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1. Introduction

In this paper, we consider the following Sturm-Liouville (S-L) problem
Ty = —(py") + qy = dwy, z € [0,1], (1.1)
with boundary conditions

Byy == (aX +b)(py')(0) = (cA + d)y(0),

Bay = cosay(1) +sina(py’)(1) =0, (12)

where a, b, ¢, d are all real numbers, a € [0, 7), p, ¢, w are real-valued functions and satisfy
1
p(z) > 0, w(z) #0a.e.onz €|0,1], g,q,w € L'0,1]. (1.3)
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A is the spectral parameter, and w changes its sign on [0, 1] in the sense that
mes {x € [0,1] : w(z) > 0} > 0, mes{z € [0,1] : w(z) <0} > 0.

=12

|w]

L2

jwl
valued functions f on [0, 1] satisfying fol |w||f]? < oo with the norm ||fH|2w‘ = fol lwl|f|?

and the inner product (f, g)|.| = fol |w|fg. Next, we define a Hilbert space H = L|2w| o C.
The inner product in H is defined as

[0,1] is the weighted Hilbert space of all Lebesgue measurable, complex-

<RGw:A|wuwm@Mx+§ﬁumﬂm,

where p = bc —ad > 0, F := (f(x), f1(z))T, G := (g(x),q1(z))" € H.
Consider the following defined operator T in H:

D(T) —{F € H|f,pf' € AC[0,1],7f € L7,,[0,1],
(1.4)
ﬁ:w@—wmwwwwmn+mmmwn=%,

1

TF = ( Tl 7/ ) F e D(T), (1.5)
—(dy(0) — b(py')(0))

then 7 is self-adjoint in H and it has only point spectrum which are all real-valued,
bounded below and unbounded above ([16]). However, when the weighted function w
changes its sign, this type of problem is called indefinite S-L problem, which has a
sequence of real-valued eigenvalues unbounded below and above. Meanwhile, the problem
may also exist non-real eigenvalues. It should be noted that weighted S-L problems appear
in the context of some shallow water equations, and it is very useful in understanding
the structure of the spectrum in fluid dynamics [14, 15].

The indefinite nature of the S-L problems had not been discussed until the works of
Haupt, Richardson, and others([19, 25, 26]). In 1986, Mingarelli proposed some open
questions about non-real eigenvalues of indefinite S-L. problems, among which there are
pre-estimates of the upper and lower bounds of non-real eigenvalues, respectively [21].
Until 2013, this open problem was solved by Xie and Qi for the regular indefinite S-L
problem, they gave an upper bound estimation of the non-real eigenvalues, and obtained
sufficient conditions for the existence and non-existence of the non-real eigenvalues under
certain conditions [28]. Since then, such problems have been obtained various gener-
alizations, for regular indefinite S-L problems with different boundary conditions and
various conditions imposed on the coefficients, we refer to [20, 23, 24, 29]. For the
singular indefinite S-L. problems with limit circle or limit point endpoints, we refer to
([3-6, 27)).

In recent years, S-L problems with eigenparameter dependent boundary conditions
have attracted more and more attention for its wide applications in mechanics and
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mathematical physics, such as vibration problems involving various types of loads, heat
conduction through a liquid-solid interface, electric circuits problems, diffusion processes
in probability theory, mechanical vibrations [1, 16, 17, 22]. In the last decades, a large
amount of achievements were obtained for S-L problems with eigenparameter dependent
boundary conditions, for example, the dependence of eigenvalues [30, 31], inverse spec-
tral theory [11, 12, 13, 18], asymptotics of eigenvalues [2, 16], expansion of eigenfunctions
[7, 8, 25], oscillation of eigenfunctions [9, 10] etc., for more details, see the references
cited therein.

Note that most researchers estimate the non-real eigenvalues of second-order indefinite
S-L problems under the classical boundary conditions (such as Dirichlet boundary condi-
tions, S-L type separated boundary conditions, coupled boundary conditions, etc.), while
there is little known about the bounds of non-real eigenvalues of indefinite S-L problems
with an eigenparameter contained in the boundary conditions. Taking inspiration from
the above results, in this paper, we will solve this problem, that is, we will give the priori
upper bounds of the non-real eigenvalues of the regular indefinite S-L problems with an
eigenparameter contained in the boundary conditions by assigning different constraint
conditions to the weighted function.

An outline of this paper is as follows. In Section 2, we will provide upper bounds on
non-real eigenvalues (Theorems 1 and 2). In Section 3, we give the proof of Theorems 1
and 2.

2. Main results

Consider the following indefinite S-L problem
—(py") + qy = Awy, z €0,1], (2.1)
with boundary conditions

Buy = (aX +b)(py')(0) = (cA + d)y(0),

Boy = cosay(1) + sina(py’)(1) =0, 22)

where a, b, ¢, d are all real numbers, a € [0, 7), p, ¢, w are real-valued functions and satisfy

1
p(z) > 0,w(z) # 0 a.e. on x € [0,1], -, q,w € L'[0,1]. (2.3)

p

Let
. cota, a € (0,m),
cot” o =
0, a=0.

For the convenience of the following discussion, we use the following notations: || - |1
represents the norm of the L[0,1], and || - ||o represents the maximum norm of the
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continuous function space C[0, 1]. In addition, g+ = max {£q, 0} is also used to represent
the positive and negative parts of function ¢. Let

o N+ 2ol
a

N = [blllwlly + |e| + lal (] cot™ af +[lql[1), p = be — ad > 0,
. 1 1 1 . ~ .
dp = sup { min 4, o[ o < WYL for any interval I C [0,1] with length § ¢, (2.4)

1 1
m =1+ max {4, [8M]}, gl =/0 gl Il =/0 o,

where |-] is the integer floor function. According to the definition of 4, and % € L'[0,1],
it can be inferred that

1 1 1 1 ,
5, = min {2, } , and/ » < — for any interval I C [0,1] with length 6.
1/

aM = aM
(2.5)
Let x; = %,t =0,1,2,--- ,m. Then each interval I, := [r}_1, z)] has an equal length of
L% 1=0,1,2,--,m.

For any measurable set E C [0, 1], set

u(E) = [ wde. w(B) = [ Julde.

then p is a positive measure and v is an indefinite measure, and since

V(E):/ sgnw|w|dx:/ sgn wdp,
B E

sgnw is the Rodon-Nikdym derivative of v with respect to p, there exists a measurable
set F' C [0,1] with mesF =1 that satisfies

dv

(&) = sen(w(&) £ 0.V & €

If sgn(w(§)) = 1, we can then find an 1, > 0 small enough such that for every z’ €
(& —me, &) and z” € (&, & + ne),

£t 9 &-t w// 9 1/‘//
/sz>ﬁx/ |w| and /t w>ﬁgt |wl

and hence

/ > 2 [
w — wi.
- 10 /.
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Similarly, if sgn(w(&;)) = —1, we can get

w// 9 aj//
w< —— |w].
/x, 10 /..

In a word, for every interval I; there exists a & € F NIy and an 7; > 0 such that
[&: — ¢, & + me] C I and for every interval I C [§ — n, & + 7] containing £ we have

[qzilmL (2.6)

n=min{n :t=1,--- ,m}. (2.7)

Define

Let a; = & —n, by = &+, then [ay, b C [& —nt, &+ 1] and for every interval I C [ay, by]
containing &, (2.6) holds. And set

wt:min{/ss+t|w:se[O,l—t]}, te(0,1), (2.8)

pt:max{/SSHp:SE[O,l—t]}, t € (0,1). (2.9)

Obviously, w; > 0, p; > 0 for ¢t > 0. The following results hold.

Theorem 1. For problem (2.1) and (2.2) with indefinite weight, let X be the
corresponding non-real eigenvalue, then the eigenvalue \ satisfies

32.\/py, M 32.\/py, M 16
[ImA] < =22 Al < T (M + lall1)- (2.10)
Wy 3wyn 3wy,

In the next theorem, since w(x) # 0 a.e., we can choose & >0 such that

mesQ(e) < =6,, Q) = {z € [0,1]: w?(z) < e}. (2.11)

oo —

Theorem 2. Suppose that w € AC[0,1] and w' € L2[0,1]. Then for any non-real
eigenvalue X\ of (2.1) and (2.2) it holds that

4 T+ T2 2
ReA| < — V+1/%+W T
p

4 —L+VI2+W?
Iallw’llp,va+\/ 3

agdy

<

, (2.12)
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where a# 0, wy = {max [w(z)| : € [0, 1]}, w2 = (fy plw'[*)?,

H = |dwo + [blwo(] cot™ o + M +lq[l1) + [bl[[w’[|p.2V M,

V= wo([blwo + [e]) + lalwo (| cot™ af + M + |lgll1) + |al|w'[lp.2V M,

L = —a?||u/|2,M — 4laudH, W = 2lal o',V (V +2]plud), T = V? - L.

3. The proofs

In order to prove the main results (Theorems 1 and 2), we firstly introduce some lemmas.
Let A and ¢ be a pair of eigenvalue and eigenfunction of the problem (2.1) and (2.2)

on [0,1], i.e., the problem
7(p¢/)/ +q¢ = g,z € [Oa 1]3 (31)

with the boundary condition

Bi := (aX +b)(pd')(0) = (cA + d)$(0),

By¢ = cos ag(1) + sin a(pg’)(1) = 0. (3:2)

Lemma 1. Assume X is a non-real eigenvalue of (2.1) and (2.2) and ¢ is the corre-
sponding eigenfunction with ||¢||c = 1, and the definition of M, N, p are given by (2.4).
Then

1
/0 Pl < M. (3.3)

Proof. Multiplying both sides of (3.1) by ¢ and integrating by parts over the interval
[0, 1], then according to B1¢ = 0, Bo¢ = 0, we have

(eA+ d)|q§(0)|2+(a)\ + b) cot” oz|(b(1)|2 + (aA+b)
! /12 ! 2 ! 2
/Opcbl +<ax+b>/0 alé| =A<ax+b>/0 wlgl?,
that is,
2 ! 2 ! 2 2 2 ! /12 ! 2
2 [l +2[b [ ulof — o) —acor alo)P —a [ oo ~a [ alof]

1 1
— d$(O)? — beot* al¢(1)[? — b / P& — b / glél? = 0.
(3.4)
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Then we have

a2+ A+ =0,

where
1
a=a [ ulo?
0

1 1 1
_ 2 2 * 2 ne 2
bi=b / w6 — clp(O)? — acot” alo(D)® —a / PP —a / alol?,

1 1
e1 = ~d|g(0)® — beot” al(1)[? - b/ plo? — b/ alof.
0 0
Let R = folp|¢’|27 since Im\ # 0, we have

1 1
a2R2+R<2ab/ w|¢|2+2ac|¢(0)|2+2a200t*a|q§(1)|2—|—2a2/ q|¢|2)
0 0
1 1 1
02 ( [ wioR) = 21elo0)? [l +2abeot” alp(DP [ uloP
1 1
4200 [ qlof? [ wlo + F6(0)[* + Zacoot” alo(0) F6(1) (3.5)
0 0
1
+20cloO)F [ alof + acot” )l oV + 202 cot” al (1)

0

/OI(J|¢|2+a2(/01(]|¢|2)2+4ad¢(0)|2/01w|¢|2 o,

It can be seen that the quadratic function of R has an upward opening and a part below
the real-axis, therefore,

_ 2 _
R< ba + /b5 — dascy 7 (36)

2CL2

where

as = a2,

1 1
bo = 2ab [ wlf + 2aclo(0) + 20 ot alg(VI + 20 | qlof,
0 0
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1 9 1 1 1
_ 12 2\° 2 2 * 2 2 2
o =0 [ wlo)” = 2elo0) [ wlol? + 2abeot alo()* [ wiof +2ab [ alo
1

1
/ wlgf? + 2|¢(0)|* + 2ac cot™ alg(0)[*p(1)[* + 2acl¢(0)[? / qlo|* + a*(cot™ a)?|g(1)|*
0 0

1 1 5 1
2 * 2 2 2 2 2 2
2ot alo(V [ alo +a*( [ aloF) +aadoO)F [ wlof -
3.7

Substitute as, by and co into \/bg — 4aycy, we have

\/ b3 — dascy < 4)al/||w]|1(be — ad), (3.8)

and

1 1
—by = *(205/ wlé[* + 2acl$(0)[* + 2a* cot™ af$(1)[* + 2a2/ ql6*) < 2lal[b]]|wllx
0 0

+ 2|al|c| + 2a*| cot* | + 2a?||q]|;.

(3.9
Then, from (3.6)—(3.9), we have
N +2y/
R< +M|’)”w1 = M. (3.10)
Therefore, we have the inequalities in (3.3) by (3.10). The proof is completed. O

From the definition of 6, in (2.5), we know &, € (0, 3] and [,/ % < 457 for any interval
I' € [0,1] with length §,,.

Lemma 2. Let ¢ and 6, be defined as above with ||¢||oc = 1, then there exists an
interval I, C [0,1], with length 6, = min {%, ﬁ}, such that

1 ! 1
6(2)| > 5 and / o > 1, (3.11)

Proof. For any interval Iy C [0, 1] of a length ¢,, by Cauchy-Schwarz inequality, the
definition of §,, and Lemma 1, we have

</f¢ |¢>’>2 < /f¢ ;/1¢19|<b’|2 < /f¢ 219/01p|¢’|2 < % (3.12)
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Let z € [0, 1] be such that |¢(zo)| = ||¢]|oc = 1. Then for = € [0,1] and |z — zo| < Jp,

/¢ <

by (3.12), and hence |¢(z)| > 1 on Iy = [xg — 6, z0] or [0, o + 6. And from §, € (0, 3]
one can see that [0,1] contains at least one such interval I;. Then

/ o2 > / 0 >

Lemma 3. Let w = wy —w_ and |w| = wy + w_, then for any x € [a,£],

z+n z+n z+n 19 [r+m
/ wy > 19/ w_, / wy > 20 [w]. (3.13)

Proof. According to the segmentation on interval [0, 1] and Lemma 2, there exists a
subinterval I; C Iy, and hence, we can select & € [ag, b)) C I C Iy. For convenience,
cancel the subscript ¢, then 2§ = a + b,2n7 = b — a and from (2.6) we have

xT+n z+n
sevol©) [ ulz g [l sl

()] — 1] = |$(x) — dl0)| = 5

»Jk\)—‘

— 10

We now assume sgnw(§) = 1. The case of sgnw(§) = —1 can be dealt with in a similar
way. Since

z+n z+n z+n z+n 9 z+n
/ w+dt:/ (w—l—w,)z/ w+/ w,Z—O/ |w]|dt

z+n g [t z+n x+n (3.14)
w ez g [l [ el [ e
From (3.14), we have
z+n 19 [+7
/ widt > 2 [ . (3.15)
; 20

+
Twidt > 43 [ w|dt, we have

x+n 1 r+n
/ w_dt < %/ |w|dt.
T x
T+n T+n
/ w4 Z 19/ w_.
x x

Since |w| = wy +w_, f;+

And hence,
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Lemma 4. For any a, be R, set Va =c+ di then

\/ v + 2 va+bta g \/ (3.16)

Proof. According to the Lemma 4, it can be inferred that

(é+ di)(é+ di) = a+ bi,

&2 — d% +2¢di = a + bi,

Since

43P =0, d* =2 —a,

4¢*(¢® —a) = b°.
Adding a2 on both sides simultaneously,
(2¢* —a)? = a® + b2

\/ 2 2
Since é2 > 0, ¢2 +b +4 e have

Similarly, it can be inferred that

Using these lemmas, we give the proof of Theorems 1 and 2.
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The proof of Theorem 1. Suppose that A corresponds to an eigenfunction ¢ of
problem (3.1) and (3.2) with ||¢||oc = 1. From the conclusion of Lemma 3, 3 < [¢| < 1
on Iy and the definition of w; in (2.8), we estimate

z+n z+n z+n 1 z+n

/ w|¢|2dt’ = / (wy — w_)|¢2dt‘ > / —wydt —/ w_dt
1 1.19 (=™ 3 [Tt 3

> (- - —)=2 dt = — dt > .

= (3 19)20/1, ol 16/35 wldt = J5wn

Multiplying both sides of (3.1) by ¢ and integrating by parts on [z, z + 1] we get

z+n z+n ) z+n ) z+n )
# [ e [ e =x [ o, (3.13)

x

(3.17)

—pg'd

Taking absolute values from both sides and considering ||¢||cc = 1, (3.3) and (3.17) yields

%Iklwn < |p¢ (x)d(x)|+|pe (z+n)d(x + )|+ M+l < |pd' (z)|+|p¢’ (z+n)|+M+]|ql1,
(3.19)

%llm)\lwn < [pd'(2)o(@)| + [pd' (z + n)d(x + )| < [pd'(2)] + Ip(z +n)l, z € [a, ]
(3.20)
Integrating with respect to z over [a,&], by the definition of p; in (2.9) and using the
Cauchy-Schwarz inequality, we obtain that, for t=0 or t = 7,

¢ 2 e R
( / p|¢'<w+t>|dx) =( / pzpz¢'<x+t>|dx) < [0 [ vow+op<pm

(3.21)
That is,
£
[ 916G+ blde < 0. (3.22)
Then, from (3.19) and (3.20), we have
3
16 Ay < 2¢/pgM +nM +nlqlls, (3.23)
3
E|lm)\|nwn < 2y/py,M, (3.24)

which imply the inequalities in (2.10).
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The proof of Theorem 2. Multiplying both sides of (3.1) by w¢ and integrating by
parts on [0, 1] we get

(A + d)w(0)[$(0)? + (@) + b) cot* aw(1)[$(1) + (aA + b) /O pd W'D+ (ar+b)

1 1 1
/ puld'? + (aA +b) / quldf? = Aar +b) / w?|o]?,
’ ’ ’ (3.25)

that is,

1 1 1
v | w2|¢|2+x[b [ w1 = w060 - acor* aw(loP o [ ps's

1 1 1
—a /O pold|? —a /0 qu — dw(0)|$(0)[? — beot* aw(1)|g(1)[? — b /0 o
1 1
iy "2 _p 2=0.
/0 puld / quld)

Let

(3.26)

1
A= a/ w?|¢|?,
0

1
B=b / W6 — cw(0)[¢(0) — acot” aw(1)[¢(1)]?
0
1 1 1
_ !/ /*_ /2_ 2
/0 e /0 puld| /O qulof?,

1 1 1
C = —dw(0)[$(0)[? - beot™ aw(1)[$(1)[ — b / pdw'E — b / pul¢/|? — b / qulof?.

Therefore, (3.26) becomes in the form of A\? + BA + C = 0. Then we have

- —B++vB? - 4AC
B 24 '
Hence, we can get
[TmA| < 21A<‘ImB‘ + ’Im\/ B? — 4ACD. (3.27)
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Next, let’s estimate |Im+/ B2 — 4AC”. Let B = By +iBs,C = Cy +iCsy, then

B? —4AC
=(By +iBs)?* — 4A(C} +iCs)
=B? — B2 + 2B Byi — 4AC, — 4ACyi
=(B} — B3 — 4ACy) +i(2B1 By — 4AC»).

(3.28)

Set B? —B3—4AC, = E,2B1Bs—4ACy = K,V B? — 4AC = m+in, that is, VE + iK =
m + in. From (3.16) in Lemma 4, we know that

, VETTKZ-E

n® =
2

Let K be fixed and take the derivative of E, we can get

(\/E2+K2—E>’ E 1
2 CW/EZLK?Z 2

!/
Since E < VE? + K2, <VE2+2KLE> < 0. Therefore, as E becomes smaller, n? becomes

larger, and |n| becomes larger. One can see that

E = B} — B —4AC, > —B2 — 4|A||C,],

K = 2By By — 4AC < 2|By||Bs| + 4 A||Cs|.

Now let’s find the maximum values of |A|, |Bi],|Bzl|, |Ci],|C2|. Using ||¢]lcc = 1, wo =
{max|w(z)| : x € [0,1]}, [|[w'|p2 = (fol plw'[?)2, (3.3) in Lemma 1, and Cauchy-Schwarz
inequality, we get

[ ([

1 1
/ pwle'|* < wo/ pl¢'* < woM. (3.30)
0 0

M

1 3
( / p|w'|2) v (3.29)
0
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It is obtained from the above formulas that

1
o / w6
0

|B1| = ’b/ol w?|gf* — cw(0)|¢(0)]* — acot” aw(1)|¢(1)|* — Re(a /01p¢’w’¢)

1 1
—a/ pul!|? / qulof?
0 0

+ lall cot” afwo + |all[w’[lp,2 VM + |alwoM + |afwollq]:,

1
1By = |fm ( / m/w'as) \ < lallw'l, 237, (3.31)
0

Al =

< |ajwg,

< |blwd + |clwo

| = ] ~ dw(0)[6(0)? — beot® aw(1)[g(1)

1 1 1
—Re(b/o p(b'w/gi)) —b/o pw|¢’|? _b/o qulo|?

< |d|wo + [b]| cot™ ewo + [b][|w’[lp.2 VM + [blwo(M + [lg]1),

1
Cal = ]fm (b / p¢’w’¢)

Therefore, from the definitions of H, L, V, and W in Theorem 2, it can be concluded that

< [oll|w’llp.2vV M.

E > —Bj — 4|A||Cy| > —a®|w'||2 ;M — 4la|lwiH = L, (3.32)

K < 2|By||Ba| + 4| A[|C2| < 2]al w2V MV + 4la] [blwg|w'||,2VM = W. (3.33)

We have

7L L2 2
‘Im\/B2—4AC‘ — |n| g\/ * - ALl (3.34)

Let € be defined as in (2.11), from (3.11) in Lemma 2, we get

1
a/ w2|¢|22as/ |¢>|2=ae(/
0 [0,1\Q(e) [0

) ) 1. 1 1
— ¢)2a55—6 = —qgf,.
ol [ 161?) 2 as(Gdy — 58) = gass

s

(3.35)
So we can know that
! 1
24 = Qa/ Wl > {ass, (3.36)
0
Since
[ImB| = |Bz| < |a|[|[w|l, 2V M. (3.37)
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(3.27), (3.34), (3.36) and (3.37) leads us to

4
[Im\| < —

= ,a#0. (3.38)

—L+VIZ+W?
|wwmwM+¢ .

Since

1
|Re)| < oA (’ReB

+ ‘Re\/MD. (3.39)

Next, let’s estimate

RevB? —4AC ‘ From the previous assumptions, we know that

’Re\/ B2 — 4AC’ = |m].
From (3.16) in Lemma 4,

VE?+ K2+ FE

ml = :

Obviously, the larger E and K, the larger |m|. We know that

E = B% - 322 —4AC; < |Bl|2 + |B2|2 +4|A]|Ch| < (b|w(2) + |elwo + |al| cot™ ajwy

2
HMWMNM+wwM+MmﬂQm%ﬂ@M+mmdﬂm+w

| cot™ afwo + [bl[|w’[lp.2V'M + [blwo(M + ||q||1)>-

(3.40)
Derived from the definitions of H, V, L, W, T and (3.33)
E<T,K<W. (3.41)
So
T 1+ /T2 2
‘Re\/BQ 4,40‘ —|m| < \/%W. (3.42)
Since

|ReB| = |By| < [blw§ + [c|wo + |al| cot™ alwo + |al[|w' ||, 2V M + |alwoM + |alwol|gl, = V-
(3.43)
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4 T+ VT? 2
V+ T+vI"+Ww= ,a#0 (3.44)
agdy \ 2

by (3.36), (3.39), (3.42), (3.43).

Then

|Re)| <
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