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The mixing mechanism within a single vortex has been a theoretical focus for decades,
while it remains unclear especially under the variable-density (VD) scenario. This
study investigates canonical single-vortex VD mixing in shock—bubble interactions (SBI)
through high-resolution numerical simulations. Special attention is paid to examining
the stretching dynamics and its impact on VD mixing within a single vortex, and this
problem is investigated by quantitatively characterising the scalar dissipation rate (SDR),
namely the mixing rate, and its time integral, referred to as mixedness. To study VD
mixing, we first examine single-vortex passive-scalar (PS) mixing with the absence of
a density difference. Mixing originates from diffusion and is further enhanced by the
stretching dynamics. Under the axisymmetry and zero diffusion assumptions, the single-
vortex stretching rate illustrates an algebraic growth of the length of scalar strips over time.
By incorporating the diffusion process through the solution of the advection—diffusion
equation along these stretched scalar strips, a PS mixing model for SDR is proposed based
on the single-vortex algebraic stretching characteristic. Within this framework, density-
gradient effects from two perspectives of the stretching dynamics and diffusion process
are discovered to challenge the extension of the PS mixing model to VD mixing. First, the
secondary baroclinic effect increases the VD stretching rate by the additional secondary
baroclinic principal strain, while the algebraic stretching characteristic is still retained.
Second, the density source effect, originating from the intrinsic nature of the density
difference in the multi-component transport equation, suppresses the diffusion process.
By accounting for both the secondary baroclinic effect on stretching and the density
source effect on diffusion, a VD mixing model for SBI is further modified. This model
establishes a quantitative relationship between the stretching dynamics and the evolution
of the mixing rate and mixedness for single-vortex VD mixing over a broad range of Mach
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numbers. Furthermore, the essential role of the stretching dynamics on the mixing rate
is demonstrated by the derived dependence of the time-averaged mixing rate (x) on the
Péclet number Pe, which scales as (x) ~ Pe*/3.

Key words: mixing enhancement, vortex dynamics, shock waves

1. Introduction

Variable-density (VD) mixing, which occurs in fluids with varying densities, is a
fundamental phenomenon observed in various contexts, such as the mixing of fluids
with different densities in gravitational fields, exemplified by Rayleigh—Taylor instability
(Rayleigh 1882; Taylor 1950), the formation of supernova remnants (Kifonidis et al. 2006;
Miiller 2020) and the irreversible transport of salt or pollutants in density-stratified oceanic
and atmospheric circulations (Fernando 1991; Wunsch & Ferrari 2004; Caulfield 2021).
A notable form of VD mixing occurs at the interface of fluids with different densities
when subjected to shock waves, identified as the Richtmyer—Meshkov instability (RMI)
(Richtmyer 1960; Meshkov 1969; Brouillette 2002; Zhou 2017a,b). One typical RMI
scenario involves the interaction between a shock wave and a circular gas bubble with
a density contrast relative to the ambient gas. Unlike classical single-mode RMI, the
high curvature of the density interface introduces strong nonlinear effects, complicating
the extension of RM linear theory to such shock—bubble interactions (SBI) (Ranjan,
Oakley & Bonazza 2011). As SBI serves as the intrinsic mechanism for supersonic mixing
enhancement strategies (Marble 1985; Marble ef al. 1990; Yang et al. 1993, 1994; Yu et al.
2020), and has significant applications in areas such as inertial confinement fusion (ICF)
(Lindl, McCrory & Campbell 1992) and supernova explosions (Klein, McKee & Colella
1994), understanding SBI has become a central focus in VD mixing research.

With regard to the evolution of flow structures in SBI, Haas & Sturtevant (1987)
conducted early experimental studies in a shock tube, revealing that vortex structures in
SBI tend to evolve into symmetric or axisymmetric forms at the later stages. Jacobs (1992)
utilised planar laser-induced fluorescence (PLIF) to visualise the interaction between a
shock wave and a hydrogen gas column, focusing on the resulting flow structures and
mixing dynamics. Ranjan et al. (2007) systematically investigated SBI at a higher Mach
number (Ma =2.88), identifying the formation of secondary vortex rings, which are
absent in low Mach number scenarios. Zhai et al. (2014) conducted a carefully designed
experiment to study shock—interface interactions and successfully captured three distinct
types of Mach stem reflections, along with a detailed analysis of the corresponding shock
wave system evolution. Ding et al. (2017, 2018) examined the morphology of a three-
dimensional gas cylinder following interaction with a planar shock. In addition, Liang,
Zhai & Luo (2018) investigated the interaction between a strong converging shock wave
and an SFg gas bubble inside a converging shock tube. From a numerical standpoint,
Picone & Boris (1988) performed detailed two-dimensional simulations of SBI,
demonstrating flow structures that closely resembled those observed in the experiments by
Haas & Sturtevant (1987). With the advancement of numerical techniques such as adaptive
mesh refinement and high-order accurate schemes, numerical investigations of SBI have
significantly improved in terms of resolution and physical fidelity. Zabusky & Zeng (1998)
simulated SBI at Ma =5 and identified the generation of secondary baroclinic vortices.
Furthermore, Niederhaus et al. (2008) showed that for shock Mach numbers exceeding 5
and Atwood numbers greater than 0.5, the post-shock flow field within SBI transitions into
turbulence, rather than remaining governed by vortex structures.
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In the context of circulation models for SBI, early studies on vorticity distribution led to
the development of the first circulation model by Hawley & Zabusky (1989). Building on
this foundational research, subsequent studies introduced four types of circulation models:
the ‘PB model’ (Picone & Boris 1988), the ‘Yang model’ (Yang, Kubota & Zukoski
1994), the ‘SZ model’ (Sandoval 1995) and the ‘1D model’ (Niederhaus et al. 2008).
These circulation models were later extended to more complex bubble shapes, including
elliptical (Zhang et al. 2019), triangular (Zeng et al. 2018) and square bubbles (Igra &
Igra 2018). Furthermore, these circulation models do not account for viscous effect (Wang
et al. 2018). By incorporating viscosity into the vorticity transport equation, more accurate
vortex models can be developed for complex configurations (Liu et al. 2020).

From the perspective of mixing, the mixing evolution in SBI can be conceptually
outlined as follows: following shock interaction, the formation of a large-scale primary
vortex benefits from the baroclinic vorticity deposition originating from misalignment
of the pressure gradient V p of the shock and density gradient V p from the light/heavy
density bubble. Driven by this main vortex, the initially concentrated bubble is tangentially
stretched along the interface with the ambient air, leading to an increase in material
line length. Simultaneously, as the interface undergoes stretching, the scalar gradient
deposited along it is amplified, thereby intensifying molecular diffusion until the bubble
is completely mixed with the surrounding air (Ranjan et al. 2011). This simplified mixing
process reveals that mixing is governed by the coupled actions of stretching and diffusion
processes, which is consistent with the one proposed by Meunier & Villermaux (2003)
and Villermaux (2019). According to this simplified mixing concept, the material line
stretching rate and bubble area serve as the critical parameters characterising mixing,
and have been widely used in SBI mixing research. Early experiments conducted by
Jacobs (1992) utilised the bubble area to depict the extent of mixing and revealed a
constant mixing rate by investigating the temporal derivative of the bubble area ratio. Yang,
Kubota & Zukoski (1993) employed the material line stretching rate to characterise the
mixing rate, and discovered an exponential stretching of the material line in the early stage
of SBI mixing. Subsequent experiments on SBI of SFg cylinders using the PLIF technique
observed a strong dependence of the exponential stretching rate on the configuration and
orientation of the cylinders (Kumar et al. 2005), while numerical simulations of mixing
in three-dimensional shock spherical interactions employed the bubble volume fraction to
describe the evolution of mixedness (Niederhaus ef al. 2008).

Moreover, mixing is characterised by the molecular diffusion of the mass fraction Y.
Therefore, in addition to the material line stretching rate, mixing indicators can also
be directly defined in terms of the mass fraction. In a study of single-vortex mixing,
Cetegen & Mohamad (1993) introduced the mixedness parameter

f=4Y(1-Y), (1.1)

to quantify the extent of mixing, which reaches its maximum when the bubble and
surrounding air are in a 1:1 state. The evolution of mixedness f in passive-scalar (PS)
mixing, where the density difference is absent, is governed by the following equation:

9 9 92 Y Y
—4uji— —D— | f=8D———. (1.2)
at 8XJ' asz ij 3Xj

The presence of y =VY.VY on the right-hand side term of this equation
8D(3Y /0x;)(dY /0x;) leads to the definition of the scalar dissipation rate (SDR) (Buch &
Dahm 1996)

x=VY.VY, (1.3)
1028 A27-3
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which represents the mixing rate, and VY denotes the scalar gradient. Subsequent PLIF
experiments investigated SDR in shock interactions with SFe cylinders, revealing that
SDR is primarily concentrated in the bridge structure (Tomkins et al. 2008). Li et al.
(2020) developed a Gaussian model to predict the late-time evolution of SBI based on the
mixedness definition. Recognising the differences between VD and PS mixing, Yu, Liu &
Liu (2021) introduced the density-accelerated mixing rate. Through an investigation of
the scaling behaviour of this mixing rate with respect to the Reynolds number Re = I} /v
and Schmidt number Sc =v/D, where I is the total circulation of the primary vortex,
v is the kinematic viscosity and D is the Fickian diffusivity, it was discovered that,
at a constant Péclet number Pe = I';/D, the mixing rate experiences minimal variation
with increasing Reynolds number once Re reaches a sufficiently large value. This scaling
behaviour was further confirmed in homogeneous isotropic turbulence mixing (Buaria
et al. 2021). Therefore, extensive research in the field of SBI has provided valuable insights
into characterising stretching behaviour and diffusion states from two key perspectives of
the mixing process. Despite the widely acknowledged opinion that the stretching process
plays the critical role in mixing, the precise connection between the stretching dynamics
and VD mixing in SBI has not been established rigorously.

It is necessary to define the stretching rate within a reasonable framework supported
by the governing equation for SDR. This equation, derived by Corrsin (1953), Batchelor
(1959) and Buch & Dahm (1996), has been widely used to study PS mixing, which involves
the mixing of fluids with uniform density. The governing equation is expressed as

ad ad ] aYy _ adY a aY\ o [adY
Ly o) y=2 g, —op 2 () 2 (), a9
at 3x]' 8xj2 0x; 3Xj ox; 3x]' 0x; ij

where S;; = 1/2(du; /dx; + du; /dx;) is the symmetric strain-rate tensor. The two terms on
the right-hand side of the equation are referred to as the stretching term and the diffusion
term, respectively. The stretching term reflects the intrinsic mechanism by which the strain
field stretches the magnitude of the scalar gradient VY, thereby driving SDR evolution.
This term can be further investigated by its orthogonal decomposition form (Ashurst et al.
1987; Vincent & Meneguzzi 1991; Dresselhaus & Tabor 1992), given by

stretch — ax; y 9 Xj
where s; is the eigenvalue of the symmetric strain-rate tensor S;;, referred to as the principal
strain rate, and e; is the corresponding eigenvector. The alignment of the scalar gradient
with e; is given by 4; = VY - ¢; /|VY|. Therefore, the suitable definition of stretching rate
is expressed as the combination of principal strain rate and alignment of scalar gradient
(Han, Yu & Liu 2024)

= —2x5; 47 = X Rytretch (1.5)

Ritretcn = _Zsi/l%. (1.6)

As demonstrated in various mixing scenarios, such as homogeneous isotropic turbulence
(Girimaji & Pope 1990; Vincent & Meneguzzi 1991; Danish, Suman & Girimaji 2016),
shock—turbulence interaction (Tian et al. 2017; Gao, Bermejo-Moreno & Larsson 2020)
and turbulent combustion (Swaminathan & Grout 2006; Zhao et al. 2018), the stretching
rate remains positive in value in general cases. Consequently, the stretching term is
typically considered as the primary source of SDR growth.

Given the significance of the stretching term, the stretching mechanism has been
primarily investigated from two perspectives. The first approach involves statistical
analysis. Based on the persistent straining hypothesis, the stretching of the scalar gradient
is treated as a series of independent, sequential stretching processes with short correlation
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time (Townsend 1951; Batchelor 1952; Cocke 1969). Under this assumption, the turbulent
stretching rate is modelled as a Gaussian distribution, leading to the well-known expo-
nential stretching observed in isotropic turbulence. This statistical framework has been
extended to other types of flows, such as porous medium mixing (Le Borgne ef al. 2013)
and sheared particulate suspensions (Souzy et al. 2018). The second perspective examines
the influence of local velocity gradients on the stretching mechanism. As expressed in
(1.5), the stretching rate is the product of the principal strain rate and alignment, both of
which are closely related to local velocity gradients. By decomposing the velocity gradient
and scalar gradient equations on the frame composed of the eigenvectors of the symmetric
strain-rate tensor, She, Jackson & Orszag (1991) and Dresselhaus & Tabor (1992) derived
the principal strain rate and alignment equations. These governing equations demonstrate
that both the principal strain rate and alignment are influenced by self-interaction, pressure
Hessian and viscous effects (Nomura & Post 1998; Lapeyre et al. 1999, 2001; Tom,
Carbone & Bragg 2021). Since these quantities are critical to characterising small-scale
flow structures, the dynamics of stretching rate within various flow structures, such
as flow topologies, has attracted significant attention (Brethouwer, Hunt & Nieuwstadt
2003; Danish et al. 2016; Zhao et al. 2018). Specifically, for the single vortex, it has
been revealed that the axisymmetric distribution of the velocity gradients and pressure
Hessian matrix lead to its algebraic stretching characteristic (Lapeyre, Klein & Hua 1999).
These comprehensive investigations have deepened our understanding of the stretching
mechanism in various types of flow. It is also noteworthy that the exponential stretching
characteristic identified in SBI (Yang er al. 1993; Kumar et al. 2005) contradicts the
algebraic stretching characteristic in a single vortex (Lapeyre et al. 1999), a contradiction
that will be further explored in the subsequent sections of this study.

In contrast to the relatively well-developed understanding of the stretching mechanism,
the relationship between SDR and the stretching dynamics has been addressed
qualitatively. It is generally concluded that flow structures with high stretching rates
promote the formation of scalar structures with high values of SDR (Boukharfane,
Bouali & Mura 2018; Gao et al. 2020). The primary obstacle to developing a quantitative
theory for SDR lies in the insufficient understanding of the nonlinear diffusion term
in (1.4), specifically (—2D)0/0x;(0Y /dx;)0/0x;(0Y /dx;). This term is strictly negative,
representing the reduction in SDR due to the diffusional cancellation of gradients in the
scalar field. Since the mathematical expression of the diffusion term involves the scalar
gradient dY /dx;, the diffusion process is also influenced by the stretching dynamics.
The pioneering work by Ranz (1979) states that the relationship between the diffusion
process and stretching rate in PS mixing can be established analytically. By solving the
advection—diffusion equation for deforming scalar strips, the diffusion of the mass fraction
Y, enhanced by the stretching rate, can be analytically described. This approach has led to
key concepts such as the mixing time (Meunier & Villermaux 2003) and the Batchelor
mixing scale (Souzy et al. 2018). Villermaux’s review (Villermaux 2019) provides a
comprehensive overview of the theoretical methodology, which has been widely applied
to characterise the distribution of the mass fraction Y in ideal vortices (Villermaux &
Duplat 2003), turbulent jets (Duplat & Villermaux 2008; Duplat, Innocenti & Villermaux
2010), porous media (Le Borgne et al. 2013) and stratified shear flows (Petropoulos et al.
2023). Liu et al. (2022) firstly extended this framework to describe the diffusion process
in VD SBI. They proposed a model for the mixing time by quantitatively expressing the
VD stretching rate, which is enhanced by secondary baroclinic vorticity. This model offers
a reliable prediction for the mixing time, defined as the time required to achieve a steady
mixing state in VD SBI, and highlights the significant challenges posed by the inherent
density variations in exploring the diffusion process in VD mixing. However, the analysis
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of mixing time only necessitates the local stretching rate at the characteristic location.
Therefore, the stretching rate in this theory was not analysed from the perspective of the
stretching dynamics, which limits its predictive capability for mixing time in VD SBI.
Consequently, a comprehensive quantitative theory that elucidates the role of the stretching
rate across the entire flow field in the evolution of the mixing process, as reflected by SDR
within VD mixing, remains to be developed.

In summary, the intrinsic mechanism of VD mixing in SBI, particularly from the
perspective of the stretching dynamics and its role in mixing, remains insufficiently
understood. This study aims to elucidate this mechanism by providing a quantitative
description of the evolution of the mixing rate SDR and mixedness, as a significant
advancement of our previous work on the VD mixing time in SBI (Liu et al. 2022).
Beginning with the relatively simple case of PS SBI, the stretching rate within a single
vortex is firstly explored from the standpoint of the stretching dynamics, leading to the
identification of an algebraic stretching characteristic. Based on the analytical expression
of this stretching rate, a PS mixing model for SDR is proposed by considering the diffusion
process on a series of stretched scalar strips. Within this framework, by integrating two
density-gradient effects, referred to as the secondary baroclinic effect on the stretching
dynamics and the density source effect on the diffusion process, the rigorous relationship
between the stretching dynamics and the mixing rate SDR (mixedness) in VD mixing is
established through a well-developed VD mixing model. Moreover, the critical role of the
stretching dynamics in the mixing rate can be demonstrated through the scaling behaviour
of the time-averaged mixing rate with the dimensionless Péclet number.

The organisation of this paper is as follows: § 2 provides an overview of the numerical
method and case set-up. In § 3, we outline the framework of the stretching dynamics, and
introduce the simplest case of the stretching dynamics, specifically, the stretching process
within a single vortex, as the foundation for subsequent analysis. Based on the analytical
expression of the single-vortex stretching rate, a relatively simplified model of PS mixing
is proposed in § 4. Section 5 discusses two density-gradient effects influencing VD mixing,
which inspire the development of the VD mixing model. In § 6, the VD mixing model is
validated through its application to the prediction of the evolution of SDR and mixedness
in VD SBI across a wide range of Mach numbers. The crucial role of the stretching rate in
VD mixing is also demonstrated using a scaling analysis of the time-averaged SDR with
respect to the Péclet number. Finally, our study is summarised and potential future research
directions are discussed in § 7.

2. Numerical method and set-up
2.1. Numerical method

In this study, the governing equations used for simulating PS and VD SBI are the
compressible Navier—Stokes equations with multiple components, expressed as

dp  9(pu;)

i =0,

ot + axi

0 (pui) | dpuiny) __dp 9oy
at 8x]~ 8xl~ a)Cj

PE) | dpuiH) _ dgi | dwjoq) @1
at ax; dx; axi

OoYn) | Dpui¥o) _ D (0%
ot 0x; 0x; ax;

m=1,2,---, 5 —1.
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Here, the symbols p, p, E and H = E + p/p denote the mixture’s density, pressure, total

energy per unit mass and total enthalpy per unit mass, respectively, u; is the velocity of the
N

mixture in the ith direction, Y,, refers to the mass fraction of species m with ) Y, =1
m=1

and s is labelled as the total number of species. With the ideal gas hypothesis and Dalton’s

law of partial pressures, the system of (2.1) is closed by the ideal gas state equation

N s
Ro
p=2_pn=2 pny T =pRT=(y =1 pe. (22)

m=1 m=1
where R =Ro/M and Rg=8.314 J(mol K)~! are the gas constant and universal gas
N

constant, respectively; M = (Y Y,,/M,,)~" and T are the molar mass and temperature
m=1

of mixture respectively; p,,, om = pY, and M, represent the partial pressure, density and

molar mass of the component m, respectively. The relation of the total energy per unit

mass E and the specific internal energy e is given by

1 p 1
E=e+ -ujui=h— =+ -u;u;. (2.3)
2 p 2

Here, £ is the enthalpy of the gas mixture
- . 0 T Cpm
h= Zl Yohm = Zl Y (h. . /TO M—de), (2.4)
m= m=

in which h(}m is the heat generated by the component m at the reference temperature
Ty. The constant-pressure specific heat value C,, is fitted by the following temperature-

dependent polynomial function:
Cpm =Rolaim +amT +a3mT2 "‘Cl4mT3 +35mT4)» (2.5)

where the coefficients ay,, ...., as, are obtained from the NASA thermochemical
polynomial fit coefficient data (Kee ef al. 1996).
With the definition of the constant-volume specific heat

Ro
My,

the constant -pressure specific heat and constant-volume specific heat of the gas mixture

Cpm —Cym = ’ (26)

are Cp = Z Y, Cpp and Cy = Z Y,,Cym, and the specific heat ratio of the gas mixture
m=1 m=1
isy=C,/Cy.
For the Newtonian fluid considered in this work, the viscous stress tensor and heat flux

are defined as
u;  duj 2 Juy
. ey 7 s
% M(ax]~+8xi 37 o
oT

=—-1—.
% 0x;

2.7)

Here, §; refers to the Kronecker delta. Based on the observation that the transport
coefficients converge to nearly steady values after shock interaction (Liu et al. 2022),
constant transport coefficients are employed in the numerical simulations to simplify
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the expression of the mixing model in the subsequent sections. Specifically, the viscous
stress tensor oy is calculated by the constant dynamic viscosity u = 125 x 107%Pa-s.
The mass diffusion is simplified by ignoring pressure and temperature diffusion, and
the Fickian diffusivity is assumed to be constant for different components, with a value
of D=355x 10"m?s~!. Setting the diffusivity D as a constant does not accurately
reflect the true physical situation. Assigning a constant value to D is typically used when
designing SBI cases with varying Péclet numbers, which has also been employed in our
previous studies (Yu et al. 2021, 2022). The heat flux g; is calculated by the Fourier’s
law of heat conduction, and the heat conduction coefficient A= C,u/Pr is calculated
using a constant Prandtl number Pr = 0.72. After the mathematical model is constructed,
the compressible Navier—Stokes equations are numerically solved using an in-house high-
resolution code, ParNS3D, which has undergone extensive validation (Wang et al. 2018;
Liang et al. 2019; Yu et al. 2022; Liu et al. 2022). Temporal discretisation is performed
using the third-order total variation diminishing Runge—Kutta method. The fifth-order
weighted essentially non-oscillatory (WENO) scheme (Liu et al. 1994; Jiang & Shu 1996)
is employed for the discretisation of convection terms, while the second-order central
difference method discretises the viscous terms.

2.2. Initial conditions for VD and PS SBI

This section presents the initial conditions for the numerical simulation of VD and PS
SBI, using a case with a shock strength of Ma = 2.4 as an example. The case settings for
other simulations, covering a broad range of Mach numbers from 1.22 to 4, are provided
in Appendix A. The configuration for VD SBI settings is depicted in figure 1(a). The
computation domain encompasses a two-dimensional space in a Cartesian coordinate
system, with X x ¥ =[0, L,] x [0, Ly], where the length is L, = 30 mm and the height is
Ly =5.5 mm. The shock is positioned at xs5ocx = 0.7 mm. The pre-shock air has the same
thermodynamic states of 1 atm pressure and 293 K temperature prior to being impacted
by the shock. The detailed initial conditions for post-shock air (u}, pj, P{ and T/) are
calculated from the Rankine—Hugoniot equation. To avoid spurious vorticity arisen from
the mesh discretisation (Niederhaus et al. 2008), the helium bubble, centred at the position
Xpubble = 4.5 mm, consists of a core region with a radius of R =2.5 mm and a diffusive
layer with a width of §. The diffusive layer is positioned at the edge of the core region, as
illustrated in the inset in figure 1(a). Based on this configuration, the distribution of mass
fraction of helium is set as

Yma)ﬁ r <R,
Yhe(r) = 3 Y,pe @l0—RAP R r Ry, (2.8)
0, r=>R+56,

where Y, = 1.0, « = 5 and § = 5. Using these parameters, the mass fraction distribution
across the bubble is shown in figure 1(b). It can be observed that, with the selected
parameters in (2.8), the mass fraction within the thin diffusive layer smoothly connects the
mass fraction inside and outside the bubble, which is consistent with the results reported
in our previous studies (Wang et al. 2018; Liu et al. 2022; Yu et al. 2022). To simplify
subsequent expressions, the helium mass fraction Yg, is denoted as Y.

Since the influence of the reflected pressure wave on mixing is not considered in this
study, the left boundary is set as an inlet, while the upper and right boundaries utilise a
fourth-order extrapolation to prevent interference from pseudo-pressure reflection waves
affecting the flow structures of interest. A symmetric boundary condition is applied at the
bottom of the computational domain. The grid resolution study, detailed in Appendix B,
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Figure 1. (a) Schematic of the initial conditions for VD SBI. (b) Distribution of the initial mass fraction of
helium Yp, across the diameter of the bubble.

demonstrates that a uniform grid with a spacing of A =1.25 x 107> m is sufficient to
accurately resolve the mixing process for the VD SBI case. Accordingly, the time step for
the numerical simulation is selected as Af =2 x 10~ s to ensure the Courant-Friedrichs-
Lewy number satisfies the condition

At "y At
A [tumax A/”lz

CFL = <. (2.9)

Here, u/, indicates the post-shock velocity of the helium bubble, which approximates the
maximum velocity within the computation domain.

To investigate the stretching dynamics and its impact on mixing in VD SBI, we begin by
developing a quantitative mixing model using a relatively simple PS SBI case. In this
scenario, the density difference between the post-shock bubble and the ambient air is
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eliminated, specifically, by setting the post-shock Atwood number A1 = (p} — p})/(p5 +
p}) ~ 0, where p), and p| represent the post-shock bubble density and ambient air density,
respectively. This adjustment allows the density effects to be effectively neglected as the
vortex develops, ensuring that the mixing process does not influence the flow dynamics,
as expected in PS mixing (Dimotakis 2005). However, the formation of the primary vortex
depends on the baroclinic vorticity generated by the cylindrical interface of fluids with
different densities subjected to a shock. If the density of the original bubble matches that of
the ambient air, no vorticity is deposited along the bubble interface. Therefore, an artificial
density adjustment method is applied to complete the set-up of the initial conditions for
the PS SBI. On the basis of the VD SBI case with the shock Mach number Ma = 2.4, the
cylindrical bubble’s mass fraction is adjusted artificially soon after the shock interaction

Yh =0.0001 x Y32,
Yg, =0.233 x (1= Yg,), (2.10)
Yi, =0.767 x (1 - Yj),

where a small amount of component is maintained to display the mixing process. With the
pressure and temperature identical to those in VD SBI

s VD
{pp =P @2.11)
T[)S — TpS’

the density of the bubble after the shock interaction will increase to the value of post-shock
air

.pP” ;
DS ~ Adir
IO - RTPS 10 ’
Sy (2.12)
R=TR —.
'

To ensure comparability of the mixing indicators between PS SBI and VD SBI, the
mass fraction in PS SBI, denoted Y”*, is normalised by the initial maximum mass
fraction Yy in the following context, such that ¥ = Y?°/ Y "**. This method increases
the bubble’s density to match that of the post-shock air, as outlined in our prior research
(Liu et al. 2022). It is worth noting that this artificial density adjustment, achieved through
modification of the mass fraction, is a general technique. It has been widely employed in
the set-up of various PS mixing scenarios, including PS SBI (Liu et al. 2022), PS shock—
turbulence interaction (Tian et al. 2017, 2019) and PS mixing induced by random weak
shock waves (Jossy & Gupta 2025).

The numerical simulation results of the VD and PS SB, based on the set-up described
above, are presented in figure 2, which depicts the time evolution of both density and
vorticity contours. In the VD SBI case, positive primary baroclinic vorticity is generated
due to the misalignment between the density gradient of the bubble and the pressure
gradient induced by the shock. This primary vorticity drives the formation of a large-scale
main vortex, as shown in the lower half of figure 2. As the main vortex develops, a vortex-
bilayer structure emerges, characterised by dominant negative vorticity that intensifies
and rolls up the positive vorticity. This structure, identified as secondary baroclinic
vorticity (SBV), is consistent with previous studies (Gupta, Zhang & Zabusky 2003; Peng,
Zabusky & Zhang 2003) and is recognised as a classical phenomenon in VD RMI (Peng
et al. 2021a,b). In contrast, the density contour of the PS SBI case shows that the artificial
density adjustment method effectively removes the density difference between the bubble

1028 A27-10


https://doi.org/10.1017/jfm.2025.11051

https://doi.org/10.1017/jfm.2025.11051 Published online by Cambridge University Press

Journal of Fluid Mechanics
Density (kg m ) [T

0.45 45
(@) ®) (©) _ (d) (©)

; B Sl : M=
b . SS sVl sw2
Vorticity ™) [l M

-2.5x 10° 2.5 x 10°

Figure 2. Time evolution of the density contour (top) and the vorticity contour (bottom) for VD SBI case with
shock Mach number 2.4 at (a) t = 10.8 pus; (b) t =21.6 us; (¢) t =32.4 us; (d) t =43.2 ps; and (e) t =
54.0 ws. The PS SBI case is presented at the same moments as those of VD SBI on the bottom from (f) to
(7). Dashed-dot line indicates the isoline of ¥ = 0.01Y,,,4x(Yinax = 1.0 for VD SBI and Y,,,, = 0.0001 for PS
SBI). Here, AJ, air jet; TP, triple point; MV, main vortex; MS, Mach stem; TS, transmitted shock; RS, reflected
shock; Br, bridge; SBV, secondary baroclinic vorticity; TB, trailing bubble; SS, slip stream; SV1 and SV2,
secondary vortex 1 and secondary vortex 2.

and ambient air. Consequently, the SBV vanishes, and only the main vortex is preserved.
In both the PS SBI and VD SBI cases, the formation of a nearly steady single vortex is
observed. Accordingly, the total circulation I; and the compression rate n are examined.
These two parameters are defined as

I;= / w dV,
Y >Yihreshold

_ Vb _ f Y > Yihreshold dv

n_V_o Vo

where w is the magnitude of the vorticity vector @ =V X u, Vj is the initial volume
of the helium bubble, V), is the volume of the compressed bubble following the shock
interaction and the threshold is chosen as Yueshoid = 1 %Ymax to obtain stable values
of the total circulation I; and the compression rate n in the later stage of VD SBL
Figure 3 illustrates the evolution of I} and 1 in both VD and PS SBI cases. Following
the shock interaction with the bubble, both the total circulation I'; and the compression
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Figure 3. Comparison of the total circulation /7 and compression rate n between the PS and VD SBI cases at
a shock Mach number of 2.4.
Ma py (Pa) T/ (K) u)(ms™)) W, (ms™ ) At (=) p@Pas) I;(m?>s™!) Re(—) Pe(-)

VD 2.4 667391.3 596.87 568.31 1678.08  —0.845 125.0 x 107° 2.09 38446.2 58873
PS 2.4 667391.3 596.87 568.31 1678.08 0.0 230.9x1076 2.09 38446.2 5887.3

Table 1. The set-up for the PS SBI case based on the VD SBI case with a shock Mach number of Ma =2.4.
Compared with VD SBI, the post-shock parameters p|, 7|, u} and T| in PS SBI remain unchanged, while the
Atwood number, reflecting the post-shock density difference, is set to zero (At = 0). With the total circulation
I; preserved, the Péclet number is maintained, and the Reynolds number Re is held constant by adjusting the
dynamic viscosity u in the PS SBI case.

rate n converge to nearly constant values, indicating the formation of a nearly steady single
vortex. It is also observed that the total circulation I} in both the PS and VD SBI cases
is nearly identical. Although the compression rate in the PS SBI case is approximately
20% greater than in the VD SBI case, the impact of this small difference in n on the
subsequent discussions is negligible. Therefore, the compression rate 1 can be considered
a consistent value of 0.42 for both the PS and VD SBI cases. Consequently, both the
total circulation 77 and the compression rate n are unaffected by the specific settings of
the PS SBI case. Furthermore, due to the conservation of the total circulation I} and the
alteration in bubble density in the PS SBI, the dynamic viscosity is adjusted to maintain
the same dimensionless Reynolds number Re = I;/v. This modification is expressed as
ubs = VP (2p5/(p] + p5)), ensuring the kinematic viscosity v = /p’ remains constant.
The maintenance of Pe = I;/D is achieved by keeping the same Fickian diffusivity D.
The set-up for the PS SBI case is summarised in table 1.

The reduction of SBV due to the absence of density differences is a primary
characteristic of PS mixing. Another feature of PS mixing is that the evolution of the
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mass fraction Y follows the advection—diffusion equation (Warhaft 2000), expressed as

2
or | owi¥) _p 97 (2.14)
at ax; aij
Here, the absence of density differences also leads to the reduction of the multi-component
transport equation in (2.1) to the advection—diffusion equation, indicating a shift from a
VD mixing characteristic to a PS mixing characteristic. As shown in (2.1), the multi-
component transport equation for the mass fraction of helium Y is expressed as

a(pY d(pu;Y a aY
(p )Jr (pu;¥) 3 D,
ot 0x; 3Xj 3)6]'

(2.15)

Since the Fickian diffusivity D is treated as constant in our numerical simulations, this
equation can be rewritten in the form VD advection—diffusion equation

Y Yy D Y 2y
oy o )=_<a_pa ) p?Y (2.16)

ot 0x; p \0x; dx; 8x].2 '

When the density gradient dp/dx; vanishes in the PS SBI, this equation reduces to the
standard advection—diffusion equation.

In summary, the PS SBI set-up transforms the VD SBI into a system with two key PS
mixing characteristics: (i) the disappearance of SBV during the development of the single
vortex, and (ii) the reduction of the multi-component transport equation to the advection—
diffusion equation. These two features facilitate the development of a quantitative theory
for describing the stretching dynamics and its impact on mixing, which will be presented
in the following sections.

3. The SDR evolution of SBI: an analogy to single-vortex dynamics

In this section, we present the preliminaries for analysing the stretching dynamics. By
examining the temporal evolution of SDR in both PS and VD SBI, the fundamental
role of stretching dynamics in governing mixing is highlighted. Utilising the precise
definition of the stretching rate in (1.5), the framework for the stretching dynamics is
developed within the eigenframe of the strain-rate tensor. This framework comprises the
stretching dynamics governing equations for the principal strain (SDGE-s;) and for the
scalar gradient alignment (SDGE-1;). Considering that the formation of a nearly steady
single vortex is observed in both PS and VD SBI cases, as shown in figure 2, the mixing in
SBI is reasonable to be assumed to be governed by the large-scale single vortex. Therefore,
SDGE-s; and SDGE-/; are analytically solved under single-vortex assumptions. The
section concludes by exploring the interpretation of the stretching rate from the geometric
viewpoint, providing the foundation for developing a quantitative model to describe the
mixing rate in both PS and VD SBL

3.1. Importance of the stretching term to SDR evolution in SBI

To explore the role of the stretching dynamics in mixing for PS and VD SBI, it is essential
to define the stretching rate within an appropriate framework. Following previous studies
on PS mixing (Cetegen & Mohamad 1993; Buch & Dahm 1996), the SDR, denoted
as x and defined in (1.3), serves as a suitable mixing indicator for this purpose. The
definition and physical interpretation of SDR stem from another mixing indicator, the
mixedness parameter f defined in (1.1). This parameter quantifies the extent of mixing,
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Figure 4. Time evolution of the mixedness contour (top) and the SDR contour (bottom) for VD SBI case with
shock Mach number 2.4 at (a) t =10.8 ws; (b) t =21.6 us; (¢) t =32.4 ps; (d) t =43.2 us; and (e) t =
54.0 ws. The PS SBI case is presented at the same moments as those of VD SBI in the bottom from (f) to (j).
Red dashed-dot line indicates the isoline of ¥ = 0.01.

and reaches its maximum when the mass fractions of the bubble’s relevant component and
the surrounding air are equal.

Following the definition of mixedness and based on (2.15), the behaviour of mixedness
f is governed by the following equation:

9 9 92 Y Y D dp Y
S pu— D) f=8D= S a2y =2 3.1)
at axj' asz 8xj 8Xj P 8xj 8xj

The first term on the right-hand side is strictly positive, representing the growth rate
of mixedness. Thus the definition of SDR xy = (dY /dx;)(dY /dx;) reflects the physical
meaning of mixing rate. The second term originates from the density gradient dp/dx;,
and vanishes in PS SBI due to the disappearance of density difference.

Figure 4 illustrates the temporal evolution of both mixedness and SDR in PS and
VD SBI. As the initially concentrated bubble undergoes the stretching process, the SDR
initially increases, subsequently decreases at the later stages and ultimately dissipates,
indicating the achievement of a well-mixed state. Different from the behaviour of SDR,
the general trend of the mixedness is monotonically increasing. The evolution processes
of these two mixing indicators (1.1 and (1.3)) can be described in detail by examining their

1028 A27-14


https://doi.org/10.1017/jfm.2025.11051

https://doi.org/10.1017/jfm.2025.11051 Published online by Cambridge University Press

Journal of Fluid Mechanics

(x10°)

120 - 10

100 - L8

(f)(m?)

1(s)

Figure 5. Time evolution of the total mixedness (blue) and SDR (red) for PS and VD SBI cases demonstrated
in figure 4, respectively. The solid line labels the VD SBI, while the dashed line indicates the PS SBI.

total values, which are defined by the corresponding volume integrations

(f)z// fdv,

¢ (3.2)
(x>=// xdVv.

\%

As shown in figure 5, the mixedness in both PS and VD SBI increases monotonically.
In contrast, the SDR initially increases and then decreases after a certain moment.
Another notable observation from this figure is that, despite the total circulation I'; and
compression rate 1 being consistent between PS SBI and VD SBI, there is a significant
difference in the total mixedness (f) and the total SDR () between the two cases. This
phenomenon arises from the discrepancy between the mixing mechanism in PS and VD
mixing flow, which will be exhibited further in the following sections.

To gain further insight into the underlying mechanisms driving these two mixing
indicators, it is necessary to derive the corresponding governing equations. For the
mixedness equation, using the mathematical expression for the time derivative of the
volumetric mean value (Yu et al. 2021), we have

D(f) _[Df\  [(dui
o (o) (G)) o

which leads to the governing equation for the total mixedness ( f) as
D aY aY D op Y ou;
DUY _epdV 0V | [y Zoyy DOV [ (0w (N (3
Dt 8xj axj' 0 3Xj ax]' 0Xx;

Subsequently, the source of total mixedness growth A (f)={(f)|; — (f) lo can be
decomposed by considering the absence of mixedness transport across the boundaries of
the integration region, specifically (D(3% f/ 8xj2)) = 0. This decomposition is described as
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follows:

<4 (1—2Y) ——p—>dt’,
0 1Y 3)6]' 3)6]‘

- [ ()

where (TS];R) is the SDR source term, (Tdf;n) is the density-gradient source term and
(Td];vU> is the velocity-divergence source term. Similar to the total mixedness equation
in (3.4), the governing equation for the total SDR can also be derived based on (2.15) as

D ()
Dt = (Ts)t(retch) + <Td)§ff> + (Ts)(gurce) + <Td>§vU )’

X Y 9y
(Tstretch) = _Za_xisiia_x]' )

0 Y 0 aY
1 < dlff> < ax; <8xj~> dx; <3xj>> G0
Y 9 (1 dp aY

Tfurce)=\2D—— |~ ) )»
< wurw) < dx; 0x; (p 8xj 8Xj)>

du;
X _ 1
(Tiivu) = <_ (B_xZ) X>’
where (Ts)z(m ) 18 the stretching term expressed as the combination of the scalar gradient
0Y /dx; and the symmetric strain-rate tensor S;; = 1/2(du; /0x; + 0u;/0x;), (Tdfﬁ-) is the
diffusion term, (Tgource) is the density-gradient source term and (Tdva) is the velocity-
divergence source term.

We begin by analysing the decomposition of the total mixedness growth A(f) as
expressed in (3.5). As shown in figure 6, the initial decrease in total mixedness A{f)

arises from the velocity-divergence source term (Tdfvu) in both PS and VD SBI cases,
reflecting the effect of shock compression. The primary driver of the monotonic increase

in total mixedness, however, is the SDR source term (TSJ;R). These findings from the
decomposition of total mixedness growth confirm that the SDR x accurately represents
the physical mixing rate and underscore that the growth of mixedness can be almost
represented by the SDR source term, which is defined by the time integration of the SDR.

Furthermore, the governing equation for the SDR in (3.6) is analysed in figure 7.
Consistent with previous studies (Danish et al. 2016; Tian et al. 2017; Gao et al. 2020),

the stretching term (Ts)t(ret ) serves as the primary contributor to SDR growth, while the

strictly negative diffusion term (Tdfﬂ) is the predominant factor in SDR reduction. In

comparison, the effects of the density-gradient source term (7y5,c.) and the velocity-
divergence source term (Td)ng) on SDR are nearly negligible. This observation highlights
that the evolution of SDR is governed by the coupled interaction of stretching dynamics
and diffusion processes. Therefore, understanding the SDR necessitates a focus on the
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Figure 6. The decomposition of the total mixedness growth A(f) in (3.5) for (a) VD SBI and (b) PS SBI. The
black symbols refers to the increment of the total mixedness A( f), which is calculated from the corresponding
evolution of (f) in figure 5. The red solid line indicates the summation of the terms on the right side of (3.5)
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Figure 7. The decomposition of the material derivative of the total SDR growth D(x) /Dt in (3.6) for (a) VD
SBI and (b) PS SBI. The black symbols refers to the material derivative of the total SDR growth D(x)/Dt,
which is obtained from the evolution of () in figure 5. The red solid line indicates the summation of the terms
on the right side of (3.6) (7).

stretching dynamics, with the stretching term defined rigorously within this framework:
TX —2(3Y /0x;)S;(dY /dx}).

stretch —

3.2. Stretching dynamics governing equations (SDGEs)

To further explore the stretching dynamics, according to the symmetry of the strain-
rate tensor Sj;, the stretching term can be decomposed within an orthogonal strain-rate
eigenframe, which consists of the principal strain rates s; and their corresponding
eigenvectors e;. The orthogonal expression of the stretching term is provided by (1.5):
Tx —2Xs,-/ll.2, indicating that the stretching term TX is influenced by both the

stretch — - ! stretch . .
principal strain rates s; and the alignment of the scalar gradient with the corresponding
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eigenvectors A; =VY -¢;/|VY|. Consequently, the stretching rate is defined as the
product of the principal strain rate s; and the scalar gradient alignment A; as described
in (1.6): Rygrerch = —25; A2

Analysing the stretching rate Rg.r, from the perspective of the stretching dynamics
requires the governing equations for the principal strain rate s; and the alignment of the
scalar gradient A;. These two equations can be derived by taking the gradient of the
momentum equation in (2.1) and the multi-component transport equation in (2.15), and
projecting them onto the strain-rate eigenframe (Dresselhaus & Tabor 1992; Ohkitani &
Kishiba 1995; Tom et al. 2021; Han et al. 2024). Details of these derivations are provided
in the supplementary material are available at https://doi.org/10.1017/fm.2025.11051. We
refer to the principal strain-rate equations as the SDGEs for s; (SDGE-s;), which are
expressed as follows:

(%s,- =—s?— % (J)}Z — a)2> +H + H) + H),

AL PR = R o S
(sj — si) Wij = = @idj + Hy + Hj + Hy, (3.7
d . - Wi\ ~ 5
d_twiZSiwi_<a_)Ci> Cl)i+Bi+Ti —a)le‘j

In the first of these equations, s; represents the principal strain rate, @; =eiT ‘@

are the vorticity components in the strain eigenframe, where @ =V xu is the
vorticity vector. The norm of the vorticity vector is given by w = ||®||. The terms
Hf =—1/p(d*p/oxidx), H) =1/2p*)((3p/dx:)(dp/dx;) + (8p/3x;)(dp/dx;)) and
Hi}.’ =1/2[0/0x;((1/p)d0ir/dx;) + 3/0x;((1/p)d0 ik /0xx)] correspond to the pressure

Hessian, baroclinic strain and viscous stress matrix, respectively. The notation (~) denotes
the projection of these matrices onto the strain eigenframe, calculated as

P — TP, b — T b, 70— T IV .
H; =e; H'e;, Hj=e; H'¢;, H;=e; He;. (3.8)

In the second equation, VT’:;- characterises the rate of rotation within the plane formed by
two eigenvectors about the axis of the third one, that is W;; = (d/dt)e; - e;. The third
equation pertains to the vorticity dynamics, where B; and T;” represent the projections

of the baroclinic vorticity B; = €;x(1/ 0> (3p /0x;)(dp/dxy) and the viscous contribution
T,” = €x(0/9x;)((1/ p)(d0kn /3x,)) onto the strain eigenframe, expressed as
~ T ~

Bi=e!B, TV =elT", (3.9)

4 l
where € is the permutation symbol.
The SDGE for 4; (SDGE-4;) pertains to the alignment of the scalar gradient 4;, and is
formulated as follows:
i/t =—sidi +§& A — Widi + l6~- ;A + LT“’“’” (3.10)
dll_ it stretchti ijY 2ljkjk ﬁi s .
where Egreren = s,-/li2 represents the stretching contribution, and (1/./X) Ti‘”her § characteris-
es the diffusion effect. Due to the presence of the square root of SDR in the denominator
of the diffusion effect, (1/,/x) Tl.”’h” ¥ can generally be neglected in the context of flow
structures with a large SDR value. This simplification is justified and demonstrated in
Appendix C.
By focusing on the principal strain s; and the scalar gradient alignment A;,
the framework for the stretching dynamics, which centres on the stretching rate
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Rgtreten = —2s; /liz, can be comprehensively described through the combination of SDGE-s;
and SDGE-4;. The validity of the framework is corroborated through Lagrangian methods,
as detailed in Appendix C.

3.3. Analytical solution of SDGEs in a single vortex

Motivated by the formation of a nearly steady single vortex following the shock’s
interaction with the bubble, as depicted in figure 2, this subsection investigates the
stretching dynamics within a single vortex. This research is conducted by solving
the SDGEs analytically in a cylindrical coordinate system (r, ¢), where the centre of
the main vortex serves as the origin. In this context, r represents the radial direction, while
¢ indicates the azimuthal direction. To facilitate the simplification of the SDGEs, several
assumptions and observations regarding vortex morphology for PS mixing are introduced:

Assumption PS.(i) The single vortex is axisymmetric in the azimuthal direction ¢, with
negligible radial velocity, implying d/d¢ = 0 and u, = 0. This assumption simplifies the
momentum equation in (2.1) to —ué/r =—(1/p)op/or.

Assumption PS.(ii) Following the shock interaction, the single vortex is considered
incompressible, aligning with previous research on RMI (Peng et al. 2021a).

Assumption PS.(iii) The density gradient within the single vortex is negligible, i.e.
Vp=0.

Assumption PS.(iv) The mixing of PS SBI can be approximated as the mixing of a
compressed semicircle composed of a series of scalar strips, each undergoing deformation
due to the continuous stretching effect of the single vortex.

The validation of these assumptions is provided in the supplementary materials. Under
assumptions PS.(i) and two-dimensional flow conditions, the SDGE-s; presented in (3.7)
can be simplified by expressing these equations in cylindrical coordinates as follows:

d 1 19pdp 9%s;  19s;
—SI=—s5- -tV |\o5t+t- |
dr 2p%r d¢p Or orz r or
d 1 13pdp 3%s,  10sy
— = —F= """ V| —5+— s
dr 2021 dg Or orz  r or 311
—~ ;174—[,-1\/ u '
WIZ’N\' 12 12 — </”
§2 — 81 r
d 1 19pap 3%s;  19s;
—w=—"— 77—+ + -]
dr 2021 d¢p or arz  r or

In these equations, with assumption PS.(ii), s; and s, representing the positive and
negative principal strain rate, respectively, satisfy the relation s; + s» = 0. Additionally, w
denotes the vorticity magnitude perpendicular to the plane of the two-dimensional single
vortex. Furthermore, these equations can be further simplified under assumption PS.(iii)
by ignoring the density gradient V p

d 925, N 195
—s1=v|—+-——),
ar ! or2  r or
d 9%sy  13sy
a2 (WJTW)’
) — "~ (3.12)
— H,+ H u
Wiy~ 12 2__Y
52 — 81 r
d 925, N 19s;
—w=V|—F5+-——|.
dr or2  r or
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These equations suggest that the principal strain rate s; and the associated parameters are
primarily governed by the viscous effects.

Given the constant total circulation I'; depicted in figure 3, the analytical solution of
(3.12) can be expressed as

1 ([ Ouy L e I { r? Iy r?
sil==(—4+—)= —exp|——1) - exp [ ——),
=3 or r 2mr? P 4vt 8wt P 4vt

—~ Uy I; r2
Wp=——=— l—expl——)]),
r 21?2 4vt (3.13)
duy Uy I r2
=% T T drw e"?( vt )’

e = (cos (—% +<p), sin (—% +<p)>.

This solution derived for the principal strain rate s; within a single vortex aligns well with
the principal strain rate obtained from Saffman’s viscous vortex ring model (Saffman

1970), given by
It (4 r (3.14)
I — €X —_— . .
ty 2r P 4yt

For the scalar gradient alignment A;, SDGE-A; as represented in (3.10) can be firstly
simplified under two-dimensional flow condition

d Wis +w/2 )
—A1=—(s1 —52) </11/l% + ;zfs//lz> + ﬁ lolhers’
N (3.15)

dr
d Wi 2 1
— A= (S] — S2) </l%/12 —+ Lw//ll) + _T20thers‘

dr JX

Moreover, in a two-dimensional flow, the alignment of the scalar gradient A; satisfies the
relation /1% + /l% = 1. Therefore, using the triangular transformation

A1 =cos@, Ar =sin 6. (3.16)

S1— 82

Equation (3.15) can be further simplified by neglecting the high-order terms
(/%) Tl."’h” % in the flow structures with a large SDR value, shown as

d _

d4,_ s1— 82

dr 2
where & = (%—I—a)/Z)(l /2(s1 — s2)) is the essential parameter that determines the
stability of this equation (Lapeyre et al. 1999). With the analytical expressions for the
principal strain rate s; and the related parameters given in (3.13), £ satisfies the relationship

(sin20 + ), (3.17)

Wi 2
g:llz;w/:—l, (3.18)
3 (s1—52)
By transforming the angle 6 and time ¢ with the following relationships:
=-20+ z
¢ = >

t 3.19)
= / 291 () dr',
0
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Figure 8. The examples for the distribution of (a) the principal strain rate and (b) the comprehensive alignment

effect Agjignmen: along the radial axis in a single vortex as in (3.23). Here, the principal strain rate is normalised
by the ratio between the post-shock air velocity /| and the radius of the helium bubble R.

then (3.17) can be can be reformulated into a simple ordinary differential equation (ODE)
d
—¢=1-—cos. (3.20)
dr

The solution to this ODE is
¢ =m 4+ 2arctan (7). (3.21)
Thus, the analytical solution for the alignment of the scalar gradient A; in (3.10) is
given by
T ) T
A1 =cos <_Z + arctan (r)), A> = sin (_Z + arctan (r)). (3.22)

With the analytical solution of the SDGEs for the principal strain rate in (3.7) and the
alignment of the scalar gradient in (3.10), the stretching rate, as defined in (1.5), can be
determined within a single vortex as follows:

T
Ritretch = 2S1/lalignment =4s m ) (3.23)
where
T
/lalignmem‘ =1- 2/1% = 21—|-—‘L’2 (3.24)

In this expression, Agjignmens indicates the comprehensive effect of the scalar gradient
alignment on the stretching rate. Examples for the distribution of the principal strain s
and the comprehensive alignment effect Aujignmens along the radial axis under the condition
of PS SBI are illustrated in figure 8. Notably, if the diffusion term in (3.6) is neglected, the
analytical expression for the stretching rate in (3.23) corresponds to the algebraic growth
of SDR

d
ax = Tsi‘(retch = X Rstrecn = X = X0 <1 + 772) . (3.25)

This algebraic stretching characteristic will be further elaborated on from a geometric
perspective in the subsequent discussion.
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Figure 9. Schematic illustration of the impact of the stretching rate Rgercn 0n SDR growth in a single vortex.
Within this diagram, the area outlined by the red dashed line represents the initial scalar strip, while the
area enclosed by the red solid line denotes the deformed scalar strip as influenced by the stretching effect
of the single vortex. The line perpendicular to the scalar gradient represents the scalar strip length /(¢), while
the parallel line represents the scalar strip width s(7). According to the estimation for SDR x ~ |AY |2 /s ("2,
the influence of the stretching rate on SDR growth is reflected in the continuous decrease in the scalar strip
width s(z).

3.4. Physical meaning of the algebraic stretching rate: from the geometric view point

This subsection elucidates the physical meaning of the analytical expression for the
stretching rate Rg;ercpn presented in (3.23) from the geometric viewpoint. Referring back
to the governing equation for the SDR in (3.6), the stretching term Ts)t(retch’ from which
the definition of the stretching rate Ry is derived, describes the evolution of the
scalar gradient magnitude VY during a continuous stretching process without molecular
diffusion. Figure 9 is the schematic illustrating the impact of the stretching rate Rgercs, ON
SDR within a single vortex.

As shown in figure 9, the initial scalar strip, with a length of [y and a width of sy,
undergoes deformation due to the continuous stretching effect of the single vortex. This
stretching effect elongates the scalar strip to a new length /(¢), while compressing its
width to s(#) in accordance with the conservation of the scalar strip’s area. The definition
of the SDR, x =|VY||VY]|, suggests that the essence of SDR is the square of the
magnitude of the scalar gradient. Considering that the SDR for the scalar strip can be
approximated by the ratio of the mass fraction difference AY to the width s(#), expressed
as x ~ |AY|?/s(t)?, an increase in SDR appears to stem from the reduction in the width
of the deformed scalar strip s(¢) with a constant mass fraction difference AY when the
diffusion process is neglected. This observation indicates how the stretching term Ts);rez oh
drives the growth of SDR.

Under this schematic, the stretching of SDR can be transformed to the reduction in the

width of the scalar strip. If the diffusion term Tdfﬁp is neglected, the governing equation for

SDR in (3.6) can be rewritten based on the estimation y ~ 1/s (1?2

d p d (1) 1\?
EX = Tstretch = X Rstreten = a m = ﬁ Rstretch- (3.26)
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Applying the analytical expression of the stretching rate R e in (3.23), this equation

becomes
d /1) 1\? T
=) =(—) 45—, 3.27
dr <s(t)> <s(t)> T2 (3:27)

with the analytical solution
S0
V12

and the corresponding evolution of the elongation in the length of the scalar strip /(z) is

demonstrated by
1(t)=1Ilypv'1+ 12, (3.29)

These solutions reveal that the length /(¢) and the width s(#) evolve in an algebraic
form over time, indicating that the stretching within a single vortex displays an algebraic
stretching characteristic.

Based on the derivation of the stretching behaviour of the scalar strip, the algebraic
stretching characteristic is further validated using the Lagrangian method (Liang et al.
2019; Zhang et al. 2022). The morphological changes of the bubble following shock
interaction, as shown in figure 4, support assumption PS.(iv), which approximates the
mixing of the post-shock bubble as the mixing of a compressed semicircle composed of
a series of scalar strips, as illustrated in figure 10(a). This approximation aligns with our
previous investigation (Liu et al. 2022). For one of the initial scalar strips with a length
lp, perpendicular to the scalar gradient, and a width sg, parallel to the scalar gradient,
the Lagrangian particle movement results in figure 10(c) demonstrate the continuous
elongation of the length /(¢) and reduction of the width s(z). By comparing the lengths of
the scalar strips at different radii, obtained according to the trajectories of the Lagrangian
particles placed at the edge of semicircle, as shown in figure 10(b), with the predictions of
the stretching dynamics derivation in (3.29), figure 11 demonstrates the good agreement
between the Lagrangian particle movement results and theoretical predictions, thereby the
algebraic stretching characteristic within a single vortex is confirmed.

5 (1) = (3.28)

4. The case of PS SBI mixing dominated by an algebraic stretching dynamics

In the previous section, the algebraic stretching characteristic within a single vortex was
elucidated using the solution of the SDEGs as the preliminaries for analysing the stretching
dynamics. To further investigate the role of the stretching dynamics in the context of
mixing in SBI, we first examine the relatively simple scenario of mixing in PS SBI
as a foundation for understanding VD mixing. In this section, the stretching dynamics
of PS SBI is initially assessed. Furthermore, based on the analytical expression of the
stretching rate, a PS mixing model for SDR is proposed by incorporating diffusion through
the solution of the advection—diffusion equation in (2.14) along deformed scalar strips
subjected to stretching, and this model is validated to accurately capture the evolution of
the SDR in PS SBI. The close alignment between the SDR evolution and the model’s
predictions indicates that mixing in PS SBI is predominantly governed by an algebraic
stretching dynamics within a single vortex.

4.1. Verification of algebraic stretching in PS SBI

After the shock interaction, the PS bubble attains a translational velocity V, that is
approximately equal to the post-shock velocity u/. By setting the origin of the cylindrical
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Figure 10. The schematic illustrating the validation of the algebraic stretching characteristic in a single vortex
using the Lagrangian method. Referring to the previous investigation (Liu et al. 2022), the stretching of a post-
shock bubble is approximated as a compressed semicircle composed of a series of scalar strips, each undergoing
deformation due to the continuous stretching effect of the single vortex. (a) The distribution of initial scalar
strips used to approximate the stretching process of the post-shock bubble. (b) An example of a stretched scalar
strip, along with the corresponding strain eigenframe (eq, e;) and the scalar gradient. (c) The results of the
Lagrangian particle movement for the scalar strip depicted in (a).

coordinates at the centre of the moving vortex (Shariff & Leonard 1992), the azimuthal
velocity around the vortex can be expressed as (u—V,, v), where u represents the velocity
in the x-direction and v denotes the velocity in the y-direction. In figure 12, mixing in
PS SBI is passively governed by the large-scale main vortex. Given the reduction of the
density difference, it is reasonable to assert that the stretching dynamics in PS SBI aligns
with the single-vortex algebraic stretching discussed in § 3. This assumption is further
validated by analysing the azimuthally averaged parameters along the radius

- J(r, p)de
F (7, @lavg) = Jr=00 : @.1)

/; Y>0.01Yax de

as illustrated by the blue circle in figure 12(b).
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Figure 11. The comparison of the length of the scalar strip at different radii obtained from the Lagrangian
particle movement results and prediction of the stretching dynamics derivation in (3.29).

Based on the single-vortex stretching dynamics described in (3.23), we first examine
the principal strain rate in PS SBI. Figure 13 illustrates the distribution of the azimuthally
averaged principal strain rate s1 along the radial axis in PS SBI. With the total circulation
of I; ~ 2.1 m?s~!, the analytical expression for the principal strain rate can be expressed
as follows:

L r’ L r’
51 = l—exp(o—r— ) e — T exp(——L ), @2
27 4v(t + to) B v(t + tg) 4v(t + to)

where 1y is estimated based on the scale of the vortex core (Saffman 1970)
Vavtg =r(s") ~0.27R, = 1H~9.8x 10~ %s. 4.3)

Notably, since fo > ¢, the principal strain rate evolves as a nearly steady state, which
corresponds with the observation of the nearly steady single vortex depicted in figure 12.
The comparison shown in figure 13 demonstrates that the principal strain rate in PS
SBI aligns closely with the theoretical distribution outlined in (4.2). This correspondence
indicates that the stretching dynamics in PS SBI exhibits a characteristic consistent with
single-vortex stretching from the first perspective of the principal strain rate.

Another important parameter for stretching dynamics is the alignment of the scalar
gradient Agjignmens. Referring to the derivation of the SDGE-4; in (3.10), a significant
result for the parameter & = (% +w/2)/((s1 — s2)/2), which determines the stability
of SDGE-4;, is that & satisfies the relationship § = —1 within a single vortex (3.18).

The probability density function (PDF) of & in PS SBI is obtained from the region
enclosed by the red dash-dot-dot line in figure 12, with the corresponding results shown
in figure 14. Notably, the PDF curves exhibit pronounced peaks centred around & = —1.

The deviations from the theoretical value of £ = —1, such as the emergence of £ =1 in the
early stages, can be attributed to the small discrepancies between PS SBI and an idealised
1028 A27-25
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Figure 12. The distribution of the normalised mass fraction Y/ Y,,,, and the relative azimuthal velocity around
the vortex centre (u — V,, v) in PS SBI at (a) t =13.2 s, (b) t =26.4 s, (b) t =39.6 us, (d) t =52.8 ps.
The red dash-dot dot line represents the isoline where ¥ = 0.01Y,4.

single vortex. To evaluate whether the relationship given in (3.18) remains applicable in PS
SBI, we examine if the solution of SDGE-/; as derived in § 3 based on (3.18), accurately
describes the alignment of the scalar gradient Agjignmen:- If (3.18) holds, the distribution of
Aalignment should follow the theoretical prediction given in (3.24): Agjignment = 27 /(1 + rz),

where 7 is defined as T = fot 2s1(¢")dr’, and the expression for s; is consistent with that
provided in (4.2).

Figure 15 presents a comparison between the azimuthally averaged Agjignmens in PS SBI
and the theoretical prediction provided in (3.24). The distribution of Agjignment 18 accurately
captured by the theory described in (3.24). The minor discrepancies observed are likely
due to the intrinsic complexity of alignment dynamics described by SDGE-4; in (3.10),
which incorporates the coupled effects of pressure and velocity gradients. These results
support the validity of (3.18) in PS SBI, suggesting that the stretching dynamics within
this flow exhibits characteristic consistent with single-vortex stretching from the second
perspective of scalar gradient alignment.
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Figure 13. The distribution of the azimuthally averaged principal strain rate s; on the radial axis in PS SBL
The moments captured from (a) to (d) are the same as those of figure 12. The azimuthally averaged principal
strain rate is plotted as the red dots, while the prediction of the theory in (4.2) is plotted as the red solid line.

4.2. Incorporating diffusion process based on algebraic stretching rate

The stretching dynamics in PS SBI has been shown to exhibit the characteristic of single-
vortex stretching from two perspectives: the principal strain rate s; and the alignment of
the scalar gradient Agjignmens- However, as indicated in the analysis of the decomposition
of the material derivative of the total SDR D(x) /Dt presented in figure 7, the diffusion
term (Tdfﬁ) in (3.6) serves as another significant factor influencing the evolution of the
SDR. Therefore, incorporating the diffusion process based on the algebraic stretching rate
is essential for developing the PS mixing model for SDR ().

As presented in figure 9, the estimation x ~ |AY|? /s(t)2 suggests that the diffusion
effect reduces the SDR x by altering the magnitude of the mass fraction difference |AY|.
To model this diffusion effect within a post-shock cylindrical bubble, it is convenient to
apply assumption PS.(iv) to assume that the mixing occurs on a compressed semicircle
illustrated in figure 10. The radius of this semicircle is ,/nR, where n ~ 0.42 represents
the compression rate of PS SBI. By transforming the advection—diffusion equation
(2.14) into the coordinate system (O, X, Y) shown in figure 16, the equation can be
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Figure 14. The probability density function (PDF) of the parameter § = (% +w/2)/((1/2)(s1 — s2)) in PS
SBI at the same moments as those of figure 12.

reformulated as

Y Y %Y 9%y
o (),

_ + [
0x2  0y?

4.4)

where the origin of the (O, X, Y) system is a Lagrangian frame set on a moving scalar

strip. The direction of this frame changes over time in response to the stretching motion.
On this moving coordinate, the relative velocity (U, V') can be expressed in terms of the

deformation rate of the scalar strip, as described by (Villermaux 2019)

dx dx ds(t)_ x ds

U:—: = ——,
dr ds(r) dr s(t) dr

_d_y_ dy ds(t)__Lds(t)
T dr ds(r) dr s@r) dr ]

4.5)

where s(¢) denotes the instantaneous width of the scalar strip. Considering the mass
fraction gradient VY is predominantly aligned with the X-direction, i.e. [0Y/dx|>
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Figure 15. The distribution of the azimuthally averaged alignment of the scalar gradient Agjignmen On the radial
axis in PS SBI. The moments captured from (@) to (d) are the same as those of figure 12. The azimuthally
averaged alignment is plotted as the blue dots, while the prediction of the theory in (3.24) is plotted as the blue
solid line.

|0Y /dy]|, (4.4) becomes
Y L ds(r) 0Y __9%Y
ar  s(r) dr ax  ax%’

Since the stretching dynamics is PS SBI is proved to exhibit the single-vortex stretching
characteristic, the width s(¢) evolves algebraically as in (3.28). Using the canonical
transformation introduced by Ranz (1979)

(4.6)

x
S=—"
s(1)
4.7)
D_ /l Ddr’
0 st
then (4.6) is transformed into a simple Fourier equation
Yy %Y
— =, 4.8
0tP  9c? (4.8)
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Figure 16. The schematic of the moving coordinate (O, X, Y) on the deformed scalar strips and the
distribution of the related width s of the initial scalar strips in the compressed semicircle depicted in figure 10.

with the initial condition specified as

1
I [gl< =,
YP =0)= 2 (4.9)

0 gl !
> —.
s1=3

Subsequently, the mass fraction in the moving coordinate frame will diffuse and spread
according to the following solution:

1 1/2 —1/2
Y <g, ‘L'D> = 3 [erf (%) —erf (%)] . (4.10)

By considering the mass fraction difference AY alongside the mass fraction distribution
from (4.10), the PS mixing model for the total SDR () can be proposed as

e (ay 2d d Viakl4e 1 l—e &0 dr. (@1l
w=[ ([ (%) a)o=["" " s (1w o @

In this model, 7= fot 251(¢)dt’ represents the transformed time corresponding to
the stretching dynamics, while 7 :fé Ddt'/s(t)? = fot D + rz)dt’/sg indicates the
transformed time according to the diffusion process.

The comparison shown in figure 17 indicates that the PS mixing model presented in
(4.11) accurately predicts the evolution of the total SDR (x) during mixing in PS SBI,
which proves that the mixing in PS SBI is predominantly governed by the algebraic
stretching rate within a single vortex. Furthermore, we can notice the presence of the
characteristic time ?.p4qc, Which delineates the mixing process into two distinct stages:
when t < fparac, the total SDR (x ) increases to its peak value; subsequently, for ¢ > t.narac,
it transitions into the decay stage. The existence of this characteristic time and the two
distinct mixing stages can be explained through two-stage approximation of (4.11).
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Figure 17. Comparison of the evolution of total SDR (x) in PS SBI with theoretical predictions: the red
solid line represents the prediction from the PS mixing model in (4.11), and the black dashed line denotes the
two-stage approximation from (4.15) and (4.16), which aligns with the approximation of SDR by Meunier &
Villermaux (2003). The blue line indicates the PS mixing time 5 obtained from the previous research (Liu
et al. 2022).

In relation to the transformed time associated with the stretching dynamics, defined as
T= fot 2s1(¢")dt’, and given the nearly steady principal strain rate s; illustrated in figure
4.2, T can be approximated as

T R 2s1t. (4.12)
Consequently, the width of the scalar strips evolves according to

s(t)

. S0 . S0
Vit fiyage

which simplifies the expression for the transformed time related to diffusion v as follows:
"'Dd’ D 4 4D

P = / == 14 =57 ) 2 - St (4.14)
0 st s} 3 352

In the context of (4.11), if T2 < 1/8, i.e. < tenarac = ((3/32)(s3/(s7D)))1/?, (4.11) can

be modified to
VZnR 4 2 1 1
(X)=/ L (1—e_8r73>dr
0 S0 2mtP

V2R | 4 2 1 V2R [Tg )
%/ —dr= ——s1t2dr,
0 50 27D 0 7D

indicating the growth stage of (). During this phase, the growth of (x) arises from the
dominance of the stretching effect (14 72)/so in the PS mixing process. Conversely, if
tP > 1/8, 1.t > tenarac = ((3/32)(s5/(s7D)))1/3), the equation transforms to
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V2IR 1 4 22 1
<x>=/ —(l—e w)dr
0 S0 2mtP

/le+t2 11 VIR 3 37 2
dr%/
0 so 277D 8P 0

which characterises the decay stage of (). In this phase, the decay of () stems from the

predominance of the diffusion effect 1/v27tP(1 —e~ !/ 8TD) in the PS mixing process.
The rationale of these equation simplifications is provided in the supplementary material.
Notably, the two-stage approximations of the PS mixing model are consistent with the
approximations for (x) in the previous study on single-vortex PS mixing (Meunier &
Villermaux 2003). As shown in figure 17, the two-stage approximation of the PS mixing
model in (4.15) and (4.16) accurately captures the trends of SDR evolution during both
the growth and decay stages, while still overestimating the evolution of SDR. Compared
with this previous estimation of SDR, the PS mixing model effectively synthesises the
stretching dynamics and diffusion effects in (3.6), providing a robust predictive framework
for the evolution of (). Furthermore, compared with the mixing time for PS SBI predicted
by the mixing time model in our earlier work (Liu et al. 2022), indicated by the blue line
in figure 17, the PS mixing model offers a more detailed description of the evolution of
mixing indicator, representing a significant advancement over the theory for mixing time
prediction.

(4.16)

~

dr,

E ED%SIZ%

5. The case of VD SBI mixing modified by VD effects from perspectives of stretching
and diffusion

According to the distribution of the azimuthal velocity around the vortex centre, figure 18
illustrates that the mixing in VD SBI is also predominantly governed by the large-scale
primary vortex as in PS SBI. However, even with the nearly identical total circulation
I'; and the compression rate n between VD and PS SBI shown in figure 3, significant
difference remains in the evolution of the mean SDR (), as depicted in figure 5.
This suggests that, in comparison with PS mixing based on the single-vortex stretching
dynamics, additional VD effects challenge the extension of the PS mixing model to VD
mixing. The primary objective of this section is to investigate these VD effects from
two perspectives of stretching and diffusion, and propose a VD mixing model capable
of accurately capturing the evolution of SDR in VD SBI. Through the development of
this VD mixing model, the quantitative relationship between the stretching dynamics and
single-vortex VD mixing is established.

5.1. Secondary baroclinic effect on stretching dynamics in VD SBI

This section examines whether the stretching dynamics in VD SBI manifests the same
single-vortex stretching characteristic as observed in PS SBI. Specifically, the azimuthally
averaged principal strain rate s; in VD SBI is compared with the predictions of single-
vortex stretching model as outlined in (4.2). As illustrated in figure 19, the current single-
vortex stretching model underestimates s1 in VD SBI. In deriving the distribution of s; for
the single vortex, the application of assumption PS.(ii1) neglected the density gradient V p,
leading to an oversimplified SDGE-s; in (3.12), where only viscous effect is considered.
Therefore, the inclusion of the baroclinic term, (—1/2p)(1/r)(dp/d¢)(dp/or), as
outlined in (3.11), should be reconsidered in the analysis of VD SBI to provide a more
accurate depiction of the principal strain rate s;. Notably, the governing equation for s
shares the same mathematical structure as that for vorticity w. Thus, the influence of

1028 A27-32


https://doi.org/10.1017/jfm.2025.11051

https://doi.org/10.1017/jfm.2025.11051 Published online by Cambridge University Press

Journal of Fluid Mechanics

i
P '
FEFd e s

Figure 18. The distribution of the normalised mass fraction Y/ Y., and the relative azimuthal velocity
around the vortex centre (u — Vy, v) in VD SBI at same moments as those of PS SBI in figure 12.

the baroclinic term can be reflected by SBV, a canonical phenomenon in VD mixing, as
reported in several studies (Peng et al. 2021a,b; Liu et al. 2022). As shown in figure 20,
SBV manifests as a vortex-bilayer structure characterised by dominant negative vorticity
and intensified positive vorticity. This structure is quantitatively described using the
positive and negative circulation, defined as follows, consistent with prior investigations
(Peng et al. 2003; Niederhaus et al. 2008):

rt= f/ wdV,
w>0

I = // wdV.
w<0

Figure 20(b) describes the evolution of positive and negative circulations: prior to the time
tshy ~ 7.2 s, the shock interaction with the bubble triggers the formation of the primary
vortex. After t > ty,, the growth of positive and negative circulations "+ and I~ signifies
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Figure 19. The distribution of the azimuthally averaged principal strain rate s; on the radial axis in VD SBIL.
The moments captured from (a) to (d) are the same as those of figure 18. The azimuthally averaged principal
strain rate is plotted as the red dots, while the prediction of the single-vortex stretching theory in (4.2) is plotted
as the red solid line.

the emergence of SBV. According to the fact that the positive circulation is the sum of the
total circulation and the baroclinic circulation composed of SBV

F+:I_}+Fsbv’ (52)

the principal strain rate 57 in VD SBI can be characterised by the combination of the strain
rate arising from the primary vortex sf * and that induced by the secondary baroclinic effect
b,
s
1

S =s[l’s+sf’v, (5.3)

where s’l’ * is determined by the single-vortex principal strain rate as described in (4.2).
Therefore, accurate modelling of sf’v is essential to providing a precise description of the
principal strain rate 51 in VD SBIL
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Figure 20. Schematic of the SBV in VD SBI, including (a) an example of the SBV distribution in VD SBI at
t =21.6 s; (b) the evolution of the total circulation 7, the positive circulation I'*, and negative circulation
I"~; and (c) the geometric relationship related to the generation of SBV.

Considering the linearity of the governing equation for the principal strain rate as
specified in (3.11), sf’” satisfies the following equation:

d 1 1909 320V 1 asPY
Rt S . v(i+—sl : (5.4)

dt 2p%r d¢p Or or? roor

indicating that sf’v is governed by the baroclinic term —(1/2p%)(1/r)(3p/d¢)(dp/dr)
and viscous term v((azsf’v/arz) + (1/r)(8sf’”/8r)). Equation (5.4) is relatively
complex, and the modelling of the secondary baroclinic strain si”” can be outlined as

follows.
Firstly, to simplify the analysis, the derivation initially focuses solely on the baroclinic

term —(1/2p*)(1/r)(3p/d¢)(dp/0r)

d 1 10pa 1 /10 10p
Sehm R () (222, (5.5)
dr 20°r de dor  2p \ p or rae

and the solution derived from this simplification is referred to as s{’ .

Secondly, based on the expression for s{’ , the effect of the viscous term v((azsi”” / 8r2) +
1/ r)(asi”v /0r)) is incorporated through a viscous correction.

In the process of modelling of the secondary baroclinic strain sf’v, three assumptions
for VD mixing are introduced to simplify the equation. These include assumptions VD.(i)
and VD.(ii) for modelling the density gradient (1/r)(dp/d¢) in the baroclinic term
—(1/2p*)(1/r)(8p/d¢)(dp/dr), and assumption VD.(iii) for the viscous correction:

Assumption VD.(i): similar to previous studies of SBI (Yu er al. 2021) and VD
buoyancy-driven turbulence (Aslangil, Livescu & Banerjee 2020), the relationship
between the post-shock density and mass fraction in VD SBI can be expressed as
1 1-Y Y

RANEE (5.6)
1Y 01 %)

where p;| represents the post-shock air density, and p) denotes the density of helium
following the shock interaction.
Assumption VD.(ii): the distribution of the mass fraction along the scalar

strips, Y (¢, t2) = (1/2)[erf((¢ + 1/2)/(2~/TD)) —erf((¢ — 1/2)/(2+/7D))], informs
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the evolution of the diffusion scale Ap (Souzy et al. 2018)

s(t):s—o, ifrD<i,
Ap(t) = e 10 (5.7)
T 4s(1) 4s0vTD D>1 '
sV P = ——— L
Vi+? 16

Assumption VD.(iii): based on the solution for s{’ , the viscous effect on the secondary

baroclinic strain sf’” can be incorporated through a viscous correction (Petropoulos et al.
2023), which is given by

1

b,v b

s =sierf | —— ),

o ()
V 4 2 3 ’

TUf\NJ‘S‘O—2|:§S11?S ([—tsbv) ]

The validation of the assumptions for VD mixing is provided in the supplementary
materials.

Here, we present the derivation of si’ . As shown in (5.5), the baroclinic term is the
product of the pressure gradient 1/p(dp/dr) and the density gradient —1/7(dp/d¢). The
pressure gradient, which arises from the primary vortex, can be modelled by the azimuthal
velocity as specified in (3.14)

top _uy _ P r2 > oo 2\’
—— == —exp|——) ) & 1— expl——
por r  4xir3 4v(t + to) 4 2r3 4vty
(5.9

This expression presents the steady pressure gradient due to the relationship #y > t.

The modelling of the azimuthal component of the density gradient —1/r(dp/0¢)
requires (5.6) from assumption VD.(i). Using this relationship, the density gradient V p
is expressed in terms of the scalar gradient VY

_ 2P/
’0 AP
P10
Owing to the distribution of Vp across scalar strips as depicted in figure 20(c), this
relationship can be simplified to

Vp= VY. (5.10)

/ /

Py — P
Vp%—péz 1/ /2
1P2

VY=-p,(1-0)VY, (5.11)

where o = p}/p;| denotes the density ratio between post-shock helium and post-shock air.
By applying this expression of the density gradient and the geometric schematic depicted
in figure 20(c), the azimuthal component of the density gradient —1/r(dp/d¢) is derived
by projecting the scalar gradient VY onto the azimuthal direction
1dp , T
2% (1~ o) |VY] cos (91+—). (5.12)
rde 4
Based on the solution of SDGE-A; detailed in (3.22), specified as 6 = —(7/4) +
arctan(t), the azimuthal density-gradient component can be refined further to

Lo (o) VY et (5.13)
———=p(1-0 —_— .
rog 2 V1412
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Moreover, the magnitude of the scalar gradient VY in this formulation is expressed by the
averaged SDR over the scalar strips

— ) A% 1 [T /dyr\?
VY|~ X, x=/ <a> dx/@:E/ (@) dc/Ap.  (5.14)

—0
Here, the mass fraction is presumed to follow the distribution described in (4.10)
on the scalar strips, specified as: Y (&, D) = (1/2)[erf(& +1/2)/2V1P) —erf(§ —

1/2)/(2+/1P)], and the diffusion scale Ap is determined using (5.7) from assumption
VD.(ii). With the expression of Ap in (5.7), the averaged SDR on scalar strips can be

rewritten as
1+72 1 1 , 1
— —(1=¢"®P ),  ifP<—,

2
55 N2ntP 16
¥ = ° (5.15)
1+t 1 . D 1
——=——=|1—e 8P |, ift" > —,
4s5tP /27 16

which can be further simplified considering the distinct stages of SDR evolution, following
approximations similar to (4.15) and (4.16). The simplified form is given by

1+72 1 1

———, ift? <=,

_ S0 V2mtP 8
X = 5 (5.16)

1+72 1 1 p 1

3 ok iftv > —.

4s5TtP /27 87 8

Combining the expressions for the pressure gradient from (5.9) and density gradient
from (5.13), the baroclinic term specified in (5.5) can be reformulated using the

approximation 7 = (D/sg)(4sf7 5243 /3), yielding

1 10padp

202109 ar
R 1 —ex 7 21_ ! -3 if
167‘[2?‘3( p( 41)2‘())) ( o) % 1t , Wt <TIcharac,

87D 1
(%) !
2

7 <1 ( . )) a ) = if r >t
—OXP\ T —0) ————,  ift 2 teharacs
256\/57[2;»3 p 4o (27[)% Dsll)szt3 charac
5.17)

where tcharac = (3s0/(32Ds{”2))(1/3) is determined from t? = 1/8.
Noticing that figure 20(b) illustrates the presence of SBV after ¢ > t,, the solution to
the governing equation for si’ in (5.5) should consider the emergence time #gp,,:

if teharac < tsbu

312 ( ( r2 ))2 50 11

b t

sb=— "1t (1—exp[——)) 0=0)—2—[—=-=), .18
LT 51032723 PU o (zn)ipsfl’sz N
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if teharac 2 tsbu

I ( Y ! (;% t %) ifr <1,
—exol — — ¢ , if t < fenarac,
A 23 p 4utg 80D % 1 sbv charac
b —— ) (sos7)*
3r? r2 2 S0 1
b t .
——— | | —exp| — l—0)——————, ift >1¢, ,
1 |0 512\/57‘[27'3 ( P( 41)l())> ( o) (277)% ’Dsll)‘ﬂ 2 charac

(5.19)
where s{’ |o is proposed to ensure the continuity of this solution. Following this solution for

sf , the viscous effect described in (5.4) is incorporated using the viscous correction from
assumption VD.(iii). The rationale of the equation simplifications applied for deriving the

secondary baroclinic principal strain s{”v is provided in the supplementary material.
Based on the analytical expressions for the principal strain induced by the secondary

baroclinic effect si”” and the principal strain induced by the primary vortex slfs, the
principal strain rate in VD SBI s can be articulated as follows:

N b,v
S1 =s‘lp +57

ps I} | r? Iy r?
s =—(l—-exp[———) ) ———exp| —— ),
1T 002 P\ i+ 8rv+10) P\ dv(t+1) ) (5:20)

by _ b
s _slerf<

1
4TV ) '

Figure 21 compares the azimuthally averaged principal strain rate s; in VD SBI with the
prediction of single-vortex theory for sf * from (4.2), alongside the prediction for s; from
(5.20). This comparison underscores that (5.20) effectively captures the distribution of s
in VD SBI.

Following the examination of the principal strain rate s, the alignment of the scalar
gradient Agjignmen: 18 further analysed with respect to the stretching dynamics in VD
SBI. A critical observation in PS SBI is the behaviour of the parameter £ (3.18): the
distribution of & typically centres around —1, as illustrated in figure 14. This behaviour
is similarly investigated in the context of VD SBI. The PDF of & in VD SBI is displayed
in figure 22, it is evident that the peaks of the PDF curves cluster around & = —1. This
consistency suggests that the £ = —1 feature is not significantly altered by the baroclinic
effect and remains applicable in VD SBI scenarios. Consequently, the derivation of
SDGE-4; outlined in § 3 remains appropriate for analysing the alignment of the scalar
gradient Agjignmens in VD SBI. The distribution of Agjignmen: is €xpected to follow (3.24):
Aalignment =27 /(1 + 12), where the expression for s; is altered from s‘;’ *in PS SBI to

s? 457" in VD SBI

'
r:f 2s1(t") dt’,
0

s b,v
S1 :sf +57.

(5.21)

Therefore, the secondary baroclinic effect on Agjignmens is captured by the additional

principal strain sf’” in VD SBI. Figure 23 compares the azimuthally averaged Aajignment
in VD SBI with the predictions from the single-vortex theory in (3.24), as well as those
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Figure 21. The distribution of the azimuthally averaged principal strain rate s; on the radial axis in VD SBL
The moments captured from (a) to (d) are the same as those of figure 18. The azimuthally averaged principal
strain rate is plotted as the red dots, while the prediction of the single-vortex theory for s’f *in (4.2) is plotted as
the black dashed line, and the prediction for s in (5.20) is plotted as the red solid line.

outlined the refined predictions in (5.21). The results confirm that the distribution of
Aalignment in VD SBI aligns closely with the theoretical prediction by (5.21).

By examining the stretching dynamics from two perspectives, the principal strain s
and the alignment of the scalar gradient Agjignment, it is evident that the effects of the
baroclinic term in VD SBI are comprehensively captured by the combination of (5.20) and
(5.21). These equations for s1 and Agjignmens confirm the preservation of the same algebraic
stretching characteristic in VD SBI with that observed in PS SBI, which means that the
width of the scalar strip s(#) in VD SBI evolves according to (3.28): s(t) = so/~/1 + 2.
The only difference between PS SBI and VD SBI lies in the expression for the principal
strain s1, as it appears in the definition of 7 = fot 2s1(¢")dt’. Based on the description of
the scalar strip width in VD SBI, the mixing model incorporating only the secondary
baroclinic effect (SBE) on the stretching dynamics is modified as

VIR 1 422 1

=[S (1o (522)
0 S0 /2mt?
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Figure 22. The PDF of the parameter & = (VFVTZ + w/2)/((1/2)(s1 — s2)) in VD SBI at the same moments as
those of figure 18.

where 7 = fot 2s1(tHdt’, s1 = sf s s?’”. However, the prediction of the SBE model still
does not align with the observed SDR evolution in VD SBI, as will be further discussed
in figure 24.

5.2. Density source effect on diffusion process in VD SBI

The stretching dynamics in VD SBI has been shown to be affected by the baroclinic effect,
while the algebraic stretching characteristic is still retained. The derivation of the VD
mixing model for total SDR () should consider another VD mixing feature, specifically
transitioning from the advection—diffusion equation used in PS SBI (2.14), to the multi-
component transport equation applicable to VD SBI (2.15). In § 2, the density variation in
VD SBl introduces a density source term D/p((dp/dx;)(dY /0x;)) in (2.16). This section
investigates the impact of this term on the diffusion process.

For the VD advection—diffusion equation (2.16), using the relation between the density
gradient V p and scalar gradient VY in (5.11), this equation can be reformulated as

Y Y Y Y 9%y
=—-D(l—-06)——+1D

i— —. 5.23
at / 3Xj 8Xj 8Xj E)sz ( )
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Figure 23. The distribution of the azimuthally averaged alignment of the scalar gradient Aujignmens On the radial
axis in VD SBI. The moments captured from (a) to (d) are the same as those of figure 18. The azimuthally
averaged alignment is plotted as the blue dots, while the prediction of the single-vortex theory in (3.24) is
plotted as the black dashed line and the prediction for Agjignmens in (5.21) is plotted as blue solid line.

Similar to the approach used in the derivation of the PS mixing model described in § 4,
assumption PS.(iv) can also be applied to assume the mixing in VD SBI occurs within a
compressed semicircle depicted in figure 16. Consequently, (5.23) is transformed into the
coordinate system (O, X, Y) that aligns with the deforming scalar strips

oY 9 D—o) Yy oy 3%y

RN _ = —0) —— —,

ot dx 0x 0x2
where the relatively small component of the scalar gradient 0Y/dy is neglected.
Employing the same expression for the relative velocity (U, V) as in (4.5) and utilising
the Ranz transformation described in (4.7) as applied in PS SBI, this equation is further
simplified into a quasi-Fourier equation

(5.24)

oy = (5.25)
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Figure 24. The comparison between the evolution of the total SDR (x) in VD SBI and the predictions of the
mixing models. The prediction of PS mixing model as detailed in (4.11) is plotted as black dotted line, the
prediction of VD mixing model as detailed in (5.33) is plotted as red solid line, the prediction of mixing model
incorporating only the SBE on the stretching dynamics (5.22) is plotted as blue dash dot line and the prediction
of mixing model incorporating only the density source effect (DSE) on the diffusion process (5.22) is plotted
as green long dash line. The pink line indicates the VD mixing time z,‘,fD obtained from the previous research
(Liu et al. 2022).

the transformed time t” in this equation is given by

"D
TDZf —2(1—1-12) dr’,
0

S0
! 5.26
‘L'=/ 2s1(tHdt’, ( )
0

51 = S[lis + Si?,v'

The solution to (5.25) is assumed to take the form g(t2)Y? (¢, tP), where Y75 (¢, tP)
denotes the solution to the Fourier equation without the density source term, thus
exhibiting the same expression with PS mixing as described in (4.10). The term g(z?)
corresponds to the modified function arising from the inclusion of the density source
term. Substituting g(rD)YPS (¢, 7P) into (5.25), the governing equation for the modified
function g(t?) is derived as

1 oYPsoyrs

1 9g@® 1—o) L

_ = . 5.27
g(zD)* 9tP YPS 9¢  d¢ (5-27)

In this equation, (3Y?5/d¢)(dYP*/d¢) can be approximated by its averaged value across
scalar strips, using an approach analogous to the averaged SDR in (5.15)

oo (gyps? p 1
de, if —,
YP oYP /—oo (85) ° BT (5.28)
I 05 lae | [ 0YP\2 1 ‘
e / de/ (4 rD), P> —.
o0 a¢ 16
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Simultaneously, Y?* is approximated as half of the maximum value on the scalar strips

1 1
{ 1 X if P < ©

YP¥| = —erf (—) = (5.29)
@2 \4veP e Py
87D 16

Using these approximations, the right-hand side of (5.27) is simplified

\/eré, if P < l
T 8 (5.30)

- 1 -3 1
avg P72 ifP >

44/2m ’ 8
This simplification is validated to be reasonable in the supplementary material.
Substituting this result into (5.27), we obtain the expression for the modified function
D
g(™)

1 oYPSoyrs
YPS 9¢  Ooc¢

1

1 .f D
1 —_—
2 1’ Y
1+2,/2(1—0)7P>
D
g(r™) = 1 1 (5.31)
—, ifrD>§.
1 P72
1+2(1—O’)<\/—E—4 ’727'[)

The mass fraction Y on scalar strips in VD SBI evolves as follows:

Y =g(zP)rP,

prs 1 [erf(g+1/2) _erf<g— 1/2)] (5.32)
2 2V/7P 2P /1

Based on this mass fraction distribution, the VD mixing model for the total SDR () can

be proposed as
V2R 214172 1 1
(x) = / ¢(zP) (1 - eSrD) dr, (5.33)
0 S0 2mtP

where
1 :sfs —i—s{””,
t
= | 2sdf,
! fO 51 (5.34)
D /, Ddr’ /’ D(1 + t2)d’
T = = .
0 s(1)? 0 sg

A comparison of the mathematical form of the VD mixing model with the PS mixing
model presented in (4.11) reveals that the VD mixing model synthesises two key VD
effects on mixing. First, the baroclinic effect on stretching dynamics is reflected in the
inclusion of the additional principal strain: si”v, which modifies the transformed time
7 and 72, as defined in (5.26). Second, the influence of the density source on the diffusion
process is accounted for by the introduction of the modified function g(z?). Similar to
the SBE model (5.22), which considers only the SBE on VD mixing, the DSE model is
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proposed, where only the modified function g(z?) representing the DSE is included. The
DSE model has the same form as (5.33), but with the secondary baroclinic strain absent:

= sf *. As with the SBE model (5.22), the absence of the secondary baroclinic strain

slb’” in the DSE model also leads to an inaccurate prediction of the SDR evolution in VD

SBI, as discussed in figure 24.

Figure 24 compares the evolution of the total SDR (x) with theoretical predictions
from the PS mixing model (4.11), the mixing model incorporating only the SBE on the
stretching dynamics (5.22), the mixing model incorporating only the DSE on diffusion
process and the VD mixing model (5.33). It is evident that the PS mixing model
overestimates the total SDR (). In comparison, the inclusion of the additional principal
strain rate s{”” in (5.22) enhances the growth of () during the early stage and accelerates
its decay in the later stage. However, the prediction of (5.22) still overestimates the
observed evolution of (x) due to the absence of the modified function g(z?). The DSE
model predicts the approximate value of total SDR () by including the modified function
g(zP). However, in the absence of SBE, this model significantly underestimates the
principal strain s1, which leads to a slower growth rate of () in the early stage and a
smaller decay rate in the later stage. In contrast, the close agreement between the observed
evolution of () and the predictions of the VD mixing model demonstrates that this model,
which incorporates both SBE on stretching and DSE on diffusion, accurately captures the
underlying mechanisms governing () in VD mixing. Therefore, compared with previous
research on the VD mixing time thD (Liu et al. 2022), the VD mixing model establishes a
quantitative relationship between stretching dynamics and the evolution of the mixing rate
in VD SBL

6. Model validation and scaling behaviour of the SBI mixing rate

In §5, the VD mixing model for the evolution of SDR detailed in (5.33) is developed
based on the characterisation of the stretching dynamics and the mixing process in VD
SBI. Since SDR quantifies the mixing rate, this section demonstrates that the increase of
mixedness, a measure of the extent of mixing, can also be theoretically predicted using
this VD mixing model. The validity of the VD mixing model is further established by
its successful application in predicting the evolution of both SDR and mixedness in VD
SBI across a broad range of Mach numbers. Additionally, this section presents a scaling
analysis of the VD mixing model, which derives the dependence of the time-averaged
mixing rate on the dimensionless Péclet number.

6.1. The VD mixing within a wide range of Mach number

In figure 6, the initial decrease in the total mixedness (f) is attributed to the effect of
shock compression, while the monotonic increase in ( f) is primarily driven by the SDR

source term (TS];) z)- Consequently, the increase in ( f) can be theoretically predicted using
the time integral of the VD mixing model described in (5.33).

This section focuses on the increase in ( f), where the effect of shock compression is
ignored by redefining the increase in total mixedness through the removal of the velocity-

divergence term (Tdfvu), expressed as

A=A = (Tho) = (The) + (1) 6.1)
where the increase in total mixedness A{f™*) is decomposed into the SDR source term
(TSfDR) and density source term (Tdfen).
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According to the definition of these two terms in (3.5), the SDR source term driving the
evolution of A{f*) can be modelled based on the VD mixing model for SDR as

! V2R 1 2 1 1
f _ D2 +7 a5 ,
<TSDR> = SD/O (/0 g(t™) W Vo <1 e 8 ) dr) dr'. (6.2)

For the density source term, the relationship between the density gradient Vp and the
scalar gradient VY (5.11) allows its transformation into the following form:

t
<Td’;n> - /0 <4 (1-2Y) 28_,0£> dr’

1Y ax]' ax]'

t (6.3)
:/ (—=4D (1 -2Y) (1 —0) x)dt’,
0

indicating that the density source term is the product of the mass fraction and SDR. Using
the expressions for mass fraction and SDR on scalar strips, the density source term is
further modelled as

t V2nR
<Td£n>=/ (/ —4D (1-2Y) (1 — o) Xdr) dr,
0 0

2
) D21+T 1 ( _ 1 (64)
x=g(") 1—e 87|, :
50 A 2mtP

1 (.
YzinmaxZEg(T )erf

1
4+/7P ) '
Based on the modelled expressions for the SDR source term (TS};R) (6.2) and density

source term (TSJ;)R) (6.4), the overall description of the increase in total mixedness A{f™*)
can be obtained as presented in (6.1). Figure 25 illustrates the small discrepancy between
the observed evolution of the increase in total mixedness A{f*) in VD SBI and the
theoretical prediction.

The predictive capability of the VD mixing model for both the SDR and the growth of
mixedness is also validated in VD SBI across a Mach number range of 1.22~4.0, with
the case set-up detailed in Appendix A. Referring to the structure of the VD mixing
model ( (5.33)) and the associated expressions for the stretching dynamics ((5.20) and
(5.21)) and diffusion process ((5.26) and (5.31)), the undetermined parameters of the VD
mixing model include the total circulation I}, the compression rate 1, the initial time #
for the principal strain rate arising from the primary vortex sﬁ’ ®, the emergence time for the
SBE 5, and the post-shock density ratio o. For VD SBI cases spanning a Mach number
range of 1.22 ~ 4.0, these parameters (I, 7, fo, tspy, 0) are summarised in the following
table 2.

Using these parameters, the predictions of the VD mixing model for the total SDR ()
and the increase in mixedness A(f*) across the Mach number range are presented in
figure 26. As reflected in this figure, the capacity of the VD mixing model is validated to
accurate capture the evolution of the mixing rate and mixedness in VD SBI across a wide
range of Mach numbers.

Using the VD mixing model, the behaviour of the theoretical predictions for the total
SDR (x) and the increase of total mixedness A{f*) with respect to Mach number can be
analysed. For the undetermined parameters (I}, 7, fo, tsby, 0), the total circulation [I7; is
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Figure 25. The comparison between the evolution of the total SDR (x) and increase of the total mixedness
A(f*)in VD SBI and the predictions of the mixing models. The prediction of VD mixing model for total SDR
(x) as detailed in (5.33) is plotted as red solid line, while the prediction of VD mixing model for the increase
in the total mixedness A({f*) as detailed in (6.1) is plotted as blue solid line.

Ma I (m?s™h n Vaviy/ SR tspoit} /R o

1.22 0.74 0.81 0.58 1.64 0.118
1.8 1.57 0.53 0.59 1.54 0.092
24 2.09 0.39 0.43 1.63 0.083
3.0 2.58 0.31 0.48 1.47 0.080
4.0 3.31 0.26 0.49 1.46 0.080

Table 2. Parameters for the VD mixing model applied for the VD SBI across a Mach number range of 1.22 ~
4.0, including the total circulation I, the compression rate 7, the initial time #y for the principal strain rate
arising from the primary vortex sf *, the emergence time for £}, and the post-shock density ratio .

calculated by Yang’s circulation model (Yang et al. 1994)

4R p| — p1
I~ Tykz= W1—|At+|. (6.5)

/

i P
The compression rate 7 is expressed as a function of Mach number (Yu et al. 2021)
Pl _ (y—l)Ma2—|—2
ol (v +1) Ma?

The initial time ¢y for sf %, the emergence time fy, and the post-shock density ratio o are
estimated according to table 2 as follows:

NS 0.5 fsboll)

JNR R

(6.6)

1.5, o =0.09. 6.7)
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Figure 26. The comparison between the evolution of the total SDR (x) and increase of the total mixedness
A{f*)in VD SBI across a Mach number range of 1.22~4.0 and the predictions of the mixing models, including
(a) Ma=1.22, (b) Ma=1.8, (c) Ma=2.4,(d) Ma=3.0and (¢) Ma =4.0.
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Figure 27. The predictions by VD mixing model (5.33) for (a) the total SDR (x) and increase of total
mixedness A(f*) within VD SBI for different Mach numbers.

Once these parameters are determined, the VD mixing model can predict the total SDR
(x) and the increase of total mixedness A{f*), for VD SBI cases across different Mach
numbers. These predictions are illustrated in figure 27.

As shown in figure 27, the variation of total SDR and total mixedness with Mach number
is evident. As the Mach number increases, the total SDR () increases due to the growth
of total circulation I} as predicted by (6.5). However, even with the larger total SDR (),
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the mixing process in SBI cases with higher Mach numbers is completed in a shorter
time, leading to a decrease in total mixedness A { f*) with increasing Mach number. These
tendencies can be summarised as follows:

{ Ma?t = {(x) 1,
Mat = A(f*),
which are consistent with the theoretical predictions shown in figure 26. The inherent

scaling behaviour of these two mixing indicators will be further examined in the
subsequent discussion.

(6.8)

6.2. Scaling analysis of the mixing rate on Pe

Based on the VD mixing model applicable to VD SBI across a Mach number range, this
section examines the scaling behaviour of the time-averaged mixing rate. As described
in § 4, the mixing process in VD SBI can be divided into two distinct stages: the growth
stage and the decay stage, separated by the characteristic time 7¢jqrqc = (3/32) (sg / slzD)l/ 3,
Without loss of generality, the time interval 0 < ¢ < fcparqc 18 defined as the growth stage,
while fepgrae <t < 2teharae 15 defined as the decay stage. The time-averaged mixing rate
during the mixing process is defined as

- A (f*) |(2)trharar
X)=—7Fx— (6.9)
2Dtcharac

During the growth stage (0 < ¢ < fcharac), to simplify the structure of the VD mixing
model (5.33), the principal strain rate induced by the SBE s{”v is neglected. Under this
assumption, (5.33) reduces to

v2nR 2/6 1
~ D o 1
(x)~/0 g (r ) ,/npmzdr. (6.10)

By estimating the parameters in this equation

V2R
/ dr~./nR, s1~— (6.11)
0 n

the expression for (x) can be approximated as

() [O T
(x) g(r) nDﬁth. (6.12)

Arisen from the similar post-shock density ratio listed in table 4, the modified function
g(tP) is assumed to be nearly identical for the VD SBI across the Mach number range of
1.22 ~ 4.0. This leads to a further simplification of this estimation

0~ L 6.13)
X NTD R '

Using this estimation for the total SDR (), the increase of total mixedness A{f™*) in the
growth stage can be approximated

Icharac

2
A(f¥)~ SDR nR2 (6.14)
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Similarly, the approximation for the total SDR () in the decay stage (fcharac <t < 2tcharac)
is presented as

3 /32 > RS
TR -3 (6.15)
16 T D3 F

and the increase of total mixedness A ( f*) in this stage is given by

2tcharac 3 3 n 2 RS 5 2 1
Alf* ~< T/ > ~8D =\t =—= (2- = ) nR%. (616
(f*) SDR 16 DzF, NG el n (6.16)

Icharac

N

(x)~

Therefore, the growth of the total mixedness throughout the whole mixing process is only
in proportion to the compression rate

2tcham( 2
Alf* <Tf SD/ (X)dt=—(3
( ) SDR 0 ﬁ 2 \/—
This finding is consist with the conclusion derived from alternative approaches in previous
studies (Li ef al. 2020; Yu et al. 2021) Moreover, for the time period associated with the
mixing process 2¢charac = ((3/ 16)(s0 / (slzD)))(l/ 3) using the estimation for the width of
scalar strips and the principal strain

) nR>~nR>. (6.17)

Iy
~ R’ ~ I 6.18
so~ /MR, s s (6.18)
this time period can be approximated as
1
3 S% ’ 2 2.1 92 1
2tcharac = 1_65‘12_'1) ~(s0)3(s1) 3D 3 ~nR°I;73D73, (6.19)

which is similar to the estimation for the mixing time reported in related studies (Jacobs
1992; Tomkins et al. 2008; Liu et al. 2022), verifying the reliability of this approximation
for the time period.

Thus, the scaling of increase of the mixedness and time period during the mixing process
can be summarised as follows:

A(f*)~nR?,
) g1 (6.20)
2tcharaanR I;73D7 3.
This leads to the scaling behaviour of the time-averaged mixing rate
2
— AU (LN o
(x)= =] te (x)~Pe3, (6.21)
2Dt¢harac D

where Pe = I;/D is the dimensionless Péclet number (Meunier & Villermaux 2003). This
dimensionless number quantifies the relative strength of the stretching dynamics compared
with the diffusion process.

As presented in figures 28 and 29, the scaling suggested by (6.20) and (6.21) provides
good collapses for the evolution of the normalised increase of the mixedness and the
normalised total SDR over time. The scaling behaviour of the time-averaged mixing rate
(6.21) is further validated through figure 30 and table 3. In figure 30, the least-squares fit
curve for cases with varying Mach numbers is (x) ~ Pe?73%% This curve closely aligns
with the theoretically derived scaling law (x) ~ Pez/ 3, with small discrepancies likely
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Figure 28. The evolution of (a) the increase of total mixedness A(f™*) versus time ¢; (b) the normalised
increase of total mixedness A (f*)/(nR?) normalised by versus the normalised time 7/(nR>I; ~2/3D~1/3) in
the VD SBI cases with different Mach numbers.
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Figure 29. The evolution of () the total SDR (x) versus time 7; (b) the normalised total SDR A (f*)/Pe*/3
versus the normalised time 1 /(nR%I;=2/3D~1/3) in the VD SBI cases with different Mach numbers.

arising from oversimplifications made during our derivation. Nevertheless, due to the
minimal difference between the least-squares fit curve and the theoretical scaling law, as
well as the nearly identical normalised time-averaged total SDR in table 3, (6.21) provides
a reasonable description of the dependence of the time-averaged total SDR on the Péclet
number. Since the SDR quantifies the mixing rate, and the Péclet number measures the
relative strength of the stretching dynamics compared with diffusion, this dependence
{x) ~ Pe?/? highlights the critical role of the stretching dynamics in governing the mixing
rate within this canonical VD SBI mixing process.
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Figure 30. The scaling of the time-averaged mixing rate, i.e. total SDR () on the dimensionless Péclet

number Pe.

Ma Pe ) ) /P

1.22 2084.5 25.49 0.156

1.8 4422.5 41.69 0.155

2.4 5887.3 55.21 0.169

3.0 7267.6 62.07 0.166

4.0 9323.9 75.15 0.170

Table 3. Parameters for validating the scaling law of time-averaged total SDR (), including Péclet number
Pe, time-averaged total SDR () and the normalised time-averaged total SDR () /Pez/ 3,

7. Conclusions and future work

This paper begins with the central question in VD mixing research: What is the role of
the stretching dynamics in VD mixing within the context of canonical RM-type SBI?
Comparing with our previous investigation on the mixing time to predict the time required
to reach a steady mixing state, in this study, the relationship between VD mixing and
stretching is systematically investigated by a focus on qualitatively characterising the
mixing process, as reflected by evolution of the SDR, commonly referred to as the mixing
rate, and its time integral, denote as mixedness over time. Employing high-resolution
simulations, we examined the interaction of a cylindrical helium bubble with a wide range
of shock Mach numbers, spanning from 1.22 to 4.

From the starting point, by analysing the decomposition of the total SDR (x), we
identified the stretching term (7% ) as the primary driver of SDR growth, while the

stretch
strictly negative diffusion term (Tdfﬂ) predominantly contributes to the reduction of SDR.

This observation reveals that mixing primarily originates from the diffusion process
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and is substantially enhanced by the stretching dynamics, thus preliminarily highlighting
the significance of stretching in the mixing process. Furthermore, the stretching rate is
defined rigorously originating from the expression of stretching term (Ts)t(r orch): Rstreteh =
251 dalignment» Which is determined by the principal strain rate sy and scalar gradient
alignment Agjignmens. By focusing on the governing equations for the principal strain rate s;
(SDGE-s;) and scalar gradient alignment A; (SDGE-A;) within the strain-rate eigenframe,
we comprehensively established a framework for analysing the stretching dynamics
through the integration of SDGE-s; and SDGE-4;. Motivated by the nearly steady single
vortex following the shock’s interaction with the bubble, the single-vortex stretching
dynamics is researched by solving this stretching dynamics framework analytically in a
cylindrical coordinate system (7, ¢) under the assumptions for PS mixing. The solutions
of SDGE-s; and SDGE-/; illustrate the algebraic stretching characteristic, which is further
confirmed by the Lagrangian particle movement results.

Before investigating the role of the stretching dynamics on mixing in VD SBI, we
initially explore the relatively simple scenario of PS SBI, where density differences are
ignored, as the foundation for understanding VD mixing. By setting the origin of the
cylindrical coordinate system (r, ¢) at the vortex centre, the azimuthal velocity distribution
indicates that mixing in PS SBI is predominantly governed by the large-scale main vortex.
Further, by comparing the distribution of the azimuthally averaged principal strain rate
s1 and scalar gradient alignment Agjignmens With single-vortex theoretical solutions, we
assert that the stretching dynamics in PS SBI exhibits a single-vortex algebraic stretching
characteristic. According to the fact that the evolution of SDR is also influenced by
molecular diffusion, the diffusion process is incorporated by solving the advection—
diffusion equation on a series of scalar strips based on the analytical expressions of the
single-vortex stretching dynamics. Combining the single-vortex stretching expressions and
the modelled diffusion process, we propose a PS mixing model for the total SDR (x),
which has good capacity to accurately predict the evolution of () in PS SBI, therefore the
mixing in PS SBI is proved to be governed by the single-vortex algebraic stretching rate.
The two stage approximations of this model reveal the existence of a characteristic time
teharae and identify two distinct mixing stages divided by this characteristic time: the SDR
growth stage and the SDR decay stage.

In the context of VD SBI, we identify that the presence of density variations introduces
two significant density-gradient effects that challenge the extension of the PS mixing
model to VD mixing. The first effect is a SBE observed in the governing equations for the
principal strain rate s1. This effect amplifies the magnitude of 51, while maintaining the
algebraic stretching characteristic observed in single-vortex scenarios. The second effect is
the emergence of the density-gradient source term in the VD advection—diffusion equation,
which suppresses the diffusion process due to its strictly negative value. We model the SBE
as an additional principal strain slb’” and the density source effect as a modified function
g(tP). Based on these modifications, we propose a VD mixing model for the total SDR
(x) on the basis of the PS mixing model. This model is validated to accurately describe the
total SDR () and its time integral, specifically the increment of total mixedness A{f™*)
in VD SBI cases across a wide range of Mach numbers from 1.22 to 4. Consequently, a
qualitative relationship between the stretching dynamics and VD mixing is established
by this model. To further explain the essential role of the stretching dynamics in VD
mixing, we conduct a scaling analysis on the time-averaged mixing rate (x). We derive that
the time-averaged mixing rate (x) is directly proportional to Pe*/3 as: (x) ~ Pe*/3. Here,
the dimensionless Péclet number Pe = I'; /D serves as a measure of the relative strength of

1028 A27-52


https://doi.org/10.1017/jfm.2025.11051

https://doi.org/10.1017/jfm.2025.11051 Published online by Cambridge University Press

Journal of Fluid Mechanics

the stretching dynamics compared with the diffusion process, thus highlighting the crucial
role of stretching dynamics in mixing through this scaling behaviour.

In conclusion, this paper systematically explores the stretching dynamics and its effects
on VD mixing within the context of the typical single-vortex scenario in VD SBI. The
established relationship between the stretching dynamics and the evolution of the mixing
rate provides a novel perspective on the fundamental mechanism by which the flow governs
the mixing process. The proposed VD mixing model serves as a rapid estimation tool
for predicting the mixing rate and the extent of mixing in VD SBI. Furthermore, the
findings of this study will pave the way for future research on VD mixing in practical
engineering applications, such as oblique shock/jet interactions. Recent studies have
successfully interpreted RMI phenomena from the perspectives of the vortex dynamics,
particularly in the context of fill tube jet mixing during ICF implosions (Kuczek & Haines
2023; Wadas er al. 2023) and vortex instabilities (Wadas et al. 2024; Yan et al. 2025).
These investigations confirm that vortex rings are the dominant structures governing
RMI-induced flows. In light of these findings, future work will focus on extending the
current VD mixing model to capture vortex ring-dominated VD mixing, with the goal
of elucidating fill tube jet mixing mechanisms and mixed mass growth in ICF implosion
environments.

Supplementary material and movies. Supplementary material and movies are available at https://doi.org/
10.1017/jfm.2025.11051.
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Appendix A. Initial conditions for VD SBI across a wide range of Mach numbers

This section outlines the case settings for the VD SBI across a range of Mach numbers,
spanning from 1.22 to 4. The initial conditions for the VD SBI cases are depicted
in figure 1, which are identical to those specified for the Ma=2.4 case in §2. The
primary distinction among the cases with varying shock strengths lies in the post-shock
conditions (u', p{, P{, T|). According to the Rankine—Hugoniot equation, the post-shock
air conditions for the VD SBI cases are summarised in table 4. The simulation results for
these SBI cases are also analysed by the total circulation I'; and compression rate 7.

Figure 31 presents the time evolution of these two parameters across different shock
Mach numbers. It is observed that, following the shock interaction with the bubble, both
the total circulation I} and the compression rate n approximate constant values, indicating
the formation of a nearly steady single vortex. With increasing shock Mach number, the
total circulation I} increases, while the compression rate 1 decreases, consistent with
previous research findings (Niederhaus et al. 2008).

Appendix B. Grid resolution study

The sensitivity of the mixing indicator SDR to mesh resolution necessitates careful
selection of the grid size to ensure the resolution of numerical results. In this study, four
mesh resolutions with consistent refinement ratio are evaluated: A=5.0x 1075 , A=
25%x 1070, A=1.25x% 107> and A =0.625 x 107 m. The interaction of a Ma = 2.4
shock with a helium bubble is selected as the representative case. Qualitative comparisons
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Ma pyPa) T/ (K u)ms™)) W, (ms) At (=) Dm?s™!) I, m?s7!)) Re(—) Pe(-)

1.22  159036.9 334.06 114.74 1121.89  —0.789 355 x 107° 0.74 5083.3 2084.5
1.8 366015.0 448.28  356.58 1440.00  —0.831 355x 1076 1.57 20975.1 4422.5
24  667391.3 596.87  568.31 1678.08  —0.845 355 % 107° 2.10 38446.2 58873
3.0 1046646.5 783.41 768.11 1958.78  —0.852 355 x 107° 2.58 57473.6 7267.6
4.0 18738029 118291 1074.53 2439.15  —0.852 355 x 107° 3.31 95307.9 9323.9

Table 4. Parameters of VD SBI cases within a wide range of Ma number, including the post-shock air pressure
P}» post-shock air temperature 77, post-shock air velocity ], the transmitted shock wave speed W;, which
are calculated from the Rankine—Hugoniot equation. The post-shock Atwood number, which presents the
difference between the helium bubble density following the shock action pj and the post-shock ambient air
density pj, is defined as Art = (o5 — p})/(0h + p}). Here, D is the constant Fickian diffusivity. The total
circulation I'; and the Péclet Pe = I'; /D are also demonstrated in this table to reflect the strength of stretching
for different cases. While the Reynolds number is defined as Re = I3 /v, where v=u/p’ is the kinematic
viscosity, p’ = (p] + p})/2 is the average density of the post-shock bubble and ambient air.

(a) —8— Ma=1.22
a=1.

—h— Ma=138

4.0 —¥— Ma=24

- 4 Ma=3.0

3.5 3.31 ®— Ma=4.0
3.0
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Figure 31. Time evolution of (a) the total circulation Iy and (b) the compression rate 7 for different shock
Mach number cases.

among these mesh resolutions are presented in figure 32. By comparing the mass fraction
contour of four different resolutions, it is evident that that small-scale flow structures are
significantly smeared by numerical viscosity and diffusivity in coarser meshes, specifically
for grid sizes A =5.0 x 1075 and A =2.5 x 107> m. In contrast, these structures are
well captured in finer meshes, with grid sizes A = 1.25 x 107> and A =0.625 x 107> m.
Additionally, it can also be found that a high degree of consistency exists in flow structures
between the two finest resolutions, mesh-3 and mesh-4, indicating sufficient convergence.

Figure 33 presents a comparison of qualitative parameters across different mesh
resolutions. Regarding flow characteristics, figures 33(a) and 33(b) demonstrate that both
total circulation I; and positive circulation I't exhibit similar trends for mesh-3 and
mesh-4. The mixing characteristics observed in different meshes are evaluated by
comparing the total SDR (x) and total mixedness (f) in figures 33(c) and 33(d),
respectively. The close alignment in the evolution of these mixing indicators between
mesh-3 and mesh-4 confirms the grid independence of the mixing process. Taking into
account computational cost and simulation accuracy, we select the mesh resolution of
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Figure 32. Grid resolution study on the mass fraction contour at t = 21.6 pus. (a) Mesh-1: A =5.0 x 1075 m,
(b) mesh-2: A =2.5 x 107> m, (¢) mesh-3: A=1.25 x 107> m, (d) mesh-4: A =0.625 x 10> m.

A=125x10"> m for the present study. This resolution appropriately captures the
dynamics of flow evolution and the mixing process with quantitative accuracy.

Appendix C. Validation of the SDGE-s; (3.7) and SDGE-4; (3.10)

This section validates the stretching dynamics framework, which consists of the SDGE-
si ( (3.7)) and SDGE-4; (3.10), by using Lagrangian methods. A cylindrical bubble
interacting with a Ma = 1.22 shock wave is selected as the representative case. At the
initial time, approximately n = 80, 600 passive particles are seeded within the bubble, and
their trajectories are computed by solving the advection ODE (C1) using a fourth-order
Runge—Kutta integrator

dx
d—t=u(x,t),x=(x,y),u=(u, v), (ChH
where the evolution of the passive particles is illustrated in figure 34.
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Figure 33. Comparison of qualitative parameters from different mesh resolutions. (a) Total circulation I7,

(b) positive circulation I"'t, (c) total SDR (), (d) total mixedness {f).

Figure 34. The results of the Lagrangian particle movement at the moment r =0, t =47 , t =94 and
t = 141 s for the case with a shock strength of Ma =1.22.

For the SDGE-s; (3.7), we first validate the governing equation for the principal strain
rate s; in two-dimensional VD SBI

dsy _

1, ~ ~ ~
- = —st + sz + HE + Hp + HY), (C2)

where Ter = —s% + (1/4)w* represents the self-interaction term. On the left-hand side,
the material derivative is computed along the trajectories of the passive particles as
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Figure 35. Comparison of the material derivative of the principal strain s, obtained from Lagrangian particle
movement results, with the terms on the right-hand side of (C2). Panel (a) shows the terms with large
magnitudes, while (b) presents the terms with small magnitudes.

(C3)

dr n dr

dsi 1 Z s1(xi(t +dr), t 4+ dr) —s1(x; (1), 1)
i=1

while the terms on the right-hand side are evaluated using cubic spline interpolation
(Chian et al. 2014; Hang et al. 2020). Figure 35 presents the temporal evolution of the
material derivative ds|/d¢ and the individual terms on the right-hand side of (C2). The
small discrepancy between the black symbols, representing ds;/d¢, and the red line,
corresponding to the summation of the right-hand side terms (7, ), confirms the validity
of (C2). ~

Next, the governing equation for the rotation rate of eigenvectors Wi, = (dez/dz) - ey
is considered. Since Wj, is not directly measurable, the governing equation for Wiy in
two-dimensional VD SBI,

(52— s1) Wio= H, + Hb, + H}, (C4)

cannot be directly validated. However, as % appears in SDGE-4; (3.10), the validation
of (C4) is conducted indirectly by verifying SDGE-4;. Specifically, according to the
derivation of SDGE-/; in the supplementary materials, the verification of SDGE-4; is
equivalent to validating the governing equation for the projection of the scalar gradient
g12= (VY - e1)?, which is given by

dgi?
dr

where Tymers accounts for diffusion effect on scalar gradient alignment, and sz is
computed as

~ — ~~ ~ 1dif
= _2S1g12 —2Wi2g182 — wg182 + 2ng1 lff: Tsl + T, + TW12 + Tothers,  (C5)

__ H?” 4+ Hb 4 HY,
le — 12 12 12. (C6)

sy — 81

Figure 36 shows the close agreement between the black symbols, representing dg% /dt,
and the red line, representing the summation of terms on the right-hand side (7).
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Figure 36. Comparison of the material derivative of the projection of the scalar gradient glz, which is obtained
from Lagrangian particle movement results, with the terms in the right side of (C5). Panel (a) presents the
terms with large magnitude, while (b) presents the terms with small magnitude.

This agreement confirms the validity of both (C4) and (C5). Moreover, it is also evident
that the diffusion effect on scalar gradient alignment reflected by T,p.rs can be nearly
neglected.

At this stage, both SDGE-s; (3.7) and SDGE-4; (3.10) in two-dimensional VD SBI have
been successfully validated.
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