefore
f(a.b) € %. By definition, we obtain %° € s(f (a.b)).

Let %° c s(g(a.b)), which is to say that g(a.b) € % To prove that
s(a) x {#*} x s(b) C R, let us consider %, € s(a) and %, € s(b). By definition,
a €U and b € %, and we have g[%, x UNUF#0. ie.. (Y. U U) € S,.
By construction, ¢(%,. % %) C R. so (% . %°. %)< R. It follows that
2* € [[Rll(s(a).s(b)).

For the reverse inclusion, assume that %° € [[R]](s(a).s(b)), that is, s(a) x
{%?} x s(b) C R. Let %,, %, € Ult A be such that a € %, and b € %,. Then,
(U U*. %) € R. Suppose that (%,. %. %) ¢ S,. By construction we have that
Uy, U Uy) € Qy butthen (%, U %) ¢ Rand (%,. %', %,) ¢ R.This contradicts
the fact that s(a) x {#°} x s(b) C R.and thus, (%,. % %) € Sg. Since %, U, are
arbitrary ultrafilters that contain a and b, respectively, we obtain g(a.b) € % We
conclude that ¢ € s(g(a.b)).

Therefore s is a homomorphism of Boolean algebras. Injectivity follows
immediately from the properties of the Stone mapping. -

The following corollary is a counterpart of [7, Theorem 8.5].

THEOREM 5.2. Suppose that A = (A, f,g) € wMIA. Then, there is a 3-frame
S = (W, R) such that A and a subalgebra of Cm(F) satisfy the same equations.

§6. Applications to b-algebras. We will show now how the results obtained in this
article can be applied to betweenness algebras introduced and studied in [4]. We
begin by recalling the key concepts from the article.

DEFINITION 6.1. Let (W, B) be a 3-frame. B is called a betweenness relation if it
satisfies the following (universal) axioms:

B(a.a.a). (BTO)
B(a.b,c) = B(c,b.a), (BT1)

9See. e.g.. [12].
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B(a,b,c) = B(a,a.b), (BT2)
B(a.b,c)NB(a,c.b) = b=c. (BT3)

A 3-frame (W, B) satisfying these axioms is called a betweenness frame (or just a
b-frame).

DEFINITION 6.2. A weak MIA 24 == (4, f, g) is a betweenness algebra (b-algebra
for short) if 2 satisfies the following axioms:

x < f(x. x). (ABTO)
fxy) < fy.x). (ABT1y)
g(x.y) <gy.x). (ABT1,)

y-fxz) < flx-flxy) 2). (ABT2)
flx.gx.=y)-y) <. (ABT3)

Assuming that Abtw is the class of betweenness algebras and putting
8 = T U {(ABTO)..... (ABT3)}.
from Theorem 4.1 we obtain the following.
COROLLARY 6.3. V (2%) = V(Abtw).

In [4, Example 8.4] we demonstrated that there is a b-algebra that cannot be
embedded into the complex algebra of any b-frame. However, as a consequence of
Theorem 5.1 we have the following.

COROLLARY 6.4. Every b-algebra is isomorphic to a subalgebra of the complex
algebra of a 3-frame.

As mentioned before, this answers problem (1) from [4, Section 9]. We know from
Example 8.4 of this paper that the ternary relation R from Theorem 5.1 cannot be
a betweenness relation, yet we may ask about its general properties. On the positive
side, we have that R satisfies (BT1)

R(A.5.75) = R(K. 5. 7).

PrOOE. Indeed, assume that R(¥;. 75. 75). By construction, we have that either
there is a triple (%, %. %) € S such that

(Vi A ) € (. U, Us)
or there is a triple (%1, 7%. %) € QsN — S, such that
(VT € (U U, W) \ (0. U5, U0 (U Uy, ) ).
In the first case, by [4, Lemma 7.2] we obtain that the triple (%3, %. %) isin S, so
(H V5, W) € (.. ) C R

In the second case, by the same lemma, we obtain (%43, %. %) € QyN—S,. In
consequence, by the construction of R and by the fact that (¥;. 5. ¥5) is not pure
we obtain (¥4, %5, ¥}) is not pure either and

(KAL) € (U U, ) \ (U . ). (U. U. 7))} C R. .
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However, as subsequent propositions show, this is as far as we can, in general, get
with the properties of R shared with the betweenness.

PROPOSITION 6.5. For no free ultrafilter %, R(%°.%°,%°¢), so in general R does
not meet (BTO).

PrOOF. By the construction of R, the triples of the form (%*, ¢, %°) that are
in R can only be in the cells of triples in S,. However, by [4. Theorem 6.10], if
S (%. %, ). then % must be a principal ultrafilter. Therefore, if R(%*, %*, %*).
then %° is either a principal ultrafilter or a copy of a principal ultrafilter. -

PROPOSITION 6.6. In general, R does not meet either (BT2) or (BT3).

Proor. The proofisbased on[7, Example 8.6]. We take the 3-frame 9t = (w, Bg).
where B¢ is the betweenness relation obtained from the standard binary order <
on the set @ of natural numbers. Let 2“ be the set of all sets of natural numbers.
We consider the complex algebra Cm(91) = (22, Q5 <)+ SiB<)- its canonical frame

Cf(Cm(M)) = (Ult2”, Q(p . Sya)))- and its special frame (Ult2”, R).
For any triple of free ultrafilters %1, %. %; it is the case that Qp_) (U, U, Us).

Recall that also — Syp_1)(% . %. %) for any such triple. Therefore R(%, %. U3).
since

(. U W) \ (. U. Us). U U, U)} C R.

But— R(%. . %). as Qg _y(%. U . U) and — S[[Bg]](@/l, 24.%). Consequently,
(BT2) fails for the special frame (Ult 2, R).

We use the same construction to show the failure of (BT3). Again, fix a triple
of free ultrafilters %, %.%;. From the above it follows that R(%,, %. %) and

R(. Y. ). but obviously % # U,. .
In [7] we also considered two more axioms for the betweenness:

B(a.b,a) = a =, (BTW)

B(a.a.b). (BT2s)

The reader will easily check that the special model (Ult 2”, R) does not satisfy any
of them.
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