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We consider a system with heterogeneous unreliable components that requires only
one component to be turned on in order for it to operate+ Repair workers may have
different skills and may be unavailable for random periods of time+ The problem is
to determine a usage and repair policy to maximize system availability+ We give
conditions under which the optimal usage policy is to always use, or turn on, the
component with the shortest repair time, and the optimal repair policy is to always
repair the most reliable component~with the smallest failure rate!+We fully char-
acterize the optimal policy when there are only two components+ Our system is
equivalent to a closed system with multiple single-server queues, where the objec-
tive is to minimize server idle time at one of the queues+

1. INTRODUCTION

Many practical systems require a higher availability than is possible with individual
unreliable components, so redundancy is introduced+ It may not be necessary or
cost-effective to require all of the components to be equally reliable or to train repair
workers to repair all of the possible components+We consider a system with hetero-
geneous components in which we must determine both usage and repair policies+
The usage policy tells us which of the operational components to use at any given
time+ For each repair worker, the repair policy determines which of the failed com-
ponents to repair, among the components that the worker is trained to repair+

Our system requires one working component for the system to be operational; n
components are available+ The component currently in the system, or turned on, is
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subject to failure, but other components that are in working order remain so until
they are used in the system~cold standby!+When componenti is turned on, its up
time, or time to failure, is exponentially distributed with failure ratel i +We initially
assume that there is a single repair worker to repair failed components, although we
later consider the case in which different components may be assigned to different
repair workers+ The repair time of componenti is exponentially distributed with
repair rateµi + All repair and failure times are independent+ Components may be
swapped in and out of the system~turned on and off! preemptively without cost, and
repair of components may be preempted without cost+At any point in time,we must
decide which of the working components to use and which of the failed components
to repair, so as to maximize the system availability+

Rabinowitz, Goren, and Mehrez@7# studied a related deterministic problem+ In
their problem, there are only two components and the schedule of on periods and
maintenance periods must be done on a cyclical basis+ They give references to sev-
eral applications areas, including military applications~such as operating remotely
piloted vehicles and real-time data acquisition and processing! and applications in
communications, signal processing, surveillance, and manufacturing+Also, see their
article for references to other work on the deterministic problem+

Earlier work on the stochastic model has assumed warm standby, so all working
components are subject to failure and, generally, the system is a series system, so all
components must be working for the system to be working+ This is the classic sto-
chastic repairman or machine-interference problem, and the only decision is which
of the failed components to repair+ The SFR~smallest failure rate! policy, which
always repairs the component with the smallest failure rate, has been shown to be
optimal for a variety of assumptions and objectives by Smith@9# , Derman, Lieber-
man, and Ross@2# , Nash and Weber@6# , Katehakis and Derman@4# , Courcoubetis,
Varaiya, and Walrand@1# , Frostig@3# , Righter@9# , and Koole and Vrijenhoek@5# +

We show for our model, in which only one working component is required for
the system to function and other working components may be turned off, that LRR
~largest-repair-rate first! is optimal for choosing which of the working components
to turn on, as long as the repair policy also gives priority to components with larger
repair rates; that is, we should always turn on, or use, the component with the short-
est expected repair time among the working components+ For the general model, the
optimal usage and optimal repair policies are more complicated and depend on both
repair and failure rates+We completely characterize the policy for systems with two
components, for both discounted and average cost optimality+ For more general sys-
tems,we show that when LRR is consistent with SFR, the optimal policy repairs the
component with smallest failure rate among the nonworking components; that is, the
optimal policy is LRR for both the usage policy and the repair policy+We also extend
our results to random environments and systems with multiple, possibly differently
skilled, repair workers+

The classic machine-interference problem is equivalent to a finite-source queu-
ing system or to a closed hub-and-spoke queuing system+ The repair worker can be
represented as a single-server exponential queue~the hub, or queue 0!, where the
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service rate for jobi at the hub isµi + When componenti is working, it can be
represented as a customer at queuei ~a spoke! with an exponentially distributed
service time with ratel i , so customeri is routed from queuei to the hub queue and
back again+ Customers wait for service only when they are at the hub, so the sched-
uling problem is to determine which customer to serve next at the hub+Maximizing
the time that a series system is working is equivalent to maximizing server idleness
at the hub+

Our model is also equivalent to a closed queuing system, but now there are only
two single-server queues, one representing the repair worker as before, with service
ratesµi , and the second representing the system operation, with service ratesl i +
Customers are routed from the first queue to the second and back again+ Now, cus-
tomers at both queues must be scheduled, and our objective is equivalent to mini-
mizing the idle time at the second server+ The LRR policy corresponds to SEPT
~shortest-expected-processing-time first! at server 1+Multiple repair workers can be
represented as multiple single-server queues+

We first give some intuitively obvious properties of the optimal policy+We then
completely characterize the optimal policy for two-component systems+ Finally, we
consider general systems with multiple components+ Throughout, we will use in-
creasing, larger, and so forth in the nonstrict sense+

2. BASIC PROPERTIES OF THE OPTIMAL POLICY

It is very easy to show the following with sample path arguments+Similar properties
were shown for the deterministic two-component model by Rabinowitz et al+ @7# +
Parts~i!, ~ii !, and~iv! of the lemma hold when repair and failure times have arbitrary
distributions, as preemption is permitted and costs nothing, and part~iii ! holds for
exponential failures and repairs+

Lemma 2.1: The stochastically optimal policy

(i) never idles the repair worker when there are nonworking components
(ii) never turns on more than one working component

(iii) never repairs a working component
(iv) and never leaves all working components turned off.

That is, for any policy that violates one of the above, there exists a policy that does
not such that the system has a stochastically larger up time, or availability, during
any time period.

3. THE OPTIMAL POLICY FOR A TWO-COMPONENT SYSTEM

When there are only two components, we can completely characterize the policy
that maximizes the long-run proportion of time that the system is working, or the
discounted time the system is working+ Let us denote by~a,b! the policy that always
uses componenta when both components are working and always repairs compo-
nentb when both components are down and is consistent with Lemma 2+1+We know

OPTIMAL MAINTENANCE AND OPERATION 341

https://doi.org/10.1017/S0269964802163054 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964802163054


from standard stochastic dynamic programming theory that such a stationary and
deterministic policy is optimal for this simple, finite-state Markovian system+

3.1. Long-Run System Availability

We first consider the problem of maximizing the long-run average time the system
is working ~i+e+, the long-run proportion of time that at least one component is
working!+

Consider policy~1,1!+We define a renewal cycle as the cycle that begins and
ends at the point when both components are working+ Let b be the time until the end
of the cycle when we start withbothcomponents working, let d be the time until the
end of the cycle when we start with the systemdown~i+e+, both components down!,
and letdi , i 5 1,2, be the time until the end of the cycle when we start with only
componenti down+ Then we have the following system of equations:

b 5
1

l1

1 d1,

d 5
1

µ1

1 d2,

d1 5
1

l2 1 µ1

1
l2

l2 1 µ1

d,

d2 5
1

l1 1 µ2

1
l1

l1 1 µ2

d,

with solution

b 5
l2 µ1µ2 1 µ1

2 µ2 1 l1
2 l2 1 l1µ2l2 1 l1l2 µ1 1 l1µ2 µ1

l1µ1µ2~l2 1 µ1!
,

d 5
l1 1 µ2 1 µ1

µ1µ2

,

d1 5
l1l2 1 l2 µ2 1 l2 µ1 1 µ1µ2

µ1µ2~l2 1 µ1!
,

d2 5
l1 1 µ1

µ1µ2

+

Similarly, letting Zb, Zd, Zd1, and Zd2 be the total amount of time the system is
working until the end of the cycle for the corresponding starting states, we have

Zb 5
l2 µ2 1 µ1µ2 1 l1µ2 1 l1l2

l1µ2~l2 1 µ1!
+
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Thus, from standard renewal theory, the long-run proportion of time that the system
is working under policy~1,1! is

p~1,1! :5
Zb

b
5

µ1µ2~l1 1 l2! 1 l1l2 µ1 1 µ1
2 µ2

µ1µ2~l1 1 l2! 1 l1l2~µ1 1 µ2! 1 µ1
2 µ2 1 l1

2 l2

+

A similar analysis gives us

p~1,2! 5
µ1µ2 1 l1µ2

µ1µ2 1 l1µ2 1 l1l2

and, by symmetry,

p~2,1! 5
µ1µ2 1 l2 µ1

µ1µ2 1 l2 µ1 1 l1l2

,

p~2,2! 5
µ1µ2~l1 1 l2! 1 l1l2 µ2 1 µ1µ2

2

µ1µ2~l1 1 l2! 1 l1l2~µ1 1 µ2! 1 µ1µ2
2 1 l1l2

2 +

Therefore, we prefer to use component 1 instead of component 2 when both are
up if D1 $ 0 andD2 $ 0, where

D1 :5 p~1,1! 2 p~2,1!

5
µ1µ2~l1 1 l2! 1 l1l2 µ1 1 µ1

2 µ2

µ1µ2~l1 1 l2! 1 l1l2~µ1 1 µ2! 1 µ1
2 µ2 1 l1

2 l2

2
µ1µ2 1 l2 µ1

µ1µ2 1 l2 µ1 1 l1l2

5 l1l2 µ1µ2

µ1 2 µ2

~µ1µ2 1 l1l2 1 l2 µ1!~µ1µ2~l1 1 l2! 1 l1l2~µ1 1 µ2! 1 µ1
2 µ2 1 l1

2 l2!

and

D2 :5 p~1,2! 2 p~2,2!

5 l1l2 µ1µ2

µ1 2 µ2

~µ1µ2 1 l1l2 1 l1µ2!~µ1µ2~l1 1 l2! 1 l1l2~µ1 1 µ2! 1 µ1µ2
2 1 l1l2

2 !
+

Thus, we prefer to use component 1 if and only ifµ1 $ µ2; that is, we should use the
component with the fastest repair rate whenever it is working, regardless of the
failure rates+ ~Of course, whenµ1 5 µ2, we are, in fact, indifferent+!

Let us relabel the components so thatµ1 $ µ2, and therefore it is optimal to use
component 1 whenever it is working+ We will prefer to repair component 1 when
both components are down if and only ifD3 $ 0, where

D3 :5 p~1,1! 2 p~1,2!

5 l1l2

µ1µ2~µ1 2 µ2! 1 ~l1 1 µ2!~l2 µ1 2 l1µ2!

~µ1µ2 1 l1l2 1 l1µ2!~µ1µ2~l1 1 l2! 1 l1l2~µ1 1 µ2! 1 µ1
2 µ2 1 l1

2 l2!
;
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that is, we prefer to repair component 1 when

µ1µ2~µ1 2 µ2! 1 ~l1 1 µ2!~l2 µ1 2 l1µ2! $ 0+

The following theorem summarizes our results+

Theorem 3.1: For a two-component system, LRR is the optimal usage policy to
maximize the long-run system availability; that is, it is optimal to use the working
component with the largest repair rate, regardless of the failure rates. Let compo-
nent 1 be the component with the largest repair rate, so µ1 $ µ2. It is optimal to
repair component 1 when both components are failed if and only if

µ1µ2~µ1 2 µ2! 1 ~l1 1 µ2!~l2 µ1 2 l1µ2! $ 0+

A sufficient condition for the latter isl1 # l2, or, more generally,l1µ2 # l2µ1.
Thus, if the repair and failure rates are agreeable in the sense that the LRR ordering
agrees with the SFR ordering, then SFR is the optimal repair policy.

3.2. Discounted System Availability

Now we suppose that we have exponential discounting with ratea and we wish to
maximize the long-run expected discounted system availability or, equivalently,
to minimize the long-run expected discounted system unavailability+ Redefining
our earlier terms, let b, d, d1, andd2 represent the states when both components
are working, both are down, component 1 alone is down, and component 2 alone
is down, respectively+ Let V~x! be the discounted systemunavailabilityunder the
optimal policy starting in statex, x 5 b,d,d1,d2, and let us scale our rate param-
eters so thata 1 l1 1 l2 1 µ1 1 µ2 5 1+ Then we have the following dy-
namic programming equations, where we have used uniformization to assume there
are ~possibly dummy! state transitions according to a Poisson process with rate
a 1 l1 1 l2 1 µ1 1 µ2 5 1+

V~b! 5 min$l1V~d1! 1 ~l2 1 µ1 1 µ2!V~b!;l2V~d2! 1 ~l1 1 µ1 1 µ2!V~b!%,

V~d! 5 min$11 µ1V~d2! 1 ~l1 1 l2 1 µ2!V~d!;

11 µ2V~d1! 1 ~l1 1 l2 1 µ1!V~d!%,

V~d1! 5 l2V~d! 1 ~l1 1 µ2!V~d1! 1 µ1V~b!,

V~d2! 5 l1V~d! 1 µ2V~b! 1 ~l2 1 µ1!V~d2!+

Consider policy~1,1! of using and repairing component 1 whenever possible+
We can obtain the discounted system unavailability under that policy, call it V~1,1!~x!,
from the set of above equations by taking the first of the two terms in the first two
equations+ Let policy ~2-1,1! be the policy that, if the initial state isb, uses compo-
nent 2 until the first state transition, and thereafter follows policy~1,1!, and let
V~221,1!~x! be its discounted system unavailability+ From the principle of policy it-
eration, ~1,1! cannot be the optimal policy ifD , 0, where
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D :5 V~221,1!~b! 2 V~1,1!~b!

5 l2V~1,1!~d2! 1 ~l1 1 µ1 1 µ2!V~1,1!~b! 2 l1V~1,1!~d1!

2 ~l2 1 µ1 1 µ2!V~1,1!~b!

5
l1l2~µ2 2 µ1!

D
,

where

D 5 l1l2
2 2 l1µ2 2 2l1l2 1 l1 1 l1µ2l2 2 1 1 2l2 1 µ1 1 2µ2 2 2µ1µ2

2 3µ2l2 2 µ1l2 2 µ2
2 2 l2

2 1 µ1µ2
2 1 µ2l2

2 1 µ2
2l2 1 µ1µ2l2,

and where the last equality forD comes from solving the set of four equations
for V~1,1!~x!+We can rewrite the denominator, D, using the fact thata 5 1 2 ~l1 1
l2 1 µ1 1 µ2! as follows:

D 5 2@a~12 l2! 1 µ1µ2# ~12 µ2! 2 l1l2~12 l2! # 0+

Thus, D , 0 if and only ifµ2 . µ1+ Therefore, if µ2 . µ1 and it is optimal to always
repair component 1, it cannot be optimal to use component 1+ A similar argument
shows that ifµ2 . µ1 and it is optimal to always repair component 2, it cannot be
optimal to use component 1+ Hence, as in the average system availability case, it is
optimal to use the component with the largest repair rate, regardless of the failure
rates and the discount rate+

Now let us relabel the components so thatµ1 . µ2 and it is optimal to use
component 1 whenever possible+ Let policy ~1,2-1! be the policy that, if the initial
state isd, repairs component 2 until the first state transition and thereafter follows
policy ~1,1!, and letV~1,221!~x! be its discounted system unavailability+ By compar-
ing V~1,1!~d! andV~1,221!, we have~after some algebra! that it is optimal to repair
component 1 when

~a 1 l1!@µ1~12 l1! 2 µ2~12 l2!# 1 µ1 @µ1~µ2 2 l1! 2 µ2~µ2 2 l2!# $ 0+

Summarizing, we have the following+

Theorem 3.2: For a two-component system, LRR is the optimal usage policy to
maximize the expected discounted system availability; that is, it is optimal to use the
working component with the largest repair rate, regardless of the failure rates or the
discount rate. Let component 1 be the component with the largest repair rate, so
µ1 $ µ2. It is optimal to repair component 1 when both components are failed if and
only if

~a 1 l1!@µ1~12 l1! 2 µ2~12 l2!# 1 µ1 @µ1~µ2 2 l1! 2 µ2~µ2 2 l2!# $ 0+

A sufficient condition for the latter isl1# l2. Thus, if the repair and failure rates are
agreeable in the sense that LRR ordering agrees with SFR ordering, then SFR is the
optimal repair policy.
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4. MORE THAN TWO COMPONENTS

We now show that whenever the repair policy agrees with LRR, then LRR is still
optimal even when there are more than two components+ By agreeing with LRR,we
mean that components with higher repair rates have a higher priority for repair+We
will use a sample-path argument,which will allow us to show the stronger result that
for any policy that does not use LRR for its usage policy, there exists a policy that
uses LRR for its usage policy such that the latter policy has stochastically more
system up time in any time interval+

Theorem 4.1:

(i) If repairs are done according to the LRR policy, then the LRR policy is the
stochastically optimal usage policy; that is, the system will work for a sto-
chastically longer time in any finite time period under the LRR usage policy
than under any other usage policy.

(ii) When failure and repair rates are agreeable in the sense that components
with larger repair rates also have smaller failure rates, so µ1 $ {{{ $ µn

andl1 # {{{ # ln, then the LRR policy is the stochastically optimal usage
and repair policy.

Proof: Our proof of~i! is similar in structure to the proof of Theorem 2+2 in @8# , so
we concentrate on the differences+

We use uniformization, so that potential events, or decision points, occur ac-
cording to a Poisson process with rate( l i 1( µi +We suppose that there are a finite
number of decision points,N, and use induction onN,whereN50 is trivial+Suppose
the result holds forN and considerN 1 1+ Assume that we have a decision point at
time 0+ For simplicity, we will denote the time of thelth decision point after time 0
by time l+

Let p be a policy that disagrees with LRR for its first decision and agrees
with LRR thereafter+ It is sufficient to construct a policyp ' that agrees with LRR
for its first decision and such that the system up time is stochastically larger under
p ' than underp+ ~See@8# +! We may also assume thatp agrees with the properties
of Lemma 2+1+

Suppose that, at time 0, p uses working componentj when componenti is also
working and componenti Þ j has the largest repair rate among all working compo-
nents+ Let p ' use componenti at time 0+ If the event at time 1 is neither the potential
failure of componentsi or j, then, at that point, both systems are in the same state,
and lettingp ' agree withp and coupling all the random variables directly thereafter,
we have that the system up times are the same under both policies+ Therefore, let us
suppose that the event at time 1 is the potential failure of componenti or component
j+ Becausep agrees with LRR from time 1 on, it will use componenti until it fails
~possibly with interruptions when components with larger repair rates are working!
before it uses componentj again+ Let s be the time of the first potential failure of
either componenti or j that occurs whilep is using componenti + If , at time 1,
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componentj under policyp fails, let Rj be the time at which it is repaired under
policy p, as long as it is less thans; otherwise, let it equals+ Let Ri be the minimum
of s and the time at which componenti would be repaired if it were down at time 1
and if, between times 1 andRj , the repair worker repairedi instead ofj wheneverj
was being repaired under policyp and did not repairi wheneverj was not repaired
underp+ Let Rk be defined in the same way asRi , wherek is the component thatp
would repair instead ofj if j does not fail underp at time 1 until timeRj + Note that
µj $ µk, because we assume thatp follows the LRR repair policy+ Then, because
µi $ µj $ µk, we can coupleRi , Rj , andRk so thatRi # Rj # Rk with probability 1+
Between times 1 andRi , let p ' use componentj wheneverp uses componenti , and
if , at time 1, componenti under policyp ' fails, let p ' treat componenti as if it were
componentj under the LRR policy for its repair decisions+ Otherwise, let p ' agree
with p+ Note that between times 0 andRi the system is up under both policies+

Case 1: Ri , s+ In this case, at timeRi both componentsi and j will be working
underp ' , whereas underp, componenti will be working and componentj may be
either down or up, and all other components will be in the same state under the two
policies~becauseRk is greater thanRi , and, except for componentsi , j, andk, both
policies repair the same components!+ From timeRi on, we couple all random vari-
ables directly under the two policies~so we no longer useRj , Rk, or s, which is all
right because our system is memoryless!+ Let p ' agree withp ~and LRR! from time
Ri on, except thatp ' idles the repair worker whenp repairs componentj and j is
working underp ' , andp ' uses componentj when all other components are down
and componentj is down underp+As soon as componentj is repaired underp or it
fails underp ' , the two systems will be in the same state, and from then on, lettingp '

agree with LRR and coupling everything directly, they will have the same system up
times+Until that time, if j fails at time 1 underp, there may be times when the system
is up underp ' but not underp+The reverse will never be true+ Finally, a sample-path
argument shows that a nonidling LRR repair policy yields a stochastically larger
system up time thanp ' and, therefore, thanp+

Case 2: s 5 Ri + By definition, p was using componenti andp ' was using compo-
nentj between timess 2 1 ands, and the event at times is a potential failure for
componentsi or j+ In this case, if either componenti or j fails by times in either
system, it will still be failed at times+We couple the potentiali or j failures at times
1 ands under the two policies so that the same event occurs at time 1 underp as at
time s underp ' and vice versa+ Then componenti will be down underp at times
~because it fails at times! if and only if it is down underp ' at times ~because it
failed at time 1 and has not yet been repaired!, and similarly for componentj; that is,
at times both systems will be in the same state, and from then on, they will have the
same system up time+ Before times, both systems will be working+

Now let us consider~ii !+The above argument for~i! again shows that LRR is the
optimal usage policy~now we can assume thatp follows LRR for repairs as well as
for its usage policy from time 1 on by induction!+ The argument to show that LRR is
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also the optimal repair policy is very similar to~i!, interchanging the roles of “use”
and “repair+” Now we supposep repairs componentj at time 0 when failed compo-
nent i has a larger repair rate, and thereafter follows LRR for both its usage and
repair decisions, and letp ' repairi at time 0+Again we may assume that the event at
time 1 is a potential repair of either componenti or j, and we defines as the time of
the first potential repair event that occurs whilep is repairing componenti + Because
µi $ µj , we can couple the events at times 1 ands so that one of the following five
situations occur: ~i! the component that is being repaired at times 1 ands completes
repair at both those times under both policies, ~ii ! the component that is being re-
paired at times 1 ands does not complete repair at either time under both policies,
~iii ! a component is repaired at time 1 but not at times under both policies, ~iv! a
component is repaired at times but not at time 1 under both policies, and~v! com-
ponenti is repaired at time 1 and no component is repaired at times under policyp ' ,
and componenti is repaired at times and no component is repaired at time 1 under
policy p+ The argument otherwise proceeds very much as in~i! and is left to the
reader+ n

5. EXTENSIONS

The reason we need to assume that the repair strategy agrees with LRR in our proof
of part ~i! of Theorem 4+1 is so that “componentk” could be assumed to have a
stochastically larger repair time than componenti in Case 1+ If there are only two
components, or if all components are working, that assumption is unnecessary+Also,
if there aren21 orn repair workers, then we can couple the repairs of all the other
components excepti andj so that they are the same under both policies, and again
the assumption is unnecessary+ Indeed, the case ofn repair workers is analogous to
the classic machine-interference problem+

Corollary 5.1: For two components, or when there are at least n2 1 repair
workers, regardless of the repair strategy, LRR is the stochastically optimal usage
strategy. For more than two components and one repair worker, it is stochastically
optimal to always use the component with the largest repair rate whenever all com-
ponents are working.

A careful look at our proof of Theorem 4+1 shows that the results also hold in a
Markov random environment, in which the failure and repair rates depend on the
state of the environment, as long as the LRR ordering of components is the same
regardless of the state+ Let the environmental stateX change according to a Markov
process, and assume that whenX5 x, componenti has failure ratel i ~x! and repair
rateµi ~x!+ For ~i! to hold, we need that the order of the repair rates for the compo-
nents does not change in different environments, µ1~x! $ µ2~x! $ {{{ $ µn~x! for all
x, so the LRR policy is the same policy in all environmental states+ For ~ii ! to hold,
we also needl1~x! # l2~x! # {{{ # ln~x! for all x+ In particular, our results hold
when the system may not need to operate for certain random periods of time~during
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which times all failure rates are zero! and when the repair worker may be unavailable
for random periods of time+

We can also have multiple repair workers,with differing abilities+ For example,
components 1 and 2 may have their own dedicated repair workers, and components
3 and 4 may be repaired by a third repair worker+Then, the LRR policy is optimal for
choosing between using components 3 and 4 and for choosing between using com-
ponents 1 and 2+ Moreover, components 1 and 2 should have priority over other
components with smaller failure rates, because for components with the same repair
rates, those with dedicated repair workers will generally be repaired more quickly+
More generally,we have the following theorem+ Its proof is an easy extension of the
proof of Theorem 4+1, and is left to the reader+

Theorem 5.2: Suppose there are multiple repair workers and each worker can
repair a subset of the components, where the subsets are mutually exclusive and
exhaustive. Also, suppose that repair workers that are responsible for more than two
components decide which to repair according to LRR. Then, among working com-
ponents that are assigned to the same repair worker, it is optimal to choose which
one to use according to LRR, and components with dedicated repair workers should
have priority for usage over all other components with smaller repair rates.
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