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1. Introduction. Three-dimensional stress distributions in hexagonal aeolotropic
materials have recently been considered by Elliott(1,2), who obtained a general
solution of the elastic equations of equilibrium in terms of two ‘harmonic’ functions,
or, in the case of axially symmetric stress distributions, in terms of a single stress
function. These stress functions are analogous to the stress functions employed to
define stress systems in isotropic materials, and in the present note further problems
in hexagonal aeolotropic media are solved, the method in each case being similar to
that used for the corresponding problem in isotropic materials. Because of this
similarity detailed explanations are unnecessary and only the essential steps in the
working are given below.

Green and Willmore (3) have solved the elastic problem of an isolated line force
uniformly distributed through an isotropic plate of finite thickness and acting parallel
to the faces of the plate. The solution of the same problem in hexagonal aeolotropic
material is found below, the faces of the plate being parallel to the hexagonal planes.

The solutions of the flat elliptical crack and punch problems in hexagonal aeolotropic
media follow immediately from the solutions given by Green and Sneddon (4) for the
corresponding problems in isotropic materials. '

Finally, we consider the action of a point force on a semi-infinite body applied, in
a direction perpendicular to the surface, to the interior of the body. The same problem
for an isotropic material was first solved by Mindlin (5), but the method used by Dean,
Parsons and Sneddon (6) is followed here.

2. Fundamental formulae. It is shown in (1) that the displacements and stresses for
stress distributions in which there are no body forces can be expressed in terms of two
‘harmonic’ functions ¢,, §, which are solutions of

02 .
02 02
where Vi= 5:;:_24—87/2’ z; = avid,

and v, and v, are the roots of the equation
C11€aa V2 + [€13(2C44 + €13) — 1 Ca3] ¥+ C33€44 = O, (2-2)
the axis of z being normal to the hexagonal planes. The roots v;,», may be real or

complex depending upon the elastic constants c,,, ¢,s, €33, €13, C44; they are real, for
example, in the case of magnesium but are conjugate complex for zinc.
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The displacements and stresses in Cartesian coordinates (z, y, z) are

o, 0, _% 0% . 0

“= o o Ty YT

+hy—=—=

o~ 02 02 02
xr = (011 'a—x’z + 012 a-?/—z') (¢1 + ¢2) + 013( a¢21 + ]C2 az2

— 02 02 02 0
Yy = (Clza’é +con é?) (@1 +@2) + 013( A 8¢21 +k, 3522)

]{Ja¢l

—_ 02
zz = 013V§(¢1+¢2)+033( 15,2 +k ¢2)

2 022

o2
= (k1 Ca3— V1 013) "52_21 + (kyCg3 —VyC13) Véz’

— o2
zy = (C11—C12) %5y (P1+ P2),

02
yz—c44{(1+lc1) ¢1 (1+k2)g;q;22},

:E?z:c“{(1+k ¢1+(1+ )2¢2},

8 oxcz
where k,, k, are the roots of the equations
k(cis+Caa) + €4y - kcag —
‘i kegg+ (015 + C44)

O )
a )

82¢2)

With cylindrical polar coordinates (7,0, z) equations (2-3) become

0
= 2 (Gt b w= it d), w=h

&

1oz 8
02 1 3 0

1‘1‘ = l:clla 2 +012 (’l" ar 1.2 602)] (¢1+¢2) +613( 1 a¢21 +

20 1 02 0

60 = [0128 2+011(r ar‘*';ga—ﬁg):l (¢1+¢2)+C13( 1 8¢21+

_ o2 o2
22 = (kycy3— 1y "13)‘;%2‘l + (kgCa3— Vzcla)‘a%,

- 102 10
70 = (€13 —C12) ;6_7‘70_7'-280] ($1+P2),

0z = 044[(1"""1)— it (1'*‘1‘72)1a P

000z r 000z
Py 0Py
rz-c44l:(l+lc 88 (l+k)aa]

3¢1 a¢2

2
W22,

2 222

)

(2-3)

l (2:4)

3. Line force in an infinite plate. We suppose that a plate of hexagonal aeolotropic
material, bounded by two plane faces which are free from traction and which are
parallel to the hexagonal planes, is acted upon by a line force uniformly distributed
through the plate and acting parallel to the faces of the plate. The plane-strain solution
for an isolated force of intensity P per unit length directed along the z-axis and situated
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along the z-axis from z = —c0 to z = 00 is defined by the following displacements and

stresses:

P 5
=T 47¢y5(C13 — C13) {(Be1y — 1) log7 — (o33 + ¢12)} c08 6,
Ug = *__P {(3¢y; —cyp)logr}sind, w =0,

471C1; (Cyy — C12)
7o PBouten) o gp_Plu—tu) o ¢ (31)
Y (N d7ey, 7
?=—-—cosﬁ ,@:P(cn 012)Sm0
27me C\y T 4nc W7

bz =7 = 0. )

The generalized plane-stress solution is obtained from the plane-strain solution by
replacing ¢,;,¢12 by (€11€33— c25)[c3s respectively and omitting the
stress 2z.

In considering an infinite plate of thickness 24, bounded by the planes z = + &, the

boundary conditions are 2z = 6z = 72 = 0 on the faces of the plate. We must therefore
add to the plane-strain solution a stress system which cancels the stress 2z on the faces
of the plate without introducing shearing stresses there and which has no singularities
in the plate (except possibly at the points r = 0, 2 = + A). The additional stress system
will be known if we determine ¢,, ¢, such that they are even in z and

¢32)/Cazs (C12C33—

()t ey =,

0*Ps

VyCy3) Fra

32
Pcy; cosd (3:2)

2mey, T

0
(k€33 —V1€13) 8¢2 + (kg a3 —

when z = + h.

If we put ¢; = cos Bfmfi(u) Jy(ur) cosh (uz;)du (1 =1,2),
0

and use the result f Jy(ur)du = ; (r£0),
0

we find that the conditions (3-2) will be satisfied if

P cy3(1+ky)sinh uhz)
fitw) = 21 cyAVe u?X Jolu

_ P (1 +k)sinh (ub,)
27 €y Ay ulx

where

(kyCa3— Voys) (1 + k)

W

Y=

¢ 613) (1 +k )smh (uh )COSh (uhl) (kz Caz — sinh (ukl) cosh (ukz)

61 Vo Vo
and ;= vyt
Thus we have

rhye ¥

¢ = P 013(1"']‘7
T %1 ey ng

By = — Ecla(lﬁ—k )cosﬁf

27 ¢y Ay

ﬁf {MJ (ur) cosh (uz;) —

DY

Fmgm

2uy } du,

rhye

-y
2uy } du,

Ji(ur) cosh (uz,) —
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_ (kycsg—v1015) (L +Ey) By (KpCa3—v3Cag) (L+ K1)y

Yy \/ Vo Va \/ v

where

and where suitable terms which do not affect the stresses have been added to secure the
convergence of the integrals at the lower limit.

On substituting these values of ¢,, ¢, into the formulae (2-4) and adding the plane
strain solution (3-1) the complete stress system is found to be

2ar?t (3¢ +Cip)  Cys” {(1 + k) o )
Pcosf 2,  4cp, N [(8c1y +€10) By — (€11 — C12) Fr)

(1:/_ 1) [(Byy +€12) Gy — (€11 — C12) Ga]}

+c§3r{k (1+k)F k(l+k)G}
Vi W 2NN
[(3e12+¢11) By — (Cra—€11) F]

k
- (1:};1 1) [(3¢12+¢11) Gy~ (€12—C11) Ga]}

n

2y 931 _ (enn—Cip) _Cg” {(1 +k,)
Pcosf 2, de A

3 33
+clar{k (1+k)F_Ii(1+k)G} (3-3)
e W1 e v, W
2mr 22 C13 c137'{(1"1633—”'1013) a +k2)F (kyCgs—v513) (1 +k }
= ———4 = 11—
Pcost cn Cn v N vy
270 Cyy—Cip  Cugl61y—C1a) 7 {(1+k 2) F+F, (1+4,) pol }
= - +@G,)},
Psing 2ey * 4y Ve ( 3) W (G146

2mr 0z CaaCys(1+Ky) (1+ky)
=— F,—G
Psin 6 cu NS { 2

2772 CuaCra7 (L+Ky) (L + k) F— FV— (G- G
Pcosf 2y J(vve) {(Fa = F5) = (G4 = )}, )
where . F(r,2)= f: S—u}%h—z)cosh (uzy) Jy{ur) du,

Fy(r,z) = f: S—l—n%z—) sinh (uz,) J,(ur) du,

Fy(r,z) = f : sinh (uh,) cosh (uz;) Jy(ur) du,

Z
Fyr,2) = f - IO () cinh (uzy) Jytur) dos,
Fy(r,2) = f: s'&hf(‘g@ sinh (uz,) Jo(ur) du

and G,(r, 2) is obtained from F(r, z) by interchanging the suffixes 1 and 2 in the hyper-
bolic terms in the integrand.
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The average values of the stresses are found by integrating the stresses (3-3) through-
out the plate, and after some reduction we find that

Problems in hexagonal aeolotropic materials

2arer _(Beptep) , p cu) €2a(Cy1 — C12) _
PcosO 2¢,, +_4A/(633 611(613-{—044_) (v —ve) [F(p) +G(p)),
2mr 66 _{enn—tip) EA/((il) €34{C31 — C10) _ 3
Pcosf 2, +4 Cas) €11(Cys+ Caa) (».—7) [3F(p)—G(p)], o4
2mr 22 _ Ci3 on (€11C35—€35) _ B }
PcosO ¢y {’\/(633) (13 + Cag) (i —vy)pF(p)—- 11,
2mr 0 _Cu—Cs , P [{eu\dslcn—=Cw),,
Psin@ - 2011 + 4/\/(633) 611(013 + 644) (Vl V2) [F(P) + G(p)],
_Tr _ [ lup) Jy(up)
where =5 T = M, e - ["Ha,
and II(u) = Uergs — 1105) (1 - 2 coth (wryt) — (ka3 = 30r) (1 + 1) coth (uvyt).
Y1 v Vy N2

If we let h—o0 (i.e. p—0) in (3-4) we obtain the plane-strain solution, while »—0
(i.e. p—>0) gives the generalized plane-stress solution. '

The problem of a line force in a plate of semi-infinite thickness can be solved in
a similar manner but it will not be considered here.

4. Elliptical crack and punch. We suppose that the crack occupies the region

x2 y2
—+ b'—z < 17 z= 0’

in a medium of infinite extent and that there is a uniform tension p at infinity normal
to the crack. We may consider the resulting stress distribution to consist of the system
2Z=p, *x =4y =Yy2 =2x = xy = 0, together with a distribution of stress which
vanishes at infinity and which satisfies the conditions

) R=R=0 @=0)
o x?
(ii) z2=—p (— b2<1 z—O) &1)
2 2
w=0 (x +%5>1, z=0)
The first condition will be satisfied if we put

«/ V1 Ve
D(x,y, 2,), = - O(x,y, 2,), 4-2
¢1 1+k Yy l) ¢2 l+k2 ( Yy 2) ( )

where Vi®(z,y,2) = 0.

It should be noted that the expressions (4-2) for ¢,, @, always give zero shearing stress
on the plane z = 0.
The remaining boundary condition requires

o*D x? y2
ﬁw = — ( b2 <]. z2 = O)
(4-3)
o0 z? y
and a—z—O ( +bz>lz_0)
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(k1055 — ¥, 45) _ (kgeg3—v5e3) .
) (T+ky) () (1 +Ey)

The boundary conditions on the harmonic function @ are the same as those imposed
upon the harmonic function used in (4), and the solution is there shown to be

where B =

@ A J‘ { 22 1} ds

B a?+s b2+3+ Q)Y

where 4 is a constant to be determined, Q(s) = s(a?+s) (b%+s) and (A, g, v) are the
ellipsoidal coordinates of the point (, y,2) and are the roots of

(4-4)

x2 yZ 22

0 07 F

In these coordinates the inside of the ellipse is given by A = 0 and the outside by x = 0.
When A = 0, that is, inside the ellipse, we have

20 J‘” (2s+a?+6%) ds 24

022~ T )o (@+5)(07+9) J{QE)} ab?

—1=0 (0>A=20=pu>—-b22v> —a?).

E(K),

4
where EK) = J dn2¢dt,
0
and sn ¢ is the Jacobian elliptic function which has real and imaginary periods 4K, 2:K’
respectively, corresponding to the modulus £ and the complementary modulus %', where
ka = (a®-b2)t, FKa=0b.

To satisfy (4-3) we must have 4 = ab?p/2FE(K) and the solution is now complete.
We find that inside the ellipse
T2 )iy Tab | a2

kl _ ky
T+k, 14k

where o =

giving the normal displacement at all points of the crack. This displacement, apart
from a multiplying constant, is the same as that for an isotropic medium. If we let
v;, Vo — 1 we find that the expression for w agrees with the result for isotropic materials.

The stresses and displacements can now be obtained from the formulae (4-4), (4-2)
and (2-3). When v, v, are real and positive {which is the case for magnesium) the

equation
q 22 yz 22

210 10 5_1 =0

has three real roots and the stresses and displacements can be obtained as in the isotropic
case. For complex and negative values of v,,v,, however, the equation may have
complex roots, but the displacements and stresses in the plane z = 0 can be determined
without difficulty.

We now consider the indentation of a semi-infinite hexagonal aeolotropic medium
z> 0 by a flat-ended elliptical punch. Since we assume that there is no shearing stress
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on the plane z = 0 we again take ¢,, @, to be given by (4-2). The function @ must be

such that ) a2y
220 zt B J
52—2'—0 (a—2+l—)§>l,z-—0),

where € is a small constant.

These conditions show that 0®/0z represents the velocity potential of the motion of
a perfect fluid flowing through an elliptical hole in a thin rigid boundary. Hence, as
in (4), we have b ea (® ds

@o_a e 45
oz 2aK ), {Qs)} (45)

where X is defined above.
Although the harmonic function ® such that 9®/0z is given by (4-5) has not yet been

found it is possible to obtain w, 22, #2, J2 and Z% + 7y from the formulae (2:3). It is

found that o fe [, ar g\t
abK a® b2
over the area of indentation, while the total pressure exerted by the punch is
2mfae
P= <K

If we let vy, v, 1, the value of P then agrees with the value for isotropic materials.

Elliott (2) has solved circular punch and crack problems in hexagonal aeolotropic
materials with the aid of the Hankel transform, but they could be solved in a similar
manner to punch and crack problems considered in this section; the method would
then be analogous to that given by Green (7) for isotropic media.

5. Isolated force with plane boundary. In this section we consider a semi-infinite
hexagonal aeolotropic body z < 0 acted upon by a point force in the z direction in the

interior of the body.
The functions P R, +%
¢ = lo ’
8m(v—v,) “Ry—% (5:1)
P Ry +2,
b=~ 8m(vy —v,) log Ry —2,’
where p—plnto .4 R2 = 12422,
C11C44
give the displacements and stresses due to a force F in the direction of the z-axis at
the origin (1).
It follows from the principle of superposition that the functions
p : Prtzth 0'1+21_h1}
= 10 - 10 )
% 87(vy —vy) gP1“z1“k1 g”l—zl‘*'hl ~
(52)
by = — P {10 P2+22+h2_10 0'2'*‘22—;"2}
: 8y =) Tpy—z—hy Oy =2yt hy)’
where pPi=ri+(z;+h)%, o0F=ri+(2,—h)? h,=hvit (i=1,2),
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give the stress distribution due to equal and opposite forces F at the points (0,0, + A).
These functions give, on the plane z = 0,

= _ p (kyCag—rics) My (koCaz—vacys) e } _
“= 2m(v, — Vz){ v, (r2+h2)E v, 2R3~ fr)  (say),
72 = 0.

Since we require 2z to be zero on = 0 we must add a stress system which cancels
zZ on z = 0 without introducing shearing stresses there and which has no singularities
for 2 < 0. Using the expressions (4-2) for the functions ¢,, ¢, of this additional system,
the harmonic function ® is such that

#(5)._, =10,

and therefore

_ P (kyCg3 — V1 C15) _ (kyCa3— V3015) _ } 53
©= 2ﬂ(vl—v2)ﬂ{ v, log (d; +5, —2) vy log (8;+hy—2)(, (53)
where 02 =1r24+(2-h)® (¢=1,2).

Hence, by addition, the functions

b, = lo P1+zl+h1_lo 0'1'*"21‘“;"1}
8

7’(V1_V2){ Pr—2— Ry o1 -2 thy
_ P { (k1 €33 = V1043)
2mB(vy—va) | J(vy) (1 + Ky)

¢2=_

(ky€s3—V343) _ }
Tl ky) Arlog (O +hy—2y) 1,

log(oy+hy—2,)—

{ p2+22+k2_lo 0'2+22_h2}
87(vy —v,) pa—23—hy Oy—2y+hy
+ Ll :(kl Ca3 = V1613)

27y —vo)\ vi(1+ky)

(K033 — V3 C13) _ }
Ao 10g (8yy + by —25) — mlog (og+hy—25)¢,

(54)
where 0%, = 124 (2, — hy)?, 03, = 124 (25— D)%,
define the displacements and stresses in the semi-infinite body due to a force F acting
.at the point (0,0, — &) in the positive z direction.
We are mainly concerned with the conditions at the surface of the body. On the
plane z = 0 we have

- = P { 7y by P ( Wi A )
T 2m( =) (NP R r(PR R 2mB(v,— ) \1 4k, 14K,
% {("’1 C33— V1C13) r _(kyC33—V5019) r }
R [ 7w N ey SR (N8 ) W N TR T
(6-5)
w = Pa {(klcas_vlcm) 1 _(kzcaa"vzcls) 1 } (5-6)
2mf(vy —v,) Lo (r*+R3) Vy (r*+h3)

Letting v,,v,—1 we find that these values agree with the corresponding results
obtained in (6) for an isotropic medium.
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Since 22 is zeroon z = 0,
LY LI
0z cgg\or 7
on this plane, so that the surface stress can be found from (5-5); we have

u, u, ow 2c2\ (ou, u
_ _ ou,  u, 90 ¥ _ st Ty _r
77+ 60 (011+612)(8r+r)+ r (cn+012 033)(87' )

77— 00 = (13— C12) (ZZ;"‘%)

on z = 0. At the origin it is found that, after simplification,

26%3) €11C33C4a + 4/(€11€33) [€11 €33 — C13(Cr3 + €44)]
2
€11€44(C11 €33 — C1s) (5:7)

— F
7")‘+ég = W(cll+cl2—

7#—00 = 0. ‘
For an isotropic medium the corresponding values are

F 1+ (3-29)
omh?  (1—7)

Ca3

i+ 00 = and 7 —66 =0, (5-8)

where 7 is Poisson’s ratio. '

Using the values of the elastic moduli of zinc and magnesium given by Seitz and
Read (8) to determine the elastic constants, we find from (5-7) that the common values
of 47?7 |F and 47wh%00/F at the origin are 2-15 and 5-08 for zinc and magnesium
respectively. The corresponding result for an isotropic medium of Poisson’s ratio
0-25 is 4-17, and we see that magnesium is more nearly isotropic than zine. :

The author wishes to express his thanks to Prof. A. E. Green for his suggestions and
general interest in the work and to the Department of Scientific and Industrial Research
for financial assistance.
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