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In this paper the authors extend results by Harvey and Zhou~1990, Journal of
Financial Econometrics26, 221–254! and Kandel, McCulloch, and Stambaugh
~1995, Review of Financial Studies8~1!, 1–53! to derive the posterior distribu-
tion of a key parameter in a Bayesian analysis of asset pricing models+ It is shown
that this distribution depends upon the same terms that constitute the standard
asset pricing test of Jobson and Korkie~1985, Canadian Journal of Administra-
tive Science12, 114–138!+ Contrary to the view held by other authors, we find
straightforward expressions for the posterior distribution that can be calculated
without resorting to Monte Carlo methods+

I. INTRODUCTION

In a paper on Bayesian inference in asset pricing tests, based on linear regres-
sion models, Harvey and Zhou~1990! address the question of the posterior dis-
tribution of the fundamental parameter central to theW statistic proposed by
Jobson and Korkie~1985! and Gibbons, Ross and Shanken~1989!+ Further dis-
cussion and results can be found in Kandel, McCulloch, and Stambaugh~1995!+
This parameter, which we shall calll, is analyzed under the usual assumptions
of a diffuse prior and where the assumptions on the data are those consistent
with classic linear regression and normal errors+

Harvey and Zhou~1990!, give a formula for the posterior mean ofl but
state that “the~posterior! variance ofl is analytically intractable”~p+ 227!;
they mention that

Nevertheless, sincel is the difference between the squared Sharpe measures of
the tangency portfolio and the given portfolio, we are still interested in this dif-
ference along with its distributional properties, for it may shed additional light on
our understanding of the behaviour of the given portfolio+ ~p+ 239!
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Similar remarks about the intractability ofl and the need to discover its prop-
erties have been echoed in a paper by Roy~1995!+

Building on results proved in Kandel et al+ ~1995!, we investigate the prop-
erties ofl+ Whereas some of our results are known, our contribution is to de-
rive an expression for the posterior distribution ofl ~Proposition 2+3!+We also
present formulae for all the moments and an expression for the characteristic
function that allows approximations to the distribution to be easily derived and
consequently approximations to the probability thatl is in an interval near zero;
knowledge of such a region can be used to complement the Bayesian confi-
dence intervals on the individual alphas presented in Harvey and Zhou~1990!+
Although our analysis is theoretical, in that we use diffuse priors and condition
on the market parameters, our results could be extended to include the work by
Kandel et al+ ~1995!+ They consider the case where the efficient portfolio’s pa-
rameters are also included in the analysis+

2. RESULTS

Following the notation of Harvey and Zhou~1990!, we consider the regression

rit 5 ai 1 bip rpt 1 «it , i 5 1, + + + ,N, t 5 1, + + + ,T, (1)

whererit is an excess return and the assumptions are discussed in detail by the
authors; they are the standard assumptions of seemingly unrelated regression+

In matrix terms, equation~1! becomes

R 5 Xb 1 E, (2)

whereR is ~T 3 N!, X is ~T 3 2!, b is ~2 3 N!, andE is ~T 3 N!+ Furthermore,
vec~E! ; N~0,S J IT! whereS is an ~N 3 N! positive definite covariance
matrix+ The classical tests investigate

H0 :ai 5 0, i 5 1, + + + ,N,

H1 : at least oneai Þ 0,
(3)

and tests of these hypotheses depend~underH1! on the parameterl 5 a 'S21a
that was discussed in Section 1; a is an~N 3 1! vector, a ' 5 ~a1, + + + ,aN !+

The diffuse prior assumption is written as

P~b,S! @ 6S62~N11!02, (4)

and the following standard results are obtained:

P~b 6S,R,X ! @ 6S621 exp$22
1
2tr @~b 2 Zb!'~S21 J X 'X !~b 2 Zb!#%

and

P~S6R,X ! @ 6S62m02 exp$22
1
2tr~S21S!%, (5)
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where

Zb 5 ~X 'X !21X 'R

and

S5 ~R2 X Zb!'~R2 X Zb!

and

m 5 T 1 N 2 1+

Harvey and Zhou prove in their Appendix that

P~a6S,R,X ! ; N~ [a,cS!, (6)

wherec is the~1,1! element of~X 'X !21 and [a is the first element in the vector
Zb+ Their result, in fact, has already been proved~see Box and Tiao, 1973, Theo-

rem 8+5+1, p+ 461!+ Indeed the general result is that

P~vec~b!6S,R,X ! ; N~vec~ Zb!,S J ~X 'X !21!,

so that the result follows immediately+
Having defined our terms we now consider the characteristic function, the

moments, and the probability density function~p+d+f+! of l+ Our main result,
the exact posterior distribution ofl, is given in Proposition 2+3, whereas Prop-
osition 2+1 and Corollary 2+2 give the associated characteristic function and
moments, respectively+

PROPOSITION 2+1+ The characteristic function ofl is given by

fl~t ! 5 ~12 2ict ! ~T2N22!02~12 2it ~c 1 [a 'S21 [a!!2~T22!02+

Proof+ See the Appendix+

Remark 1+ From the expression forfl~t ! we note that the second term in
the product corresponds to a characteristic function of a random variable with a
distribution being~c 1 [aS21 [a! 3 x~T22!

2 + Consequently, the existence of mo-
ments ofl will be determined by the existence of moments of ax~T22!

2 random
variable+ Therefore we can state immediately that all positive moments~includ-
ing integer and fractional! moments ofl will exist+ Also because it is easily
shown thatE~~xm

2 !2n! will exist only whenn , m02 we can now state that all
inverse~negative! real moments exist as long asn , ~T 2 2!02+

With the results of Proposition 2+1, we can derive analytically posterior mo-
ments of any order+ We shall present results for the~posterior! mean and vari-
ance ofl+

COROLLARY 2+2+ The first two central posterior moments ofl are given by

E~l! 5 Nc1 ~T 2 2! [a 'S21 [a,

Var~l! 5 2c2N 1 2~T 2 2!~~ [aS21 [a!2 1 2c~ [aS21 [a!!+
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Proof+ See the Appendix+

We now state our main result, the exact posterior distribution ofl, in the
following proposition+

PROPOSITION 2+3+ The exact posterior distribution ofl 5 a 'S21a is
given by1

pdf~l! 5
l~N02!21e2~l02c!

GS N

2D~2c!N02

S c

~c 1 [a 'S21 [a!
D~T22!02

3 1F1ST 2 2

2
;
N

2
;

l [a 'S21 [a
2c~c 1 [a 'S21 [a!

D,
where the confluent hypergeometric function1F1~ ! is defined as,

1F1~a;b;x! 5 (
j50

` ~a!j

~b!j j!
x j with ~a!j 5

G~a 1 j !

G~a!
+

In the particular case when T2 2 2 N is an even integer, say, 2,, we have an
alternative form of the density given by

pdf~l! 5
l~N02!21

GS N

2D~2c!N02

S c

~c 1 [a 'S21 [a!
D~T22!02

expS 2l

2~c 1 [a 'S21 [a!
D

3 (
j50

, S,

j D 1

S N

2Dj

S 2l [a 'S21 [a
2~c 1 [a 'S21 [a!Dj

+

Proof+ See the Appendix+

Remark 2+ Examining the posteriorpdfwe see that it depends upon two terms,
c and [a 'S21 [a+ As mentioned earlier, these are components of exact classical
tests+ In particular, c, being the~1,1! element of the~23 2! data matrix~X 'X!21,
can be written in terms of moments of the market portfolio+ If we denoterpt as
the return on the market for periodt, thenc can be calculated as

c 5
m2

Tm2
' , (7)

wherem2
' 5 ~10T !~Srp

2 2 Tm1
2! is the sample variance, m2 5 ~10T !Srp

2 is the
sample second moment, andm1 5 ~10T !Srp is the sample mean+ Considering
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the exact test of Jobson and Korkie~1985! ~see also Gibbons et al+, 1989!, we
see that this can be written as

J1 5 ST 2 N 2 1

N
D [a 'S21 [a0c (8)

because

J1 5 ST 2 N 2 1

N DS11
m1

2

m2
' D21

[a 'S S

T D21

[a (9)

~see Campbell, Lo, and MacKinlay, 1996, equation~6+2+12!, p+ 224!+ If we write
m2
' 5 m2 2 m1

2 then from the definition ofc in ~7!, equation~9! follows imme-
diately+ Roy ~1995! has also calculated thepdf of l numerically using data from
Harvey and Zhou~1990! and 20,000 draws of [a from a matrix-variatet and
20,000 draws ofS from an inverse Wishart distribution+ He finds that there is
no concentration of probability mass near zero for the Harvey and Zhou data+

3. CONCLUSION

This paper has derived an expression for the posterior distribution ofl and its
moments+ Our results have allowed us to resolve any debate about the trac-
tability of the posteriorpdf of l+ This quantity is easy to compute and its mo-
ments and asymptotics easy to calculate and prove+ It is a reasonable criticism
that our results do not reflect the priors held by any investor or econometrician+
Indeed other authors, cited earlier, have attempted to use informative priors on
this problem+

NOTE

1+ As one of the referees pointed out, the 1F1~{;{;{! function may converge very slowly for
certain parameter values+ In these situations it may well be worthwhile to approximate the expres-
sion using standard asymptotic expansions for these functions+ The interested reader is referred to
Slater~l960!+
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APPENDIX

Proof of Proposition 2.1. From ~6! and assumingS is positive definite such that
S 5 HH ' , H non-singular, we have

H21a6S,R,X ; N~H21 [a,cIN !

and

H21a

!c *S,R,X ; NS H21 [a
!c

, IND+ (A.1)

Consequently, becausel 5 a 'S21a 5 a 'H '21H21a we have

l

c *S,R,X ; xN
2 ~d!

with

d 5
[a 'S21 [a

c
,

and thus

l 6d ; c 3 xN
2 ~d! (A.2)

and

E @eitl 6d# 5 ~12 2ict !2N02 expS itcd

12 2ict
D+

Now from ~5! we infer thatS21 is Wishart distributed, i+e+, S21 ; WN~T 2 2,S21!, and
using Theorem 3+2+8 in Muirhead~1982! we have

[a 'S21 [a ; [a 'S21 [a 3 x~T22!
2 ,

so that

d 5
[a 'S21 [a

c
;
[a 'S21 [a

c
3 x~T22!

2 (A.3)
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and its associated characteristic function

E @eitd # 5 fd~t ! 5 F12
2it [a 'S21 [a

c
G2~T22!02

+

Therefore

E @eitl # 5 E @E~eitl 6d!#

5 ~12 2ict !2N02 3 ~12 2itc!~T22!02 3 ~12 2it ~c 1 [a 'S21 [a!!2~T22!02,

and the result follows+ n

Proof of Corollary 2.2. From Proposition 2+1 we have the moment generating func-
tion ~m+g+f+! of l given by

Ml~t ! 5 fl~2it !+

The mean and variance are readily found by taking the log ofMl~t ! and evaluating its
first and second derivatives att 5 0+ n

Proof of Proposition 2.3. From ~A+2! we have

l 6d ; c 3 xN
2 ~d!,

whered 5 [a 'S21 [a0c+ Also from ~A+3! we note that

d ;
[a 'S21 [a

c
3 x~T22!

2 +

Letting x ; xN
2 ~d!, then

pdf~x! 5 e2~d02! (
j50

` ~d02! j

j!

x ~N02!1j21e2~x02!

GS N 1 2j

2 D2~N12j !02

,

and thusl 5 c 3 x has

pdf~l 6d! 5 e2~d02! (
j50

` ~d02! j

j!

l~N02!1j21e2~l02c!

GS N 1 2j

2 D~2c!~N12j !02

and

pdf~l! 5 E @ pdf~l 6d!# +

Consequently, we requireE @d je2~d02! # wherepdf~d! is given by

pdf~d! 5 S c

2~ [a 'S21 [a!
D~T22!02 d~~T22!02!21

GST 2 2

2 D
expS2

dc

2 [a 'S21 [aD+
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That is,

E @d je2~d02! # 5 S c

2~ [a 'S21 [a!
D~T22!02 1

GST 2 2

2 D
E

0

`

d~~T2212j !02!21

3 expS2
d

2S11
c

~ [a 'S21 [a!
DDdd

5 ST 2 2

2
D

j
S c

c 1 [a 'S21 [aD
~T22!02S 2 [a 'S21 [a

c 1 [a 'S21 [aD
j

+

Therefore the requiredpdf~l! is given by

pdf~l! 5
l~N02!21e2~l02c!

GS N

2D~2c!N02

S c

c 1 [a 'S21 [aD
~T22!02

(
j50

` ST 2 2

2 D
j

S N

2Dj
j!

S ~ [a 'S21 [a!l

2c~c 1 [a 'S21 [a!
Dj

5
l~N02!21e2~l02c!

GS N

2D~2c!N02

S c

c 1 [a 'S21 [aD
~T22!02

1F1ST 2 2

2
;
N

2
;

l [a 'S21 [a
2c~c 1 [a 'S21 [a!

D+
Now

1F1ST 2 2

2
;
N

2
;

l [a 'S21 [a
2c~c 1 [a 'S21 [a!

D
5 expS l [a 'S21 [a

2c~c 1 [a 'S21 [a!
D 1F1S N

2
2

T 2 2

2
;
N

2
;

2l [a 'S21 [a
2c~c 1 [a 'S21 [a!

D,
and if T 2 2 2 N 5 2,, the first parameter in the1F1~{;{;{! function on the right is now
a negative integer, namely, 2,+ This will ensure that the1F1~{;{;{! function is now a
terminating series, not an infinite series, and in fact is a polynomial of degree, in the
argumentl [a 'S21 [a0@2c~c 1 [a 'S21 [a!# + In particular we have

1F1~2,;b;2 x! 5 (
j50

, S,

j D x j

~b!j

,

and thus whenT 2 2 2 N 5 2, ~i+e+, an even integer! the pdf is now given by

pdf~l! 5
l~N02!21

GS N

2D~2c!N02

S c

c 1 [a 'S21 [aD~T22!02

expS 2l

2~c 1 [a 'S21 [a!
D

3 (
j50

, S,

j D 1

S N

2Dj

S l [a 'S21 [a
2c~c 1 [a 'S21 [a!Dj

n
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