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Abstract

We study the problem of improving Dirichlet’s theorem of metric Diophantine approximation in the most
general and multiplicative form in the S-adic setting. Our approach is based on translation of the problem
related to Dirichlet improvability into a dynamical one, and the main technique of our proof is the S-adic
version of quantitative nondivergence estimate due to Kleinbock and Tomanov. The main result of this
paper can be regarded as the number field version of earlier works of Kleinbock and Weiss [ ‘Dirichlet’s
theorem on Diophantine approximation and homogeneous flows’, J. Mod. Dyn. 4 (2008), 43—-62], and
of the second named author and Ghosh [‘Dirichlet’s theorem in function fields’, Canad. J. Math. 69(3)
(2017), 532-547]. Also, this in turn generalizes a result of Datta and Radhika [‘Singular Vectors on
Manifolds over Number Fields’, Monatsh. Math. 200(3) (2023), 545-568] on singularity of vectors to any
number field K and S containing all Archimedian places.
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1. Introduction

In this paper, we study the improvement of Dirichlet’s theorem of Diophantine
approximation in the S-adic setting. The branch of number theory called ‘Diophantine
approximation’ deals with approximation of real numbers by rationals and their higher
dimensional analogues, and Dirichlet’s theorem is one of its foundational results. It is
indeed quite natural to ask how much improvement the above-mentioned theorem of
Dirichlet undergoes for a given real number, vector, matrix and so forth. Recall that
given A € M,,x,(R) and 0 < & < 1, we say that Dirichlet’s theorem can be g-improved
for A, and write A € DI.(m,n) if for any ¢ > 1, there exists q € Z" \ {0} and p € Z"
satisfying

—t/m

lAq - pll < ee and iql| < ee'’",
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where || - || denotes the sup norm on R". Also, we say that A € M,,x,(R) is singular if
A € DI .(m,n) for any € > 0. In the pioneering works [14, 15], Davenport and Schmidt
showed that the irrational numbers that are Dirichlet improvable are precisely those
that are badly approximable [15]. Furthermore, they have also established the first
metrical result in complete generality, which says that DI (m,n) has zero Lebesgue
measure for any € € (0, 1).

In 1964, V. SprindZuk developed a new avenue of investigation, usually referred to
as ‘metric Diophantine approximation on manifolds’, while resolving a long standing
conjecture of K. Mahler that says almost every point on the curve (x,x?,...,x") is
not ‘very well approximable’ by rationals with respect to the induced one-dimensional
Lebesgue measure. The central problem of this subject is to investigate the extent
the properties of a generic point in R” with respect to Lebesgue measure or some
nice measures are inherited by embedded submanifolds. Later, V. Sprindzuk himself
conjectured a more general form of that of Mahler. Partial progress on this conjecture
had been made, yet the original conjecture seemed to remain beyond one’s reach. In
1998, Kleinbock and Margulis proved the SprindZuk conjecture in their landmark
work [32] using techniques from homogeneous dynamics. Undoubtedly, it was a
stroke of genius for them to observe a Dani-type correspondence between very well
approximability of a vector and cusp excursion behaviour of the trajectory of a certain
unimodular lattice. At the core of their argument, there is a sharp quantitative estimate,
known as the ‘quantitative nondivergence’ estimate, on nondivergence of trajectories
under multidimensional diagonal flows that shows trajectories with such a nature are
rare. The reader is also referred to [6, 24, 28, 30] for other generalizations of the
quantitative nondivergence estimate that have number theoretic implications.

Davenport and Schmidt first studied the question of Dirichlet improvability for
points lying in manifolds; in fact, they showed in [15] that the set of all x € R,
for which (x,x?) € DI,(1,2), has zero Lebesgue measure for any & < 47'/3. Further
developments in this direction were made by Baker [3, 4], Bugeaud [7], and Dodson,
Rynne and Vickers [17, 18]. Kleinbock and Weiss [29] significantly generalize earlier
works of Davenport, Schmidt, Baker and Bugeaud on Dirichlet improvability. One
of the main results of [29] is the existence of a constant & > O such that for all
€ < &, f.v(DI,(1,n)) = 0, for continuous, good and nonplanar maps f and Radon
Federer measure v. Note that the above-mentioned & is quite far from 1, and getting
the same result as above for all £ < 1 is open and seems to be quite challenging. For
analytic curves not contained in any affine hyperplane, this has been resolved by Shah
in [43]. See also [44, 45] for some more results related to this.

Eventually, there was a drive to generalize classical results in Diophantine approx-
imation to the setting of an arbitrary number field. The adelic successive minima
theorem has been established independently by McFeat [36], and Bombieri and Vaaler
[6]. See also [8, 26] and the references therein for S-adic versions of other foundational
results of geometry of numbers. There seem to exist multiple versions, although with
very little variance, of Dirichlet’s theorem over number fields in the literature [8, 23,
40-42]. In a recent work [1], Alam and Ghosh obtained several quantitative improve-
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ments to Dirichlet’s theorem in number fields generalizing a weighted spiralling of
approximates. The metric theory on manifolds in this context germinated some time
ago. The S-arithmetic version of SprindZuk’s conjecture was proved by Kleinbock and
Tomanov in [28] modifying the technique of [32]. Subsequently, using the results
of [28], Mohammadi and Golsefidy settled the convergence case of an S-arithmetic
Khintchine-type theorem for S-adic nondegenerate analytic manifolds in [38] and [39].
An inhomogeneous theory on manifolds of the same, both convergence and divergence
cases, was developed in the S-arithmetic setting in [11] by Datta and Ghosh. For other
developments, see [2, 12, 19, 31].

Since, together with the Euclidean and S-adic ones, function field counterparts
complete the general theory of Diophantine approximation over local fields, it is
worth mentioning some of developments that have taken place of late in the setting
of function fields. The reader should note that there are many interesting parallels, that
is, many results of usual Euclidean Diophantine approximation also hold over function
fields; however, there are certain striking exceptions as well. For example, there is no
analogue of Roth’s theorem for function fields over a finite field. The geometry of
numbers in the context of function fields was developed by Mabhler [34] in 1940 and,
using results analogous to that of the Euclidean case, one can obtain a Dirichlet type
theorem in positive characteristic. SprindZuk established the positive characteristic
analogue of Mahler’s conjecture in [46]. We refer the reader to [16, 33] for general
surveys and to, for example, [9, 10, 20, 22] for some of the recent developments.

It is quite expected to be inquisitive about Dirichlet improvability over number
fields. Notwithstanding that, in this setting, there have been multiple versions of
Dirichlet’s theorem in the literature as mentioned earlier. The problem of improvability
of the same does not seem to have been pursued much to the best of the authors’
knowledge, although a more restrictive notion, namely singular vectors, for totally real
number fields K and S, being the collection of all Archimedian places, has been coined
and discussed at length in the very recent paper [13] by Datta and Radhika. We take up
this as the theme of this project. The main result of this paper, namely Theorem 3.13,
similar to those of [29, Theorem 1.5] and [20, Theorem 3.7], deals with the Dirichlet
improvability of a generic point, with respect to some nice class of measures, lying in
the image of a good and nonplanar map in the S-adic setting. Thus, Theorem 3.13 of
this paper can be regarded as the number field version of [29, Theorem 1.5] and [20,
Theorem 3.7].

Further to the above, the notion of singularity of vectors is now legitimately
extended to any arbitrary number field K and S containing all Archimedian places,
and that, too, in any direction (see Definition 3.2). This is indeed equivalent to that
of [13] (see Lemma 3.4), when K is totally real and S consists of all Archimedian
places, from whence our Theorem 3.13 can be regarded as a generalization of [13,
Theorem 2.3].

We first establish a multiplicative version (see Theorem 2.1) of Dirichlet’s theorem
for S-adic matrices. Although it can be proved in the exactly similar manner to that
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of [8, Lemma 5.1], it is clearly the most general version of Dirichlet’s theorem over
number fields. To provide a brief overview of our result to the reader, here, we first
state a simplified version of the above-mentioned Theorem 2.1 as follows. To begin
with, we suppose K is a number field of degree d over Q. The completion of K
with respect to the place v is denoted by K,. Let S be a finite collection of pairwise
nonequivalent valuations of K containing all Archimedean places. By K, we denote
the direct product of all K, for ve S. Let Ogs = {x € K : |x|, < 1 for all v ¢ S} denote
the ring of S-integers of K, where | - |, denotes the normalized absolute value in K.
We define the field constant

2 s
consty = (—) |DK|1/2,
by

where s is the number of complex places of K and Dy is the discriminant of K.

THEOREM 1.1. Foreachv € 8, lety” = 3\, ...,y%") € K". Also, let &,, 6, € K, \ {0}
be given for each v € S with |e,|, < 1 and |6,|, > 1 for each v € S, and

1
[ Treuhisuly = constey™.
veS

Then, there exist 4 = (q1,...,q,) € O3\ {0} and p € Os satisfying
g\ + @y + -+ gy — ply < lesly  and max gl <18,

forallv e S.

For a proof, we refer to [8, Lemma 5.1]. The notion of Dirichlet improvability can
be defined as follows.

DEFINITION 1.2. Given a vector y = (y), € K7, where y® = 3\, ...,)) € K7 for

each v € S and 0 < & < 1, we say that Dirichlet’s theorem can be e-improved for y or
use the notation y € DI.(1,n, Ky) if, given any g,, 0, € K, \ {0} for each v € S with
leyly < 1 and |6,], = M for each v € S, where M > 1 is sufficiently large and

[ J1elouly = (constxy™",
vesS
there exist 4 = (g1, ..., ¢,) € O% \ {0} and p € Og satisfying

gy + g2 + -+ gy = ply < éleyly  and max gl < &ldyy,
<j<n

forallv € S.

In the next couple of sections, we prove a multiplicative version of Dirichlet’s
theorem over number fields (Theorem 2.1) and define a more general version of
Dirichlet improvability (Definition 3.1). We state a special case of our Theorem 3.13.

THEOREM 1.3. Let X = [],es K", where I, e N and U = [Tves Uy € X, be open and
let £ = (fV), : U - K¢ be a map, where £ = (fl(v), s S are continuous maps
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from U, to K, such that fl(v) yeens f,§”> are polynomials and 1, fl(v), ey f,§”> are linearly
independent over K, for each v € S. Then, there exists gy > 0 such that for all € <
&0, £(x) is not Dirichlet e-improvable for A-almost every x € U, where A = [],e5 Ay

. I,
and each A, is a Haar measure on K,

Note that one can obtain an explicit estimate of the constant gy appearing in the
above theorem; indeed, it is not difficult to compute its value in terms of known
quantities for n = 2,3 and nice maps, and so forth. So, in that sense, our proof can
be regarded as ‘effective’. However, optimality for that value of &y, computed as
above, cannot be expected; although at the same time, the set up of Theorem 3.13 is
very much general. Our proof is based on the S-arithmetic version of the quantitative
nondivergence estimate (see [27, Section 6.6]).

2. Dirichlet’s theorem over number fields

In this section, we first state Dirichlet’s theorem over number fields, which is a
slight modification of [8, Lemma 5.1]. Before stating Dirichlet’s theorem, we recall
some notation and terminology from [8].

We take K to be an algebraic number field of degree d over Q. The collection of all
nontrivial places of K is denoted by Pg. For any v € Pk, K, denotes the completion
of K with respect to the place v. We know that for any v € Pk, K, is isomorphic to
a finite extension of either R or Q, for some prime p. For any given v € Pk, if v
is an Archimedean place, we say that v lies over infinity, denoted by v|co. If v is a
non-Archimedean place, then v is the extension of some p-adic valuation. In this case,
we say v lies over the finite prime p, denoted by v|p:

e d, =[K, : Q,] denotes the local degree of K, for each place v € Pk;
|| - ||, denotes the absolute value on K, for each place v € Pg.

For each place v € Pg, we normalize the absolute value || - ||, as follows:

(1) if v|p, then [Ipll, = p~";
(2) if v|oo, then for x € K,, ||x||, = |x|, where | - | is the Euclidean absolute value on
RorC.

So, || - ||, extends the usual p-adic absolute value if v|p and the Euclidean absolute
value if v|co. Our second normalized absolute value | - |, on K, is defined by

d,
el =[xl

Due to this normalization, we have the product formula:

[[ph=1 2-1)

vePk

forall x e K, x # 0.
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e ForX = (x1,x2,...,x,) € K", we extend our absolute values as follows:
I, = max {lxilv},

1l = max{llxillv}.
1<i<n

e Letv be a finite place of K. We denote the maximal compact (open) subring of K,
by O,, that is,

O, ={xek,:|x, <1}

e Asubset R, in K is a K,-lattice if it is a compact open O,-module in K. It is easy
to observe that O} is a K, -lattice in K.

e Let S be a finite collection of places of K containing all Archimedean places. We
define the ring of S-integers as

Os={xeK:xe€O,forallv ¢S}

e The adele ring of K is denoted by K, . Here, K is diagonally embedded inside K,
so that we may view K C K, by the natural diagonal map p : K — K, defined by

pla) =(a,a,a,...)

for o € K.
e We say that a nonempty subset R, C K| is a regular set if it has one of the following
forms:

(1) if v|co, then R, is a bounded, convex, closed, symmetric subset of K] with
nonzero volume;
(2) ifv{ oo, then R, is a K,-lattice in K.

e We say that a subset R of K7 is admissible if R = [],cp, Ry, where R, is a regular
set in K! for each v € Pk and R, = O/ for almost all places v.
e We define the field constant for the number field K as

2 s
constg = (—) |DK|'/2,
n

where Dy is the discriminant of K and s is the number of complex places of K.

We are now ready to state and prove a version of Dirichlet’s theorem over number
fields. The following theorem is a slight modification of [8, Lemma 5.1], in the sense
that we are considering a multiplicative form of approximation. Although the proof
follows from [8, Lemma 5.1], we include it here for completeness.

THEOREM 2.1. Let A, be an m X n matrix over K, for each v € S. Also, let

gD, em s 6™ e K\ {0)

V’V""
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be given for each v € S so that Is(’)lv <1, foralli=1,...,m and |5§”|V > 1, forall

j=1...,nforeachv €S, and
1 1
[ J1h -1 I6 Pl - -+ 16071 = (consti)™™.
vesS

Then, there exists X = (x1,...,X,) € o\ {0 } and y = (yi,...,ym) € OF satisfying

{nA"“ yilly < ||s‘>||v fori=1,2,....m
Il <161, forj=1,2,...,n

forallv € S, where Ag) is the ith row of A, fori=1,2,...,m

PROOF. The proof of this theorem goes along the lines of the original proof by Burger
with slight modifications. For each place v € Pk, we define an (m + n) X (m + n) matrix

B, over K, by
N 0
B,=("_" _
( &€, lAv &y lIm )

for all v € S, where s;lAv is the m X n matrix over K,, whose ith row is 8(’) A(')
1
for i=1,...,m6,7'I, = dlag(é(l) 0P, 6(") ) and we also have &', =

dlag(s(l) (Vz)— e ) Also, define B, = I, forall v ¢ S.
Define Rv c Ky by

R, ={Ze K" B, < 1}

and let R = [], R,. It is easy to see that R C K" and R is admissible. Observe that

-1

s(m+n)
VR = 20 Z) D[] de B, |
v

= 20m(3Y 10 2) ([ el -l - 7)
v

— 2d(m+rz)

Let A1, 42, ..., Amin) be the successive minima of R C K" with respect to K"*".
Then, by the adelic successive minima theorem [6, Theorem 3], we know that

(A2 -+ A V(R) < 2mem),

Thus, we have 1; < 1, since A, are increasing and V(R) = 247"*") Hence, there exists

-

a point (ff) e K™\ {0} N R. By our definition of R, for v ¢ S,

X
e Om+n'
(—y) s
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Also, forv € S,
A9 = yilly < ll€P1,
and
kgl < 1161
fori=1,2,...,mandj=1,2,...,n In addition, it is easy to see that X # 0 due to the
product formula (2-1). O

REMARK 2.2. It is natural to ask about the optimal constant in Dirichlet’s theorem.
We illustrate this through two basic examples.

EXAMPLE 2.3. Letm=n=1, K = Q and S = {co}. In this case, Theorem 2.1 asserts
that for any x € R and any Q > 1, there exist integers p, g € Z with 1 < ¢ < Q such that

constg
0

Here, constg = 1 and this value is optimal in the following sense.
There exists x € R such that, for every ¢ < 1, the system

lgx + p| <

C
IqX+pI<§, l<g=<0,

has no solution in integers p, ¢ for infinitely many Q.

EXAMPLE 2.4. Let m =n = 1,K = Q(i), where i is a root of x> + 1 =0, and take
S = {oo}. Then, Theorem 2.1 gives: for any @« € C and any Q > 1, there exist
p.q € Z[i] with 1 < |g| < Q such that

constg;
lga + p| < ﬂ.

In this case,
constg) = —.
Q) T

However, unlike the real case, this constant is not optimal. In fact, one can show that
the optimal constant is strictly smaller, namely [37, Satz LXII, Section 8, Ch. 6]

V2
3-3

More precisely, there exists & € C such that for every ¢ < V2/(3 — V/3)), the system

C
Iqa+pl<§, 1<|q <0,

has no solution in p, g € Z[{] for infinitely many Q.
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REMARK 2.5. These examples highlight that the constant appearing in Dirichlet’s
theorem (Theorem 2.1) obtained from Minkowski’s theorem is not always optimal.
In the case where K = Q, the Minkowski constant is optimal, whereas for K = Q(i), it
can be improved. It is clear that the critical value depends sensitively on the underlying
number field K as well as the choice of places in S. However, at present, it is not clear
how to determine this exponent in full generality for arbitrary number fields.

Our view is that the problem of identifying the critical exponent must be approached
through specific cases rather than in complete generality. A fundamental difficulty
is that the constant arising in Dirichlet’s theorem from Minkowski’s convex body
theorem is, in general, not optimal. The determination of the optimal constant depends
on the geometry of lattices and is often closely connected with optimal lattice covering
problems in the corresponding Euclidean space. These covering problems are well
understood only in low dimensions and remain largely open in higher dimensions. See
[25] for more details. In [25], Kleinbock and Rao considered the problem of Dirichlet
improvability in R? for norms different than the sup norm, and showed that the optimal
constant in this specific scenario is related to critical lattices and critical loci.

To summarize, we do not currently have a method to determine the optimal constant
for Theorem 2.1 over general number fields.

We would, however, like to emphasize that our results on Dirichlet improvability
still have meaningful applications. In particular, they yield new results for singular
vectors, extending earlier work of Datta and Radhika.

3. Dirichlet improvability and the main theorem

Before introducing the notion of ‘Dirichlet improvability’, we first recall some
notation from [27].

Throughout this article, K represents a number field of degree d.

e We denote a finite set of places of K containing all the Archimedean places as S.
Precisely, let S = {vy,...,v¢}, where v; € Px for i = 1,...,¢, such that S contains
all Archimedean places.

e We denote the normalized absolute value on K, by | - |,, which is the same as the
earlier defined normalization | - |, on K.

e Kj is the direct product of all the completions K, v € S, that is,

K = ]—[ K,.

veS

K is embedded inside Ky via the diagonal embedding. The set of all Archimedean
places of K is denoted by S, €S and we denote S\ S, by Sy. Let S. and S,
respectively denote the set of all complex places and the set of all real places of K.

e The elements of K are denoted as x = (x")),cg, or simply x = (x)),, where x) €
K,. For x € Ks, we define the content c(x) of x as follows:

e = [ [

vesS
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As usual, the ring of integers of K is denoted by Ok.
The ring of S-integers of K, that is, Oy, is also diagonally embedded inside Ks. We
use this identification for convenience.

e We denote the elements of K¥' by bold characters as x = (x"), € K¢, where x") =
oW, W) e k.

e We denote by || - ||, » the square of the usual Hermitian norm on K" if v is complex,
the usual Euclidean norm on K" if v is real and the sup norm defined by

(V)|
v

NG, ) = max i
1

if v is non-Archimedean.
Note that if v is non-Archimedean and ¥ = (x1, ..., x,) € K, then ||X]], > = |x],.
e We endow both Ky and K¢' with the product metric on them, respectively. More
precisely, for any x = (x"), € Ks and x = (x)), € K}, the norms are given by

Ixll := sup k"],

ves
and
IIxll == sup [IX"]l, 2,
veS
respectively.

e Forx=@x"), e K¢', we define the content c(x) of x by

cx) = [ [IxVl.a.

veS

e For the sake of convenience, we keep the notation || - ||,» and c(-) to denote the
norms and the content on the exterior powers /\"(K}") and A\"(K{'"), respectively.
Given a field F, the set of all m X n matrices over F is denoted by M,,x,,(F).

We define M,,..,(Ks) as

Mipin(Ks) = | | Minca (K.

veS

Elements of M,,»,,(K5) are denoted by g = (g*),, where g € M,,,(K,). Similarly,

GL(m, Ks) = ]_[ GL(m, K,)

ves
and
GL'(m, Ky) := {(g(v))ves € GL(m, Ks) : l_[ (det(g("))|v = 1}.
ves
. at = (= 080, DD ATy e R R

tff)< 1, tﬁ’,) >1 fori=1,....m; j=m+1,....m+n;, r=1,...,¢
and [Tyes 0" - - """ = (constg )™},

where R* is the set of positive real numbers.
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e Let 7 be a subset of a* defined by
T:=ftea D = = D = =" for r=1,...,0).

e Let § contain precisely all Archimedian places of K. Given te 7, let
f, =60 = =" and £, =" = ... = 4" for r = 1,..., (. Keeping this
in mind, let 7 be the subset of J defined as follows:

Io:={tel:n, =t ands, =1 forr,s=1,...,¢}

Here 1 is called the central ray of a*.

e Fort e a*, define ||t|| = max tﬁi).
i=1,..., m+n
r=1,..., 4
e Fori=1,...,¢4 let p; : a* — R be the projection of a* on the ith factor R”*"
defined by

pi(t) = (t(l) (2) e, t‘()t'“fn)) forall teat.

e We say that a subset 7~ of a* is S-unbounded if p;l+ is unbounded for each i =
1,...,¢.

We define Dirichlet improvability in this context. Let a* be as above and 7 be an
S-unbounded subset of a*.

DEFINITION 3.1. Given A = (A,), € M,x,(Ks), where A, is an m X n matrix over K,
foreachv € S, and 0 < & < 1, we say that Dirichlet’s theorem can be e-improved for A
along 7~ or use the notation A € DI.(m,n, Kg,7") if there is #; > O such that given any
e, e, e 60 6P, ... 6% e K, \ (0} for each v € S with

1 1 1
t - (|8( )IV] 5. |$(m)|vl bl |6( )lvl gy |6$1'1l)|vl 5. |8( )|V[9 .. |8(M)|Vps
1651 1091, € T (3-1)

-

and ||pilr (Dl > #o for each i = 1,...,¢, there exists X = (x1,...,x,) € O\ {0} and
V=01,....ym) € OF satisfying

{HA(”* villy < sns(’)uv fori=1,2,...,m 32)
Il < elloll, forj=12,....n

for all v € S, where AY is the i th row of A, fori=1,2,...,m. In particular, a vector

x = (x), € K¢, where x) = (x(lv) X )) € K" is said to be Dirichlet e-improvable

along 7 if the corresponding matrix A = ([x(lv) e ,,)])veg e DI,(1,n,Ks,7). When
7 = 1, then simply we say A is Dirichlet e-improvable.

Singular vectors can be defined in the S-adic context in a similar way to that of the
Euclidean context.

DEFINITION 3.2. Let m,n € N and 7~ be an S-unbounded subset of a*. We say A =
(A))y € Myxn(Ks), where A, € My, (K,,), for each v € S, is singular along 7 if for all

https://doi.org/10.1017/51446788726101669 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788726101669

368 S. Das and A. Ganguly [12]

£ € (0,1), A is Dirichlet e-improvable along 7. In particular, a vector x = (x)) € Kg,
where x) = (x(lv), XYy e K7, for each v € 8, is said to be singular along 7~ if A =
([x(lv) . 'X;V)])VES is singular along 7. When S consists of precisely all Archimedian
places of K and 7~ = I, then simply we say A is singular. We denote the set of all

vectors of K¢ that are singular along 7~ by Sing(Ks, n, 7).

When K is totally real and S = the collection of all Archimedian places of K, the
notion of singular vectors has been introduced in [13].

DEFINITION 3.3. [13, Definition 2.2] Let K be a totally real number field and S the
collection of all Archimedian places of K. We say x = (x1,...,x,) € Kg’ is singular
if for every ¢ > 0, for all sufficiently large Q > 0, there exists 0 # q € 0%, go € O
satisfying the following system:

C
llg-x -+ goll < —,
{q W0l= o (3-3)

llall < Q.

The set of all singular vectors in K¢, in this sense, is denoted by Singg.

Indeed, when S is the set of all Archimedian places of K, Definition 3.3 is equivalent
to our definition. The following proposition establishes that.

LEMMA 3.4. We have Sing(Ks,n, o) = Singy if S contains precisely all normalized
Archimedean places of K.

PROOF. By a standard algebraic argument using fractional ideals and so forth, one can
easily see that, in this case, Os = O. Let x € Sings. We show that x € Sing(Ks, n, Zo).
For that, let us take 0 < & < 1. Suppose that ¢,, 8, € K,, \ {0}, foreachv € S with |g,|, =
lev]y = &s, 10u]y = 0] = ds forall v,v' € Sand g5 < 1, 65 > 1 with

sgégf = (constg)™.
We choose ¢ > 0 and Q sufficiently large so that
c
> < &gy,

0
0 < &os,

(3-4)

holds. Since x is singular, for this chosen ¢ and sufficiently large Q, there exists
0 # q € O%, qo € Ok such that (3-3) holds. Observe that if x = (xy,...,x,) € K¢ and

X = (xf,v)) € Kgfori=1,...,n, then (3-3) can be rewritten as
| ) ) ) < c d < 3 5
@1y +qxy” + o+ geXy +qoly < o an {Q%Iqjlv <0 (3-5)
forallv € S.
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Combining (3-4) and (3-5), we get that x € K¢ is Dirichlet e-improvable along 7.
Therefore,

Sing's C Sing(Ks, n, I).
The other containment Sing(Ks, n, 1) C Singy is obvious. O

REMARK 3.5. In the one-dimensional case, singular points are precisely the elements
of K [13, Theorem 2.6]. In fact, when K = Q, one can adopt the strategy of the proof
of [21, Theorem 2.4] and easily see that, if 0 < & < %, the real numbers for which
Dirichlet’s theorem can be improved by & are precisely the rationals. The authors are
grateful to Sanju Velani for drawing the attention of the second-named author to this

fact in an informal discussion.

Unless specified otherwise, we henceforth let t stand for (3-1). Before going to our
main result, let us recall some terminology from [24, 27, 28].

DEFINITION 3.6. Let X be a metric space. We say that X is Besicovitch if for any
bounded subset A of X and for any family $ of nonempty open balls in X such that
every x € A is the centre of some open ball of B, there exists a constant Ny (called the
Besicovitch constant of X) and there is a finite or countable subfamily {B;} of B such
that

14 ) 1g <Ny,

that is, A C |J; B;, and the multiplicity of that subcovering is at most Ny.

Throughout this article, Nx always represents the Besicovitch constant of the metric
space X.

EXAMPLE 3.7.

(1) By Besicovitch’s covering theorem [35, Theorem 2.7], the Euclidean spaces R”
are Besicovitch spaces.

(2) The space of our interest X = [],cs Ki", where [, € N, is also Besicovitch [27,
Section 1.6].

Let X be a Besicovitch metric space and (F, | - |) a valued field. For a subset B of X
and a given function f : X — F, we set

1f1l5 = sup [f(x)].

xeB

If f : X — F is a measurable function, ¢ is a Radon measure on X and B is a subset of
X with u(B) > 0, we define

”f”pB = f1lzn supp (u)-

DEFINITION 3.8. Given C,a > 0, open U C X and a Radon measure yon X, f : X —
F is said to be (C, @)-good on U with respect to u if for every ball B C U with centre
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in supp (u) and any & > 0,

u(t e B 1/l < ) < () ued).

£
111l

The properties listed below follow immediately from Definition 3.8.
LEMMA 3.9. Let X, U,u, F, f, C,a, be as given above. Then:

(@) fis(C,a)-good on U with respect to u < so is |f];

(b) fis (C,a)-good on U with respect touy = so is cf forall c € F;

(c) foralliel, f;are (C,a)-good on U with respect to i = so is sup;; | fil;

(d) f is (C,a)-good on U with respect to u, and ¢y < |f(x)/gx)| < ¢y for all
xe U = gis (C(ca/c1)%, @)-good on U with respect to u;

() let C, > 1 and ap > 0; then, [ is (Ci,ay)-good on U with respect to u and
C <G,y £a)p = fis (Cy,an)-good on U with respect to u.

We recall an important lemma from [27, Section 2.3], which is useful later in our
discussion.

LEMMA 3.10. For each i=1,...,m, let X; be a metric space, u; be a measure
on X;, U; CX; open and f;:X; - R be a function that is (C;,a;)-good on U,
with respect to p;. Then, the function f: ]2, X; = R defined by f(xi,...,x,) =
Fx)fx2) - f(xy) is (C,a)-good on Uy X - -+ X Uy, with respect to g X - -+ X Uy, with
C and «a explicitly computed in terms of Ci,a; fori =1,...,m.

Given a Radon measure p on X, an open subset U of X with u(U) > 0 and a map
f=(f1. /..., fm): U— F", we say that the pair (f,u) is (C, @)-good on U if any
F-linear combination of 1, fi,..., f, is (C, @)-good on U with respect to .

DEFINITION 3.11. Let £ = (fi, f>,..., fix) be a map from U to F", where m € N.
We say that (f, i) is nonplanar on U if for any ball B c U centred in supp(w), the
restrictions of 1, fi, f2, ..., f, to BN supp (u) are linearly independent over F’; in other
words, if f(B N supp (w)) is not contained in any proper affine subspace of F.

If B = B(x,r), where x € X and r > 0, is a ball in X and ¢ > 0, we use the notation
¢B to denote the ball B(x, cr).

DEFINITION 3.12. Let u be a Radon measure on X and D > 0. Here, u is said to be
D-Federer on an open subset U of X if for all balls B centred at supp (u) with 3B C U,
one has

@ <D.
u(B)
We finish this section by stating the main result of this paper, which says that
for sufficiently small & > 0, u-almost every vector lying in the image of a good and

nonplanar map is not Dirichlet e-improvable along 7~ for a large class of measures y
in this S-adic setup.
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THEOREM 3.13. Let X = [],e5 Xy, where X, =K with I,eN and veS is a
Besicovitch metric space, W, be a measure on X,(v€S) so that pu=[],estty
is D-Federer measure on X, and U =[], U, € X be open with u(U) > 0. Let
f=F¢"),:U—- Kg be a map, where £V are continuous maps from U, C Ké" to
K} such that (Y, u,) is nonplanar on U, for all v € S and for each v € S, £V, u,)
is (Cy,a,)-good on U,. Then, there exists &y =¢ey(n,Cy,,...,Cy, ..., Q,,
D, Ny, K,S) > 0 such that for any € < &,

f.u(DI.(1,n,Ks, 7)) =0 for any S-unbounded 7 C a* .
COROLLARY 3.14. Let the hypothesis be the same as that of Theorem 3.13. Then,
f.u(Sing(Ks,n, 7)) =0 for any S-unbounded T C a”.
In particular, £.u(Sing(Ks, n, 1)) = 0.

In view of Lemma 3.4, one sees that Corollary 3.14 generalizes [13, Theorem 2.3]
to the case X = [],s Kf," with [, e Nforv e S.

THEOREM 3.15 [13, Theorem 2.3]. Suppose X = [],es X, is a Besicovitch space and
u = [lies iy is a Federer measure on X, and let £ : X — K¢, f(x) = (£,(x,))ves be a
continuous map such that (f, ) is nonplanar for u-almost every point of X and for
eachv € S, (£, ) is good for u,-almost every point of X,. Then, f,u(Sings) = 0.

The key idea to prove Theorem 3.13 is the so-called ‘quantitative nondivergence’
technique, a generalization of nondivergence of unipotent flows on homogeneous
spaces. To apply this technique, first we need to translate our problem related to
Dirichlet e-improvability into certain properties of flows on some homogeneous
spaces, which is the main theme of our next section.

4. The correspondence
Define
Qs = {04 : g € GL(m, Ky)}
and
Qf,, == {A € Qg : cov(A) = (Dr)").

Let G := GL'(m,Ks) and T := GL(m,Os), and let 7: G — G/T be the quotient
map. Then, G acts on G/T by left translation via the rule gn(h) = n(gh) for g,h € G.
We define a map 7 : M,;x,(Ks) — GL!'(m + n, Ks) given by

7((Av)y) = (84,)vs

where
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We put 7:=mo7. The homogeneous space GL!(m, Ks)/ GL(m, Os) is naturally
identified with Q! | so that we have T((4,),) = (gAv)vOg’””. Define

S
Q. = {A € Qg p1n 1 O(A) > &},

where 6 : Qg+, — R, is defined by

Oo(A) := min{c(x) : x € A\ {0}}

for all A € Qg p4n.
Again, we let e\, &, ... ™ 61 6@ ..., 6" € K, \ {0} for each v € S and define
8s,.0, bY

8e.0, 1= diag((e)) L (@)L D) 60T,

Then, clearly (g;,5,)» € GL(m + 1, K).

The following proposition, which may be regarded as an analogue of ‘Dani
correspondence’ over number fields, helps us to convert our problem regarding
Dirichlet improvability to a problem of homogeneous dynamics.

PROPOSITION 4.1. Let 0 < € < 1, and suppose that A = (A,), € DI, (m,n,Ks,T"). For
each v € S, choose &, 6?, ... &™ sV 6P, .. 6" e K, \ {0} with t € T given by
(3-1) and ||pilr-(t)||eo > 1. Then

(85,,), (84,), 05" ¢ Qpnysriizsel g
PROOF. Let A = (A,), € DI,(m,n, Ks, 7). Then, given any &, &7, ..., &™ sV, 67,
.0 in K, \ {0} forv € S, with t € 7, where t is given by (3-1), and || p;|7(t)||e >> 1
foreach i = 1,...,¢, there exists ¥ = (xq,...,x,) € O¢\ {0} and § = (y1,...,yn) € OF
such that (3-2) holds. Observe that

-1 > —1 5
(8e,.00(8a 000 = (& (AVB—ay).....&" (A"b - ay),
-1 2
55}1) by,... ,55") by, Z= (Z(v))v c Ogl+n} ,

where z) = (@,b) € K™ foreachv € S, @ = (ay, .. .,ay) € o; andb = (by,...,b,) €
o

Consider X € O¢ \ {0} and ¥ € O satisfying (3-2) as elements of K¢ \ {0} and K¢,
respectively, and denote them as x = (x"), € 0} \ {0} and y = (y"), € O, respec-
tively. Then, (x,y) € O%*" and for this point, let w = (W), be the corresponding point
on the lattice (g, .5,),(g4,),0¢ ™. Using (3-1) and (3-2),
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ew) = [ 11wz = ([ Tiwe) (T 1wz (T 1912
ves, ves;

ves ves,
< ( l_[ V(m + n)sz) ( l_[(m + n)52)( 1_[ s)
ves, ves. ves;

=((m+ n)lsr\/28|5r|)((m + n)ISc\82|Sp|)(8ISf|)

=(m+ n)|Sr|/2+|Sc|8‘Sr|+2|SC|+|Sf|

< (m + n)SV2HS g,

since d, > 1, IS, + 2|Sc| + IS¢l > |IS] = 1 and 0 < & < 1, where for any finite set A, |A]
denotes the number of elements of A.

Therefore, 5(A) < (m + n)V/2+5l¢ where A = (86,.5,)v(ga, )yO¢ ™ and so we finally
get our desired result. |

Using the above proposition, we can say that given a Besicovitch metric space X, a
Federer measure u on X, an open subset U of X with u(U) >0 and amap F: U —
M5, (Ks) to prove F,u(DI.(m,n, Ks, 7)) = u(F~'(DI,(m, n,Ks, 7))) = 0, it is enough
to show that

:u(Fil({(Av)v € men(KS) : (gav,év)v(gA‘,)vOan ¢ Q(m+n)\5r\/2+\sc\£})) =0 (4'1)

for all &P, e@, ... ™, 6V 6P ... 6" eK,\ {0} (for each v € S) with t € T and
llpilr()llo >> 1 foreachi = 1,..., ¢, where t is given by (3-1).

We suppose that for any ball B € U centred in supp (1), there exists a ¢ € (0, 1) such
that

HB O F (A € Mysn(Ks) : (8,5 W T(AVD) & Quinysriasie))

_ 4-2)
= u({x € B : (g5, s WTF (X)) & Qpinysrinvsig)) < cu(B)

holds for all 851.) and 6@ satisfying the aforementioned conditions.
If (4-2) holds true, then for any ball B € U centred in supp (u),

N(B N F_l({(Av)v € men(KS) : (gsv,év)v?((Av)v) ¢ Q(m+n)‘5r‘/2+‘sf‘8}))
u(B)

<1 (4-3)

< B _
(B

for all &, e?, ... ™ s 6P . 6™ eK,\ {0} (for each v € S) with t € T and
lIpilr(®)|lo >> 1 foreachi=1,...,¢.
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Since (4-3) holds for any ball B C U, it follows that no point x € U N supp(u) is a
point of density of the sets

F_l({(Av)v € Man(KS) : (ga‘,,d.,)v?((Av)v) ¢ Q(m+n)‘5"/2*‘50‘8})

for all &7, @, ..., &™ 60,62 ..., 6™ € K, \ {0} (for each v € ) with t € T~ and
llpilr(®llc >> 1 for each i = 1,..., ¢, which gives us (4-1), because of the following
version of the Lebesgue density theorem for our concerned metric space X = [], s K",
where [, € N, endowed with the product metric.

LEMMA 4.2. Let X = [],es Ké", where [, € N, be endowed with the product metric. If
u is a Radon measure on X and Q is any measurable subset of X, then almost every
point x € Q N supp (u) is a point of density of Q, that is,

im ,u—(B ney =1
uB -0 u(B)
X€B

The proof of Lemma 4.2 goes along the same lines as the Lebesgue density theorem
for Euclidean spaces with some appropriate modifications. Hence, we leave it to the
reader.

As the space of our interest X is locally compact, Hausdorff and second countable,
to prove Theorem 3.13, it is enough to prove the theorem locally, that is, after choosing
a suitable gy > 0, it is enough to show that for all w € U N supp (u), there exists a ball
B’ € U containing w such that

w(B N Y(DI(1,n, K5, T))) = u({x € B’ : £(x) € DI,(1,n,Ks,7)}) = 0

for all £ < gy. From the above discussion, it follows that Theorem 3.13 is an immediate
consequence of the following proposition.

PROPOSITION 4.3. Fix n€ N, and for each veS, let [, e N. Set X, := Ké" and
X :=Tl,es X,. For each v € S, suppose that u, is a measure on X,, and let 1= [],e5 My
be a Radon measure on X. Let x = (x,), € supp (u) and r > 0. For each v € S, define
B, := B(x,, r), B, := B(x,,3"'r). Set

B = HBV and B:= HBV =3"1p.
veS veS
Suppose that y1 is D-Federer on B. For every v € S, let f) = (fl(v), o B, —
K" be continuous, and define f := (fV), : B —> Kg. Suppose that, for every v € S,
there exist C,, «, > 0 such that:

(1) any K,-linear combination of 1, f(v), ceey f,fv) is (C,, @) good on B, with respect
to u, for each v € S; and

(ii) the restrictions of 1, f(v), ces fn(v) to B(x,,r) N supp(u,) are linearly independent
over K, for each v € §S.
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Then there exist constants «, p, C > 0 with the following property. For each v € S,
choose €V, ..., ™, 6, ... 6" € K,\ {O}. Let t € T be given by (3-1), and suppose

that ||pilr(Oll > 1 foreachi = 1,...,¢. Then for any 0 < &€ < p/ \Dg,
HAX € B 1 (8e,5,),T(F(X)) & Qpi1ysrivseig)) < CSQ/J(B), (4-4)
where the constants p and Care given explicitly by (5-4) and (5-5), respectively.

Theorem 3.13 follows immediately from Proposition 4.3. We choose our 0 < gy <
(0o/ VD) so that ng < 1. In view of the expression for C, (5-5),itis easy to see that gy
depends only on (n,C,,,...,Cy,ay,,...,a,,D,Nx,K,S). Consider x € U N supp(u)
and choose a ball B’ containing x such that B’ C B’ := 3"*!B’ C U. Next, choose any
ball B C B’ with centre in supp(u) and consider B := 3"*'B. Since by the hypothesis
of Theorem 3.13, for each v € S, (f*), u,) is nonplanar and (C,, @,)-good on U, with
respect to u,, Conditions (i) and (ii) of Proposition 4.3 hold immediately. We set ¢ =
C‘sg < 1 and observe that (4-2) holds whenever 0 < & < &, in view of Proposition 4.3.
This completes the proof of Theorem 3.13, assuming Proposition 4.3.

We need to prove Proposition 4.3. We do it using the so-called ‘quantitative
nondivergence’ technique and our next section is all about that.

5. Quantitative nondivergence and the proof of Proposition 4.3

We first recall the S-arithmetic quantitative nondivergence theorem from [27].

5.1. Quantitative nondivergence. We denote the set of all primitive submodules of
Oy by B(Os, m). We recall the following theorem from [27, Section 6.3].

THEOREM 5.1. Let X be a Besicovitch metric space and p be a D-Federer measure on
X. For m € N, let a ball B C X and a continuous map h : B — GL(m, Ks) be given,
where B := 3™B. Suppose that for some C,a > 0and 0 < p < 1, one has:

(C1) for every A€ B(Os,m), the function cov(h(-)A) is (C,a)-good on B with
respect to U,
(C2) forevery A € B(Os,m), |lcov(h(-)) All,z = p.

Then, for any positive € < p/ YDk,

p(x € B : 8(h()0Y) < & ) < mC(NxD?) ( VD ) u(B). (5-1)
For more details and the proof of Theorem 5.1, see [27].

5.2. The proof of Proposition 4.3. From the definition of €2, it follows that

(8e, s WTEX)) & Qi pysiznisie € 0((8ey 0, v (8o WO < (n+ DSV g
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We use Theorem 5.1 in the setting

X= HVGSXV = I_IVGSK\IJV’m =n+1;
u, B, C,,a, and D as in Proposition 4.3;
h(x) = (ge,.6,)v(8wx))y for all x = (x,), € B,

where
ge,s, := diag((e), ), 6P), .0 e GL(n + 1,K,),

with sf,i) and 69 ) satisfying the aforementioned conditions and

1 %,
8y, = [0 IE,x )} e GL(n + 1,K,).

To get our desired result, (4-4), we just need to verify the two conditions (C1) and
(C2) of Theorem 5.1. Observe that to check Conditions (C1) and (C2), we first need
explicit expressions for functions X — cov(h(x)A) in our setting.

We recall that given any A € B(Os,n+ 1) of rank j, there exists an element
w e N(O5") such that

cov(A) = agc(w),

where ax € R is a constant depending on K. Therefore, we have cov(h(x)A) =
agc(h(X)w).

Before proceeding further, let us fix some notation. We take ey, e;,...,e, € K g” as
the standard basis of K’ g’” over K, where

€ = (eﬁ”)v, efv) e K™ foreachi=0,...,n;

and {efv)};’:o forms the standard basis of KL’“ over K, for each veS. Let
1= {i],iz,...,ij} c{0,1,...,n} with i1 <ip <---< ij and e; := €, /\eiz---/\e,j/. €
N (K2+1). Then, the standard basis of N\/(K?*!) is given by

{elII={il,iz,...,ij}C{O,l,...,n} with i <i2<'--<ij},

and for any element b = >, bre;, we define ||b|| = max ||b;]].
1c{0,1,....n}, !
#=j

Hence, we can write the earlier mentioned w € /\j (Og”) as w = ), wye;, where
wy € Os. We now find the expression of (g, s,)v(gfw(x,))yW componentwise. Note

év) ) +el(.v) foralli=1,...,n.

invariant and sends el(.v) to fi(v)(xv)eo

that gru () leaves e
Therefore,
. eﬁv) if0el,
vV
(grox))(€; ) = eﬁv) + Z + fi(v)(xv)e(v) otherwise,

TU{O}\ (i}
iel
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and
(ggv,av)(8f<v><xv>)(e?))

-1 H=1\a i
7 ([] 8 e

_ i€l\{0}

= W1 -1 -1 ’ i
(l_[fsi’) )egwisy) Z( []a )ﬁ(w(xv)e%w}\{i} otherwise.
iel iel  rel\{i}

Thus, (g¢,.5,)v(grv(x,)vW is given by

), n—1 ) -1 n—1
((gev,év)v(gf“')(xv))vw)(‘) = Z ( l_[ 68) )W]e;‘) + 89) Z (( 1_[ 58) )WI

0¢l i€l Oel iel\{0}

r_l v v
s> T o ). 62

igl  relU(i)\{0}

We now check the conditions (C1) and (C2).
o Checking Condition (CI). Due to (5-2), we can form an explicit expression for
cov(h(x)A) and that is given by

)
cov(h(x)A) = agc((gs,.5,)v(8kw)(x,) VW) = ag l_[ "((gsv,év)v(gf(”)(x‘,))vw) )

In view of (5-2), it is easy to observe that the components of all the coordinates of

((86,.6,)v(8rw )y W)
are linear combinations of 1, f(v), - n(v). Then, Condition (C1) immediately follows
from Hypothesis (i) of Proposition 4.3, Lemma 3.9(b,c) and Lemma 3.10. So, there
exists C, @ > 0 such that x — cov(h(x)A) is (C, a)-good on B with respect to u, where
C and « are explicitly computed in terms of C,,,, ..., Cy,, @y, ..., Qy,.

e Checking Condition (C2). By the compactness of the unit sphere in K"*!
and Hypothesis (ii) of Proposition 4.3, there exists p, > 0 such that for any a =
(ag,ai,...,a,) € K;’“,

sup  lag + a1 f0 ) + -+ @ fO@)) = pylallo, (5-3)
X,€B, N supp (i)

where B = [],es5 By-
Using (5-2) and (5-3),

) L
-1 i)—1
sup H((gav,é\,)V(gf@)(xv))vw) Lz plel (ﬂlé‘v’)lv )m]aXIvvllv,
i=1

Xx,€B, N supp (u,) v,
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since |6§i)|v > 1foralli=1,...,nandeachv € S. Therefore,

n
sup (e @roe o) = [ (ol ([ 165" max )
i=1

X€B N supp (1) ves
-1
1 1
> (TTre bt -++1021) - max comn( [ ] o)
ves ves

and, hence,

leov(h09)Als = DR [T o161 ([ Tov).

vesS vesS

since ax > (VDg) and w; € Og for each I.
Let

def(\/D—K),(l—[|8<1>|v|5<1>|v 5<n)|v) (]_[pv)

vesS veS

= (\/D_K)j(COHStK)_("H)( npv).

ves

So, Condition (C2) holds with
p = min{1, p}. (5-4)
As a consequence of Theorem 5.1, Proposition 4.3 follows immediately with
ﬂ)ﬁ
p

C = C(NyD*"™ ' (n + 1)1+((a|s,\)/2)+a|s(,|( (5-5)

[m]
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