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In recent years, the problem of incorporating a set-building type-constructor into a domain
theoretic data model has been addressed by different authors. In Jung and Puhlmann (1995)
and Puhlmann (1995) we have shown why the so-called snack powerdomain is particularly
suitable for modelling a set constructor. We obtain a generalized database model that covers
the nested relational model.

While, with the snack powerconstruction, the data structure of domain theoretic
databases seems clear, suitable operations for the data model are still to be defined.

In this paper we start this task by defining the operations nest and unnest for the
passage between different nesting-levels of the snack powerconstruction. These functions are
shown to form an embedding-projection pair, a property that the corresponding functions of
nested relational databases do not have. This demonstrates the usefulness of the
domain-theoretic approach for modelling databases: for the first time we have operators for
re-grouping nested data that respect the idea of an information ordering.

The use of the snack powerdomain leads to fairly complex formulas. To help the reader,
illustrations and pictorial interpretations of formulas are given throughout the paper.

1. Introduction

The success of relational databases is largely due to the easy and intuitive way of putting
queries to them. One does not distinguish between a database relation and the real-
world set that is to be described, but identifies the one with the other. In this setting, all
operations of nested relational algebra or query languages such as SQL can be interpreted
in an ad hoc manner, and in fact that is what the average user does. One drawback of
these database systems, however, is that they do not allow for structured data types nor
for partial information.

An attempt at overcoming this, whilst keeping as many advantages from the relational
model as possible, in particular that of a sound mathematical foundation, was made
in Buneman et al. (1991), where they suggested basing a database model on Scott
domains. These are ordered sets in which the ordering can be regarded as an order
of information contents. A least element incorporates the idea of an element of no
information, and order theoretic properties model ways of combining pieces of consistent
information.
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The concept of a smack was invented by Buneman and has been investigated in
Ngair (1992), Puhlmann (1993) and Jung and Puhlmann (1995). It was a breakthrough
towards the inclusion of set-valued types in the domain theoretic setting. As it al-
lows for repeated application of a set-type constructor, the domain theoretic database
model is not only a generalization of the relational model, as initially intended, but
also a generalization of nested relational databases. These were introduced in the
early 1980s by Schek et al. (a nice overview as well as detailed results are given in
Scholl (1988)), who implemented the model in the ‘Darmstiddter Datenbanksystem’. They
also enriched relational algebra by two operations ‘nest’ (v) and ‘unnest’ (u) (Jaeschke
and Schek 1982), which allow the passage between nested relations of different nesting
levels.

While the use of relational algebra for simple queries is straightforward, nested rela-
tional algebra appears to be less comprehensible. As argued in Puhlmann (1991) and
Puhlmann (1995) this is due to the lack of a formal semantics of nested databases, and it
becomes evident in the composite application of v and u. While u o v equals the identity,
we do not have this for v o u. Though this cannot be expected to be satisfied, one would
expect v o u to be less than the identity if a suitable information ordering is given.

This paper shows how nested database relations can be represented in the domain
theoretic database model. For this model we define operations nest and unnest such that
unnest o nest = id and nest o unnest < id. We thus get a formal semantics of nested
databases as well as operations for nesting and unnesting that keep as much information
as possible. Therefore they build the ideal passage between relations of different nesting
levels.

The organisation of the paper is as follows. In Section 2 we give a short introduction
to nested relational databases. Section 3 illustrates the domain theoretic approach. In
particular, the snack-powerdomain, which models set-types is defined, and the interpre-
tation of database relations in the new setting is given. We begin Section 4 by giving
an intuitive, picture-oriented account of nested snacks (these will model nested relations).
After that we turn to defining nest and unnest and proving the result claimed above.
Finally, in Section 5 we show how the snack representation of a nested relation behaves
under unnest and nest.

2. Nested Relational Databases

In Jaeschke and Schek (1982), Jaeschke and Schek dismiss the principle that relational
databases must be in so-called first-normal-form, i.e., that the domains connected with the
attributes must be sets without any further structure. Jaeschke and Schek instead allow
an entry in a database relation to be a relation itself. This construction may be applied
in a nested manner, leading to the nested relations database model (see Scholl (1988)).

While in the standard relational model a relational schema is determined by the set
of attribute names of a relation, the nested relations model allows for different types of
relations with the same attributes. These types differ in the structure by which attributes
are nested to sub-relations, and transformations between them can be performed by the
operations v (nest) and u (unnest).
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In order to explain how these operators work, it suffices to consider two attributes A
and B and the transformation between relations of the types {4 x B} and {4 x {B}}. Here
we use {-} for building relations, that is, {4 x B} is the type of a (traditional) relation
with the two attributes A and B, while in {4 x {B}} the second attribute is relation-valued
with relations with the single attribute B.

So far ‘relation’ has meant ‘database relation’. We may however think of the ‘relations’
in the mathematical sense as well if we keep in mind that database relations are always
finite. In this light, objects of type {4 x B} are finite subsets of 4 x B and objects of
type {4 x {B}} are finite subsets of the product of A and the set of finite subsets of B.
Denoting the projection onto 4 by nu4, and writing pairs in angle brackets, the functions
v and u between these two types are given as follows:

v : {AxB}—{4Ax{B}}
v(R) = {(a,13> |a € ma(R) and b = {b € B|(ab) € R}}
and
g {Ax{B}} > {4 x B}
wS) = {{a,b)|Ha,b)eS. bebh) .

The transition v : {4 x B} — {4 x {B}} pairs each A-value with the set of B-values
associated with it. The operation u : {4 x {B}} — {4 x B} reverses this by taking an
A-value and the associated set of B-values and produces those pairs that have the 4-value
in the first component and one of the B-values in the second component. In fact, we
always have pov = id (Jaeschke and Schek 1982). The reverse composition v o i, however,
does not equal the identity. This does not come as a surprise, since in a nested relation
of type {4 x {B}} one a € A may occur together with different sets of B-values. This
grouping is not respected by v o u as the sample relation R illustrates.

R:| A4 {B}
by

aq bz

b>

aq b3

a %]

Applying the unnest operator yields

wR):[ 4 B
aq bl
[45] bz
ai b3
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It emerges that the information on how a; was linked to subsets of B has vanished.
Moreover, the information about a, that was linked to the empty set has gone as well.
Neither of these pieces of information can be recovered by nesting the relation again:

vu(R) : | A {B}
by

a b,

bs

The mere fact that the composition v o u does not equal the identity is not worrying.
In fact, operations such as the projection are specifically made for losing information and
thus do not equal the identity either. However, we believe that in a setting of relations
ordered by their information contents, operations that transform relations should always
be below (or equal to) the identity function. This corresponds to the idea that by merely
operating on the given data we can never gain information that was not present before.

There are several possibilities for endowing relational databases with an information
ordering. For instance, one could compare relations with the same scheme by ‘S’ or 2’
(for a discussion of this, see Buneman et al. (1991)). The different possibilities reflect
different ways of thinking about the information contents of a database relation. If,
however, we adopt one of these ways, we should use it in a unique fashion for relations
on all nesting levels. With this in mind, it seems odd that our sample relation loses lines
under the process of unnesting and nesting, while the remaining relation on the inner level
(sets of B-values) increases. Thus, under no suitable interpretation will we have vopu < id.
Variants of the operations v and p as introduced in Scholl (1988) do not improve this
situation.

The underlying problem is the unclear semantics of nested relations. If we use the
domain theoretic approach to a semantics of databases that was suggested by Buneman
et. al (Buneman et al. 1991), and if we interpret relations as elements of the snack
powerdomain (Puhlmann 1993; Jung and Puhlmann 1995; Puhlmann 1995), we are
much better off. In this case it is possible to define functions nest and unnest with
nest o unnest < id and unnest o nest = id. Thus, the two functions form an embedding-
projection pair, a connection between objects of different nesting levels that loses as little
information as possible.

3. The domain theoretic database model
3.1. From sets to domains

The domain theoretic approach to modelling databases was introduced by Buneman
et al. (1991). Their idea was to replace unstructured sets by Scott domains to serve
as database domains. Scott domains are algebraic ordered sets with least element in
which every directed subset and every (upward) bounded set has a supremum. (See, for
example, Abramsky and Jung (1994) for an introduction to domain theory.) Algebraicity
means that every element is the supremum of compact elements. They are those elements
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that are finitely representable. Hence, Scott domains allow for calculations with finite
representations — an indispensible prerequisite of an implementation of the database
model on a computer.

The ordering of a Scott domain is interpreted as an order of information: the larger
elements contain more information, the maximal elements are those of total informa-
tion whereas non-maximal elements incorporate partially specified objects. These are
approximations to those maximal elements that are above them.

Database tuples will then be replaced by compact elements of a domain, allowing us
to represent partial information in the database by taking non-maximal elements of the
domain.

To give the reader a better intuition of the more complicated issues that we deal with
later, we will provide pictorial representations of (Scott) domains in the following. As
usual, a domain D is drawn as an upside-down triangle. The bottom corner corresponds
to the bottom (least) element L of the domain, and x < y means that we can reach y
from x by somehow going up within the triangle. The maximal elements of the domain
thus correspond to the top side of the triangle, and the upper set Tx generated by one
element can be thought of as a little triangle with its top side being part of the top side
of the triangle that stands for the domain:

3.2. Snacks as approximations of sets

By using domains rather than unstructured sets it is possible to work with partial
information in a database. However, as the picture stands, we only know how to represent
partiality with respect to individual elements. However, database relations are sets of such
elements, and the spirit of Buneman et al. (1991) calls for a domain of approximations
to sets. To this end, Buneman invented the notion of a snack, and various aspects
of the snack-powerdomain were studied in Ngair (1992), Puhlmann (1993), Jung and
Puhlmann (1995) and Puhlmann (1995). Snacks formalize the idea of approximating sets
of maximal elements of a given domain by giving an outer bound and specific information
about individual elements. Let us first give the precise definition.

https://doi.org/10.1017/50960129597002478 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129597002478

H. Puhlmann 72

Definition 3.1. A snack on a domain D is a pair (U, .#) where U is a compact open subset
of D and % is a finite set of nonempty compact open subsets of D such that L = U for
all L € % and ¢ is an antichain with respect to subset-inclusion.

Note that the compact open subsets of a domain are exactly those upper sets that are
generated by finitely many compact elements of the domain. Because of this, the building
blocks of a snack can be represented by a finite amount of information; this is essential
if we think of an implementation on a computer.

A typical snack looks like the following:

- Ly Ly

We think of the set U as an outer bound of the approximated set S, thus S is a subset of
U N Dy The sets L € & (in our case L; and L,) specify individual elements of S in the
sense that in each L € % there must be an element of S. From this it is clear that L = U,
since this element cannot be outside the outer bound U.

With this interpretation in mind, the following order relation on snacks is easy to
understand.

Definition 3.2. The set of snacks on a domain is ordered by

(U, )YC (U, <)
<= U2U and for all L € & there is some L' € ¥ such that L2 L' .

The definition simply says that in order to get a better approximation one has to shrink the
outer bound and each of the sets L that specify individual elements of the approximated
set. Note that the introduction of ‘new’ sets L' € ¢’ that are not related to the sets L € &
is allowed so that one may add information about further elements of the approximated
set.

The following picture illustrates the snack-ordering: The snack (U’, { L}, L, L}) is better
than the previously shown snack (U, {Li, Ly}).
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D

In the domain theoretic model, database relations will be replaced by snacks (the next
passage will say how), but with this construction we can do more, namely, we can include
a type-constructor ‘set of” into the database type system. This is the basis of interpreting
nested relations, as we will see later. To lay the foundation for this we quote the following
from Puhlmann (1993).

Definition 3.3. Let D be a domain. The snack powerdomain of D is the ideal completion
of the ordered set #(D) of snacks on D.

Theorem 3.4. The snack powerdomain of a Scott domain is a Scott domain.

This is fine, since it ensures that we do not leave the world of Scott domains by applying
the snack-construction. In the following, however, we do not need to use the ideals of
snacks themselves. We take advantage of the fact that an algebraic domain is completely
determined by its compact elements. Hence we can stick to the ordered set of snacks
F(D) to do all relevant calculations.

3.3. Interpreting database relations

Just as database tuples are replaced by elements of a domain, we now replace database
relations by snacks on the ground domain. There is a standard interpretation of database
relations in this new setting, such that we can regard the domain theoretic database model
as an extension to the relational model.

For this, database relations are interpreted as being the sets that are to be approximated,
i.e., they are considered as totally specified. The set of potential entries of a relation R
is enriched with a bottom element, yielding a flat domain. If R consists of the tuples
ai,...,ay, we identify R with the snack ({ai,...,a,},{{ai},...,{a,}}). The only set S that
is approximated by this snack is R itself, since S must be a subset of R = {ay,...,a,} and
each of the elements ay,...,a, must be in S.

3.4. Interpreting nested relations

In order to interpret nested relations within the domain theoretic database model, we
can restrict ourselves to the two type-constructors ‘product’ (x) and ‘set of” ({-}). (A
richer type system is discussed in Jung and Puhlmann (1995).) On the domain theoretic
side, these constructors are interpreted as cartesian product and the snack powerdomain,
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respectively. As the category of Scott domains is closed under both constructions, we do
not leave the scope of our model by these means.

With x and {-} we are able to build the types of nested relations. For this exposition
we restrict ourselves to relations with two attributes A and B. The flat relation with both
attributes will have entries out of 4 x B, and in the domain theoretic model, the relation
is a snack on 4 x B, that is, an element of (A x B). The nested relation with B-nests is
of type {4 x {B}}, that is, an approximation of a set whose elements are pairs, consisting
of an element of A and an approximation of a subset of B. In the case where we start
with a (traditional) nested relation, where we take all sets that occur as totally specified
sets, we may wish to omit the word ‘approximation’. This is reflected by the fact that the
snack representation of these relations will be maximal in the associated powerdomain.
This representation is gained by applying the construction that we gave above in a nested
manner. We illustrate this by the following sample relation from Section 2.

R:| 4 {B}
a by
1 by
a bz
1 by
a %)

At first, we give the snacks that correspond to the sets of B-values:

subset of B corresponding snack

{b1,bs} ({b1, b2}, {{b1}, {ba2}})
{2, b3} ({b2, b3}, {{b2}, {b3}})
) (I, D)

These snacks are now paired with the respective A-values. From the resulting pairs, we
then build the snack that corresponds to the nested relation. Its U-part is

{{ar,({b1,ba}, {{b1}, (b2} 1)), (ar, ({ba, b3}, {{b2}, {b3}})), (a2, (T, D)) } -

For the #-part we have to make a set L € % out of each of these pairs. Hence, the
P-part is

{{{ar,({br, b2}, {{b1}, (b2} )} { {ar, ({b2, b3}, {{b2}, {b3}))) | { @, (B, D)) } }-

We also give the definition for the general case, as follows.

Definition 3.5. The snack representation OS5 of an object O (that is, a tuple or relation) of
a nested relational database is recursively defined as follows:

— If O is a relation R then RS = ({r’ | r € R},{{r’} | r € R}),
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— if O is a tuple t = (ty,...,t,) then t5 := (¢5,...,13),
— if O is an element g of a database ground domain, then g5 := g.

4. Nesting and unnesting snacks
4.1. Understanding nested snacks

In the previous section we saw how nested relations are represented in the domain theoretic
model. We used snacks for the construction of set-valued types and got representations
of nested relations as maximal elements in the snack-powerdomain. We now turn from
maximal to arbitrary elements in the snack-powerdomain. They incorporate database
entries of partial information. The aim of the following is to give an intuitive account of
the quite involved structures that occur.

First, we do the step from the triangle picture for a single domain to a picture of the
product of two domains A4 and B. This is given by an upside-down four-sided pyramid.
The base of the pyramid comes on top and corresponds to the maximal elements of 4 x B.
It can be thought of as coordinatized in the two directions by maximal elements of A
and B. Without investigating the more complex interior structure of the pyramid (if seen
as the product of the triangles for 4 and B), we can think of the elements (a,b) € A X B as
points in the pyramid, and the upper set 1(a, b) generated by a point as a little four-sided
pyramid within the large pyramid for 4 x B. Its base is a rectangular part of the base
of that pyramid, and one side of the rectangle corresponds to Ta N Ay, the other to
1H N Bax :

Bmax Amax

b N Binax < 1a N Amax

Finitely generated upper sets as they are used in the construction of snacks are the union
of finitely many four-sided pyramids, and therefore form some kind of an upside-down
roof (or a collection of roofs). The shadow they cast on the base of the pyramid (i.e.,
their intersection with the base) is a finite union of rectangular polygons. In order to
make statements about a set M S Apax X Bmax that is approximated by a snack (U, %) it
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suffices to look at the pyramid’s base and these shadows. Here is an example:

Umax
Ll max
X3 X
. X1
Binax (LZ)max
0x2 OX4
Amax

The set M = {xy,..., x4}, for example, is approximated by (U, {Li, L,}) since all elements
of M are in U and for each L € ¥ = {Ly, L,} there is an element of M that is in L, viz.
xy for Ly and x, for L,.

The pictures drawn and considered so far stem from simultaneously considering the A4-
and the B-component of the elements. In nested relational databases, nesting along B (i.e.,
making B-nests) results in a different way of looking at the situation. Now each A-value
is given together with the set of B-values associated with it. Intuitively, we change from
a set of points to a set of lines:

B

A A

In the presence of partiality, things become more involved. As a first step, we introduce
partiality for B-values, i.e., every A-value will be given together with a snack that approx-
imates the set of B-values that go with it. However, we also have that the A-values are
only known approximately. Again, we express this by using a snack. It will give upper
and lower bounds for the set of pairs {a,(UZ, #8)) that approximate lines (rather than
elements) of the approximated subset of (4 X B)max.

In order to clarify these ideas, let us look at the structure and interpretation of a nested
snack. It will be of the form (U418}, 24B}) where #48) consists of finitely many sets
LAB}, These and the set U4B) are upper sets in A x %(B) that are generated by finitely
many pairs of the form (a,(UB, £B)), that is, an element a € A together with a snack
on B.
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For a pictorial presentation of this situation we will draw U4{8} and each LAB} ¢ 418}
in a separate picture. Each of the generating pairs of these sets casts a shadow of the
following form on (A X B)max:

Bmax

Amax

The A-direction of the shadow corresponds to Ta N Apa.x, the B-direction of the large
rectangle to (U®)nax. The shaded rectangles within the large rectangle correspond to the
sets LB € #8B. For each such set LB we get one shaded region where the A-direction is
again Ta N Apax and the B-direction is (L?)n.. We call this picture a ‘stripe’.

The sets U418} and L4} are obtained by composing the stripes of the generating pairs
into one picture:

Bmax

Amax

As the example shows, the stripes of the generating pairs may intersect, and the sets #8
may be empty, resulting in a stripe without shaded subregions. Another effect that may
occur (but cannot be drawn) is that there may be pairs (a,(, &)). In this case, the
‘stripe’ vanishes because there is no intersection of ¢ with Bjax.

https://doi.org/10.1017/50960129597002478 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129597002478

H. Puhlmann 78

The interpretation of a union of stripes depends on whether it stems from the set U415}
or a set LAB},

We first investigate the case where U418} is the underlying set. The nested snack is a
two-step approximation of a set M of lines {a} x B’ (with @ € Amax and B’ = Bpyy). In
the first step, given by the snack on the outer level, the possible A-values of these lines
are determined. Our picture of the shadow cast by U48} says that all lines that are in M
must have one of the 4-values covered by projection of the union of stripes onto Apay. It
remains to find the sets B’ = By that are possibly going with the A-value. This second
step of approximation is made by the individual stripes. Every possible A-value stems
from one of the stripes in the picture. The set B’ must be within the B-extension of that
stripe, and within the B-extension of each shaded region of the stripe there must be an
element of B’. We can summarize this by saying that the U4} -picture does not tell us
anything about the existence of lines. It only restricts the set of possible lines in two ways:
first, with respect to the possible A-values, and second with respect to the sets B’ that are
allowed for an A-value.

We now look at the case where our picture stems from a set L48). Now the picture
gives information about a line that must exist in M. Its A-value must be within the
A-extension of one of the stripes. Once we choose the stripe, this determines the set B’
that is associated to the A-value in the same way as in our first case: the set B’ must be
within the B-extension of the stripe and it must meet each of the shaded regions.

Thus, the collection #48} of sets LA!®) determines a lower bound of the set M by
giving an approximation to a collection of indiviual lines that are guaranteed to be in M.

4.2. Nesting snacks

Hopefully, you now have a good intuition of nested snacks so that we can go on and
discuss how to nest a snack on a product A x B to get B-nests. We start with a snack
(U, %) on A x B. This is to be converted to a snack (U418}, #4(B}) of the kind that we
discussed in the previous section.

Before we go on, we will fix a piece of notation.

Definition 4.1. For a subset R = A x B and an element a € 4 we define
[a]R :={b€ B|{(a,b) R} .

At first we determine U4!B}. The snack (U, L) approximates a set M S (A X B)pax in
its ‘point’-representation, and each m € M must be in U N (A X B)pax. If we change to the
‘line’-representation M of M, we must make sure that all the lines are within UN(A X B)max.
This means that the union of the stripes that correspond to elements of U8} must be
U N (A X B)max. Hence, given an A-value a, we take those B-values as elements of UPB
that are in U-relation with g, that is, those b € B with (a,b) € U. We do not impose
any restriction in the sense of shaded regions. Any information concerning guaranteed
elements will be dealt with later. Thus, for an a € 4, we get the pair (a,([a]U, &)) as
an element of U418}, Note that we do not need to restrict the A-values. If there is no
matching B-value for some a € A, we will simply get the pair (a, (&, &)), the shadow of
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which is empty. You may check yourself that this construction works in general, however,
here is an example for a set U and its transformation to the set U458}

Ta2 N Amax
Biax
Tb4 N Bmax
sz N Bmax
TbS N Bmax
Tbl N Bmax
Tal N Amax Amax
Ta2 N Amax
Bmax
T{bl’ b2} N Bmax T{b?” b4} N Bmax
Tal N Amax Amax

We have

U = 1{(a1,b1), (a1, b2), (a2, b3), (a2, ba)} .
Then the generators of U45} are

(ar, (1{b1, b2}, &)) and (az, (1{b3, ba}, X)),
but also

(La, (I, ) and (a1 V aa, (1{b1, b2, b3, bs}, &)) .

While the first two generators do not come as a surprise, the third and the fourth
generator need some explanation. The pair (L4, (&, &)) expresses the fact that there is
no B-value that is paired with the least element of 4. As far as the shadows are concerned,
we do not need this pair. But in the spirit of the approximation of lines that we gave
above, we have to include it. The shadow of the pair (a; V az, (1{b1, b2, b3,bs}, &F)) seems
to be covered by the first two generators. However, they do not allow for really long
lines that extend over the whole of the shaded region. If we did not include this fourth
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generator, we would have to split up these long lines artificially into two shorter lines that
are covered by the first two generating pairs.

Let us now turn to determining %48}, It will consist of finitely many sets L*¥} each of
which is generated by finitely many ‘stripes’. Each L € % informs us of an element that is
guaranteed to belong to the approximated set M. We can now turn this into information
about a line that belongs to the line representation M of M. Thus, for each L € Z we
get one set L418) ¢ 418} and now we will explain how this transformation is done.

Given an L € &, the line that we guarantee may actually be a very short line, consisting
of one point only. As we have only approximative information of the whereabouts of this
point, the set L4{5} may nevertheless have to deal with larger regions. The first question is:
for which A-values do we include a stripe into L48}? As we are speaking of guaranteed
elements of M and M, we only want those a € A to appear that — together with some
b € B — form a pair (a,b) € L. Given an a of that kind, we ask for the maximal extension
of B-values that go with a. This is determined by the set of B-values that are connected
with a in the set U. Hence, the B-extension of an a-stripe is given by [a]U. We now
have to determine the shaded regions of the a-stripe. As the set L gives rise to just one
guaranteed point, we can at most guarantee one B-value to go with a, and hence have
only one shaded region. In fact, this is to be thought of as a guaranteed B-value only in
the case where the guaranteed A-value happens to be the one whose stripe we are about
to construct. The B-values of this single shaded region are given from L: they are those
b € B that are in L-relation with a, that is, the stripe we want to construct is cast as a
shadow by the pair {(a,([a]U, {[a]L})). As we have said above, we have to do this for all
a € my(L), such that L € & is translated into

{{a.([a]U. {[a]L})) | a € m(L)} .

This completes our construction of the nesting operator, which we summarize by giving
the function definition:

nest : (A x B) - ¥ (4 x ¥(B))
nest(U,{Ly,...,Ly})
= (1{a ([@U,&)) | ac 4},
(e (AU (L)) [ e € mL} [ = Lo k)

For the more critical reader who does not believe in the intuitive approach, we now
give a proof that the nest-operation is well formed. We start by collecting a number of
useful results. By fst(-) and snd(-) we denote the first and second component of a snack.

Proposition 4.2. If U < A x B is an upper set and a an element of A, then [a]U is an
upper set in B.

Proposition 4.3. If a < d in A and U = 4 x B is an upper set, then [a]U < [d']U.

Proof. With (a,b) € U we also have (d’,b) € U, because U is an upper set. L]
Proposition 4.4. If U is an open set in 4 X B, then so is [a]U in B.

Proof. A directed supremum \/T_, b; is in [a]U if and only if \/T_,(a, b;) isin U. [J

i€l i€l
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Proposition 4.5. For every a € A and every finitely generated upper set U = A X B,
the set M = [a]U is a finitely generated upper set in B. If the generators of U are
{{a1,b1),...,{an,bn)}, then M =1{b; | a = a;, i € {1,...,n}}.

Proof. 1If (a,b) € U, there is some i € {1,...,n} with (a,b) > (a;,b;). Therefore
M={b|{ab) e U} < t{b|a=a,ie{l,..,n}}. Of course we have b; € M for all i
with a > a;. As M is an upper set (Lemma 4.2), the desired equality is shown. ]
Proposition 4.6. If U < 4 x B is a compact upper set and a is an element of 4, then [a]U
is a compact upper set in B.

Proof. The set U is the filtered intersection of its open neighbourhoods O; (i € I). Using
Propositions 4.4 and 4.5, we see that [a]U = [a]((;c; 0i) = ;e ([a]0;) is again a filtered
intersection of compact open sets, and therefore, by the Hofmann—Mislove Theorem, a
compact upper set. L]

Proposition 4.7. If U < 4 x B is a finitely generated upper set, there are only finitely many
sets [a]U. If U is generated by the finite set M and {ay,...,a,} = n;(M), the sets [a]U are
those subsets of B that are in relation to a supremum of a subset of {ay,...,a,}.

Proof. Let a € A and a = \/{a; | a; < a,i € {1,...,n}}. We have & < a and
[@]U < [a]U because of Proposition 4.3. If b is in [a]U, that is, if (a,b) € U, then there
is some (a;,b;) € M that is below (a,b). Then (d,b) > (a;,b) = (a;,b;) from which we
learn{a, b) € U. This shows [d]U = [a]U. L]

Proposition 4.8. If L and L’ are subsets of 4 x B and if there is some (a,b) € L\ L', then

[alL & [a]L" .
Proposition 4.9. If L and L’ are compact opens in A X B satisfying L & L/, then there is
some a € ny(L) such that [a]L & [¢']L' for all d’ < a.
Proof. There is an element {(a,b) € L\ L. Since L’ is an upper set, there is no ¢’ < a
such that the pair (d’,b) belongs to L. Consequently, b € [a]L\ [¢']L . Ll

Proposition 4.10. Let L and L’ be compact open subsets of 4 x B that are not in S-relation
and that are contained in the compact open set. Then the subsets

e, (U, {[e]L})) | ¢ € m(L)} (1)
and

T{le, ([UALAL})) | e € (L)) 2)
of 4 x &(B) are not in =-relation.

A

Proof. Following Proposition 4.9, there is some ¢ € ny(L) such that [¢]L & [¢']L
for all ¢ < ¢ Hence there cannot be an element in (2) that is less than or equal to
(@, (21U, {[e]L})). Therefore (1) & (2). Our claim follows because of the symmetry of the
situation. L]

We now come to the main result for the function nest.

Lemma 4.11. The function nest maps each snack (U, {Ly,...,L}) on A X B to a snack
on A x &(B).
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Proof. Using Propositions 4.4 and 4.6, we see that [a]U is compact open for all a € A
(and hence for all a € my(L;), i=1,...,k) and [c]L; is compact open for all ¢ € ny(L;)
(i=1,...,k). Because g+ L; = U, we have J# [c]L; < [c]U for ¢ € ny(L;) fori = 1,...,k.
As the snacks on the inner level of the result under nest have an empty or one-element
second component, we do not need to check whether these components are antichains.
Hence, the snacks on the inner level are well formed.

On the outer level, we do not need all a € A and ¢ € ny(L;) for generation. Using
Proposition 4.7, we see that finitely many suffice. Their compactness follows from the
compactness of the building components.

It is easy to see that the sets in the second component of nest(U,{Ly,...,L;}) are
nonempty and are contained in the first component. They are nonempty since the sets L;
(i=1,...,k) are also, and they are contained in the first component because 7;(L;) < A
and (¢, ([c](U), D)) < {c,([c]U,{[c]L;})) for all i = 1,...,k and ¢ € m1(L).

Finally, Proposition 4.10 shows that the second component of the result of nest is an
antichain with respect to <.

This proves that nest maps snacks on 4 x B to well-formed snacks on 4 x #(B). [l

Lemma 4.12. The function nest is monotone.

Proof. Let (U, #)and (U, #’) be snacks on A x B such that (U, #) C (U', &’). For every
a € A we have [a]U = [a]U’. Hence it follows that fst(nest(U, %)) = fst(nest(U’, £’)).
For every L € & there is some L' € ¥’ with L' = L and for all ¢ € n1(L’) we have

(U, {[c]L}) E ([U', {[c]L'}) -
Furthermore, n;(L) 2 m(L'), that is, ¢ € m(L) for all ¢ € n;(L’). Therefore we can
conclude
e, ([U, {[]L})) | ¢ € mi(L)} 2 T{{c. ([c]U", {[c]L'})) | ¢ € mi(L)} .

For every set in snd(nest(U, .#)) we have thus found a smaller set in snd(nest(U’, #")).
This proves nest(U, .#) C nest(U’, &¢’). L]

4.3. Unnesting snacks

In order to nest a traditional database relation, one has to know the entire relation that
is to be nested. In contrast to this, the unnest operation can be performed stepwise. One
takes the tuples of the nested relation separately. A pair that consists of some a € A and a
set of B-values is transformed into the set of pairs (a, b), with b being one of the B-values.
The result of the unnest operation then is the union of all sets that we obtain in this way.

In the case of domain theoretic databases we can proceed in a very similar way. For
this we use the characterization of the snack-powerdomain as a free algebra (Puhlmann
1993). We start by introducing the relevant operations on snacks.

Definition 4.13. The formal union on the set ¥(D) of snacks on a domain D is given by
g : Y(D)xFD)—->FD),
U, 2)9 (U,2) = (UUU,MINS(LUZ))

where MIN= selects those sets that are minimal under subset inclusion.
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The snack (&, &) is a neutral element with respect to U.
Any two snacks on a domain have an infimum. We include this explicitly as an operation
as follows.

Lemma 4.14. The operation
n : YD)xFD)—- (D)
U, 2)ynU, %) = (UUU,MINS({LUL'|Le Z,L' € ¥'}))
builds the infimum of two snacks.
We incorporate the algebraic properties of these operations in the following definitions.

Definition 4.15. An ordered algebra is an algebra with an order relation on the carrier set
and operations that are monotone with respect to this order.

Definition 4.16. A snack algebra is an ordered algebra (M, C) with two semilattice opera-
tions U,M : M x M — M and a constant e € M such that for all r,s,t € M,

rris
edr r
ros)nt = (rnt) Y (sme).

r

1

A snack-algebra homomorphism is a monotone function that preserves U, M and e.

One easily checks that the set of snacks on a domain together with U, M and (&, )
(playing the role of e) is a snack algebra.

The key to our unnest operation is that every snack can be built out of primitive snacks
by means of U and M. The primitive snacks are called ‘singletons’, which are defined as
follows.

Definition 4.17. Let x be a compact element of the domain D. The singleton of x is the
snack {xf} := (1x, {1x}).
Lemma 4.18. Every snack s on a domain D can be built out of singletons by means of

o, N, and (J, &)
If s=(U,{Ly,...,Lk}), U =1{us,...,u,} and L; = M{li,.... Lim,} (i=1,....k; m; € N for
i=1,...,k), then

s = {uln...n{u)n(@.9) v
({|111|}|_|~~~|_|{”1m1‘}) ... d ({|Zk1|}|_|-~|_|{|lkmk|}) .

The algebraic characterization of the snack-powerdomain can be stated as follows.

Theorem 4.19. The set (D) of snacks on a domain D together with U, M, and (J, &) is
the free snack algebra generated by the ordered set KD of compact elements of D, that is,
for every snack algebra 4 and every monotone mapping f : KD — A, there is a uniquely
determined snack-algebra homomorphism f* : %(D) — A4 such that fT o { [} = f.

This enables us to define an unnest operation stepwise. Rather than unnesting a snack
on A x ¥ (B) right away, we take an element of K(4) x & (B) and transform it into a
snack on A X B by pairing the generating elements of the snack on B with the compact
element from A (hence the name pw, pairwith).
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Definition 4.20. Let (a,(U, {Li,..., Ly})) be in KA x #(B). We define
pw({a,(U,{Ly,...,L}))) = (ta x U,{ta x Ly,...Ta x Ly})

Proposition 4.21. The function pw maps elements of KA x #(B) to snacks on 4 x B and

is monotone.

Proof. As a is in KA, the set Ta is compact open in A. The products of Ta with
the compact opens U, Ly,...,L; from B are compact open in 4 X B. The remaining
requirements for snacks on A4 x B follow from the fact that (U, {Ls,..., Ly }) is a snack on
B.

Monotonicity of pw is also easily seen. L]

Using Theorem 4.19, we get a snack-algebra homomorphism pw™:.%(4 x ¥(B)) —
F(A x B), which we call unnest.

Definition 4.22. The function unnest is the uniquely determined extension of pw to a
snack-algebra homomorphism from ¥ (4 x ¥ (B)) to ¥ (A x B), as given by Theorem 4.19:

unnest(1{{ai, B1),..., {(an, Bu)}, {1{{cit, Di), ..., (Cim Dim)} | i = 1,...,k})
= (pW(<alaB1>)|_|---|—]pW(<an»Bn>)|_|(®’®))

U g (pw({cit, Dir)) M. (1 pW((Cim,» Dim,))) -
i=1

In order to unnest a concretely given snack, the following representation is more useful.
Lemma 4.23. The function unnest satisfies

unnest(T{(a, B1),...,{(an, Bn)}, {Tf<c1-1, Dit)y...s(Cimp» Dimy)} 1= 1,...,k})

mi

U(Ta, x fstB;), MINS U{U feiy x () |4 {1...omiy —> | ] sndDy}),
i=1 j=1 j=1
where /:{1,...,m;} 2, U;";l sndD;; is a choice function, that is, /(j) € sndDj;.
Proof. We have

(pW(<alaBl>) M...M0pw(({as, By)) N (S, Q))

J H (pw((cil, Di1>) M...mn pW((c,-ml., Dirni>))
i=1

m;

n k
(U(Taj X fStBj),Q) S H (U(TC,‘j X fStDij),

j=1 =1 j=1
m; m;
MINS{| J(Teiy x £() [ £:{1.....m3} 2, |JsndDy;})
j=1 j=1
m; m;
- (U ta; x fstB;), MINS U{U Teip x () | £:{1,....m} = | sndDy}).
j=1 i=1 j=1 j=1

The last step is correct since | Ji~(Tci; x fstDj;) = U (1a; x fstB)) for i=1,....k.  []
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4.4. Nest and unnest combined

Now we prove that nest and unnest form, as promised, an embedding-projection pair.

Lemma 4.24. For the functions nest and unnest as defined above we have the identity
unnest o nest = id.

Proof. Let (U,{Ly,...,L}) € (A x B). Then
unnest(nest(U, {L1,..., Ly}))
= unnest(1{(a, ([a)U, & )) | a € A},
{M{{e, ([c]U, [c]L,})) |cem(L)}|i= 1,...,k}).

For the unnest operation, we can handle the two components of the outer snack seperately.
Proposition 4.7 guarantees the existence of a finite subset A of 4 with

Hla, ([a1U,&)) la€ A} =1{(a, ([)U,&)) |ac A} .

Moreover, for every a € A there is some a € A with & < a and [a]U < [a]U. The first
component of the snack that is to be unnested is therefore transformed to

U (tax [au) = | (tax [@V) 2 J ({a} x [alU) = U.

aed acA acA

As U is an upper set, the reverse inclusion is also seen to hold.

Just as for the first component we find a finite set C; for the ith set in the second
component such that C; generates m( .), and we find that this i set is generated by
the pairs {(c, ([c U, {[c] l}) ) with ¢ € C;. Note that the second components of the snacks
occurring have only one element. Hence, there is only one choice function and this set is

transformed to
{Utex L} .

CGéi
That this equals L; is seen by the same argument as in the case of U.
Therefore the second component of the result of unnest is MINS({Ly,..., L;}). This

equals {Li,..., Ly}, because the sets Ly,...,L; form an antichain with respect to subset-
inclusion.
This completes the proof. Ul

In order to prepare the next result we show the following proposition.

Proposition 4.25. Let Uy,..., U, be subsets of B and ay,...,a, elements of A. Furthermore,
let ¢ > a; and V < U; for some i € {1,...,n}. Then

Proof. We have
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Lemma 4.26. For the functions nest und unnest we have
nestounnest <id.

Proof. We apply nestounnest to an element of .¥(4 X% B)) and introduce abbreviations
for some sub-terms:

neSt(unneSt(T{<a17 Bl)s ey <ana Bn>}7 {T{<ci15 Di1>9 ey <ci,m~5 Di,,,,)} ‘ l = 15 oo ak}))
n k m mj
= nest(| J(1a; x fstB;), MINS((_J{J(Ten x D) [ £:{1.....m;} 2, | JsndDu})).
j=1 i=1 I=1 I=1
|
U L
The proof is now done in a number of steps.
Step 1: We show that fst(nest(U, MINS(L))) = 1{{a1, B1),..., {@n, Bn)}
Because of fst(nest(U, L)) = 1{(a, [a]U), &)) | a € A} it suffices to prove

([a:]U, &) E B;

for i = 1,...,n. For the second component there is nothing to do, since this is empty for
the snack on the left-hand side. It remains to show that

n
[a] (| J(1a; x fstB;)) = fst(B;) .
j=1
But this is an immediate consequence of Proposition 4.25.

Step 2: For every M € snd(nest(U, MINS(L))) we have to find an i € {1,...,k} such that
M 2 1{{ci1, Dir), .- {Cim> Dim;) }. This means that for every L, € MINS(L) we have to find
anie {1,...,k} with

T{<C’ ([C]U: {[C]L~})> ‘ (S Tcl(l—o)} 2 T{<Cila Di1>5"'a <Cim,-a Dim,->} . (*)

We do not restrict ourselves to those elements of L that are minimal with respect to <.
Instead we show the existence of such a number i for all L, € L.

For every L, € L, there is a natural candidate for the i € {1,...,k} that we are looking
for. The set L is the union of certain sets that are distinguished by a parameter between 1
and k. The parameter of that subset of L that contains L, is the number we are looking
for.

We now assume that i € {1,...,k} is such that

m;

L, € {U(Tcil x /()| /{1, ...,m} 2, UsndDil} ,
=1

=1

and /. {1,...,m;} >, U/Z, sndDj is given such that Ly = [J;";(Tcu X Z4(1)).
In order to show (*), we first verify ¢;; € mi(L,) for all j € {1,...,m;}.
For all j € {1,...,m;} we have

m1(Le) = m(lJ Tei x £a(1) 2 m(Tey x £a()) -
1=1

https://doi.org/10.1017/50960129597002478 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129597002478

Re-grouping information 87

Because /,.(j) #O, it follows that ¢;; € m((Tci; X Z4(j)). This yields ¢;; € mi(L,.). To reach
our aim of proving (*), it now remains to show

(LeijlV), {[cij]La)}) E Dy

for all j € {1,...,m;}.
We do this separately for the two components of the snacks.

Step 2a: We show: [¢;;]U =2 fst(D;;).

There is some <é,l§) € {{a1, B1),...,{ay, By)} with (Zl,l§> < (cij, Dij) since the first
component of a snack is a superset of each element of its second component. Therefore
a < ¢jj and fstDj; < fstB. Consequently, fst(By),...,fst(By), ai,...,a,, ¢ij and fst(D;;) meet
the requirements of Proposition 4.25, and the desired result follows.

Step 2b: We have to show that there is some Lp € snd(D;;) with
[cijlLe 2 Lp .
We have

Lo = (e x 220,
=1

where Z.(l) € snd(Dy) for each I € {1,...,m;}. If we choose Lp = 7.(j), the desired result
follows directly with Proposition 4.25.
This completes Step 2 and the entire proof. L]

5. A comparison with nested relational algebra

In this section we investigate how snack-representations of nested relations are transformed
by means of nest and unnest. Because unnest o nest = id, no snack-representation of
a nested relation will be altered by this composition of the two operations. We thus
concentrate on the other composition, that is, nest o unnest, and proceed as follows: we
first give a new presentation of snacks, which is easier to read. After that we show how
nested snacks that represent a nested relation are unnested. From that we can finally
move to nesting the flat snacks again and comparing the result with the effects of nested
relational algebra. As in the rest of the paper, we will consider relations with attributes A
and B, where in the nested relations the nested attribute is B.

In order to obtain a more readable presentation of snacks, we introduce a new notation:
for a snack (U, %) we tag the set U by a O and each L € % by a <. This is in line with
the interpretation of O and < in modal logic: we take the elements of the approximated
set as possible worlds, then OU says that each element must satisfy U, that is, must be
in U, and OL says that there must be an element that is in LY. We do not require the
tagged sets to be upper sets but take the given elements as a (not necessarily minimal)
set of generators. Thus, a snack (U, {Ls,...,Ly}) with generators u,...,u, (for U) and
lit, ..., lim; (for L;) can be represented as a collection of tagged relations:

T A more detailed account of the use of O and © in a logical representation of the snack powerdomain can be
found in Jung and Puhlmann (1995) and Puhlmann (1995).
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O: | u O g O

Uy llm1 lkmk

In nested snacks, each tuple of a tagged relation will have a part that is itself a collection
of tagged relations. When we go about unnesting a nested snack of this kind, we may
proceed stepwise, as shown in Section 4.3.

The first step is to apply the function pw to the individual tuples of the tagged relations
of the outer level. Generally, these tuples look like the following:

O: | wy Sy O g

Up llm1 lkmk

By means of pw these are transformed to the following snack:

D:a|u1 <>:a|111 <>:a|lk1

a | u, a|lim a | lm,

The result of unnesting a nested snack is now obtained by putting these pieces together
as in Definition 4.22. In doing so, it matters where the tuple comes from. If it stems
from a relation tagged with O, it adds to the first component of the resulting snack, i.e.,
the relation that will also be tagged with O. In this case, the tuples {(a,u;),..., {(a, u,) will
belong to this first component. None of the tuples that come from a sub-relation with a
<& is used.

However, if the tuple comes from one of the relations that have a <, the O-subrelations
will not be needed. Instead, those parts that also have a & on the inner level will contribute
to the result of unnesting. Fortunately, we do not have to discuss how this is done in
general. The nested snacks that we will be interested in, viz. those that are a representation
of a nested database relation, have a very special structure. In these snacks, all relations
that are tagged with a <& have exactly one element. This is because we interpret each
element of a database relation as giving information about an element that is guaranteed
to be in the set that is described by the relation. So each element makes a singleton <-set.
By analyzing the formula in Lemma 4.23, one verifies that in this situation each pair
(a,1;;) from the above snack will finally form a one-tuple <-tagged relation in the result
of unnest.

This leads to the following result.

Lemma 5.1. If {{(a;,By),...,{an,, By)} is a nested relation of type {4 x {B}}, its snack
representation is unnested to

n

o(Jda} x B)).  {o{(a.b)} | (a.b) € J({ai} x By} .

i=1 i=1

Note that, just as with nested relational algebra, those tuples with empty subrelations
will vanish when the nested snack is unnested.
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To illustrate the effect of the unnest operation, let us once again look at the sample

relation from Section 2.

R :

A {B}
a by
i b,
a by
i s
ar &)

We have already given its snack representation in Section 3.4. In our new notation it

looks as follows:

<>: O by

o:[h] ©:[h]

D .
O : ap ’ g;
4 O:| b
1
bs
a) d ZQ
]
<O a Z;
d
< a I[Zj

<>:| ar |D:Q

The result of unnesting this snack is:

O:|a| b

a b3

ar | by O far]bi]

o [alk] ©:[alb

This is exactly the snack representation of u(R), the result of unnesting R by means of
Schek’s unnest operation p. In fact one easily checks the following theorem, which states

that this is true in general.

Theorem 5.2. Let R be a nested relation of type {4 x {B}} and RS be its snack represen-
tation. Then unnest(RY) is the snack representation of u(R).

The difference is made in nesting the relation again. A closer look at the nest operation
reveals that there is no snack (U, %) such that nest(U, &) is the snack representation of

a nested database relation.
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For our example, nest(unnest(R)) is given by

O by
O ap b,
bs
1 0:
O by
& ay b, (O
bs
O by
<& ay bz O
bs
O:| b
< aj b, &
bs

Let us conclude with a few remarks about this result. First, the O-component contains the
tuple that we get as a result of vi(R) by means of the nested relational algebra operations,
so it might seem that nested relations have to be equipped with the O-meaning in order
to satisfy v o u < id. But if we did this, the problem of vanishing tuples with empty sub-
relations would remain. In order to capture these, we have to include the tuple (L, 0 :F).
In the absence of a least element | we would have to include the tuples (a,0 :F) for all
a € A. If A happened to be infinite, we would leave the realm of finite relations. Thus, the
order structure with a least element is crucial for a definition of nesting and unnesting
operations that build an embedding-projection pair.

The <-components, finally, practically do not build nests at all since each of the
elements by, b, and b; gives rise to a separate &-component. But this is sound if we think
of each database entry as a piece of information about objects that are guaranteed to
exist.

The result of our operations is only natural if we recall that unnesting is bound to
destroy all information about how the B-values were grouped in the original relation.
When we nest the unnested relation again, the most we can say is that the B-groups going
with a; are nonempty subsets of the set {by, by, b3}, and that each of these elements must
occur in one B-group. Clearly, this is what the nested snack from above says.
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6. Conclusion

There are two main aspects one has to focus on when using domains for generalizing
relational databases. The first is that the domain theoretic model must allow for the
datatypes of databases. For relational databases, these are certain ground types and the
two type-constructors ‘finite product’ and ‘set of”. While the ground types can be modelled
as flat domains, the type-constructors are given by the product of domains and the snack
powerdomain. As these can be applied repeatedly, we are even able to model the nested
relations model. This has already been mentioned in Jung and Puhlmann (1995).

The second aspect is to find meaningful operations for the generalized model. It
is desirable that these operations include conservative extensions of (nested) relational
algebra. There is no difficulty in generalizing the relational projection. As observed
by Buneman (Buneman et al. 1991), this can be done by domain theoretic projection
functions. In this paper we have defined the operations nest and unnest. The unnesting
operation turns out to be a conservative extension to Jaeschke and Schek’s unnesting
operator u. However, we cannot expect nest to be an extension of their nesting operator v
since we argued that v has no satisfactory semantics. Instead, we define nest and unnest
such that they preserve as much information as possible: nest as a domain theoretic
embedding preserves all information contained in its argument whereas unnest loses only
those pieces of information that need the richer structure of nested snacks in order to be
represented.

Domain theoretic databases originally came along with the promise that they would
allow for a representation and processing of partial information. Although we have not
discussed the effect of nest and unnest on snack representations of partial data, it is now
possible to study this with respect to domain-theoretic representations of various sorts of
null values and otherwise structured data.

What remains is to find suitable generalizations of the relational ‘select’ and ‘join’
operations. While we believe that selections may successfully be modelled as suprema
with snacks that incorporate the filter formula of the selection, the generalization of
natural join seems to be a more demanding task. For this one will at first have to find a
formal semantics of the join operation such as to check the definition of the operation
with respect to this semantics. Another approach could be to define a function that, in
composition with certain projections, satisfies the various conditions of lossless joins. If
that were successful, a possible semantics of natural join might emerge from the definition.
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