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1. Introduction

The main application of the celebrated paper [7] by Ax and Kochen, which initiated the
study of the model theory of henselian valued fields, is the decidability of the theory of
the Laurent series fields R((¢)) and C((¢)), answering a question by R. Robinson. What
they prove is a bit more precisely the following:

Theorem 1.1 (Ax—Kochen 1966). Let k,l be fields of characteristic zero. If
Th(k) = Th(l), then Th(k((t)),ve,t) = Th(l((t)),vs,t), and if Th(k) is decidable, then
50 is Th(k((t)), vy, t).

Here, we denote by Th(k((t)),v:,t) the theory of k((¢)) with the t-adic valuation in
some language of valued fields together with a constant symbol for the element ¢. In spite
of considerable effort, no full analogue of this has been obtained for fields of positive
characteristic. Notably, the decidability of the local fields F,((¢)) is a long-standing open
problem, despite for example [27, 28, 31]. However, by now, we have at least results in this
direction for certain fragments of the theory, most notably the existential theory Ths,
see, for example, [2, 3, 13, 26]. Some of these results are conditional on consequences of
resolution of singularities in positive characteristic, like the assumption (R4) used below,
which was introduced in [2].
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Theorem 1.2 ([2, 3]). Let k,l be fields.

(a) If Tha(k) C Tha(l), then Tha(k((t)),v:) C Tha(l(t)), vs), and if Tha(k) is decidable,
then so is Tha(k((t)),vs).

(b) Suppose (R4). If Tha(k) C Tha(l), then Tha(k((t)),vs,t) € Tha(l((t), ve, t), and if
Ths(k) is decidable, then so is Tha(k((t)), ve,t).

The situation is somewhat comparable for rational function fields k(t). It is almost
trivial to see that Thg(k) C Ths(l) implies Tha(k(¢)) C Tha(I(t)), but both the full the-
ory Th(k(t)) and the decidability of this existential theory remain in general mysterious.
For example, it is known that Th(k) = Th(l) does not imply Th(k(t)) = Th(i(¢)), and the
decidability of Th(C(t)) is another long-standing open problem. Also, while it was shown
that Tha(F,(¢),t) (the existential theory of Fy(t) in the language of rings together with
a constant symbol for the element ¢) is undecidable [32], the decidability of Ths(F,(¢))
is open.

The aim of this work is to similarly study universal-existential theories of fields. We
push some of the results from existential to certain kinds of universal-existential theories,
and we study the relation between existential theories with parameters and universal-
existential theories without parameters. Besides the usual universal-existential theory
Thys, we are also interested in the Thy, 3-theories, by which we mean sentences of the
form Va1, ..., z,1 with ¢ existential. As a variant in the Laurent series case k((t)), we also
study those universal-existential sentences where the universal quantifiers run only over
k, which we denote by Thyxg. (Fully precise definitions and a more systematic treatment
of such ‘fragments’ can be found in § 2. There are subtleties which for this introduction
we can ignore.)

We now explain some applications of our (more general) results to rational function
fields and to Laurent series fields. For rational function fields, in § 5, we prove in particular
the following;:

Theorem 1.3. Let k,1 be fields.

(a) If Tha(k) C Tha(l), then Tha(k(t),t) C Tha(l(t),t).

(b) If Thy,5(k) C Thy,(1), then Thy,3(k(t)) C Thy,5(I(t)).

(¢) If Tha(k(t),t) is decidable and Thy,3(k) is decidable, then Thy,3(k(t)) is decidable.
(d) If Thy,3(k(t)) is decidable and k is existentially (-definable in k(t), then Tha(k(t),t)

is decidable.

(e) Suppose k,l are perfect of positive characteristic. If Thy,3(k(t),t) C Thy,3(l(t),1),
then Thys(k(t),t) C Thya(l(t),t), and if Thy,3(k(t),t) is decidable, then so is
Thys(k(t),t). If Thy,3(k(t)) € Thy,3(I(t)), then Thys(k(t)) € Thea(I(t)), and if
Thy,3(k(t)) is decidable, then so is Thyz(k(t)).

For example, we deduce that Thy,3(k(t)) is undecidable for every perfect or large
field k of positive characteristic not containing the algebraic closure of the prime field
(Corollary 5.9). We also deduce similar results for function fields of curves of genus at
least 2 (Corollary 5.14).

In §6, we study various theories of henselian valued fields and obtain the following
consequences for Laurent series fields:
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Theorem 1.4. Let k,[ be fields.

(a) Suppose char(k) = 0. If Thya(k) C Thya(l), then Thys(k(2)),v,t) C
Thya(I((t)),v4,t), and if Thya(k) is decidable, then so is Thyz(k((t)), ve, ).

(b) Suppose (R4). If Thyz(k) C Thys(l), then Thys(k((t)), vt,t) C Thys(I(%)), v¢,t), and
if Thy3(k) is decidable, then so is Thyxg(k((t)), ve, ).

(¢) Suppose (R4) or char(k) = 0. If Thy,3(k) C Thy,3(l), then Thy,3(k(t)),v:) C
Thy,3(k((t)),ve), and if Thy,3(k) is decidable, then so is Thy,3(k((t)), ve).

(d) If Thy,3(k((t)),vt) € Thy,3(l(%),ve), then Tha(k((¢)),vt,t) C Tha(l((t)),ve,t), and
if Thy,3(k((t)),v¢) is decidable, then so is Tha(k((t)), v¢, ).

(e) Suppose that k,l are finite. If Tha(k(t)),ve,t) < Tha(l(¢)),ve,t), then
Thy,3(k((¢)),v+) C Thy,3(1(t),ve), and if Tha(k((t)),ve,t) is decidable, then so is
Thyr(k((). 01)-

(f) Suppose k,l are perfect of positive characteristic. If Thy,3(k(t),v,t) C
Thy,3(1((t),vs,t), then Thys(k(t)),ve,t) C Thys(k((t)),ve,t), and if
Thy,3(k((¢)), v, t) is decidable, then so is Thyz(k((t)),vt,t). If Thy,3(k((t),v:) C
Thy,5(I((#)),ve), then Thys(k((t)),v:) S Thys(((t)),ve), and if Thy,s(k(#),vr) s
decidable, then so is Thys(k((t)),vs).

All results stated here for decidability are in fact consequences of many-one reductions
that we obtain. For k((¢)), we summarized these reductions in Figure 1 on p. 27.

After the already announced treatment of fragments in § 2, we introduce some general
tools for studying Thyz and Thy, 3 in §3. In §4, we explain the positive characteristic
phenomenon that leads to Theorems 1.3(e) and 1.4(f). In § 5 and 6, we then prove the
specific results for function fields and for henselian valued fields. We made an effort to
phrase most of our results in a generality that should make them applicable beyond the
examples presented in this introduction. Appendix A makes precise the computability
theoretic notions that we use.

2. Fragments

Let £ be a language. The reader interested only in the theorems stated in the introduction
may suppose that £ is the language of rings or valued fields, possibly expanded by con-
stants. As usual, we denote by Form(£) the set of £-formulas and by Sent(£) C Form/(£)
the set of £-sentences, i.e. the set of ¢ € Form(£) with free variables Var(y) empty,
and for an L-structure M we denote by Th(M) the £-theory of M. An £-fragment!
is a set F of £-formulas that contains T and L (symbols for the atomic sentences
verum and falsum), is closed under conjunction and disjunction and is closed under
free variable substitution, i.e. if p(z1,...,2,) € F, then also ¢(y1,...,yn) € F where
Y1,...,Yn are arbitrary variables (not necessarily distinct). For F C Form(L), we

1 In [5], an ‘C-fragment’ is a set of £-sentences closed under conjunction and disjunction, and containing
T and L, so it is precisely an £-fragment in our sense that consists of sentences. There is also a notion
of ‘fragment’ introduced in [21, Definition 2.3] that is similar to — but strictly stronger than — our notion
of ‘L-fragment’.

https://doi.org/10.1017/50013091525100771 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525100771

98 S. Anscombe and A. Fehm

define Formp (L) := F, Sentp(£) := Sent(L) N F, Thp(M) := Th(M) N F, and we write
M =p M’ for Thp(M) = Thp(M').

To precisely state the uniform aspects of some of our results, we take a functorial
approach to fragments: Namely, we can view Form as a covariant functor Form from the
category Lang of languages (with inclusions of languages as morphisms) to the cate-
gory Set of sets (with inclusions as morphisms). The reader not interested in questions
of uniformity can continue to fix their favourite language £ and proceed directly to
Definition 2.3, which is then to be read in light of Remark 2.4.

Definition 2.1. A functor of formulas is a subfunctor F of the restriction of Form to
a full subcategory L of Lang, and we call it a fragment if F(L) is an L-fragment for
every £ € L, and in addition F(£2) N Form(L1) = F(£1) for every £, C £4 in L. For a
functor of formulas F, we also write Formg(£) for Formg ¢)(£) = F(£), and Sentg(£) for
Sentr(gy(£) = Formg(£) N Sent (L), The(M) for Theey(M) = Th(M) N Sente (L), and
M =g M’ for The(M) = The(M'). Given functors of formulas Fy,Fs with domain L,
we say that a family of maps 7¢: F1(£) — F2(L£) is uniform (in £) if it is the family of
components of a natural transformation 7: F1 — Fa,

In the following, we will speak of computability of languages, sets of formulas and
functors of formulas, and we mean this in the usual or obvious sense. The reader interested
in precise definitions can consult Appendix A.

Remark 2.2. Although expressions like ‘existential’, ‘universal-existential’; ‘existen-
tial with two quantifiers’, etc. occur frequently in the literature, it seems that it is often
not clear what is meant precisely, and sometimes the different possible meanings differ in
an essential way. For example, there are already very different things meant by ‘existential
formula’: A prenex existential formula, a positive Boolean combination of such, a formula
in which each existential quantifier is in the scope of an even number of negations and
each universal quantifier in the scope of an odd number, or a formula logically equiva-
lent to a prenex existential formula. Of course, here the question whether two structures
satisfy the same ‘existential’ sentences does not depend on the precise definition, but
the option ‘logically equivalent to a prenex existential formula’ presents computability
issues, cf. [5, Remark 3.4]. The problem becomes more pressing when one counts quanti-
fiers. While it is still true that two structures satisfy the same prenex existential formulas
with say two quantifiers if and only if they satisfy the same positive Boolean combination
of such, the consequences of a (possibly incomplete) theory that are prenex existential
with two quantifiers do not determine the set of consequences that are positive Boolean
combinations of such. We will, therefore, now give precise definitions of the fragments we
will use.

Definition 2.3. We define a functor of formulas Fo by letting Fo(L) be the set of
quantifier-free £-formulas. For Q € {¥,3} and a functor of formulas F, we inductively
define functors of formulas Qn[F], Q.F, Q"F and QF by

(1) Ql[F]ES) ={Qzxy : ¢ € F(L), xa variable} UF(L),

(il) Qny1([F] == Q1[Qn[F]],
(iil) Q1F(L) is the smallest £-fragment containing Q1[F](£),
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(iV) Qn-‘rlF = QlQn[F]7
(V) QlF = QlF;

(vi) Q"TF := Q1Q"F and

(vil) QF :==J,, Q"F.

We abbreviate 3,,Fo, VnFo, 3"Fo, V"Fo, IFo, YFo, by In, ¥», 3%, ¥, 3, V.

Remark 2.4. If one is interested in only one language £, then in Definition 2.3, one
may safely ignore the framework of functors and read the above as an inductive definition
of sets F(£) of £-formulas, in terms of combinations F of the quantifiers 3 and V, and
some punctuation. This suffices to precisely define, for example, the set of existential £-
formulas Forms(£) = 3(£), and similarly Formg(£) = F(£) for almost any combination
F of quantifiers that appears in this paper, including 3,,, V13, Vo3, and V3.

Remark 2.5. All of Fg, @Q,F, Q"F and QF are fragments, Fq is computable (in the
sense of Appendix A), and if F is computable , then so are Q,[F], @,F, Q"F and QF.
This applies in particular to the fragments 3,,, V,,, 37, V", 3, V. For an illustration of the
difference between @, and Q", see Example 3.5.

Remark 2.6. It is well known that every formula can be turned into an equivalent
formula in prenex normal form (a sequence of quantifiers followed by a quantifier-free
formula), and that this can be done in a computable way, as long as the presentation
of the language is computable. We can also do this relative to a fragment F extend-
ing Fo. Let F’ be the smallest fragment extending F such that each F/'(£) is closed
under negation. Now, for ¢ € Form(£), we define prnxg ¢(¢) inductively as follows: If
¢ € Formg/ (£) let proxg ¢(¢) = ; otherwise, if p = Q) for Q € {V, 3} let prxg ¢(p) =
Qr proxg ¢(¥); if ¢ = =) let n be minimal such that prnxg ¢(¢) = Q121 Qnann
with Q; € {V,3} and n € Formg/(£) and let proxg o(p) = Q121 --- Q) z,—1, Where
Q, = V if Q; = 3 and vice versa; and if ¢ = 10 where O € {A,V} write
Vi = Qi1%i1 - Qin,Tin, M With n; € Formg (£) and n; minimal, replace each z2 ; that
occurs among the x; j» or free in 7; by the next unused variable, and let proxg o(¢) =
Q11711 Qiny Tiiny Q21221+ - Q2,n,T2,n, (). Note that prnxg ¢ is uniform in £,
by the assumption F(£;) = Form(£;) N F(£2) whenever £, C £5, which is why we
will sometimes omit the £ from the notation. The usual prenex normal form of ¢ is
then prnxg (), for which we also write prnx(y). For example, if ¢ € Forms(£), then
prnx(p) € Formg (£) for some n, and if ¢ € Formyr (L) for some fragment F, then
proxg(¢) € Formy, (7 (£) for some n. If F is computable, then prnxg o is computable
uniformly in £.

3. General model theoretic criteria

Let £ be a language. It is well known that an £-sentence is logically equivalent to an
existential formula if and only if it is preserved under embeddings of £-structures, and
that £-structures M and N satisfy Th3(M) C Thg(N) if and only if there exists an
embedding of M into an elementary extension of N. A related criterion was given in [5,
Lemma 3.22(b)]: in particular, for n > 1, we have Thg (M) C Tha, (N) if and only if
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Th3(M’) C Ths(N) for every substructure M’ C M generated by at most n elements.
We now discuss similar criteria for the fragments V3 and V,,3. As usual M <3 N denotes
that M is existentially closed in N. We write diag for the atomic diagram and eldiag for
the elementary (complete) diagram of a structure.

Lemma 3.1. For £-structures M and N the following are equivalent:

(a) Thvg (M) g Thvg (N)

(b) For every max{|N|, |£|, No }-saturated M* =y3 M, there exists an existentially closed
embedding N — M*.

(¢) There exists some M* = M with an existentially closed embedding N — M*.

Proof. The implication (b) = (¢) is trivial, and (¢) = (a) is immediate from the
definitions: If N <3 M* =y3 M and ¢ € Thyg(M), then without loss of generality ¢ is
of the form Vay(z) with ¢ € Formz(£) (Remark 2.6). Now M* =y3 M = ¢ implies that
M* = (a) for every a € N™, and therefore N |=1)(a) by the assumption N <3 M*.

To prove (b) assuming (a), first note that we can assume without loss of generality
that M* = M. Now [10, Proposition 5.2.2] gives elementary extensions M < M’ and
N < N’ such that N < M’ < N’. By the Lowenheim—Skolem theorem, there exists
N < M" 5 M’ of cardinality |[M"| = k := max{|N|, |£|,No}, in particular N <3 M". As
the x-saturated M* is kT -universal [23, Theorem 8.1.6], there is an elementary embedding
M" — M*. O

Remark 3.2. We focus on universal-existential theories but could instead talk about
existential-universal theories, as (a) of Lemma 3.1 is trivially equivalent to

o Thay(M) 2 Thay(N).

We will not make use of it but point out that (a)—(c) of Lemma 3.1 are also equivalent
to

e There exists a chain (M;);c; of £-structures with ligiel M, =N and M; = M
for every i €

as follows for example from [39, Theorem 3.1.8] (with 73 = Th(M), T» = Th(N)).

Lemma 3.3. Let n € N. For two £-structures M and N, the following are equivalent:

(a) Thvng(M) g Thvng(N).

(b) For every N* = N and every b € (N*)", there exist Ny = N*, My = M and an
L-embedding fy: My — Ny with by, ..., b, € fo(Mp).

(c) For every N* = N, there exists N** = N* such that for every b € (N*)" there exist
My = M and an £-embedding fp: My — N** with by,...,b, € fo(My).

(d) There exists N* = N such that for every b € (N*)™ there exist My = M and an
L-embedding fi,: My — N* with by, ...,b, € fp(Mp).

(e) There exists N* = N such that for every b € (N*)™ there exist My =v,3 M and an
L-embedding fo: My — N* with by, ..., by € fir,(Mp).
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(f) For everyb e N", there exist Ny =3 N, My =v,3 M and an £-embedding fy: My —
NQ with by, ..., b, € fQ(MQ)

Proof. (a) = (b). Without loss of generality N = N*. Let b € N™ and let z denote
the tuple of variables (z1,...,z,). Write

p(z) = {Yy1,. -, ym Y(z,y) | m € N,N =Yy (b, y),¢ € Formg,(£)}.

This is the universal type of b in N. We claim that p(z) Ueldiag(M) is finitely satisfiable:
a conjunction of finitely many elements of p(z) is logically equivalent to a universal
formula in free variables z, that is again in p(z), say Vy ¢¥(z,y). Since b € N™, we have
N = 32Vy ¥(z,y). By (a), this implies M |= 32y 1 (x, y), which proves the claim. So by
the compactness theorem there is an elementary extension M, = M and a tuple a, € M}
such that M, = p(ay).

We now consider the language £ = £(c) where ¢ = (ci,...,¢,) is an n-tuple of new
constant symbols, and the £(c)-structures (M, q,) and (N,b). The £'(M;, U N)-theory
T = diag(My,a,) U eldiag(N,b) is finitely satisfiable: A conjunction of finitely many
elements from diag(My,a,) is logically equivalent to a sentence of the form ¢(c,d) for
a quantifier-free £-formula ¢(z,y) and dy,...,dy € M. Then M, [~ Vy—p(a,,y) and
therefore N' |= 3y (b, y), so (N, b) can be expanded to a model of eldiag(N, b)U{p(c,d)}.
So by the compactness theorem, 7" has a model Ny, which is then an elementary extension
of N, and the £-embedding f;,: M — N, with fi(a;,) = b comes as usual from the method
of diagrams. N

(b) = (c). For each b € (N*)" fix Ny, M, and f, as given by (b). Choose a cardinal
number £ with k > |Np| for every b € (N*)™. Let N** = N* be k-saturated, in particular
kt-universal, so that for every b € (N*)" there is an elementary £(N *) embedding
gp: Ny = N**. Then gy o f: My — N** is as required for (c).

(¢) = (d). Write My = M and Ny = N. We recursively construct an increasing
elementary chain (N;);c., using (c), such that for each i and b € (N;)™ there exists
MQ = M, fg: MQ — Niy with by,...,b, € fQ(Mg). Then N* = h—I)nz N, satisfies the
claim.

(d) = (e) = (f). Trivial.

(f) = (a). Let ¢ € Thy,3(M). Without loss of generality, ¢ = Vu1,..., 2,3y ¥ (z,y)
with 1) quantifier-free (Remarks 2.2 and 2.6). Let b € N™ and let Ny, M), and fo: My = Ny
be given as in (f), in particular there exists a, € (Mp)™ with fy(a;,) = b. Since My =v, 3 M
and M |= ¢, also M}, = ¢, so there exists ¢ € (Mp)™ such that My = 9(ay, c). Applymg
Jo we get Ny = (b, fy(c)), in particular Ny, |= Jyap(b,y). Since b € N™ and N <3 N,
also N = Jyy(b, y). Thus, N | . O

Corollary 3.4. For £-structures M and N, the following are equivalent:

(a) Thvg (M) g Thvg (N)
(b) There exists N* %= N such that for every finite subset B C N* there exist Mg = M
and an £-embedding fp: Mg — N* with B C fg(Mp).
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Proof. (a) = (b): By Lemma 3.3(d), we can construct an elementary chain N = N; <
Ny < -+ such that for each n and B C N,, with |B| < n there exists Mp = M and an
L-embedding fp: Mp — N, 1 with B C fg(Mp). Thus N* := hﬂn N, satisfies (b).

(b) = (a): Condition (b) implies Lemma 3.3(d) for every n, so Thy,3(M) C Thy,3(N)
for every n. Since every ¢ € Formys(£) is equivalent to prnxg ¢(¢) € Formy,3(£) for
some n, it follows that Thyg(M) C Thyg (V). O

Example 3.5. We will not make much use of the fragments V"3 but would nevertheless
like to now discuss their relation to the fragments V,,3 that we indeed will work with.
By definition, Thy,3(M) = Thyi3(M) for every L-structure M. The following example
in the language £ = {E} of graphs shows that Thy,3(M) in general does not determine
Thy23(M): Let 'y, T'3, T’y denote the following three tournaments on 2, 3, respectively, 4

vertices:
LN KK

Let N = wl's Uwl'y and M = N UT's, where U denotes disjoint union and wI'; the
disjoint union of w many copies of I';. It is easy to see that for every a,b € M there is an
embedding fop: N — M with a,b € f,;,(IV), and for every ¢,d € N there is an embedding
fea: M — N with ¢,d € feq(M) (as I's embeds into I'y). So by (f) = (a) in Lemma 3.3,
Thy,3(M) = Thy,3(N). However, the following sentence is in Thy23(V) \ Thy25(M), as
it holds in I'y and I'4, but not in I's:

A

<

YV ((Vy—\xEy) V (Yy—yEz)V 3z1,..., 23 ( /\ —zi = 2 A /\(acEzl vV zlEar))>

i#] 4

4. Coding using pth powers

Every time a structure M carries a surjection M — M" definable by a formula in a
fragment like 3, this allows reducing a block of r universal quantifiers to a single universal
quantifier followed by some extra existential quantifiers. We now work out this idea in
detail for definable surjections involving pth powers in fields of characteristic p. For the
notions of p-independence and p-bases, and their basic properties, see, e.g., [20, §2.7].
The language of rings is Lying = {4+, —,,0,1}. For the propositions in this section, the
reader who skipped our definition of (computable) functors of formulas can safely replace
the fragment F by the (computable) fragment 3.

We first exploit that a surjection M — M" can be defined with parameters for a
p-basis. This is well known, but we provide a short proof for lack of a suitable reference:

Lemma 4.1. For every p>0, every n > 1 and every r > 0 there exists
Xpnor (T Y1, oy Yr, 21, - - -, 2n) € Forms(Lying) such that if K is a field of characteris-
tic p with [K : KP] = p™ and a1,...,a, is a p-basis of K, then Xpnr(x,y,a) defines a
surjection K — K". The map (p,n,7) — Xpn,r 15 computable. B
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Proof. Take xpno =T and Xpn1 = (x =y1). Take xpn 2 to be

n
o, 00 s Ap—1,.p—1 (93 = Z A i H Z;j Ay1 = Xo,.. 0 \Y2 = )\p—l,.‘”p—l)
0<i1,eenyin<p j=1
and inductively xpnr+1(T, Y155 Yr+1,2) = FWXpnr (T Y15, Yo, W, 2) A
Xp,n,2 (W, Yr, Yri1,2))- O

Proposition 4.2. Let p>0, let n > 1 and let ¢ be an n-tuple of new constant symbols.
Let F be a fragment such that 3F = F and Formg (L) includes all quantifier-free Lying(c)-
formulas, for all £ 2O Liing(c). For every such £, there exists a map

7¢ : Formyp(£) — Formy, ) (£)

such that for every field K of characteristic p with [K : KP] = p", for every p-basis a
of K and for every L-structure K expanding the Lying(c)-structure (K, a), we have K' =
(¢ <> Tep) and Var(p) = Var(rey) for all ¢ € Formye(£); in particular, Thye(K') =
Tgl(Thvl[F} (K")). Moreover, Tg is uniform in such £, and if F is computable, then Tg¢ is
computable uniformly in £, p and n.

Proof. Let £ DO Lng(c) and let p(u) € Formyr(L). Then ¢ is equivalent to
proxg o(@) = Va1,...,2.p(x, u) for some r, with ¢(z,u) € Formg(£), see Remark 2.6.
Let 7o be the formula

sz@(xp,nﬂ« (w’ xz, Q) A ’l/}(ia @))7

with Xpnr(w,z,¢) € Formz(Lring(c)) € Formg(L) as in Lemma 4.1. Then 7ep €
Formy, f (£) is as required. This is uniform in £, since proxg o is. If F is computable, then
proxg ¢ is uniformly computable (Remark 2.6), which together with the computability
of Xp,n,r gives the uniform computability of 7¢. O

Next we quantify away the parameters for the p-basis.

Lemma 4.3. For every p>0 and every n > 1, there exists mpn(21,...,2n) €
Forms(Lring) which defines in every field K of characteristic p the set D C K™ of
p-dependent n-tuples. The map (p,n) > m, , is computable.

Proof. Take 7, to be
n .
P i _
0,055 Ap—1,p1 > XNoaIlz =08\ =0
0<i1,...,in<p j=1 0<41,..,in<p
a

Remark 4.4. If [K : K?] = p" then B := K"\ D with D as in Lemma 4.3 is the
set of p-bases of K, and xpn,» defines a surjection B x K — K" on the V-definable set
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B x K C K™t!. This can be extended to a surjection K™t' — K™, which, however, is
then only definable by the conjunction of an existential and a universal formula.

Proposition 4.5. Let p>0 and n > 1. Let F be a fragment such that 3F = F and
Formg (L) includes all quantifier-free Lying-formulas, for all £ 2O Lying. For every such £,
there exists a map

7¢: Formyg(£) — Formy, , 7;(£)

such that for every field K of characteristic p with [K : KP] = p™ and for every £-
structure K' expanding K, we have K' |= (¢ < 1ep) and Var(p) = Var(rep) for all
¢ € Formyp(£); in particular, Thyr(K') = Tgl(ThvnH[F] (K')). Moreover, Tg is uniform
in such £, and if F is computable, then 7o is computable uniformly in £, p and n.

Proof. Let £ D £iny and let p(u) € Formyp(£). Again we may assume that ¢(u) is
of the form Vzq,...,z,.9(x,u) for some r, with ¢(z,u) € Formg(£) (Remark 2.6). Let
Tap be the formula

Yw, 21, 20 (Tpn(2) V 32(Xponr (W, 2, 2) AY(2,1))),

with Xpn,r Tpn € Forms(Lying) € Formg(£) as in Lemmas 4.1 and 4.3. Then 7ep €
Formy, ,r(£) is as required. Uniformity and uniform computability follow as in the
proof of Proposition 4.2. O

In the special case of function fields in which the constant field is definable, this can
be improved further:

Proposition 4.6. Let p>0, let n >0 and let d > 1. Let F € {3,3V,3v3,...} and let
v(x) € Forms(£Lying). There exists a map

7: Formyr (Lying) — Formy, [ (Lring)

such that for every geometrically integral F,-variety X of dimension d and every field
k with char(k) = p, [k : kP] = p" and v(k(X)) = k, we have k(X)) E ((¢p A
ALy (u;)) <> 7p) and Var(p) = Var(rp) for all o(us, ..., uy) € Formyp(Lying); in par-
ticular, Thye(k(X)) = 7= Y(Thy,,, [/ (k(X))). This T is computable uniformly in p, n, d
and 7.

Proof. Let k and ¢ be as in the statement, and let K = k(X). Without loss of
generality, ¢(u) is of the form V1,...,z,¢(z,u) with ¢ € Formg(£,ing) (Remark 2.6).
For every v > 1,

KV = K = F,(X)k = F(X)Pk = (F(X)k)P' k = Kk

and the degrees are as in the following diagram (cf. [9, V.135 No. 6 Cor. 3)):
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Fp(X) K
(n+d)v
e P / il
F,(X)?" K L K
F, R Lk

In particular, as [K? 'k : KP"] = p™, the formula

pnl/ p"LU
7711(33) = Hyla sy Yprv, 21, ..., Rpnv (/\ 'Y(Zz) N = ny Zz) 5

i=1 i=1

defines K?"k in K, and the formula 7/(2) given by

d
Ao, 005 Ap—1,.p—1 /\ M (Niy,ig) A Z Nivyoonia H Z;J =0

0<t1,...,ia<p 0<t1,...,5a<p j=1

A \/ “Aig,oig =0

0<i1,...,2a<p

defines the set d-tuples that are not p-bases of K over KPk (cf. proof of Lemma 4.3).
Note that 7,,7" € Forms(Ling). We write ¢ for ) with all quantifiers relativized to
Ny, defined inductively by (Jza)”™ = Jz(n,(x) A o) and (Vza)™ = Va(n,(z) V a™),
where 7, = prux(—m,) € Formy(Lying), cf. Remark 2.6. Note that ¢ € Formg(Ling),
as 3 =33, V3 = W3, etc. Now fix v with p*~! < r < p” and let

d
To(u) == Yw,z1,...,2q3\ <7r’(z) % (w = Z Air,..vig H z]
j=1

0<i1,enyig <p”

A /\ N (Niyoyia) N /\ 7 (u;)

0<iy,...,2a <p Jj=1

A 1/)77" (AO,...,Ov R AT—l,O,...,O,“))) .

Then 7¢ € Formy,, ,F)(£ring), and K = 7¢(a) if and only if a4, ..., a,, € k and Kk =
¢(a), which since KP'k 2, K is equivalent to K = ¢(a). O
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Example 4.7. Let K =T, ((t))(s). Each of the three propositions in this section gives
a class of fields K with K € K, and a computable map 7 such that K’ = (¢ <> 7¢) for
every K’ € KC and every ¢ € Sentys(Lying), Where

(a) T € Senty, 31(Lring(s, 1)) in Proposition 4.2 (with n=2),

(b) T¢ € Senty,[5)(Lring) in Proposition 4.5 (with n=2) and

(c) Ty € Senty,(3)(Lring) in Proposition 4.6 (with n = 1,d = 1; for existence of v, see
Example 5.8).

5. Function fields

We consider the rational function field k(#) in £,ing as well as in £,ing(t). First we study to
what extent the theory of k determines the theory of k(t), and then we look for relations
between the V;3-theory of k(t) and the 3-theory of (k(t),t). Where possible we consider
more generally the function field k(X) of a variety X defined over a subfield kg of k as a
structure in the language £,ing (ko) or Lying (ko (X)), which we then denote by (k(X), ko),
respectively (k(X), k(X)). Throughout this section, k,I, ko, k" denote fields.

Proposition 5.1. If k1 are extensions of ko with Tha(k, ko) C Tha(l, ko), then
Ths(k(X), ko(X)) € Tha(I(X), ko(X))

for every geometrically integral ko-variety X. In particular, if k,l are any fields with
Ths(k) C Tha(l), then Tha(k(t),t) C Tha(i(¢),t).

Proof. Let k = max{|k|,Ro} and let I be a xT-saturated ultrapower of [ (so U is an
ultrafilter on some index set I, and 1% = I /U{). Then Ths(k, ky) € Ths(1, ko) implies that
there exists an £ying(ko)-embedding k& — ¥ [10, Lemma 5.2.1], which extends uniquely
to an Lying(ko(X))-embedding k(X) — I“(X). The inclusion | — [(X) gives rise to an
Lying(1)-embedding 1 — [(X)Y, which extends uniquely to an £ing(I(X))-embedding
M(X) — I(X)¥. Therefore

Th(k(X), ko(X)) € Tha("(X), ko(X)) € Tha(l(X)", ko(X)) = Thz(I(X), ko(X)).

The ‘in particular’ part follows, since if k,1 are fields with Thg(k) € Thz(l), then in
particular char(k) = char(l), and so without loss of generality they have the same prime
field kg, and we can apply the claim to the kg-variety X = Al O

Lemma 5.2. If k <3 k' then Thy,3(k(t)) = Thy,3(K/(¢t)).

Proof. Firstly, k <3 &’ implies that k(¢) <3 k/(¢), see [14, Lemma 7.2], from which
it follows that Thyg(k'(t)) C Thya(k(t)) (Lemma 3.1), in particular Thy,3(k'(¢)) C
Thy,3(k(t)). For the converse inclusion, we verify Lemma 3.3(f) for N = k'(t), M = k(t)
and n=1. So let b € k'(t). If b € k, we extend the inclusion ¢: k — k' to /: k(t) — k'(¢)
by J/(t) = t, and note that b is in the image. If b ¢ k then, as both k'/k (by, e.g., [18,
Corollary 3.1.3]) and k'(¢)/k’ are regular, b is transcendental over k, so we may extend ¢
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to an embedding ¢ : k(t) — k'(t) with ¢ (t) = b. So (f) holds with N, = N and M, = M.
By (f) = (a) of Lemma 3.3, we have Thy,3(k(¢)) C Thy,3(k'(¢)). O
)

Proposition 5.3. If Thy,5(k) C Thy,5(I), then Thy,5(k(t)) € Thy,5(1(t)).

Proof. From Thy,3(k) C Thy,3() it follows by Lemma 3.3(d) that there exists I* = [
such that for every b € I* there exist ky, = k and an embedding f,: ky, — I* with b € fy(kp).
By Lemma 5.2, Thvlg(l*(t)) = Thvlg(l(t)).

To see that Thy,3(k(t)) € Thy,3(I*(¢)), we verify Lemma 3.3(f) for M = k(t), N =
I*(t) and n=1. So let b € I*(t). If b € I* then we extend f;, to an embedding f}: ky(t) —
I*(t) by fi(t) = t. In this case, we choose M}, = ky(t) and N, = N. If on the other
hand b ¢ [* then it is transcendental over [*, in particular over f;(k1). We extend f; to
an embedding f{': k1 (t) — I*(¢) by f{'(t) = b. In this case, we choose M} = k;(t) and
Ny = N. Note that in both cases My =y,3 M by Lemma 5.2. This verifies Lemma 3.3(f),
and the result now follows from the implication (f) = (a) of Lemma 3.3. O

Remark 5.4. In particular, if R < R* is a proper elementary extension, then
Tha(R(t),t) = Tha(R*(¢),t) (Proposition 5.1) and Thy,3(R(#)) = Thy,3(R*(?))
(Proposition 5.3), but one can show that Thy,3(R(%),t) # Thy,3(R*(¢),t), Thy23(R(t)) #
Thy23(R*(t)) and Thy,3(R(¢)) # Thy,3(R*(¢)), as will appear in [42]. We do not know
whether Thvzg(R(t)) = Thvzg(R* (t))

Suppose now that k,l are perfect of characteristic p>0. By Proposition 4.2, if
Thvlg(k(t),t) = Thvlg(l(t),t), then Thvg(k(f),t) = Thvg(l(t),t), and if Thvlg(k(t),t)
is decidable, then so is Thyg(k(t),t). Similarly, by Proposition 4.5, if Thy,3(k(t)) =
Thy,3(1(t)), then Thyz(k(t)) = Thya(l(¢)), and decidability of Thy,3(k(¢)) implies
decidability of Thy3(k(t)).

Lemma 5.5. For any field k, {o(t) : o € End(k(t)/k)} = k(t) \ k.

Proof. Every o € End(k(t)/k) is injective, so 0 =1 (k) = k and therefore o(t) € k(t)\ k.
Conversely, every s € k(t)/k is transcendental over k, so ol = idg, o(t) = s defines an
isomorphism o: k(t) — k(s). O

Proposition 5.6. Let ¢ € NU{oco}. There exists a map

7: Formy, 31(£Lring) — Formsa(Leing(t)) x Formy, (3)(Lring)

such that if k is a field with #k = q, ¢ € Formy,[5)(Lring) and 7 = (Y1,102), then
Var(yn) = Var(i2) = Var(p) and

p(k(t) NE" = 1 ((k(E), 1)) N2 ().

In particular, for ¢ € Senty, (3(Lring),

k() = if and only if  (k(t),t) = drand k b= vs.

The map T is computable, uniformly in q.
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Proof. Let ¢ = Voo with ¢(z, u) € Forms(Ling). If ¢ = 00, define 7¢ = (¢¥(t, ), ),
and if ¢ < oo define 79 = (pq, T(u)), where

pq = w(t7y)A3y17.-.7yq(/\y§—yz— =0A N\ wi #yj/\/\@b(yi,@)).
i i#j i

To prove the claim, let k& be a field with ¢ = #k, and let 7¢ = (¥1,12). First let
a € o(k(t)) Nk™, ie. a € k™ and for every b € k(t), k(t) = ¢ (b,a). Then in particular
k(t) E ¥(t,a), and if ¢ < oo, then also k(t) E ¥(b,a) for every b € k, ie. for the
zeros of Y4 =Y. So a € ¢1((k(t),t)) in all cases, and if ¢ = oo, then k <3 k(t), see,
e.g., [18, Example 3.1.2], and so k(t) = ¢(a) implies k = ¢(a) (Lemma 3.1), and therefore
a € Po(k) in all cases.

Conversely, let a € ¥1((k(t),t)) Na(k). Since k(t) = ¥(t,a), it follows that k(t) &=
(b, a) for every b € k(t) \ k: Indeed, by Lemma 5.5, there exists a o, € End(k(¢)/k) with
op(t) = b, hence oy,(k(t)) = (b, a) and so, since op(k(t)) < k(t) and ¢ is an existential
formula, k(t) = (b, a). If ¢ < oo, then k(t) = 11 (a) also implies that k(t) = (b, a) for
every b € k, and if ¢ = oo, then k |= 15(a) gives that k = (b, a) for every b € k, and so,
since k < k(t) and 1 is an existential formula, k(¢) | ¥ (b, a) for every b € k. This shows
that in all cases k(t) = ¢(b, a) for every b € k(t), i.e. a € p(k(t)). O

Proposition 5.7. Let y(z) € Forms(Lying). There exists a map
7: Forms(Lying(t)) — Formy, (3] (Lring)

such that if ¢(u) € Formz(Lring(t)) and k is a field with k C ~y(k(t)) C k(t) \ {t}, then
Var(rp) = Var(yp) and

p((k(t),1)) NE" = To(k(t)) NE".

In particular, Tha(k(t),t) = 7' (Thy,z(k(t))). The map T is computable uniformly
m .

Proof. Write p(u) = 9¥(u,t) with ¢ € Formz(Ling) and define 7¢ = V(¢ (u,z) V
~(z)). To see that this satisfies the claim, first let a € p((k(¢),t)) N k™, so k(t) = ¢(a,t).
As in the previous proof, by Lemma 5.5, this implies that k(t) = ¥(a,b) for every
b e k(t) \ k. Since k(t) = v(b) for every b € k, it follows that a € T7o(k(t)). Conversely,
if a € Tp(k(t)) N k™, then in particular k(t) | ¥(a,t) V y(t), so t ¢ y(k(t)) shows that
a € p((k(t),1)). 0

Example 5.8. The condition that there exists y(z) € Forms(Lyng) with k& C
~v(k(t)) C k(t) \ {t} holds in particular whenever k is perfect of characteristic p >0,
as then we can take v(x) = Jy(x = yP), which defines k(¢)P. It also holds whenever k
is existentially (-definable in k(¢), which is trivially satisfied for k finite, and by [24,
Theorem 2| also for any k that is large in the sense that k <3 k((t)).

Corollary 5.9. Let k be a field of positive characteristic, not containing the algebraic
closure of the prime field. If k is perfect or large, then Thy,3(k(t)) is undecidable.
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Proof. It is known that Thg(k(t),t) is undecidable whenever £ is of positive character-
istic not containing the algebraic closure of the prime field. For example, this is implicit
n [16]. By Proposition 5.7 and Example 5.8, if k is in addition perfect or large, it follows
that also Thy,3(k(t)) is undecidable. O

Corollary 5.10. For k algebraically closed, real closed, p-adically closed or finite,
Tha(k(t),t) is many-one equivalent to Thy,3(k(t)).

Proof. For these k, k is existentially ()-definable in k(¢) by Example 5.8, and Th(k)
is decidable (in particular so is Thy,3(k)), so the claim follows from Propositions 5.6
and 5.7. ]

Remark 5.11. For k algebraically closed of characteristic zero, the undecidability of
Tha(k(t),t) is a big open problem — in fact we do not even know whether Th(k(¢),t) is
undecidable, see, e.g., [25]. For k finite, real closed or p-adically closed, the undecidability
of Tha(k(t),t) is known by [32, 41], [12], respectively [8, 11, 30], but even then the
many-one equivalence gives additional computability theoretic information.

Proposition 5.12. Let F € {3,3v,3v3,...}. Let ky be a field of characteristic 0 and
let f € ko[x,y] be absolutely irreducible such that the curve C : f = 0 has function field
ko(C) = Frac(ko[x,y]/(f)) of genus at least 2. Let v(z) € Formg(£Lring(ko)). There is a
map

7: Formp (fgring (kO [Xa Y])) — Formv2 [F] ('Sring (kO))

such that if p(u) € Formp(Liing(ko[x,y])), then for every extension k/ko with k C
v(k(C)) C k(C) \ {z}, we have Var(yp) = Var(1¢) and

p(k(C)) NE" = To(k(C)) N K",

where x,y are the residues of x,y in Frac(k[x,y]/(f)), and we interpret constants from
ko[x,y] as their residues in kolx,y]. In particular, for ¢ € Sentr(Lring(ko[x,y])), we get
kE(C) E (¢ < T7¢). When given an injection a: kg — N, 7 is computable uniformly in f
and 7.

Proof. Assume that k/kg is an extension with k C ~v(k(C)) C k(C) \ {x}. Write
kE(C) = k(z,y) and note that f(z,y) =0and = ¢ k. If a,b € k(C) \ k with f(a,b) =0,
then k(a,b) = k(C), and since k(x,y)/k(a,b) is separable and k(x,y) and k(a,b) are
function fields of the same genus greater one, the Riemann—Hurwitz formula [38, Theorem
3.4.13] implies that k(a,b) = k(x,y). In particular, there is a unique o € Aut(k(C)/k)
with o(z) = a, o(y) = b. Conversely, if o € Aut(k(C)/k), then f(o(z),o(y)) = 0 and
o(x) ¢ k.

Given ¢p(u) € Formp(Ling(ko[x,y])), express each constant ¢ occurring in ¢ as t(x,y)
for an Lying(ko)-term t(v,w), and this way obtain ¢o(u, v, w) € Formg(Lring(ko)) such
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that k(C) = (¢(u) <> wo(u,x,y)), independent of k. Define

T :=Va,b(f(a,b) # 0V y(a) V ¢o(u,a,b)).

Then 7o € Formy,F)(£ring(ko)) satisfies the claim: Indeed, if ¢ € ¢(k(C)) N k™, then
kE(C) = pole x,y), and if k(C) = f(a,b) = 0 A —y(a), then, as explained above, there
exists o € Aut(k(C)/k) with o(z) = a, o(y) = b, and therefore y(o(c),o(x),0(y)) =
wo(c,a,b) holds in k(C), so ¢ € Tp(k(C)). Conversely, if ¢ € 7p(k(C)) N k™, then in
particular k(C) | ¢o(c, z,y), and hence ¢ € p(k(C)). O

In positive characteristic, we face additional difficulties, but we can use ideas from
§4 to reduce the two universal quantifiers to one, in a less straightforward way, as the
following result shows. Here, we use the terms presented and splitting algorithm in the
sense of [20, Definitions 19.1.1, 19.1.2].

Proposition 5.13. Let ky be a perfect field of characteristic p>0 and let f € ko[x,y]
be separable in 'y and absolutely irreducible such that the curve C' : f = 0 has function
field ko(C) = Frac(kolx,y]/(f)) of genus at least 2. There is a map

7: Forma(Lring (ko[X,y])) — Formy, (3)(Lring (ko))

such that if p(u) € Forms(Lring(ko[x,y])), then for every reqular extension k/ky with k
perfect, Var(yp) = Var(ty) and

p(k(C)) NE" = To(k(C)) NE",

where x,y are the residues of x,y in Frac(k[x,y]/(f)) and we interpret constants from
ko[x,y] by their residues in ko[z,y]. In particular, for ¢ € Sent3(Lying(ko[X,y])), we get
kE(C) = (¢ <> T@). When given an injection a: kg — N, the map 7 is computable, and
if kg is moreover presented and has a splitting algorithm, then 7 is computable uniformly

n f.

Proof. As kg is perfect and ko(C) is of genus at least two, m := |Aut(ko(C)/ko)| <
o0, see [35]. Since kg is perfect, also the genus of ko(C) is at least two, and so also
Aut(ko(C)/ko) is finite. It follows that Aut(k(C)/k) = Aut(ko(C)/ko), and therefore
also Aut(k(C)/k) = Aut(ko(C)/ko) for every regular k/ko.

Let (a,b) € k(C)?\k? with f(a,b) = 0. Then k(C)/k(a, b) is finite, and k(a,b) =, k(C),
so there exists o € End(k(C)/k) with o(z,y) = (a,b). If k(C)/k(a,b) is separable, then
in fact k(C) = k(a,b) by the Riemann—Hurwitz formula, so o € Aut(k(C)/k). If on the
other hand k(C)/k(a,b) is inseparable, then, as [k(C) : k(C)?] = p due to the assumption
that k is perfect, k(a,b) C k(C)P, and so in particular a € k(C)P.

Now let p(u) € Forms(Lying(ko[x,y])), and again rewrite constants by Lying(ko)-terms
to obtain ¢g(u, v, w) € Forms(Lying(ko)) with k(C) = (p(u) < ¢o(u,z,y)). As in the
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previous proof ¢o(u, v, w) is independent of k. Define

T :=Vz (Fw(w? = 2) Vn(y, 2))

with
i#j i=1
A /\1/)(U,Z7IZ))
=1
and

p—1
Q/J(Q,Z,f) := Ao, .. .,/\p,1 (Z = Z)\?ﬁj A (f()\o,/\l) 20V Ew(w” = /\0)
=0

V o (U, >\07>\1>))-

Then 7¢ € Formy, 3)(Lring (ko)) satisfies the claim:

Indeed, if d € Tp(k(C)) N k™ then in particular k(C) = n(d, co) for ¢o := aP + zy?,
as the separability of f in y implies that = ¢ k(C)? and therefore ¢y ¢ k(C)P. Thus
there exist pairwise distinct (z1,41), .., (Zm, Ym) with f(z;,y;) = 0 such that ¢ (d, co, z;)
holds for every i. In particular, Z?;é A?xg = ¢o ¢ k(C)P, so in particular z; ¢ k(C)P,
especially x; ¢ k. Therefore (x;,y;) = o(z,y) for some o € Aut(k(C)/k), so since
m = |Aut(k(C)/k)| there exists ig with (z;,,v:,) = (z,y). From ¥(d, co,z;,) we get
/\07 ey )\p—l with

p—1
E Nal =cy = zPa® 4+ yPat,
i=0

which since z is a p-basis for £(C) implies that A\g = z and A\ = y, so since f(Ag, A1) =
f(z,y) =0and A\g = = ¢ k(C)P we conclude that ¢g(d, z,y) holds, i.e. d € p(k(C)).

Conversely, suppose that d € ¢(k(C))Nk™, in particular k(C) &= ¢o(d, z,y). Then also
vo(d,a,b) holds in k(C) for all (a,b) € k(C)?\ k% with f(a,b) = 0, as it holds in k(a, b)
by the isomorphism above, and therefore it holds in k(C') D k(a,b) due to the fact that
@ is existential. Now take any ¢ € k(C) \ k(C)?, let Aut(k(C)/k) = {o1,...,0m} and
define (x;,y;) = 0;(x,y). Then (x1,41), - .., (Tm, Ym) are pairwise distinct as x, y generate
k(C) over k, and f(x;,y;) = 0 for each i. We claim that k(C) = ¥(d, ¢, z;) for every i.
Indeed, write ¢ = Z?;é )\g-’xg, which is possible since x; ¢ k(C)P, so x; is a p-basis of
k(C). Whenever f(Ag,A1) = 0 and A\g ¢ k(C)P, in particular \g ¢ k, so ¢o(d, Ao, A1)
holds.

If k¢ is presented and has a splitting algorithm, then 7 is computable uniformly in f,
since Aut(ko(C)/ko) and in particular m is computable, see [22]. O
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Corollary 5.14. Let k be a presented perfect field of positive characteristic not con-
taining the algebraic closure of a finite field, and let C be a smooth projective curve over
k of genus greater than 1. Then Thy,3(k(C), k) is undecidable.

Proof. With k£ also k(C) is presented, and [16, Theorem 1.1] gives that
Ths(k(C), k(C)) is undecidable. By choosing a plane affine curve C’ : f(X,Y) = 0 bira-
tionally equivalent to C, Proposition 5.13 then immediately implies that Thy,3(k(C), k)
is undecidable. U

Remark 5.15. The recent thesis of Tyrrell contains a similar statement [40, Corollary
2.5.5] that also includes the case of genus 1, but only for k algebraic over the prime field.

Proof of Theorem 1.3. Part (a) is the ‘in particular’ part of Proposition 5.1. Part
(b) is Proposition 5.3. Part (¢) follows from Proposition 5.6. Part (d) follows from
Proposition 5.7. Part (e) follows from the case n =1 of Propositions 4.2 and 4.5. O

6. Laurent series fields

In this final section, we first develop general results for various classes of henselian valued
fields, and then we discuss in more detail the special case of Laurent series fields k((t)).

We follow notation and conventions of [17]. As usual we denote by v; the t-adic valu-
ation on the rational function field k(t), by k(t)" the henselization of k(t) with respect
to vy, and then k((t)) is the completion of k(t) with respect to v;.

We work in the usual three-sorted language of valued fields £y,1, see, for example, [5,
§ 3.3]. In such a many-sorted setting, we will understand the quantifiers in the fragments
defined in §2 to run over any of the sorts, but we introduce the new fragments Y«3
and VX3 which are defined (on languages containing £,,1) precisely like the fragments
V3 respectively V,,3 except that all universal quantifiers run over the residue field sort k
only, cf. [3, Section 3]. For a valued field (K, v), we denote by K the £,ing-structure K, by
(K, v) the corresponding £y,1-structure and by (K, v, ), for 7 € K, the £y, (w)-structure
(K, v) with w interpreted as .

Let H¥ be the £,.-theory of equicharacteristic henselian non-trivially valued fields,
H®® the £,.1(w)-theory of models of H* in which the interpretation of @ is a uniformizer
(i.e. an element of smallest positive value), H*? the £,.-theory of models of H* with
value group a Z-group, H*®Z the £,1(w)-theory of models of H*® with value group a
Z-group, and let H®%5¢ = H®® M Sent(L,,1). Denote by HE' the theory of the models of
H¢ of characteristic zero, similar for the other theories defined. Note that (k((t)),v:) &=
He U H®Z U Heds¢ and (k((t)), vs,t) = HO™ U H&™Z,

Remark 6.1. Several of the following results will be conditional on a hypothesis called
(R4) introduced in [2, § 2], see also [5, Remark 3.17]. We would like to point out that in
the present paper, (R4) is never applied directly, but only through results in other works.
This hypothesis has several equivalent formulations, one of which is the following:

(R4) Every large field k is existentially closed in every extension K/k for which there
exists a valuation v on K/k with residue field Kv=*F.

https://doi.org/10.1017/50013091525100771 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525100771

Universal-existential theories of fields 113

It is a consequence of local uniformization, and in particular a consequence of resolution
of singularities in positive characteristic, see [2, Proposition 2.3].

We start by quoting known reduction results for complete theories and for existential
theories and then prove various similar results for universal-existential theories.

Proposition 6.2.

(a) There exists a computable map 7: Sent3(Lva) —  Sent3(Lring) with
7(Sents,, (Lva1)) C Sents, (Lring) for every n such that Tha(K,v) = 77 (Thz(Kv))
for every (K,v) E HY.

(b) If (R4) holds, there exists a computable map 7: Sent3(Lyai(w)) — Sents(Lying) such
that Tha(K,v,7) = 7~ Y(Th3(Kv)) for every (K,v, ) = H*%.

(c) There exists a computable map 7: Sent(Lyal) — Sent(Lying) such that Th(K,v) =
7= Y(Th(Kv)) for every (K,v) E HS”.

Proof. Part (a) is [5, Proposition 3.25]. Part (b) is [5, Corollary 3.19(c)]. Part (c¢)
is an immediate consequence of the classical Ax-Kochen/Ershov principle for equichar-
acteristic zero henselian valued fields; the map 7 can be obtained for example from [5,
Corollary 2.23]. O

Lemma 6.3. If an embedding ¢: (K,v) — (L,w) of valued fields induces an isomor-
phism of residue fields Kv — Lw, then Thy3(K, v, C) C Thykg(L, w,C) with constant
symbols in the field sort from C C K.

Proof. This follows from the fact that the satisfaction of existential sentences (in
this case with parameters from the residue field sort and from C) is preserved under
embeddings. O

Proposition 6.4. Let (K,v,7x) = H*% and let (L,w,ny) be an Lya(w)-structure
with (L,w) = HY and 0 < w(wy) < oo. Suppose that Thyz(Kv) C Thys(Lw).

(a) If (R4) holds, then Thyeg(K, v, 7g) C Thywg(L,w, 7).
(b) If (L,w,w) = Hy™?, then Thya(K,v,7x) € Thys(L, w,7L).

Proof. We treat (a) and (b) simultaneously, where we use that the assumption of (b)
implies that Kv and Lw are of characteristic zero so that (R4) holds when restricted to
extensions of these (see [2, Remarks 2.4, 4.18]). By [2, Proposition 4.5], we can replace
(K, v) by an elementary extension to assume without loss of generality that there is a
section (x: Kv — K of the residue map of v. Similarly, we can assume that there is a
section (r,: Lw — L of the residue map of w. Replacing further the structure (K, v, (x) by
an elementary extension, we can assume that in addition it is max{|Lw|, R¢ }-saturated,
and then so is Kwv, hence the assumption Thys(Kv) C Thys(Lw) gives an existentially
closed embedding ¢y : Lw — Kv by Lemma 3.1.

By mapping t — g, and using the universal property of the henselization, we extend
Ck to an embedding of valued fields with distinguished uniformizers (}; : (Kv(t)", v, t) —
(K,v,7x), where Kuv(t)" denotes the henselization, as introduced above. By |2,
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Corollary 4.14], (R4) implies that (} is existentially closed. Similarly, by mapping
t — wr, we extend (; to an embedding of valued fields with distinguished element
¢ (Lw() vg,t) — (L,w,wr). Note that ¢} induces an isomorphism on the residue
fields. Finally, by mapping t — t, we extend ¢} to an embedding of valued fields with
distinguished uniformizers ¢: (Lw(t)",v,t) — (Kv(t)", v, t). Again by [2, Corollary
4.14], (R4) implies that ¢ is existentially closed. The situation looks as follows:

(K,v,7k) P (Kv(t)h, v, t) -7 (Lw(t)", vy, t) S (L,w, )

T ‘f res res f. T
I3 N

By Lemma 3.1,
Thys(K,v,7x) € Thys(Kv(t)", v, t) C Thys(Lw(t)", v, t).

In particular, Thys(K,v,7x) C  Thyg(Lw(t)? v;,t) and we also have
Thyrs(Lw(t)", vy, t) € Thyws(L, w,71) by Lemma 6.3 applied to ¢} with C = {t}, which
concludes case (a). In case (b), by the usual Ax—Kochen/Ershov principle for residue
characteristic zero, ¢/, is an elementary embedding (it is an isomorphism on residue
fields, and the embedding of value groups Z = v;Lw(t)" — wL is elementary since the
theory of Z-groups is model complete in the language of ordered abelian groups with
a constant symbol for the smallest positive element [34, Theorem 4.1.3]), and so in
particular Thys(Lw(t)", vy, t) = Thya(L,w, 7). O

Question 6.5. Does Proposition 6.4(b) hold similarly for all the ‘standard’ frag-
ments 3,¥3,3v3,... ¢ Can this be extended to a full Ax—Kochen/Ershov-principle of
the following form: If (K,v) and (L,w) are equicharacteristic zero henselian non-
trivially valued fields with Thyz(Kv) C Thys(Lw) and Thys(vK) C Thys(wL), then
Thys(K,v) C Thya(L,w), and similarly for the other standard fragments?

Corollary 6.6. Suppose (R4) holds. Let (K,v),(L,w) = H with Thys(Kv) C
Thys(Lw). Then Thyeg(K,v) C Thykg(L, w).

Proof. There exists an extension (K’,v') D (K,v) and nxg € K’ such that
(K',v",7k) E H®® and the induced embedding Kv — K’'v’ is an isomorphism, see,
for example, the first sentence in the proof of [2, Corollary 4.16]. Lemma 6.3 with C' = ()
gives that Thykg(K,v) C Thykg(K’,v"). Choose any 7y, € L* with w(ry) > 0. As
Thys(K'v") = Thyg(Kv) C Thys(Lw), Proposition 6.4(a) implies Thyks(K', v/, 7x) C
Thyks(L, w, 7r,), so in particular Thyxg(K’,v") C Thykg(L, w). O

Corollary 6.7.

(a) If (R4) holds, there exists a computable map T: Sentyxs(Lyai(w)) = Sentys(Lring)
such that for every (K,v, ) &= H®® we have Thyks(K,v,7) = 7~} (Thya(Kv)).

(b) There exists a computable map 7: Senty3(Lvai(w)) — Sentys(Luing) such that for
every (K, v,m) = Ho™" we have Thys(K, v, ) = 7~ (Thys(Kv)).
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(c) If (RA4) holds, there exists a computable map T: Sentyxs(Lya1) = Sentys(Luing) such
that for every (K,v) = H® we have Thyxs(K,v) = 77 (Thys(Kv)).

Proof. Parts (a) and (b) are consequences of (a) and (b) of Proposition 6.4, and part
(¢) is a consequence of Corollary 6.6, where in each case the map 7 can be obtained using
[5, Corollary 2.23]. O

Remark 6.8. As a consequence of Corollary 6.6, if (K,v),(L,w) E HY and
Thy3(Kv) = Thyz(Lw), then Thyks(K,v) = Thyks(L,w) assuming (R4). Under the
stronger assumption Th(Kv) = Th(Lw) and in the special case where Kv (and thus Lw)
is perfect, this ‘v¥3-completeness’ was shown in [3, Corollary 5.7] without using (R4).

One can show unconditionally that if k <3 I, then (k(¢)",v¢) <3 (I(t)",v;). That is, the
second application of [2, Corollary 4.14] in the proof of Proposition 6.4 can be replaced
by a direct argument that does not use (R4).

As a special case of Proposition 6.4(a), assuming (R4) we get that

Thyies (k(t)", v1) = Thyig (k (1)), ve).- (6.1)

This can be improved in two ways: Firstly, by a result of Ershov (see, e.g., [3, Lemma
4.5]), we have (k(t)",v;) <3 (k((t)),vs), and so Thys(k(t)",v;) D Thya(k((t)),v:), which
combined with Lemma 6.3 gives (6.1) without assuming (R4). The second improvement
is given in the following lemma.

Lemma 6.9. Assume (R4). For every field k, Thys(k(t)", vs,t) = Thysa(k((t)), ve, t).

Proof. Since (k(t)",vi,t) <3 (k((t),vs,t), there exists an elementary extension
(K,v,m,) = (k(t)",v,,t) and an L. (w)-embedding (k((t)),vs,t) — (K,v,7,). By
[2, Corollary 4.14], since k[t] is excellent, this embedding is existentially closed.
Thus Thvg(k(t)h,vt,t) 2 Thvg(k((t)),’vt,t) 2 Thvg(K,'l),’/Tv) = Thvg(k(t)h,vt,t) by
Lemma 3.1. g

Lemma 6.10. Assume (R4) and let k, k' be fields. If k = k" then Thys(k(t)", v, t) =
Thvg(k‘/(t)h, V¢, t).

Proof. By the Keisler—Shelah theorem [23, Theorem 8.5.10], it suffices to show that
(k)" ve,t) =v3 (K4 ()", vy, t) for every ultrapower k¥ of k. The embedding k — kY
extends uniquely to an embedding (k(t)", vy, t) — (KY(t)",vs,t). The inclusion k — k()"
on the other hand extends to an embedding k¥ — (k(t)")¥ and then further to an embed-
ding f: (B4()", v, t) — ()M, oY, 1) = (k(t)", vy, )Y over k(t)", which immediately
shows that (k(t)",v;) <3 (KY(t)",v), hence Thys(k4 ()", vs,t) € Thys(k(t)", vs, 1)
by Lemma 3.1. Moreover, the embedding f induces an isomorphism of residue fields
4 (), = K4 = (k(t)")YoY hence f is existentially closed by [2, Corollary 4.14], and
therefore also Thys (kY ()", vy, t) D Thys(k(t)", v, ), again by Lemma 3.1. O

Lemma 6.11. Assume (R4). Let k,l be fields. If Thys(k) C Thys(l), then
Thvg(k(t)h,’l)t,t) - Thvg(l(f)h,’ut,t).

Proof. By Corollary 3.4, there exists [ < [* such that for every finite B C [* there
exists kg = k and an Lying-embedding fp: kg — I* with B C fg(kp). By Lemma 6.10,
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(I*(t)", ve, 1) =va (1(H)", vy, 1), so it suffices to verify Lemma 3.3(e) for M = (k(t)", vy, 1),
N = (I*(t)", v, t), and N* = N. So let by,...,b, € I*(t)". As I*(¢)" is the direct limit
of I(t)" for I running over finitely generated subfields of [*, there exists a finite B C I*
such that by,...,b, € F(B)(t)", where F is the prime field of I. The map fz extends to
an Ly (w)-embedding f: (kp(t)", v, t) — (I*(t)", v, t), and by,...,b, € f(kp(t)"). So
since (kp(t)",vi,t) =v3 (k(t)", v, t) = M by Lemma 6.10, M, := (kp(t)", v, t) satisfies
Lemma 3.3(e). O

Proposition 6.12. Assume (R4). Let (K,v,7k), (L,w,71) E H®® such that wL = Z
and Oy, is excellent. If Thys(Kv) C Thys(Lw), then Thys(K, v, mx) C Thya(L, w, 7).

Proof. Let k= Kv and [ = Lw. By [2, Proposition 4.5], replacing (K, v, k) by an
elementary extension, there exists a section & — K of the residue map of v, which
extends to an £y, (w)-embedding (k(t)" v, t) — (K,v,7k). By [2, Corollary 4.14],
since O,, is excellent, this embedding is existentially closed. Therefore, Thyz(K, v, 7x) C
Thys(k(t)", v, ) by Lemma 3.1. By Lemmas 6.11 and 6.9,

Thys(k(t)", v, 1) € Thys (1), vg, 1) = Thya(1((1)), ve, t).

Since wL = Z, there is also an £y, (w)-embedding (L, w, wy) — (I(t)), vt,t), obtained by
completing, see [2, Propositions 4.2 and 4.3]. By [2, Corollary 4.14], since O,, is excellent,
this embedding is existentially closed. Therefore Thyz(I((t)),v¢,t) € Thys(L,w, L), again
by Lemma 3.1. g

Remark 6.13. We stress that here we do not obtain computable reductions like in
Corollary 6.7, since the condition wL = Z in Proposition 6.12 is not elementary.

Lemma 6.14. Assume (R4). Let k,l be fields. If Thy,3(k) C Thy,3(l), then
Thy,3(k(t)", v¢) € Thy,3(1(6)", v1).

Proof. By Lemma 3.3(d), there exists [* 3= [ such that for every b € [* there exists
ky = k, ap € ky and an Lying-embedding fi: ky — " with fy(ap) = b. By Lemma 6.10,
(I*(t)", v) =v3 (I(H)", vy), so it suffices to verify Lemma 3.3(e) for M = (k(t)", vy),
N = (I*(t)",v;) and n=1, with N* := N.

So let ¢ € I*(t)". Without loss of generality, v;(c) > 0, so ¢ = b+ u for b € [* and
ve(u) > 0. If u=0, then ¢ = b € I*, so f, may be extended to an £y, (w)-embedding
fie (k@) v, t) = ()", v4,t), and fi(ap) = fy(ap) = b = c. Otherwise, if u#0,
then u is transcendental over I* and vy« (y is the u-adic valuation on I*(u), so we may
extend f, to an £yy-embedding f': (kp(t)*,v;) — (I*(t)", v;) with f{/(t) = u. Then

é’(ab + t) = fb(ab) +ht)=b+u=c

In both cases, (ky(t)",v;) =v3 (k(t)",v;) by Lemma 6.10, in particular (ky(t)", v¢) =v,3
(k(t)",v;). Therefore, My, := (ky(t)", v;) satisfies Lemma 3.3(e). O
-

Proposition 6.15. Assume (R4). Let (K,v),(L,w) = H®¥sC [If Thy,3(Kv)
Thy,3(Lw), then Thy,3(K,v) C Thy,3(L, w).

Proof. Let (K,v),(L,w) = H®4¢ and suppose that Thy,3(k) C Thy,3(l), where
k= Kv and | = Lw. Let g be any uniformizer of v, so that (K,v,7x) = H*%. As above

https://doi.org/10.1017/50013091525100771 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525100771

Universal-existential theories of fields 117

(for example, apply Proposition 6.12), Thys(K, v, 7x) C Thys(k(t)", vs,t), in particular
Thvlg(K, 'U) Q Thvlg(k(t)h,vt). By Lemma 6.14, Thvlg(k(t)h,’l)t) Q Thvlg(l(t)h,’l)t).

By [2, Proposition 4.5], replacing (L, w) by an elementary extension, there exists a
section f: 1 — L of the residue map of w. For every s € L* with w(s) > 0, f extends
uniquely to an embedding f,: (I(t)",vs,t) — (L, w, s), as in the proof of Lemma 6.14. By
Lemma 3.3(e) (applied with n =1), in order to show that Thy,5(1(¢)",v;) € Thy,3(L, w),
it suffices to find for every ¢ € L an £.,-embedding g: (I(t)",v;) — (L,w) with ¢ €
g(l(®)"). Replacing ¢ by ¢! if necessary, we may assume that w(c) > 0, and then we
may write ¢ = f(b) +u with b € [ and w(u) > 0. If =0, then ¢ = f(b), and we let g = f;
where s € L™ with w(s) > 0 is arbitrary, and then ¢ = g(b). Otherwise we let g = f,
and then ¢ = g(b+1t) O

Corollary 6.16. If (R4) holds, there exists a computable map 7T: Senty,3(Lva1) —
Senty,3(Lring) such that for every (K,v) [ H®Y¢ we have Thy,3(K,v) =
T_l(Thvlg(KU)).

Proof. The map 7 can again be obtained from Proposition 6.15 by [5,
Corollary 2.23]. O

Remark 6.17. We remark that the statement of Proposition 6.15 becomes false if we
replace He-disc

(a) by H¥, as divisibility of the value group of a model of H¥ is axiomatizable by a theory
Taiv C Senty,3(Lva1) (and so for example Thy,s(k((2)), v:) # Thy,3(k(t9),v)),

(b) by H*@, as the theory of Z-groups for the value group of a model of H*% is axioma-
tizable by a theory Ty C Senty,3(Lva1(w)) (and so for example Thy,3(k((t)), ve, t) #
Thy, 3(k((t*®2), v, 1)) or

(c) by H®®Z, as Vzm,o(t, z) (cf. Lemma 4.3) expresses that ¢ is a p-basis (and so for
example Thy,3(k((#)),ve,t) # Thy,3(k(t,s)", v, t), where s € k((t)) \ k(¢)"). This
also shows that the proposition becomes false even for H*45¢ if we replace V13 by
Vo3 (take Vz1, 29mp 2(21, 22) instead of Vzm, o(t, 2)). A counterexample of Kuhlmann
shows that the proposition becomes false even if we replace H®415¢ by H®®Z together
with axioms for defectlessness, see [28, Theorem 1.3].

Note that in all of these examples, actually Kv= Lw rather than just Thy,3(Kv) C
Thvlg(Lw).

Remark 6.18. The work [15] studies the common existential theory of all or almost
all completions of a global function field. Proposition 6.15 allows to extend some of the
results there from 3 to V3, assuming (R4). More precisely, Proposition 3.2, Theorem 3.4
and Corollary 3.5 of [15] remain valid if one replaces ‘universal/existential’ by ‘v13/3;V’
(denoting the smallest fragment containing V;3 closed under negation) and adding the
assumption (R4). In particular, for a given global function field K with family of comple-
tions (K, 0)vepy, both (,cp, Thy,3(Ky, 0) and Upcp,gnite [Noep\p Thyvia(Hy, D) are
decidable assuming (R4).

The following two propositions are an elaboration of [3, Remark 7.9].
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Lemma 6.19. Let k be a field and K = k((t)). Then Aut(K/k) C Aut(K,v;), {o(¢t) :
o € Aut(K/k)} = m,, \ m2, the set of uniformizers of vy. Similarly, End(K/k) C

End(K,v;) and {o(t) : 0 € End(K/k)} = m,, \ {0}.

Proof. The claim that each o € Aut(K/k) preserves v; is contained in [36] and also
follows from [6]. By [36, Theorem 1], 0 — o(t)/t gives a bijection Aut(K/k) — O,
which implies that {o(t) : ¢ € Aut(K/k)} is the set of uniformizers. For each 0 #
s €my, > a;itt — > a;s' defines a 0 € End(K/k) with o(t) = s. Conversely, if o €
End(K/k), then L := o(K) carries the henselian valuation w := v;00 !, whose extension
to F := LN K must be equivalent to v;|r by F. K. Schmidt’s theorem [17, Theorem
4.4.1], so since v¢(t) > 0 also w(t) > 0 and therefore v;(co(¢t)) > 0. This also shows that
o € End(K,v). O

Lemma 6.20. There is v(x) € Formy, (£ya1) which in every valued field (K, v) defines
the set of uniformizers.

Proof. Let v(x) be Vz(v(z) > 0 A (v(2) > v(z) Vo(z) <0)). O

Proposition 6.21. Let F € {Fy,3,V,3V,V3,...}. There is a computable map

7: Formy, [HI[F]](Sval(t)) — FOI"mv”Jrl[gl[F]](Eval)

such that for every field k and every ¢ € Formy, |3, F)(£val(t)) we have Var(p) = Var(ryp)
and

P((E(#), ve, 1)) NE™ = To((k(2)), v:)) N E™.
In particular, Thy, 3(k((t)), ve,t) = 77 (Thy,,,3(k(1), ve))-

Proof. We write K for the Lyu-structure (k((¢)),v;). Write the formula v from
Lemma 6.20 as v(x) = Vzn(z,z) with n € Form(Lya) quantifier-free. Given
QO(Q) € Formvn[al[F]](ﬂval(t))y Write Y = Vy17-~-ayn32¢(%tagv Z) Wlth w(u7w7ga Z) €
Formg(Lya), and define

T = VaVyy, ..., yn32(-n(z, 2) VY(u, 2,9, 2)).

Then TY € FOI‘Inanrl[gl[F]](,Qval), as —n € FormFo(Qval) - FOI‘HlF(Qval) and ¢ €
Formp(£ya1). If @ € 7(K)Nk™, then in particular K |= Yy3z(-n(t, 2) Vi(a,t,y, 2)), and
since t is a uniformizer and therefore K |= Vzn(t,2) we get that K |= Vy3zi(a,t,y, 2),
hence a € ¢(K). Conversely, if a € ¢(K), then K = Vy3zi(a,t,y,2). Given any
x € k(t), either z is a uniformizer, in which case there is ¢ € Aut(K) with
o(t) = z and o|p = idy (Lemma 6.19) and therefore K & Vy3z¢(a,z,y,2), or
is not a uniformizer, in which case there exists z € k((t)) with K = —n(z,z). Thus
K = VaVy3z(—n(z, 2) V(e 2,9, 2)), i.e. a € To(K). O
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Proposition 6.22. Let £ be a sublanguage of £va1 containing the full £.ing on the field
sort, and let q be a prime power. There is a map

Te: Senty,3(£) — Sent3(L(t))
such that for every finite field k with |k| = q and ¢ € Senty,3(£) we have
K ': ¥ A K ': TeY,

where K is the £- respectively £(t)-reduct of the £ya1(t)-structure (k((t)), v, t). In particu-
lar, Thy,3(k(t)),ve) = Tg‘il(Thg(k‘«t)), v, t)). The map T is uniform in £ and computable
uniformly in £ and q.

Proof. It suffices to consider ¢ € Senty,5(£), i.e. ¢ = Vap(x) with ¢ € Forma(£).
Let

q
Ng(21,. .., 2q) = /\z?:zj/\/\zisézj

j=1 i#]

and

q q
Tep = Jy,21...,2 (nq(z) Ayt=1AY(y) A /\ P(z; + 1) A /\ w(zj)>
j=1

Jj=1

Then 7ep € Sentg(L(t)). If K E ¢, then K | ¢(a) for every a € k((t)), and setting
y := t~1 and letting 21,...,z, be an enumeration of k we have K = n,(z) Ayt = 1,
so K | 7ep. Conversely, if K = 7o, we obtain b € k((¢))? with k((¢)) = ng(b), so b is
an enumeration of k, and % holds in K for each of the elements of k, for t~!, and for
all elements of the form b+ ¢ with b € k. We claim that then in fact it holds for every
a € k((t)). Indeed, if a ¢ k and v(a) > 0, let b € k with vi(a — b) > 0. By Lemma 6.19,
there exists 0 € End(K) with o|; = id; and o(t) = a — b, so K = (b + t) implies
o(K) = ¢(b+ (a — b)), which since ¢ € Formg(£) implies that K = ¢(a). And if
ve(a) < 0, by Lemma 6.19, there exists 0 € End(K) with o|; = idj, and o(t) = a™!, so,
arguing like above, K = ¢(t71) implies that K = (a). O

Proposition 6.23. Let q be a prime power. Let F be a fragment such that Formg(£)

contains all quantifier-free formulas in the empty language on the field sort, for every
language £ O Lya1. For every such £ there is a map

Tg : Formyxp (£) — Formax g (£)

such that for every £-structure K' = (K, v,...) with |Kv| = q and every ¢ € Formyxg (L)
we have Var(to) = Var(p) and K' |= (¢ <> Tep). This e is uniform in such £, and if
F is computable, then T is computable uniformly in £ and q.
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Proof. Let ¢(u) € Formyxp(£). Then ¢ is equivalent to proxgo(p) =
Vezy, ..., 2.9(z, u) for some 7, with ¥ (x,u) € Formg(£), see Remark 2.6. Let

Top = Elkzl,...,zq< /\ Zz?ézj/\ /\ /\ T/JZJU-- ) Zgps U ))

1<i<j<q Jji=1 Jr=1
O

We now summarize some of our results, first by returning to Theorem 1.4 from the
introduction.

Proof of Theorem 1.4. Part (a) is a special case of Proposition 6.4(b) and
Corollary 6.7(b). Part (b) is Proposition 6.12 and Corollary 6.7(a). Part (c) is a spe-
cial case of Proposition 6.15 and Corollary 6.16. Part (d) follows from Proposition 6.21,
and part (e) follows from Proposition 6.22. Part (f) follows from the case n=1 of
Propositions 4.2 and 4.5. O

Remark 6.24. We summarize some consequences for Laurent series fields in Figure 1
on p. 27. Each arrow represents a many-one reduction. Solid arrows without label rep-
resent trivial reduction, where the theory at the source is a computable fragment of
the theory at the target. Solid arrows with label indicate the result that justifies this
reduction. Dashed arrows are reductions in special cases, where the case is included as
a label. Dotted arrows are reductions conditional on (R4). Nodes of the same colour are
many-one equivalent in the special case where k is finite.

Remark 6.25. In this work, we did not address the question of the many-one equiv-
alence of Tha(k((t)),v:) and Thg(k((t))), or similarly of Thys(k((t)),v:) and Thyz(k((t))).
Here it is crucial whether the valuation ring k[t] is 0-definable in the £,ing-structure k((t))
by existential and universal, respectively, by universal-existential and existential-universal
formulas. For work on such problems, we refer the reader to [4] and [19, § 3].

We end this work with one negative result. For perfect k of positive characteristic,
combining Propositions 4.2 and 6.21, we obtain a rather simple many-one reduction of
Thys(k((t)), v, t) to Thy,3(k((¢)), v+). As the intermediate reduction from Thyz(k((2)), ve, t)
to Thy,3(k((t)), ve, t) uses the existence of an 3-£,,)(¢)-definable surjection k((t)) — k((t)) x
E((t), the following suggests that there is no similarly simple many-one reduction to
ThV13 (k((t))a vt)'

Proposition 6.26. For a perfect field k, there is no 3-La(k)-definable surjection

k() = k(&) x k(#)-

Proof. Let K = k((t)) and suppose f: K — K x K is a map defined by p(z,y1,y2) €
Forms(Lya1(k)). We claim that if f(z) = (¢,s), then s € k()" (the henselization with
respect to v;), which since k(t)" & K shows that f is not surjective.

First, suppose that « € k. Then as ¢ is an £y,1(k)-formula, applying the o € End(K/k)
given by o(t) = t? (Lemma 6.19) gives the contradiction (t,s) = f(z) = f(o(z)) =

o(f(z)) = (%, 0(s)).
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6.21
Th(k((t), ve,t)
6.21
Thys ((0), 00, 1) T

Thyg (k((t), v, t)

(R4), 6.2(b)

©_]
:.': Thy,3(k((t), vt) ; Thy,3(k)

Thvlg(k‘)

" k finite
6.23

Ths, (k(¢)), ve) Ths, (k)

6.2(a)

Figure 1. Many-one reductions between theories.

Next, suppose that « ¢ k and v(x) > 0. Then z = a + z with a € k and v,(2) > 0,
z#0. As k is perfect, [1, Lemma 2.1] gives g € k[X] and v € K with v;(u) = 1 such that
z = g(u). In particular, z is definable by a formula in Forms(£y,1(k(u)), and therefore so
are t and s (as ¢ € Formz(Lya1(k)) and a € k). Let 0 € Aut(K/k) be the automorphism
given by o(u) = ¢t (Lemma 6.19). Then o(t) and o(s) are definable in K by a formula
in Forms(Lya1(k(t))), which since (k(t)",v;) <3 (K, v;) (see again, e.g., [3, Lemma 4.5])
implies that o(t),o(s) € k(t)". In particular, o(t) and o(s) are algebraically dependent
over k, and then so are ¢ and s.

Finally, suppose that vs(x) < 0. Since with f also the map x — f(z~!) (with 07! := 0)
is definable by a formula in Formz(£ya1(k)), the same argument as for the previous case
works here. O
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Appendix A. Computational aspects

In this short appendix, we discuss the notions of computability of (presentations of)
languages, sets of formulas and functors of formulas.

A presentation of a (necessarily countable) language £ is an injection o mapping the
symbols of £ to N. A standard Godel coding using o produces an injection &: Form(£) —
N. We denote by £% the following collection of functions on N: the indicator function
of the image of the set of function symbols, the set of relation symbols and the set of
constant symbols, respectively, and the function induced by the arity function. We say
that the presentation « is computable if each of the functions in £¢ is.

If « is a computable presentation of £, a set of formulas F C Form(£) is decidable
if so is @(F). If we call a map Fy — Fy between sets of formulas F; C Form(£,),
F, C Form(£s) for languages £; with computable presentation «; computable, we mean
that the induced function &; (Fy) — @s(F3) is computable, and similarly when we speak
of many-one reductions and many-one equivalences. For definitions of these terms, see,
for example, [33, § 11] and [37, Definition 1.6.8].

For the definition of when a functor of formulas (in the sense of Definition 2.1) is
computable, we follow the philosophy of [29, §3]. Namely, F(£) usually has a chance
to be computable only if the presentation o of £ is, and even then the computability
of F(£) might depend on the specific presentation. It, therefore, makes sense to ask for
computability relative to the presentation: There are Turing functionals? ® and ¥ such
that if £ has presentation «, then ®*° decides @(Form(£)), and if £; C £, have presen-
tations aq respectively aq, and g: a1 (£1) — a2(£L2) is the induced injection, YL @gLs?
computes the induced function @ (Form(£1)) — as(Form(£s)). A functor of formulas F
with domain L is computable if there exists a Turing functional IT such that for every
£ € L with presentation o, TI*" decides a(F(£)). Given functors of formulas Fy, Fy with
domain L, we say that a family of maps 7¢: F1(£) — F(£) is uniformly computable (in
£) if there exists a Turing functional © such that for every £ € L with presentation
o, ©°" computes the induced function @(F;(£)) — @(F2(£)). When we say that the 7¢
are computable uniformly in £ and some other input data, like some nq,...,n, € N, we
mean that © computes the corresponding map @(F1(£)) x N™ — a(F2(£)). Sometimes we
will also use this for objects z; other than n; € N, like formulas in a fixed finite language,
or polynomials over a presented field, where we then mean a suitable coding &(x;) € N,
whose precise form is not critical for the question of computability.

Remark A.1. If F is a computable functor of formulas, then for every £ (in the domain
of F) with computable presentation «, the set of formulas Formg(£) is decidable (in the
sense that a(Formg(£)) is decidable). Similarly, if F; and Fy are computable functors of
formulas and 7¢: Formp, (£) — Formg,(£) is a uniformly computable family of maps,
then for every £ with computable presentation «, the map of formulas 7¢: Formg, (£) —
Formg, (£) is computable (in the sense that &(Formg,(£)) — @&(Formg,(£)) is com-
putable). In that case, for every T C Formg,(£), we obtain a many-one reduction of
Tgl(T) to T. Such families 7¢ occur in particular in Propositions 4.2, 4.5, 6.22 and 6.23.

2 For the definition of Turing functional, see [37, Chapter 3.2.2].

https://doi.org/10.1017/50013091525100771 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525100771

