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Abstract. An algebraic flip system is an action of the infinite dihedral group by
automorphisms of a compact abelian group X . In this paper, a fundamental structure
theorem is established for irreducible algebraic flip systems, that is, systems for which the
only closed invariant subgroups of X are finite. Using irreducible systems as a foundation,
for expansive algebraic flip systems, periodic point counting estimates are obtained that
lead to the orbit growth estimate

AehN 6 π(N )6 BehN ,

where π(N ) denotes the number of orbits of length at most N , A and B are positive
constants and h is the topological entropy.

1. Background and main results
Stemming from the seminal works of Sinaı̆ [25] and Margulis [16], periodic orbits in
dynamical systems have been investigated using orbit growth functions, with entropy
featuring as a constant controlling the exponential growth. An extensive body of work
now exists for both flows and discrete time dynamical systems (see for example [8, 9,
20, 21, 27]). The study of orbit growth functions for dynamical group actions in general
was pursued in [18] and [19]. This context encompasses the case of a single invertible
transformation which corresponds to an action of the group G = Z.

Let G be a finitely generated group acting on some set X , with the action written as x 7→
g · x . The set L= L(G) of finite index subgroups of G becomes a locally finite poset with
the order arising from inclusion. For L ∈ L, the number of L-periodic points in X is

F(L)= |{x ∈ X | g · x = x∀g ∈ L}|. (1)

An L-periodic orbit is the orbit of a point with stabilizer L , and the length of the orbit is
denoted [L] = [G : L], the index of L in G. Assuming that there are only finitely many
orbits of length n for each n > 1, the number of L-periodic orbits is

O(L)=
1
[L]
|{x ∈ X | g · x = x⇐⇒ g ∈ L}|, (2)
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and the orbit counting function is defined by

π(N )=
∑

L∈L:[L]6N

O(L).

It is well known that if G = Z acts in the obvious way, via a hyperbolic automorphism
on a torus, then

π(N )∼ C
ehN

N
,

where C is a positive constant and h is the topological entropy. Less well known is that for
actions of G = Z2, some of the most natural analogues of these hyperbolic actions may
have orbit asymptotics of differing shapes. In particular, [19] deals with examples where
for all sufficiently large N ,

AegN 6 π(N )6 BegN ,

where A and B are positive constants independent of N , and g is the upper growth rate
of periodic points (which may or may not be equal to the entropy in this context [15]).
We write this more briefly as π(N )=2(egN ). In contrast, [18, Example 1] is an example
for which there is unlikely to be an estimate for π(N ) of a similarly simple form. This
dichotomy is made more explicit by using an averaged orbit counting function (the
dynamical Mertens’ function) in place of π(N ) in [19], and is thought to depend on the
relationship between entropy and the upper growth rate of periodic points.

The purpose of this article is to investigate orbit growth for another class of dynamical
systems that also naturally generalizes the class of discrete time dynamical systems.
Actions of the infinite dihedral group

D∞ = 〈a, b | b2
= 1, ab = ba−1

〉 (3)

correspond to so-called flip systems [13] and arise as a result of time reversals in discrete
time dynamical systems and flows (see for example [1, 5, 10, 24]). By an algebraic
flip system, we mean an action of D∞ by continuous automorphisms of a compact
(metrizable) abelian group X . For convenience, write the generators of the action as α
and β, where α(x)= a · x and β(x)= b · x , x ∈ X , and consider an algebraic flip system
as a triple (X, α, β).

Since D∞ is one of the simplest non-abelian examples of an infinite polycyclic
group [28, Ch. 2], algebraic flip systems represent some of the most fundamental examples
to which general treatments such as [22, Ch. 1] and [6] apply. Consequently, dynamical
properties such as ergodicity and mixing may be interpreted easily using existing algebraic
characterizations (see Remarks 2.5). However, questions concerning orbit growth for
algebraic flip systems are not answered as readily, and this also motivates this work. The
main result of this paper concerning orbit growth is the following theorem.

THEOREM 1.1. If (X, α, β) is an expansive algebraic flip system, then

π(N )=2(ehN ),

where h is the topological entropy.
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As is standard in the study of algebraic dynamical systems [22], the main structural
results are developed in terms of the Pontryagin dual objects X̂ , α̂ and β̂. In general, X̂
is considered as a Z[t±1

]-module M , where t is an indeterminate, by identifying α̂ with
multiplication by t and extending in a natural way to polynomials. It is well known (see
for example [23, Theorem 2.6]) that if X is infinite and (X, α) is irreducible (that is, the
only closed subgroups of X that are invariant under the action are finite), then M contains
a finite index submodule of the form

R = Z[t±1
]/( f ), (4)

where f ∈ Z[t±1
] is irreducible. For any f ∈ Z[t±1

], let f ∗(t)= f (t−1) and R∗ =
Z[t±1

]/( f ∗). This defines an involutive automorphism (more briefly referred to throughout
as an involution) of Z[t±1

] and induces isomorphisms R→ R∗ and R∗→ R, whose
composition is the identity. Fundamental to our analysis are Z[t±1

]-modules of the form
R × R∗ with an involution β̂ : R × R∗→ R × R∗ given by

β̂(k, l)= (l∗, k∗), (5)

for all (k, l) ∈ R × R∗. Our structural starting point is the following theorem.

THEOREM 1.2. Suppose X is an infinite compact abelian group and the algebraic flip
system (X, α, β) is irreducible. Then there exists an irreducible polynomial f ∈ Z[t±1

]

such that precisely one of the following holds:
(i) M = X̂ contains a finite index submodule isomorphic to R × R∗, where R is given

by (4) with ( f ) 6= ( f ∗), and the restriction of β̂ is given by (5);
(ii) M = X̂ contains a finite index submodule isomorphic to (4) with ( f )= ( f ∗), R =

R∗, and the restriction of β̂ is given by either k 7→ k∗ or k 7→ −k∗, k ∈ R.

When (X, α, β) is expansive and irreducible, in case (i) above, periodic point
counting estimates may be obtained quite easily using well-known results for a single
automorphism. However, in case (ii) these results cannot be used directly; here we observe
that ( f )= ( f ∗) implies f = tm g for some m ∈ Z and g ∈ Z[t±1

] that is palindromic or
antipalindromic. This allows key results from the theory of Toeplitz operators, including
Szegö’s strong limit theorem, to be used as a tool to obtain the periodic point counting
estimate

F(L)=2(eh[L]), (6)

for subgroups of the form L = 〈an, b〉 ∈ L. Using irreducible systems as a foundation, this
estimate is then extended to all expansive systems and finally to all L ∈ L.

In §4, the orbit growth estimate π(N )=2(ehN ) is obtained using (6) and following
methods developed in [18]. Also given in §4 is an example for which π(N )∼8(N )ehN ,
where 8 has prime period 2, showing that an asymptotic of the form π(N )∼ CehN , for
some constant C > 0, should not be expected for algebraic flip systems in general.

2. Irreducible algebraic flip systems and examples
Let D∞ denote the infinite dihedral group, given by (3). Elements of the group ring ZD∞
can be written uniquely in the form f + gb, where f, g ∈ Z[t±1

], b2
= 1 and tb = bt−1.

For any f ∈ Z[t±1
], write f ∗(t)= f (t−1), so that b f = f ∗b. If D∞ acts on a compact
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abelian group X , write α(x)= a · x and β(x)= b · x , x ∈ X , for the generators of the
action and (X, α, β) for the associated dynamical system (an algebraic flip system). For
any such system, there is always a complementary algebraic flip system (X, α,−β), where
−β denotes the automorphism given by x 7→ −β(x).

The Pontryagin dual group M = X̂ may be considered as a left module over the group
ring ZD∞ as follows (standard results from duality theory may be found in [12]). Let
f =

∑
m cm( f )tm and g =

∑
m cm(g)tm

∈ Z[t±1
], where cm( f ) and cm(g) are both zero

for all but finitely many m ∈ Z. For any x ∈ M , set

( f + gb)x =
∑

m

cm( f )̂αm(x)+ cm(g)̂αm β̂(x).

By considering the subaction generated by α, one also obtains a Z-action together with a
realization of M as a module over the commutative ring Z〈a〉 ∼= Z[t±1

]. We call this the
canonical dual Z[t±1

]-module. From a dual perspective, if M is a countable left ZD∞-
module, then an algebraic flip system (X M , αM , βM ) is obtained by setting X M = M̂ and
αM and βM to be the automorphisms dual to multiplication by t and b respectively.

The unique factorization domain Z[t±1
] has a spectrum comprised of principal prime

ideals and maximal ideals (necessarily non-principal). Whenever a prime ideal m is
maximal, Z[t±1

]/m is a finite field. For any integral domain of the form R = Z[t±1
]/p,

where p is a prime ideal, denote the field of fractions of R by K(p). Using standard
identifications, the localization Mp may be considered as a K(p) vector space and we
denote its dimension by dimK(p) Mp. Standard machinery from commutative algebra also
shows that if M is Noetherian, the set of associated primes Ass(M) is comprised entirely
of maximal ideals if and only if M is finite. The reader is referred to [7] for further
background on commutative algebra.

Proof of Theorem 1.2. Let M = X̂ . Considering M as a ZD∞-module, if L is any non-
zero submodule, since X M/L dualizes to a D∞-invariant subgroup of X M , irreducibility
forces [M : L]<∞. Now consider M canonically as a Z[t±1

]-module. Since M is
Noetherian, there exists x ∈ M such that ann(x)= p ∈ Ass(M). Let

L = ZD∞x = Z[t±1
]x + Z[t±1

]bx .

If p is non-principal, it is necessarily maximal and Z[t±1
]x ∼= Z[t±1

]/p is a finite field.
Since Z[t±1

]bx ∼= Z[t±1
]x , L is also finite and this contradicts our assumption that X

is infinite, since [M : L]<∞. Hence, we may assume that p= ( f ) is principal, so
p∗ = ( f ∗). Let R = Z[t±1

]/p and R∗ = Z[t±1
]/p∗. Note that since Z[t±1

]bx ∼= Z[t±1
]x ,

ann(bx)= p∗. If r x = sbx and either r ∈ p or s ∈ p∗, then r ∈ p and s ∈ p∗. There are now
two cases to consider, corresponding to the two cases of the theorem.

Case (i). If r x 6= sbx for all r ∈ Z[t±1
] \ p and all s ∈ Z[t±1

] \ p∗, then

Z[t±1
]x ∩ Z[t±1

]bx = {0},

and so L ∼= R × R∗ and the restriction of β̂ is given by (5). To conclude this case, suppose
for a contradiction that p= p∗. Then K = Z[t±1

](b + 1)x ⊂ L is a ZD∞-module with
annihilator p as a Z[t±1

]-module. However,

dimK(p) Kp = 1 and dimK(p) Lp = 2.
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In particular, L/K is infinite, which contradicts the irreducibility assumption. Note that
this also means f 6= 0 in case (i).

Case (ii). Now suppose there exist r ∈ Z[t±1
] \ p and s ∈ Z[t±1

] \ p∗ such that
r x = sbx . If f = 0, then L ′ = 2ss∗L is a non-trivial submodule of Z[t±1

]x ∼= Z[t±1
] for

which bL ′ = L ′, yet L ′ has infinite index in Z[t±1
]x , so this contradicts irreducibility.

Therefore, f 6= 0. Furthermore, since f x = 0,

0= sb f x = s f ∗bx = f ∗sbx = f ∗r x,

giving f ∗r ∈ p, which implies f ∗ ∈ p, as r 6∈ p. As both f and f ∗ are irreducible,
this forces f = u f ∗ for some unit u ∈ Z[t±1

]. Hence, p∗ = p, and ann(x)= ann(bx)=
p= ( f ). Since sL ⊂ Z[t±1

]x , all associated primes of L/Z[t±1
]x contain p+ (s)) p and

are therefore non-principal. Consequently, [L : Z[t±1
]x]<∞.

Suppose that gx = gbx for some g ∈ Z[t±1
] \ p. Then g∗ 6∈ p, as p∗ = p. Let y = gg∗x ,

so that L ′ = Z[t±1
]y is a non-trivial submodule of Z[t±1

]x with bL ′ = L ′, [Z[t±1
]x :

L ′]<∞, ann(y)= p and L ′ ∼= R. Furthermore, for any h ∈ Z[t±1
],

β̂(hy)= bhy = h∗g∗gbx = h∗g∗gx = h∗y.

Therefore, the restriction of β̂ to L ′ identifies with the map k 7→ k∗, k ∈ R, and
[M : L ′]<∞.

The remaining possibility is that gx 6= gbx for all g ∈ Z[t±1
] \ p. Then y = (b − 1)x 6=

0 and gy 6= 0 for all g ∈ Z[t±1
] \ p, so ann(y)= p. Let L ′ = Z[t±1

]y, so bL ′ = L ′,
[Z[t±1

]x : L ′]<∞ and L ′ ∼= R. Furthermore, for any h ∈ Z[t±1
],

β̂(hy)= bhy = h∗by = h∗b(b − 1)x =−h∗(b − 1)x =−h∗y,

and so the restriction of β̂ to L ′ identifies with the map k 7→ −k∗, k ∈ R, and
[M : L ′]<∞. �

Remark 2.1. If M is a ZD∞-module for which there exists a principal Z[t±1
]-

associated prime p 6= 0, then there is a ZD∞-module L ⊂ M that corresponds to an
irreducible algebraic flip system. To see this, first select x ∈ M such that ann(x)= p (so
ann(bx)= p∗).

If Z[t±1
]x ∩ Z[t±1

]bx = {0} and p∗ 6= p, then L = ZD∞x ∼= R × R∗, where R =
Z[t±1

]/p. Identifying L with R × R∗, since b(k, l)= (l∗, k∗), (k, l) ∈ L , it follows that
any non-trivial ZD∞-submodule K ⊂ L contains an element (k, l), where both k and l are
non-zero, and ann(k, l)= pp∗. Therefore, p, p∗ ∈ Ass(K ), and since both

dimK(p) Kp = dimK(p) Lp = 1 and dimK(p∗) Kp∗ = dimK(p∗) Lp∗ = 1,

all associated primes of L/K must be non-principal, and hence L/K is finite.
If Z[t±1

]x ∩ Z[t±1
]bx = {0} and p∗ = p, we replace x by y = (b + 1)x 6= 0, noting that

ann(y)= p and by = y. Then, L = ZD∞y = Z[t±1
]y ∼= Z[t±1

]/p, and L is irreducible.
If Z[t±1

]x ∩ Z[t±1
]bx 6= {0}, then we proceed exactly as in the proof of Theorem 1.2(ii)

to find that p∗ = p, and that there exists y ∈ ZD∞x such that ann(y)= p and by =±y.
Then, L = ZD∞y = Z[t±1

]y ∼= Z[t±1
]/p, and once again L is irreducible.

Before considering periodic points and orbit growth in general, some familiar examples
are considered.
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Example 2.2. (An irreducible flip system on T2) Consider the automorphisms of T2 given
by the matrices

A =
(
−2 3
1 −2

)
and B =

(
7 −12
4 −7

)
.

Then, B2
= Id, AB = B A−1 and so (T2, A, B) is an algebraic flip system. Following a

standard approach using Z[t±1
]-modules, X̂ ∼= Z[t±1

]/p, where p= (1+ 4t + t2). Under
the identification of this module with the integral domain Z[

√
3], via the map f (t)+ p 7→

f (−2+
√

3), the map α̂ dual to multiplication by A corresponds to multiplication by
−2+

√
3. However, under this identification, the automorphism β̂ dual to multiplication

by B is not the involution of Z[
√

3] induced by f (t) 7→ f (t−1) on Z[t±1
], which is in

fact the restriction of the non-trivial element τ ∈ Gal(Q(
√

3)|Q) to Z[
√

3]. Instead, the
map dual to multiplication by B identifies with β̂ : Z[

√
3] → Z[

√
3], given by β̂(k)=

(7+ 4
√

3)τ (k). Furthermore, for any k ∈ Z[
√

3],

α̂β̂(k)= (−2+
√

3)(7+ 4
√

3)τ (k)= (7+ 4
√

3)τ ((−2−
√

3)k)= β̂α̂−1(k).

To complement our later estimates for periodic point counts that are developed in terms
of the more general perspective of Theorem 1.2, it is helpful to consider Fix(An, B) using
the explicit description available in this example. Let λ=−2−

√
3 and δ =−2+

√
3.

The group of points fixed by An is the kernel of

An
− Id=

1
2

(
δn
+ λn

− 2
√

3(δn
− λn)

√
3

3 (δ
n
− λn) δn

+ λn
− 2

)
and any point of the form x(y)= (2y, y) ∈ T2 is fixed by B. Note, for all n ∈ N,
both 1

2 (δ
n
+ λn) and

√
3

6 (δ
n
− λn) are integers. Let p(n)= (n + χ(n))/2 and q(n)=

(n − χ(n))/2, where χ is the non-trivial Dirichlet character modulo 2. Then we have the
following integer factor pairs:

√
3

6 (δ
n
− λn)=


√

3
6 (δ

p(n)
− λq(n)) · (δq(n)

+ λp(n)), n even,

3+
√

3
6 (δ p(n)

− λq(n)) · −1+
√

3
2 (δq(n)

+ λp(n)), n odd,

1
2 (δ

n
+ λn

− 2)=


√

3
6 (δ

p(n)
− λq(n)) ·

√
3(δq(n)

− λp(n)), n even,

3+
√

3
6 (δ p(n)

− λq(n)) · 3−
√

3
2 (δq(n)

− λp(n)), n odd.

In particular, 1
2 (δ

n
+ λn

− 2) and
√

3
6 (δ

n
− λn) share the integer factor

k(n)= ( 1
2χ(n)+

√
3

6 )(δ
p(n)
− λq(n)).

Therefore, for any j ∈ Z, if y = j/k(n), then (An
− Id)x(y)= 0. Consequently, for

j = 1, . . . , k(n), we obtain distinct points in Fix(An, B). Hence, there exists C > 0 such
that, for sufficiently large n, |Fix(An, B)|> C |λ|n/2. Since a similar estimate holds for
|Fix(An,−B)| and since

|Fix(An)| =2(|λ|n),

using the product estimate (see Proposition 3.3),

|Fix(An, B)||Fix(An,−B)| =2(|Fix(An)|),
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it follows that
|Fix(An, B)| =2(|λ|n/2).

To describe this example as in Theorem 1.2(ii), consider the finite index submodule
L ⊂ Z[

√
3] generated by (β̂ − 1)(1)= 6+ 4

√
3, and notice that for all k ∈ Z[

√
3],

β̂(k(6+ 4
√

3))= k∗(−6− 4
√

3)=−k∗(6+ 4
√

3),

where k∗ = τ(k). Therefore, in concordance with the statement of the theorem, the
module L is β̂-invariant and the Z[t±1

]-module isomorphism L→ Z[
√

3] given by
k(6+ 4

√
3) 7→ k conjugates the restriction of β̂ to L with the map k 7→ −k∗. Dually,

there is a finite to one projection of (T2, A, B) induced by the inclusion L ↪→ Z[
√

3] that
conjugates multiplication by B with multiplication by the matrix

(
−1 0
0 1

)
.

Example 2.3. (The doubling map) The invertible extension of the circle doubling map
is given by αX (x)= 2x on the one-dimensional solenoid X dual to the integral domain
Z[ 12 ]. The only involutive automorphisms of Z[ 12 ] correspond to multiplication by 1 or
−1, so there is no possible algebraic flip system (X, αX , β), as the only candidates for β
do not satisfy αXβ = βα

−1
X . If (Y, αY , β) is an irreducible algebraic flip system and there

is a continuous surjective homomorphism φ : Y → X with φαY = αXφ, then Y must have
topological dimension at least 2. The most natural example is with Y = X2, αY (x, y)=
(αX (x), α−1

X (y)) and β(x, y)= (α−1
X (y), αX (x)). Then,

αYβ(x, y)= (y, x)= βα−1
Y (x, y).

Examples of algebraic flip systems on zero-dimensional groups are closely related to
Bernoulli shifts and their time reversals.

Example 2.4. (A Bernoulli shift with a time reversal) Suppose that H is a cyclic group
with |H |> 2. Let X = HZ and define the full shift α and the flip β on X by

α(x) j = x j+1 and β(x) j = x− j ,

where x = (x j ) ∈ X . Then (X, α, β) is an algebraic flip system. Although the topological
entropy of (X, α) is log |H |, the entropy of (X, α, β) is h = 1

2 log |H |. A straightforward
calculation using n-periodic blocks for α gives

|Fix(αn, β)| = |H |(n+2−χ(n))/2,

where χ is the non-trivial Dirichlet character modulo 2. If |H | 6= 2, another simple
calculation gives

|Fix(αn,−β)| = C2−χ(n)
|H |(n−2+χ(n))/2,

where C = |ker(h 7→ 2h)|, h ∈ H . Hence,

|Fix(αn, β)| =2(ehn) and |Fix(αn,−β)| =2(ehn).

Remarks 2.5. Theorem 1.2 shows that if A is an n × n integer matrix with |det(A)| = 1
that has an irreducible characteristic polynomial f , and (Tn, A) is the corresponding
algebraic dynamical system, then there exists an irreducible algebraic flip system
(Tn, A, B) only if f is palindromic or antipalindromic, as is the case in Example 2.2.
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The construction in Example 2.3 may be used to produce an algebraic flip system from
any algebraic dynamical system (X, α). However, this flip system may or may not be
irreducible, even if (X, α) is irreducible. In terms of (4), Theorem 1.2 shows that this
construction produces an irreducible flip system if and only if f is irreducible and ( f ) 6=
( f ∗). If f is non-constant, the latter condition is the same as saying there exists ξ ∈ C with
f (ξ)= 0 and f (ξ−1) 6= 0.

Example 2.3 also subtly raises the issue of ergodicity. An algebraic flip system
(X, α, β) is ergodic if and only if (X, α) is ergodic. This follows immediately from [22,
Remark 1.7(3)] and the fact that any finite index subgroup of D∞ contains 〈an

〉 for some
n ∈ N. In terms of dual modules, [22, Remark 1.7(3)] also shows that (X, α, β) is ergodic
if and only if multiplication by tn

− 1 is injective on M = X̂ for all n ∈ Z \ {0}. Ergodicity
therefore dictates that β cannot commute with α (since if α and β commute, α is also an
involution, whereby (t2

− 1)M = {0}). It is also worth noting that since a subgroup of D∞
is infinite if and only if it has finite index in D∞, [22, Theorem 1.6] shows that ergodicity
and strong mixing are equivalent conditions for algebraic flip systems.

Theorem 1.2 facilitates a convenient description of irreducible algebraic flip systems.
Let L denote the finite index submodule of M identified in the theorem, so that there is a
finite to one projection π : X M → X L dual to the inclusion of L into M , and παM = αLπ

and πβM = βLπ . As in [22, Example 5.2], the dual of R = Z[t±1
]/( f ) may be identified

with the shift invariant subgroup of TZ given by

X f = {(xm) ∈ TZ
| T f x = 0},

where, for f =
∑

m cm tm
∈ Z[t±1

], T f : TZ
→ TZ is defined by

(T f x) j =
∑

m cm xm+ j , j ∈ Z.

Let x = (x j ) ∈ TZ. Multiplication by the image of t in Z[t±1
]/( f ) dualizes to the

restriction of the shift σ : TZ
→ TZ, given by

σ(x) j = x j+1,

to X f . The automorphism dual to g 7→ g∗, g ∈ Z[t±1
], is the flip, and is also denoted using

the ∗-notation,
(x∗) j = x− j .

Clearly, (−x∗) j =−x− j . Whenever ( f )= ( f ∗), X f is invariant under both ∗ and −∗.
Where no confusion will arise, the restrictions of the shift and the flip to X f will also be
denoted by σ and ∗ respectively. Hence, we now have a description of (X L , αL , βL) in
case (ii) of Theorem 1.2.

In case (i) of Theorem 1.2, L ∼= R × R∗, and the projected automorphism αL on X L ∼=

X f × X f ∗ is given by
αL(x, y)= (σ (x), σ (y)), (7)

and the projected automorphism βL dual to (5) is given by

βL(x, y)= (y∗, x∗). (8)
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3. Periodic points
Let X be a compact abelian group and denote the continuous automorphisms of X by
Aut(X). Throughout this section, assume that n ∈ Z is non-zero. For any 3⊂ Aut(X), let

Fix(3)= {x ∈ X | λ(x)= x∀λ ∈3},

and note that
Fix(3)=

⋂
λ∈3

ker(λ− 1).

For any α ∈ Aut(X),
Fix(αn)= Fix(α−n),

so if β ∈ Aut(X) satisfies αβ = βα−1, then Fix(αn) is β-invariant.
It is also useful to observe that for any involution β ∈ Aut(X),

(β + 1)(β − 1)= 0.

Therefore, since ker(β − 1)= Fix(β) and ker(β + 1)= Fix(−β),

(β + 1)X ⊂ Fix(β) and (β − 1)X ⊂ Fix(−β). (9)

We now introduce several useful preliminary results which pertain to algebraic flip
systems quite generally.

LEMMA 3.1. Let (X, α, γ ) be an algebraic flip system such that Fix(αn) is finite for
all n 6= 0. If δ, φ ∈ Aut(X) are such that δ2

= 1, αφ = φα and γ = φδ then, provided
Fix(−φ) is finite,

|Fix(αn, γ )| =2(|Fix(αn, δ)|).

Proof. Firstly, if x ∈ Fix(δ), then

(φ + 1)(x)= φδ(x)+ x = (γ + 1)(x).

Therefore, since (φ + 1) Fix(αn)⊂ Fix(αn),

(φ + 1) Fix(αn, δ)= (γ + 1) Fix(αn, δ)⊂ Fix(αn, γ ),

by (9). Hence,

|Fix(αn, δ)|

|Fix(−φ)|
=
|Fix(αn, δ)|

|ker(φ + 1)|
6 |(φ + 1) Fix(αn, δ)|6 |Fix(αn, γ )|.

On the other hand, αδ = δα−1, so (X, α, δ) is also an algebraic flip system and δ =
φ−1γ . Therefore, we can repeat the argument above with the roles of γ and δ interchanged,
and with φ−1 in place of φ to obtain

|Fix(αn, γ )|

|Fix(−φ)|
=
|Fix(αn, γ )|

|Fix(−φ−1)|
6 |Fix(αn, δ)|.

Since |Fix(−φ)| does not depend on n, the result follows. �

LEMMA 3.2. Suppose (X, α, β) is an algebraic flip system such that Fix(αn) is finite for
all n 6= 0. If |Fix(αn, β)| � |Fix(αn)|1/2 and |Fix(αn,−β)| � |Fix(αn)|1/2, then

|Fix(αn, β)| =2(|Fix(αn)|1/2).
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Proof. Since

|(β − 1) Fix(αn)| =
|Fix(αn)|

|Fix(αn, β)|
,

it follows from (9) that

|Fix(αn)| = |(β − 1) Fix(αn)||Fix(αn, β)|6 |Fix(αn,−β)||Fix(αn, β)|,

giving

|Fix(αn, β)|>
|Fix(αn)|

|Fix(αn,−β)|
� |Fix(αn)|1/2. �

In terms of periodic point counting estimates, the lemma above reveals a close
relationship between an algebraic flip system and its complement. Although not necessary
for our later estimates, the following result highlights the nature of this interdependence
more concretely.

PROPOSITION 3.3. Suppose (X, α, β) is an algebraic flip system such that Fix(αn) is finite
for all n 6= 0. If the 2-torsion subgroup of X is finite, then

|Fix(αn, β)||Fix(αn,−β)| =2(|Fix(αn)|).

Proof. Let K2(X)= ker(x 7→ 2x). Since Fix(β) ∩ Fix(−β)⊂ K2(X),

|Fix(αn)| > |Fix(αn, β)+ Fix(αn,−β)|

=
|Fix(αn, β)||Fix(αn,−β)|

|Fix(αn, β) ∩ Fix(αn,−β)|

> |K2(X)|−1
|Fix(αn, β)||Fix(αn,−β)|.

On the other hand,

2 Fix(αn)⊂ Fix(αn, β)+ Fix(αn,−β).

To see this, suppose x ∈ 2 Fix(αn) and let y ∈ Fix(αn) be such that 2y = x . Let v = (β +
1)(y) and w = x − v. Then, by (9), v ∈ Fix(αn, β) and

w = 2y − β(y)− y = (β − 1)(−y) ∈ Fix(αn,−β).

Hence,

|Fix(αn, β)||Fix(αn,−β)| > |Fix(αn, β)+ Fix(αn,−β)|

> |2 Fix(αn)|

=
|Fix(αn)|

|K2(Fix(αn))|

> |K2(X)|−1
|Fix(αn)|. �

Remark 3.4. Suppose M is a ZD∞-module that is 2-torsion free, and that M is Noetherian
as a Z[t±1

]-module. Then multiplication by 2 is injective on M and [17, Lemma 4.3] shows
that M/2M is finite, provided (0) 6∈ Ass(M). Via duality, |K2(X)| = |M/2M |, so K2(X)
is also finite. In this situation, the proposition above therefore applies to (X M , αM , βM ),
provided |Fix(αn

M )| is finite for all n 6= 0.
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In order to proceed, some facts concerning topological entropy are required.
Let f ∈ Z[t±1

]. Considering f as a polynomial in C[t±1
], write f = ctm ∏ j

i=1(t − ξi ),
where c, m ∈ Z. The Mahler measure of f is given by

M( f )= |c|
j∏

i=1

max{1, |ξi |}.

Note that if f = c, then the empty product means M( f )= |c|. We also have
M( f ∗)=M( f ). The well-known entropy formula for automorphisms of compact abelian
groups [14] shows that in case (i) of Theorem 1.2, the topological entropy h(α) of (X, α)
is 2 log M( f ), and in case (ii), h(α)= log M( f ). If f has no zeros on the complex unit
circle, it is well known (see for example [3, Lemma 4]) that

|Fix(αn)| =2(eh(α)n). (10)

Note that when α is ergodic much better estimates than (10) are known, which follow
from [17], but these will not be needed here.

For any algebraic flip system (X, α, β), a standard argument using the definition of
entropy shows that the topological entropy h(α, β) of (X, α, β) is precisely half that of
(X, α), as [D∞ : 〈a〉] = 2. The same is of course true for the complementary flip system.

THEOREM 3.5. Let (X, α, β) be as in Theorem 1.2. If f has no roots on the complex unit
circle, then

|Fix(αn, β)| =2(ehn),

where h = h(α, β).

Proof. First assume that case (i) of Theorem 1.2 applies. Then M contains a finite index
submodule of the form L = R × R∗, the dual of which is X L = X f × X f ∗ , and αL and
βL are given by (7) and (8). For all x ∈ TZ,

σ n x = x⇔ σ n x∗ = x∗

and
x ∈ X f ⇔ x∗ ∈ X f ∗ .

Hence,

|Fix(αL , βL)| = |{(x, y) ∈ X f × X f ∗ | σ
n x = x, σ n y = y and y = x∗}|

= |{(x, x∗) ∈ X f | σ
n x = x}|

= |{x ∈ X f | σ
n x = x}|

= 2(ehn),

and the same estimate is true with−βL in place of βL . Since the natural projection X M →

X L has finite kernel, there is a constant C > 0 such that

|Fix(αn
M , βM )|6 Cehn and |Fix(αn

M ,−βM )|6 Cehn . (11)

By (10) and Lemma 3.2, the required result follows.
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Case (ii) in Theorem 1.2 is more delicate. In this case, the Z[t±1
]-module M contains

a finite index submodule of the form R = Z[t±1
]/( f ), with f =

∑
m cm tm and ( f )=

( f ∗). Because R is determined by the prime ideal ( f ), for ease, we are free to choose the
generator f to be balanced around its constant term. In other words, f ∗ = µ f or f ∗ =
µt−1 f , where µ= 1 or µ=−1. If f ∗ = t−1 f , then f (−1)= f ∗(−1)=− f (−1), and
so f (−1)= 0. If f ∗ =−t−1 f , then similarly f (1)= 0. Therefore, the case f ∗ = µt−1 f
is precluded by the assumption that f has no roots on the complex unit circle.

Our aim now is to provide an upper estimate for the cardinality of Fix(σ n, ∗) in X f ,
which may be identified with the subgroup of TZ/(n) comprising points x = (xl) satisfying

xl = x
−l (12)

and ∑
m

cm xm+l = 0 mod 1, (13)

for all 06 l 6 n − 1. Let χ be the non-trivial Dirichlet character modulo 2. For sufficiently
large n, if (12) holds for all 16 l 6 (n + χ(n))/2 and (13) holds for all 06 l 6 (n −
χ(n))/2, then ∑

m

cm xm+n−l = µ
∑

m

cm xm+l ,

for 16 l 6 (n − χ(n))/2, as f ∗ = µ f . That is, (12) and (13) hold for all 06 l 6 n − 1.
Hence, it follows that Fix(σ n, ∗) is isomorphic to the kernel of the linear map En : Tn

→

Tn formed as follows. Set k(n)= (n + 2− χ(n))/2. Let the first k(n) rows of the n × n
matrix En be identical to those of the n × n circulant matrix corresponding to f , that is

c0 c1 c2 . . . c−3 c−2 c−1

c−1 c0 c1 . . . c−4 c−3 c−2

c−2 c−1 c0 . . . c−5 c−4 c−3

. . . . . . . . .

 .
Let the remaining rows of En be

0 1 0 0 . . . 0 0 −1
0 0 1 0 . . . 0 −1 0
0 0 0 1 . . . −1 0 0

. . . . . . . . .

 .
Since Fix(σ n, ∗) is finite, so too is ker(En). Via duality,

|Fix(σ n, ∗)| = |ker(En)| = |Zn/EnZn
| = |det En|.

Dividing En into a block matrix, (
An Bn

Cn Dn

)
where An is k(n)× k(n), An is the k(n)× k(n) banded Toeplitz matrix corresponding to
the Laurent polynomial f , and is invertible by [2, Theorem 3.7] for sufficiently large n
(as f does not have roots on the complex unit circle, and f has an equal number of roots
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inside and outside the complex unit circle as ( f )= ( f ∗)). Hence, the Schur determinant
identity gives

|det En| = |det An||det(Dn − Cn A−1
n Bn)|, (14)

and [2, Theorem 3.7] also shows that there is a constant κ1 > 0, independent of n, bounding
the entries of A−1

n . Let r =max{|m| + 1 | cm 6= 0}. The k(n)× (n − k(n)) matrix A−1
n Bn

has all entries zero in columns r to n − k(n)− r and each entry is bounded by

κ2 = κ1r max{|cm | | m 6 r}.

Furthermore, the (n − k(n))× (n − k(n))matrix Cn A−1
n Bn is identical to A−1

n Bn with the
top row removed (and also bottom row removed if n is even). Therefore, by elementary
row and column switching, it follows that

|det(Dn − Cn A−1
n Bn)| =

∣∣∣∣det
(

A′n B ′n
C ′n D′n

)∣∣∣∣ ,
where A′n is a 2r × 2r matrix with entries bounded by 1+ κ2, B ′n has all entries zero, D′n
has all entries zero except for an antidiagonal line of entries, all −1. Since the determinant
of the block matrix on the right is det(A′n) det(D′n), it follows that |det(Dn − Cn A−1

n Bn)| is
bounded. Furthermore, as f does not have roots on the complex unit circle and since f has
an equal number of roots inside and outside the complex unit circle, Szegö’s strong limit
theorem [2, Theorem 2.11] may be applied to yield |det An| =2(M( f )k(n)). So, by (14),

|Fix(σ n, ∗)| �M( f )n/2 = ehn .

All of these arguments can be repeated with −∗ in place of ∗, and hence it also follows
that

|Fix(σ n,−∗)| � ehn .

As in case (i), since the natural projection π : X M → X L has finite kernel, there is a
constant C > 0 such that (11) holds, and so by (10) and Lemma 3.2, |Fix(αn

M , βM )| =

2(ehn). �

The objective now is to establish the estimate (6) in the generality required for
Theorem 1.1. If γ is an action of a countable group G by continuous automorphisms γ g of
a compact abelian group X , then γ is expansive if and only if there is a neighbourhood U
of 0 such that

⋂
g∈G γ

gU = {0}. Using the definition, it can be shown that an algebraic flip
system (X, α, β) is expansive if and only if (X, α) is expansive. When (X, α) is expansive,
by [22, Theorem 6.5 and Corollary 6.15], the Z[t±1

]-module M = X̂ is Noetherian and any
generator of a principal ideal in Ass(M) does not have roots on the complex unit circle.
As before, h(α, β)= 1

2 h(α) and (10) also applies in this more general setting (see [3]).

THEOREM 3.6. If (X, α, β) is an expansive algebraic flip system, then

|Fix(αn, β)| =2(ehn),

where h = h(α, β).

https://doi.org/10.1017/etds.2014.38 Published online by Cambridge University Press

https://doi.org/10.1017/etds.2014.38


2626 R. Miles

Proof. First note that for any Noetherian Z[t±1
]-module M , if M is infinite, the set of

principal associated primes Ass1(M) is non-empty. For a non-trivial case, assume X
is infinite and let M = X̂ be the canonical dual Z[t±1

]-module. By the assumption of
expansiveness, (0) 6∈ Ass1(M). Also, for any submodule L ⊂ M ,

Ass1(M)= Ass1(L) ∪ Ass1(M/L).

Set M0 = {0}. By Remark 2.1, we may choose p1 ∈ Ass1(M) and x ∈ M with ann(x)= p1,
so that M1 = ZD∞x corresponds to an irreducible algebraic flip system. Now consider
M/M1 and note that Ass1(M/M1)⊂ Ass1(M). If M/M1 is infinite, then Ass1(M/M1) 6=

∅ and there exists y ∈ M \ M1 such that ann(y + M1)= p2 for some p2 ∈ Ass1(M). Set
M2 = ZD∞y + M1 and note that y can once again be chosen so that M2/M1 is irreducible
by Remark 2.1. Continuing in this way, we obtain a chain of submodules

M0 ⊂ M1 ⊂ M2 ⊂ · · · ⊂ Mk

terminating with M/Mk finite and Ass1(M/Mk)=∅. The process terminates because M
is Noetherian. Each factor Mi/Mi−1, 16 i 6 k, corresponds to an irreducible algebraic
flip system.

For any ZD∞-module L , h(αL , βL)=
1
2 h(αL) and the entropy addition formula for

single automorphisms [22, §14] may be applied to show that for 16 i 6 k,

h(αMi , βMi )= h(αMi /Mi−1 , βMi /Mi−1)+ h(αMi−1 , βMi−1). (15)

We aim to show that for 16 i 6 k,

|Fix(αn
Mi
, βMi )|6 |Fix(αn

Mi /Mi−1
, βMi /Mi−1)||Fix(αn

Mi−1
, βMi−1)|. (16)

Then, combining (15) and (16) with Theorem 3.5 and using induction, it will follow that

|Fix(αn
Mk
, βMk )| � ehN ,

and hence
|Fix(αn

M , βM )| � ehN ,

because there is a finite to one projection of M onto Mk . Since the same approach works
for the complementary system (X, α,−β), as before, (10) and Lemma 3.2 may be applied
to obtain the required estimate for |Fix(αn

M , βM )|.
Hence, it remains to prove (16). First note that Fix(αn

Mi
, βMi ) and

Fix(αn
Mi /Mi−1

, βMi /Mi−1) are finite for all 16 i 6 k, as these are subgroups of Fix(αn
Mi
)

and Fix(αn
Mi /Mi−1

) respectively. For ease of notation, fix i , let K = Mi−1, L = Mi ,
η = b − 1, and τ = tn

− 1. Since

L
K + ηL + τ L

∼=
L/(ηL + τ L)

(K + ηL + τ L)/(ηL + τ L)
,
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it follows via duality (see for example [14, Lemma 7.2]) that

|Fix(αn
L , βL)| = |L/(ηL + τ L)|

=

∣∣∣∣ L/K
(K + ηL + τ L)/K

∣∣∣∣∣∣∣∣K + ηL + τ L
ηL + τ L

∣∣∣∣
=

∣∣∣∣ L/K
η(L/K )+ τ(L/K )

∣∣∣∣∣∣∣∣ K
K ∩ (ηL + τ L)

∣∣∣∣
6

∣∣∣∣ L/K
η(L/K )+ τ(L/K )

∣∣∣∣∣∣∣∣ K
ηK + τK

∣∣∣∣
= |Fix(αn

L/K , βL/K )||Fix(αn
K , βK )|,

thus giving (16). �

For any finite index subgroup L of D∞, let F(L) be given by (1) and a and b by (3).
Following [13, Lemma 2.1], for each odd index n, there are exactly n distinct subgroups
of index n,

〈an, b〉, 〈an, ab〉, 〈an, a2b〉, . . . , 〈an, an−1b〉, (17)

and for each even index n, in addition to the subgroups (17), there is one additional
subgroup 〈an/2

〉 of index n. Building on Theorem 3.6, we now consider the number of
periodic points for any given finite index subgroup of D∞.

THEOREM 3.7. Let (X, α, β) be an expansive algebraic flip system. Then for finite index
subgroups L ⊂ D∞,

F(L)=2(eh[L])

where h = h(α, β).

Proof. Let n ∈ N. Firstly, (10) shows

F(〈an/2
〉)=2(ehn),

and Theorem 3.6 shows
F(〈an, b〉)=2(ehn). (18)

By placing δ = β and φ = α in Lemma 3.1, Theorem 3.6 also shows that

F(〈an, ab〉)=2(ehn). (19)

Finally, since
〈an, ai+2b〉 = a〈an, ai b〉a−1,

for all 06 i 6 n − 3, we have

F(〈an, ai+2b〉)= F(〈an, ai b〉), (20)

and so the remaining subgroups of index n are dealt with by (18) and (19). �

COROLLARY 3.8. Let (X, α, β) be an expansive algebraic flip system. Then the upper and
lower growth rates of periodic points coincide and are equal to the topological entropy.
That is,

h(α, β)= lim
n→∞

inf
L∈L:[L]>n

1
[L]

log F(L)= lim
n→∞

sup
L∈L:[L]>n

1
[L]

log F(L),

where L denotes the set of finite index subgroups of D∞.
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The dynamical zeta function of a flip system is introduced in [13] (see also [15]). This
is defined formally by

ζα,β(z)= exp
(∑

L∈L

F(L)z[L]

[L]

)
, (21)

where L denotes the set of finite index subgroups of D∞. Corollary 3.8 shows that the
associated zeta function ζα,β has radius of convergence e−h (in agreement with [13,
Corollary 2.3]). This mirrors the well-known result for expansive compact abelian group
automorphisms.

4. Orbit growth estimates
For any L ∈ L, define F(L) and O(L) using (1) and (2). With the partial order on L
defined by inclusion (that is, L ′ 4 L if and only if L 6 L ′), L becomes a locally finite
poset and there is a Möbius function µ defined on the incidence algebra of L (see Stanley
[26, Sec. 3.7] for the details and examples). Moreover, since

F(L)=
∑

L ′∈L: L ′>L

[L ′]O(L ′),

using Möbius inversion, it follows that

O(L)=
1
[L]

∑
L ′∈L: L ′>L

µ(L ′, L)F(L ′).

Thus,

π(N ) =
∑

L∈L:[L]6N

1
[L]

∑
L ′∈L: L ′>L

µ(L ′, L)F(L ′)

=

∑
L∈L:[L]6N

F(L)
[L]︸ ︷︷ ︸

9(N )

+

∑
L∈L:[L]6N

1
[L]

∑
L ′∈L: L ′>L

µ(L ′, L)F(L ′)

︸ ︷︷ ︸
1(N )

.

To obtain an asymptotic for π(N ), the main strategy is to concentrate on 9(N ) and
show that 1(N ) does not make a significant contribution comparatively. To begin, we
require a bound on the Möbius function for D∞.

LEMMA 4.1. For any L , L ′ ∈ L with L 6 L ′, |µ(L ′, L)|6 [L].

Proof. The following gives an outline of how to obtain an explicit formula for µ, and
from this the required bound follows immediately. First note that if L is not normal in L ′,
then by a standard application of Crapo’s Theorem [4, Theorem 1], µ(L ′, L)= 0. Hence,
assume L is normal in L ′, then we can simply consider µ(L ′/L , {1}) for the finite group
K = L ′/L , which is either a cyclic or dihedral group of order n 6 [L]. If K is cyclic, then
µ(K , {1})= µN(n), where µN is the standard Möbius function on N. If K is dihedral,

µ(K , {1})=
nµN(n/2)

2
.
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This is proved by considering abelian minimal normal subgroups of K and their
complements and applying the reduction formula

µ(K , {1})=− jµ(K/J, {1}),

where J is any abelian minimal normal subgroup of K with j complements in K (see [11,
Corollary 3.3]). �

Proof of Theorem 1.1. First, we establish the order of magnitude of 1(N ). Applying
Lemma 4.1 and Theorem 3.7,

1(N ) =
∑

L∈L:[L]6N

1
[L]

∑
L ′∈L: L ′>L

µ(L ′, L)F(L ′)

=

∑
n6N

1
n

∑
L∈L:[L]=n

∑
L ′∈L:L ′>L

µ(L ′, L)F(L ′)

� ehN/2
∑
n6N

∑
L∈L:[L]=n

1
n
· n

∑
L ′∈L:L ′>L

1

� N 4ehN/2.

Therefore, it remains to show that 9(N )=2(ehN ). Using Theorem 3.7, there exist
constants 0< A < B such that Aeh[L] 6 F(L)6 Beh[L], and since

9(N )=
∑
n6N

1
n

∑
L∈L:[L]=n

F(L),

it follows that
A
∑
n6N

1
n
· nehn 69(N )6 B

∑
n6N

1
n
· (n + 1)ehn .

Hence, the required result follows.

Given that we have established 9(N )=2(ehn), it is interesting to note that the proof
above also gives the following result.

COROLLARY 4.2. If (X, α, β) is an expansive algebraic flip system, then

π(N )=9(N )+ O(N 4ehN/2).

For simple examples, 9(N ) can be described much more precisely.

Example 4.3. Consider again the Bernoulli shift with a time reversal introduced in
Example 2.4, now with an alphabet comprised of p symbols, where p is a rational prime.
We have

F(〈a, b〉)= p(n+2−χ(n))/2 and F(〈a, ab〉)= p(n+χ(n))/2,

where χ is the non-trivial Dirichlet character modulo 2. Since F(〈an/2
〉)= pn/2 when n

is even, together with (20), these formulae provide precise periodic point counts for all
L ∈ L with index n.
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Using (20) and the fact that F(〈ai , a j b〉)= F(〈ai , ai+ j b〉) for all i, j ∈ N, it follows
that

1
n

n−1∑
i=0

F(〈an, ai b〉) = 2χ(n)−1(F(an, b)+ (1− χ(n))F(an, ab))

= pn/2(1+ p + χ(n)(
√

p − p − 1)).

Hence,

9(N ) =
∑
n6N

1
n

n−1∑
i=0

F(〈an, ai b〉)+
∑

n6N/2

1
n

F(〈an
〉)

=

∑
n6N

pn/2(1+ p + χ(n)(
√

p − p − 1))+
∑

n6N/2

pn

n

= (1+ p −
√

p)
∑

n6N/2

pn
+
√

p
∑
n6N

pn/2
+

∑
n6N/2

pn

n

=

(
p(1+ p −

√
p)

(p − 1)pχ(N )/2
+

p
√

p − 1

)
︸ ︷︷ ︸

8(N )

pN/2
+ O

(
pN/2

N

)
.

In particular, the function 8(N ) has prime period 2, and Corollary 4.2 gives

π(N )=8(N )pN/2
+ O

(
pN/2

N

)
.

The results of this section show that since 9(N ) is a partial sum of the coefficients in
log ζα,β , where ζα,β is the dynamical zeta function given by (21), ζα,β carries appropriate
information to describe the dominant growth in π(N ). However, this is only apparent once
the orders of magnitude of9(N ) and1(N ) have been established, so ζα,β does not appear
to be particularly useful in this context.

Simple examples suggest that we might tentatively expect an asymptotic of the form
π(N )∼8(N )ehN , where8 is periodic, for any expansive algebraic flip system. However,
even if the periodic point counting estimate for irreducible systems (Theorem 3.5) were
improved, the methods used in §3 do not suffice to extend any such improvement to all
expansive systems. On the other hand, the method used in Example 4.3 could be applied
more generally if more precise estimates for F(L), L ∈ L, were obtained.
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Math. 19(4) (1989), 1003–1034.

[12] E. Hewitt and K. A. Ross. Abstract Harmonic Analysis: Structure of topological groups, integration
theory, group representations, Vol. I (Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences], 115), 2nd edn. Springer, Berlin, 1979.

[13] Y. Kim, J. Lee and K. Park. A zeta function for flip systems. Pacific J. Math. 209(2) (2003), 289–301.
[14] D. Lind, K. Schmidt and T. Ward. Mahler measure and entropy for commuting automorphisms of compact

groups. Invent. Math. 101(3) (1990), 593–629.
[15] D. A. Lind. A zeta function for Zd -actions. Ergodic Theory of Zd Actions (Warwick, 1993–1994)

(London Mathematical Society Lecture Note Series, 228). Cambridge University Press, Cambridge, 1996,
pp. 433–450.

[16] G. A. Margulis. On Some Aspects of the Theory of Anosov Systems (Springer Monographs in
Mathematics). Springer, Berlin, 2004, with a survey by R Sharp: periodic orbits of hyperbolic flows,
translated from the Russian by Valentina Vladimirovna Szulikowska.

[17] R. Miles. Periodic points of endomorphisms on solenoids and related groups. Bull. Lond. Math. Soc. 40(4)
(2008), 696–704.

[18] R. Miles and T. Ward. Orbit-counting for nilpotent group shifts. Proc. Amer. Math. Soc. 137(4) (2009),
1499–1507.

[19] R. Miles and T. Ward. A dichotomy in orbit growth for commuting automorphisms. J. Lond. Math. Soc.
(2) 81(3) (2010), 715–726.

[20] W. Parry and M. Pollicott. An analogue of the prime number theorem for closed orbits of Axiom A flows.
Ann. of Math. (2) 118(3) (1983), 573–591.

[21] W. Parry. An analogue of the prime number theorem for closed orbits of shifts of finite type and their
suspensions. Israel J. Math. 45(1) (1983), 41–52.

[22] K. Schmidt. Dynamical Systems of Algebraic Origin (Progress in Mathematics, 128). Birkhäuser, Basel,
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