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SUMMARY

A new algorithm, called rapidly exploring random tree of trees (RRTOT) is proposed, that aims to
address the challenge of planning for autonomous structural inspection. Given a representation of
a structure, a visibility model of an onboard sensor, an initial robot configuration and constraints,
RRTOT computes inspection paths that provide full coverage. Sampling based techniques and a
meta-tree structure consisting of multiple RRT* trees are employed to find admissible paths with
decreasing cost. Using this approach, RRTOT does not suffer from the limitations of strategies that
separate the inspection path planning problem into that of finding the minimum set of observation
points and only afterwards compute the best possible path among them. Analysis is provided on the
capability of RRTOT to find admissible solutions that, in the limit case, approach the optimal one.
The algorithm is evaluated in both simulation and experimental studies. An unmanned rotorcraft
equipped with a vision sensor was utilized as the experimental platform and validation of the
achieved inspection properties was performed using 3D reconstruction techniques.

KEYWORDS: Inspection path planning; Coverage path planning; Aerial robotics; Unmanned aerial
vehicles.

1. Introduction

The vision of autonomous structural inspection operations has always inspired the research community
due to its great potential in real-life applications as well as the scientific challenges it poses. Nowadays,
addressing this problem efficiently gains further interest as robots have proven their capabilities in
information gathering. Either in the form of unmanned ground,' aerial? or even underwater? vehicles
and utilizing vision,>*> LiDARs' or other sensing devices, robots are capable of perceiving the
environment and acquiring data remotely, safely and with low cost. As infrastructure ages and
extends, and as the potential safety threats grow, the need for precise, frequent and time-efficient
structural inspection has increased.

To address the challenges of autonomous inspection operations, a robot has to be able to compute
an efficient path that results in full coverage of the structure to be inspected. This problem belongs
to the class of coverage problems and despite the interest it has attracted, its inherent complications
still limit the performance of the proposed solutions.

The survey in ref. [6] and the references therein provide a comprehensive overview of coverage
planning methods. Some methods either simplify the inspection structure or the planning space via
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cell decomposition’-8 or grid-based schemes.” More versatile approaches that can handle arbitrary 3D
structures divide the global inspection path planning problem into two NP-hard subproblems, namely
the art-gallery problem (AGP)'? and the traveling salesman problem (TSP).!! Given a visibility model,
an AGP solver finds the minimal set of observation points that the robot has to visit to guarantee
full coverage and subsequently a TSP solver computes the shortest route among them. The authors
in refs.[>!%714] present advanced methods that follow the separated approach. Despite their notable
performance, such decoupled approaches suffer from specific limitations. First of all, they are unable
to guarantee feasibility of the exact solution in case of non-holonomic constraints and cluttered
environments since the points generated by the AGP solver might turn out to be unreachable from
other observation points on the set. Moreover, even when a feasible path that ensures full coverage
is computed, its optimality is in general not ensured due to the decoupled two-step optimization.
This is because the AGP solver ignores the resulting cost of connecting the selected points. In order
to alleviate these limitations in the inspection planning for complex 3D structures, new algorithms
that do not separate the problem into the AGP and TSP but rather aim to compute the observation
points and the path simultaneously have to be proposed. Among the first, the work in ref. [15] made
a significant step towards this direction. However, its graph expansion based on sampling in the
whole control space followed by forward simulations does support multiple vehicle configurations
but comes at the inherent cost of computation time. Since many systems relevant to inspection (e.g.
aerial robots with rotorcraft configurations) feature an explicit Boundary Value Solver (BVS), one can
take advantage of recent results for point-to-point path planning like PRM* or RRT*!¢ and design a
fast algorithm that benefits from this fact. Following a rather hybrid approach, previous contribution of
the authors aimed to make a step towards iteratively optimized (but not guaranteed optimal) solutions
that retain a low computational load.*?> Ideally, one would desire to be able to utilize an inspection
solver that can provide results with guaranteed (and if possible optimal) quality, at a computational
load that allows its flexible utilization for problems of reasonable and realistic scale and complexity.
Essentially, this calls for algorithms that encompass the capacity to approach the optimal solution,
while at the same time being characterized by the property of computing first solutions extremely
fast, and subsequently having the capacity to iteratively improve them.

Within this work, a new approach for full coverage, optimal inspection path planning, called
RRTOT is proposed. For systems with a BVS, it guarantees to find inspection paths that give
full coverage while, in the limit case of infinite iterations, it approaches the optimal solution. The
RRTOT does not separate the problem into the AGP and TSP but rather employs a sampling-based
motion-planning paradigm that computes and optimizes coverage solutions. Due to the nature of the
inspection problem and in order to approach it in a unified way, a novel scheme is employed that
grows a meta—tree of subtrees where each one of them expands through the whole configuration
space. Algorithms using multiple trees are known from point-to-point path planning!’!° to solve
problems of parallelization, narrow passages or multi-goal path planning. However, to the best of
our knowledge, it is the first time that such a meta-tree/subtree structure is employed to unify
the optimization for good observation points and short paths for the coverage problem. While this
structure gets incrementally built, admissible paths that provide full coverage are found. At the same
time, the BVS enables fast tree-based optimization of existing paths which also reduces the time
to high-quality solutions compared to ref. [15] for all these cases that a BVS is available. Vehicle
limitations such as non-holonomic constraints are enforced by the use of the BVS and the resulting
algorithm can be applied to all systems for which such a BVS exists.

The RRTOT algorithm is evaluated in both simulation and experimental studies for holonomic as
well as non-holonomic robotic systems. For the experimental evaluation, the Micro Aerial Vehicle
(MAV) platform shown in Fig. 1 is utilized and equipped with a vision sensor. Complying with
the model of the onboard sensor, 3D inspection paths are computed and provided as reference
to the MAV flight control unit. The completeness of the inspection results is evaluated using
3D reconstruction algorithms . A video of one of the recorded experiments can be found online
at https://youtu.be/e71jyDM9h8o. In all cases, the RRTOT algorithm presents satisfactory
performance and computes fast and full coverage results that indicate its potential as a planner for
structural inspection. Overall, the proposed algorithm employs a novel iterative strategy to approach
the optimal full coverage solution while guaranteeing collision-free navigation and respecting
vehicle constraints and sensor limitations. This approach is in contrast with the typically employed
methodology of splitting the inspection path planning problem into that of minimal set of viewpoints
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Inspection mission execution 3 - 3D Reconstruction

Fig. 1. Instant of the RRTOT inspection path execution and derived 3D model.

computation and subsequent tour computation and path optimization. Thorough evaluation studies
illustrate that such an approach not only is conceptually valuable due to its capacity to converge to
the optimal solution but also practically applicable.

The remainder of this paper is structured as follows. In Section 2, the inspection problem is defined
followed by the description of the proposed approach in Section 3. In Section 4, the feasibility and
optimality properties of the solution are analyzed. Evaluation studies are presented in Section 5, while
conclusions are drawn in Section 6.

2. Problem Definition

Consider a bounded §-dimensional Euclidean space X C R? (§ = 2 or 3) consisting of the obstacle
regions X, C X and the resulting free space Xy = X \ Xops. Similarly, E ... is the free
configuration space, that can be augmented with system specific states. Further, there exists a set
of manifolds M C X to be inspected. The system dynamics of the inspecting vehicle have the form
&1 = f(&, w;), where £ is the configuration vector, u is the input and the initial condition is &y = &;,;;.
Paths are defined as o : R — &. Additionally, a visibility model is assumed, that defines the area
V(£) C X that can be inspected from configuration £. If a manifold lies completely inside V(§), it is
called visible from &. The inspection path planning problem consists of the triplet (B ¢,ee, &init, M).
Subsequently, the definitions of a feasible and an optimal inspection path planning problem are given
following a terminology similar to the one used in ref. [16].

Problem 1 (Feasible Inspection Path Planning). Let the set of manifolds M C X be the area
to be inspected. Further, A; € M, Vi € [1, N], with N € N* and Ui- —n2.NAi =M. Given an
inspection path planning problem (& ¢, &inir, M), find an admissible path a(s) s € [0, 1] such that
0(0) = &, and Vi € [1, N]3s; such that o(s;) is a configuration from which A; is visible. If such a
path exists, the problem is feasible.

Problem 2 (Optimal Inspection Path Planning). Let X be the set of all admissible paths. Given
a feasible inspection path planning problem (& ,, &inis, M) and a cost function ¢ : ¥ — R-, find
an admissible path o * such that c(6*) = min,csc(o).

3. Proposed Approach

A characteristic difference of point-to-point path planning and inspection (coverage) path planning
is that in the latter, once a specific subset of the structure has been inspected, paths may turn towards
a new target and follow this new general direction that can even be the same way back. Reflecting
this fact and in order to make use of recent results for point-to-point path planning that allow rapid
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Fig. 2. Starting from &;,;,, the initial RRT* tree grows to cover E ... Of its vertices, the root configurations
for new subtrees are randomly sampled. The new roots become waypoints in the new subtrees. By iteratively
sampling new waypoints from existing RRT* trees, a TOT grows to find arbitrary complex paths.

exploration of the configuration space, our approach proposes a division of inspection paths into
segments which follow a certain direction, that may change when switching to a new segment. From
potential switching points, called waypoints, several path segments may branch. The resulting directed
graph has a tree structure, which allows extracting solutions easily. On a lower level, each waypoint
is a root of a RRT* tree, called subtree. Such a subtree spans the whole free configuration space. The
end points of the next path segments are chosen from its vertices, effectively resulting in the choice
of a new direction and distance to travel. This meta-tree, called tree of trees (TOT), is constructed
randomly and incrementally, as outlined in Algorithm 1 and the according function descriptions. A
key feature of the proposed algorithm is the optimization of existing paths (Algorithm 1, lines 9 and
12) while the TOT is constructed. Aforementioned structure allows for local cost optimization in the
subtrees, while searching for full visibility paths can be mostly performed on the level of the TOT.

More formally, the TOT consists of its subtrees S € S, S := (W5, V5, ES} (S represens the set
of subtrees), consisting of waypoints w € W5, vertices x € V° and edges e € [ES. Each vertex x is
annotated with a configuration of the vehicle &, a cost and a set I € M that is the set of the already
inspected areas. It is the union of the visible areas along the path /(o (¢)) = Us:[O,tJ V(o (s)) N M. To
construct these vertices and edges, the algorithm employs the RRT* method'® that grows the subtrees
in Nggy+ iterations. Every subtree possesses its own RRT* planner that has no knowledge of the
other subtrees. A new waypoint is chosen from the set of vertices of its respective parent subtree, to
which it will be connected. This effectively maintains a global tree structure as shown in Fig. 2. To
eventually achieve full coverage, the depth of the TOT grows with increasing iterations to find more
complex paths that give higher visibility.

The annotation of vertices with the set of the already inspected part of the structure / enables the
extraction of actual solutions. Every time a vertex reaches full visibility (I = M) and the cost is lower
than the best cost so far, the path to this vertex is the new best path so far 6. The latest best path is
available as the output of the algorithm at any time.

Once a first solution is found, more effort is dedicated into improving existing solutions. As
shown in Algorithm 1, at the end of every TOT-iteration, every subtree’s RRT* planner is iterated
for Noptimize times. In order not to destroy existing admissible paths, the RRT* rewiring criterion has
to be adapted: a vertex is only rewired, if besides decreasing the cost it does not lose any visibility,
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thatis / C I, where I is the original and I’ the new visibility. Additionally, the waypoint positions
are also optimized in a rewiring step as shown in Algorithm 2. In this step, subtrees may accumulate
multiple waypoints that are roots of the same subtree, that is then actually a forest (set of disjoint
trees). In the optimization’s rewiring step, two trees in the forest may get reconnected, effectively
removing a root. Consequently, the waypoint that previously was this root is also removed.

3.1. Subroutines

The role of the employed functions within Algorithms 1 and 2 is briefly explained below:
NewSubtree(&, Ngrr+): A standard RRT* tree with Nggy+ iterations is grown, starting at £ as root.
If a vertex gets full visibility, / = M and has lower cost from root (CFR()) than the best cost c(5),
the path to the vertex is the new global best path 6. The output is this new subtree S.
ExpandSubtree(S): This function samples a vertex at random from V* to use its configuration to
initialize a new subtree (NewSubtree()). The same vertex can only be sampled once.
OptimizeSubtree(S, N,pimiz.): This routine iterates the RRT* planner of the subtree S for Nopyimize
iterations. The condition in the rewiring step is augmented with the requirement, that the near vertices
must not lose visibility.

Near(S, x): The output of this function is the set of all vertices in V5 that are within a distance d
of x according to some distance metric using the vertices configurations. This distance d scales with
l”’;’#, where n is the number of vertices in V. The used distance threshold is the same as for the
RRT* Near() function which is detailed in ref. [16].

Algorithm 1: This algorithm presents the body of the RRTOT inspection strategy. It iteratively
builds the TOT and as soon as a first solution is found, optimizes existing paths at the end of every
iteration. The functions NewSubtree, OptimizeSubtree and RewireWaypoint update the globally best
solution &.

1: S < S;,i; < NewSubtree(&;,ir, Nrr7+)

2: NTOT <~ 0

3: while execute do

4 for all S € Sdo

5 S <= S U ExpandSubtree(S)
6: end for
7.
8

if first admissible path found then
: for all S € Sdo
9: OptimizeSubtree(S, Noprimize)

10: end for

11: forall S € S\ S;,;; do
12: RewireWaypoint(S)
13: end for

14: end if

15: NTOT <~ NTOT +1
16: end while
17: return best admissible path &

ObstacleFree(x;, x;): This function returns true, if the path from §&,, of x; to &, of x; lies entirely in
E free- The path is subject to the encoded vehicle constraints.

CFR(x): The CFR function returns the cost of moving from §&;,;; to &, of x. The path considered for
the cost calculation runs along the edges of the TOT and its subtrees.

VFR(x): The Visibility From Root (VFR) function returns the union of the visibility along the edges
of the TOT and its subtrees from &;,;; to &, the configuration of x, which corresponds to I of x.
Cost(x;, x;): The cost of moving (typically time-to-travel) from one vertex x; to another, x; is
returned. The connecting path is subject to the vertices’ configurations &; and &; and the system
constraints.

Visibility(x;, x;): The function returns the set of visible manifolds when moving from x; to x;,
Us:[O,l] V(o (s)) N M, with 6 (0) = §;, 0(1) = &;, where &;, &; are the configurations corresponding
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to vertices x;, x; respectively. Explicit solutions for the computation may exist for some systems,
otherwise discrete sampling of the configurations along the path can be used as an approximation.
Parent(x): Returns the parent vertex of x. Note that this may be part of a different subtree.

Algorithm 2 RewireWaypoint(S): This algorithm presents the routine, that performs a rewiring step
for the waypoints. It improves the paths in these regions, which are not affected by the optimization
of the OptimizeSubtree function. It is highlighted that a check that confirms weather rewiring of the
Xchilda With X, would result in a lower cost compared to the current cost from root, while none of
the VFR is lost (but could potentially be complemented by additional visibility) is performed. Only
if this is the case and the edge is collision free, then the rewiring step is performed.

1: Vepitaren < Get child vertices of all waypoints W
2: for all xchita € Venitdren do
3: Sparens < Get parent subtree of S;
Vnear <~ Near(Sparenla -xchild);
for all x,eqr € V,00r do
if ObStaC]eFree(xnear» xchild) & CFR(xchild) > CFR(xnear) + COSt(xnear» xchild)
[4] & VFR(xchild) < VFR(xnear) U ViSibilitY(xnear’ xchild) then

SANNANE

7 WS« WS U {xepira);

8: Xparent < Parent(x.4;14);

9: ES « ES \ {(xparenh Xehitd)}s
10: ES <~ ]ES ) {(xnearv -xchild)};
11 VEFR(Xchita) < VFR(Xpeqr) U Visibility(Xear, Xchita)s
12: if VFR(xChild) =M & C(a') > CFR(xch,-ld)
13: 6 < GetPath(x.pi14);
14: end if
15: end if

16: end for

17: end for

GetPath(x): This function reconstructs the path along the edges of the TOT and its subtrees from
&inir to &, the configuration of x. This path o is returned.

3.2. Parameters
The proposed algorithm employs a small set of tuning parameters, an aspect particularly important
for its straightforward utilization in real-life operations. These are briefly defined below:

Nrrr: Defines the number of iterations on the level of the RRT* planner in the subtrees. It is
relevant for the initial computation of the tree. A high number generally results in a slower first
solution with a better quality, while a lower number of iterations increases the chance of a fast first
solution. In either way, it should be chosen high enough to cover the whole E ¢,

Noptimize: Defines the number of iterations on the subtree-level for the optimization step (Algorithm
1, line 9). Typically, smaller values than Nggy+ are used.

4. Analysis

This section deals with the formal analysis of the full coverage feasibility and inspection path
optimality characteristics of the proposed approach. Within this analysis, specific assumptions are
made and firstly that the RRTOT uses RRT* planners without limitation of the edge length, thus
connecting with a newly sampled vertex exactly. In addition, several assumptions about the problem
setup have to be made for the analysis but also for the algorithm. Most importantly, the requirements
for the RRT* algorithm'® have to be fulfilled, namely the continuity and additivity of the cost function.
In addition, the following assumptions are made:

Assumption I (Uniform Sampling). The sampling procedure is such that the samples are drawn
from an absolutely continuous and uniform distribution on E f/.
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Assumption 2 (Initial RRT* Iterations). It is assumed, that the number of initial iterations Ng g7+ is
not small, such that samples in regions that cannot be connected directly to root because of obstacles
can be connected via previously sampled vertices and have a probability to exist after Nggy+ iterations
that is arbitrarily close to the obstacle free case. In addition, the largeness of Nggr+ is such, that when
sampling new waypoints from the vertices, the samples can be assumed independent.

Assumption 3 (Inspectability). Each piece of inspection structure {A;, A,, ... Ay} hasanonempty
open area B(A;) € Efre, called inspectability area, from which it can be inspected. That is
w(B(A;)) > 0, where (&) denotes the Lebesgue-measure.

The aforementioned strong assumptions are necessary for the formal proofs that follow. It is
however worth mentioning, that as the experimental sections will show, the algorithm behaves in a
very efficient way even when aspects of these assumptions cannot easily be proven to hold in an exact
sense for the experimental data, the limitations of the computational system and the constraints of
the vision sensor.

4.1. Feasibility of the algorithm

Subsequently, we present the proof, that the RRTOT algorithm finds an admissible path with a
probability that asymptotically converges to 1 as Ngrgr+ — 00. In a first step, it is shown, that
long enough paths are found and afterwards a lower bound for the probability to find a solution is
established, that converges to 1 as the number of waypoints in a path increases.

Theorem 1 (Existence of Collision-free Long Paths). As the number of iterations Nyor — 00,
so does the number of waypoints r in the longest sequence of consecutive waypoints P for a feasible
problem.

Proof. As the number of iterations Nyor — 00, the root waypoint w;(&;,;;) has infinite
children waypoints, since in every iteration one is added. For a feasible problem, in each iteration
Nror the probability of sampling a configuration £ — w, that, immediately or later, results in
collision is py,,, < 1 and the probability of not finding a collision-free w, decays to zero as
Nror — 00, ]_[fil pi = 0. The same holds for any waypoints wy and w1, k € N*. From r > k
follows r — o0. d

Definition 1 ((a, B)-expansiveness?’). Let R(p) and R;(p) be the reachable set and the locally
reachable set that is reachable in one expand step, respectively. The reachability of a set Q C E . 15
R(QO) = UPEQ R(p) and the local reachabilty of Q is R;(Q) = UPEQ Ri(p). Let B be a constant in
(0, 1], then the B-lookout of the set Q is defined as S-LOOKOUT(Q) ={p € QO | u(Ri(p)\ Q) >
Br(R(Q)\ O)}. Let o be a constant in (0, 1]. The free space & ;.. is (a, B)-expansive if for every
point p € E .. and every subset O C R(p), it holds that u(8-LOOKOUT(Q)) > au(Q).

In the RRTOT algorithm, a new waypoint can be sampled anywhere in & f,.. without limitations
by Assumption 2. Therefore, the (local) reachability of the system is always the whole free space
& free- Thus, for the RRTOT algorithm the free space is (a, 8)-expansive, in particulara = 8 = 1.

Theorem 2 (ref. [20]). Let E s, be (o, B)-expansive, g; > 0 be the volume of the inspectability
area B(A;) and y; be a constant in (0, 1]. A sequence P of r waypoints contains a waypoint in B(A;)
with probability at least 1 — y;, if

r > (ki/o)ln(2k; /yi) + (2/g)In2/ Vi) = Tmin,is (1)

where k; = (1/B8)In(2/g;).

The main idea for the proof of Theorem 2% is to calculate the probabilistic overlap of the
inspectability area with the local reachability set of the sequence P. This gives the probability to
sample a waypoint in the next iteration that lies inside B(A;). The expression in Eq. (1) gives the
bound on that probability. This is extendable to multiple inspectability areas that are visited in a row.
Doing so provides the result required.

Corollary 1 (to Theorem 2). A sequence P of r waypoints contains a waypoint in each B(A;),
Vi € {1, 2, ... N} with probability at least ]_[fvzl(l —y)ifr > ZlNzl T'min.i- Moreover, if the number
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of iterations Nyor — 00, then r — oo as shown in Theorem 1. Suppose P is partitioned such
that 7i5; = Fmin,j» i # j and the length of the subsequences goes to infinity as well. All y;
decay to zero exponentially fast and an admissible path for problem 1 is found almost surely,
that is lim, _, ]_[fvzl(l — ¥;) = 1. Therefore, RRTOT finds an admissible path with probability that
converges to 1.

The key parts for showing feasibility of the algorithm were the relation of the lower bound of
the probability to find a solution with the length of a sequence given by Theorem 2. Theorem 1
guarantees, that long enough sequences will actually be generated for the probability to converge to
1. The proof of finding full coverage solutions corresponds to the most fundamental property of the
proposed algorithm.

4.2. Asymptotic optimality

Asymptotic optimality is a particularly challenging property for inspection path planning algorithms.
Within this section, it is shown that a baseline version of the RRTOT algorithm turns out to express
such a critical property. More specifically, the algorithm considered for the analysis of asymptotic
optimality excludes the waypoint rewiring function (Algorithm 1, line 12) and is called the basic-
RRTOT. Experience gathered in simulation and experiments showed that the waypoint rewiring
process only benefits the algorithm evolution towards good solutions due to its intrinsic criterion
(Algorithm 2, line 6). In general, solutions of the basic-RRTOT are observed to be therefore equal
or worse than the real RRTOT’s solutions that has been executed for the same amount of iterations.
However, formal analysis of asymptotic optimality is only provided for the basic-RROT, a structurally
simplified algorithm that can be used for theoretical comparisons and evaluation of other methods.
In particular and under specific assumptions, it is shown that in the limit of Nror — 00, the set of
admissible paths found by the basic-RRTOT are probabilistically equivalent to the solutions found
by an idealized algorithm that iteratively executes an ideal-Expand function (Algorithm 3) on a tree
consisting of waypoints and edges. While expanding, the algorithm keeps track of the inspected part of
the structure for each waypoint. For this algorithm, the convergence to the optimal solution is proven
in ref. [15]. This proof shows that the algorithm can sample a series of waypoints arbitrarily close to
the optimal path in the limit of infinite iterations. As the basic-RRTOT finds the same solutions also
one arbitrary close to the optimal will be among them. The necessary assumptions for the comparison
are:

Assumption 4 (e-Inspectability). There exists a constant ¢ € R and a suboptimal path o’'(s),
s € [0, 1], that follows the optimal path o* arbitrarily close, and the respective costs are arbitrarily
close, such that for every A; 3s; with By(5;). € B(A;), where By, ¢ is the e-ball centered at o' (s;).

Assumption 4 rules out cases, where convergence towards the optimum is impossible, because no
path close to the optimal solution is admissible.

The modification of the RRT* rewire criterion for the optimization might in some cases prevent
the RRT* planners from converging to optimal paths within the subtrees. Whether this is the case or
not depends on the order of sampling of the vertices but not on the set of vertices. The following
assumption is therefore reasonable and necessary for the analysis of convergence to hold:

Assumption 5 (Non-optimality of Modified RRT*). Let & € E,.. be a configuration where an
RRT* tree is initialized. When choosing a new waypoint w among its vertices, there is a non-zero
probability, independent of its configuration &,,, that the connection of & to &, will converge to the
optimal as the RRT* iterations go to infinity.

The following analysis considers only the subset of optimal subtrees S, C S, whose waypoints
are optimally connected according to assumption 5 and are not disjoint. By Assumption 5, S, grows
infinitely deep and wide, as Nyor — oo.

Theorem 3 (Asymptotic optimality of RRTOT). Under assumption 5, the solutions of the basic-
RRTOT algorithm are the same as the solutions of the algorithm with the ideal-expand algorithm
proven to lead in optimal solutions as shown in ref. [15].

Proof. This proof shows that the steps performed by idealexpand are equivalent to the steps
performed by basic-RRTOT, from which follows that the solutions will be probabilistically the same.
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Algorithm 3: Ideal-Expand(W)"

1: Sample a waypoint w’ uniformly at random from R;(W).
2: Sample a waypoint w that can reach w’.

3: Compute a control input u to move from w to w'.

4: return w’, w, Trajectory(w, w’, u), u

Since Ry(w) = E free, Yw € W = W5, UWg, U.. ., the order of step 1 and step 2 in Algorithm 3 is
irrelevant, because every existing waypoint w can be connected to any newly sampled w’. Step 2 in
the ideal-expand is equivalent to choosing the subtree to expand in the basic-RRTOT. Ideal-expand
assumes sampling from the waypoints uniformly at random over E f.... Again since R;(w) = E free,
the waypoints are uniformly random and independent samples. In one iteration, the set of all waypoints
is the set to be expanded, thus guaranteeing uniform randomness and independence. On the other
hand, the vertices in an RRT" tree are also uniformly randomly distributed on E ... and independent.
Therefore, sampling new waypoints from the large set of vertices V5 at random is equivalent to step
1 in ideal-expand. Step 3 is performed by the RRT* in the presented algorithm, that plans the path
in the configuration space and under Assumption 5 for the OptimizeSubtree() function ensures the
asymptotic convergence of the edges of the TOT to the optimal. From the equivalence of the two
algorithms follows the equivalence of their solutions in the limit of the number of iterations going to
infinity and hence the same optimality properties. O

4.3. RRTOT fast inspection solutions

The complete RRTOT algorithm (including the waypoint rewiring step) relies on specific properties
and steps to provide fast inspection solutions. This section deals with an overview of the key
mechanisms that enable the fast computation of full coverage inspection solutions. First of all,
the (1, 1) expansiveness of the algorithm on Ey,.. easily makes up for the computational burden
of generating RRT* trees to connect the waypoints. Especially when planning with obstacles, it is
beneficial to be able to plan with connections around them, the cost of which decreases by keeping
iterating the RRT* planners in the OptimizeSubtree() function. Furthermore, with the rewiring of
the waypoints (RewireWaypoints()) optimization along the whole path is achieved. The waypoints
are no longer fixed points on the path that may be suboptimal and therefore would prevent the specific
path from converging to the optimal. Together with the fast expansion, these two functions, that
improve existing paths, result in an algorithm that finds first solutions quickly, while having the
tendency to optimize them. This is particularly useful for real-life operations, where a first path is
preferred to be available in short.

5. Case Studies

In order to thoroughly evaluate the capabilities of the proposed RRTOT algorithm, several simulation
and experimental studies were conducted. The results verify the functionality of the algorithm and
its capabilities to compute efficient inspection paths in both 2D and 3D environments for holonomic
or non-holonomic vehicles. In all cases, the objective is to provide full visibility while minimizing
the distance. All calculations were performed on a computer with a 3.3 GHz processor running
Ubuntu 12.04 and using a single-thread C++ implementation.

5.1. 2D simulation studies

In a 2D study, the RRTOT algorithm is evaluated in indirect comparison to the performance of the
algorithm!® using an identical simulation setup as the one employed by the authors of this work. The
space configuration of this simulation setup is depicted in Figs. 3 and 4. As shown, it consists of
five rectangles the edges of which have to be completely inspected while the overall distance of the
inspection path gets minimized. Two cases are investigated, one considering a holonomic vehicle,
while a non-holonomic vehicle with a minimum turning radius of 2 units and non-negative velocity
is employed for the second case. For the holonomic case, the configuration vector is £ = [x, y]”
with initial conditions ES’ H [45, 017, while for the non-holonomic case, the configuration vector

is augmented with the vehicle’s heading angle (6N =[x, y, v]” and ES”NH =[45,0, /2]").
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Table I. RRTOT Performance analysis.

Holonomic 1-st sol. c(6) < 185 units c(6) < 169 units
Iy 0.25s 89s 336s
std(f)y 0.27 s 189 s 247 s
Non-holonomic 1—st sol. c(6) < 185 units c(6) < 177 units
lTNH 33s 559 s 28 min
std(f)Nu 2s 795 s 29 min

50! 50 50 - 50

Cw o ] C e
. L . L . L . L

(a) (b) (©) (d)

Fig. 3. A sample run of the RRTOT algorithm for the holonomic vehicle employing an omnidirectional sensor
with a limited range of 15 units as only constraint ensuring inspection quality. The first result is returned quickly.
The algorithm subsequently finds other paths belonging to different topologies. Figures 3c, 3d show, that a path
is optimized within a certain topology. (a) Cost 196.4 in 1.1 s. (b) Cost 174.6in 49.8 s. (c) Cost 166.7 in 140.3 s.
(d) Cost 160.7 in 249.1 s.

70 70 70 70

60 60 60 60

50 50 50 50
. | . | Y | . |
> 30 > 30 > 30 > 30
. /N .
10 10,

-10 -10 -10 -10
-20 ] 20 40 60 -20 0 20 40 60 -20 0 20 40 60 -20 0 20 40 60

Fig. 4. A sample run of the RRTOT algorithm for the non-holonomic vehicle with a minimum turning radius
of 2 units. It employs an omnidirectional sensor with a limited range of 15 units as only constraint ensuring
inspection quality. The first result is returned quickly. The algorithm subsequently finds other paths belonging
to different topologies. Figures 4c, 4d show, that a path is optimized within a certain topology. (a) Cost 230.6 in
2.8 s. (b) Cost 182.1 in 55.5 s. (¢) Cost 176.4 in 305 s. (d) Cost 167.5 in 673 s.

Regarding the visibility model, both vehicles are considered to be equipped with an omnidirectional
sensor with a range of 15 units, unless areas are occluded by parts of the structure.

Figures 3 and 4 show the computed paths in sample runs for the holonomic and non-holonomic
case respectively. Within them, Figs. 3a and 4a show the first fast initial full coverage paths. In the
course of computation, the algorithm comes up with better solutions, belonging to different topologies
as shown in Figs. 3b, 3c and 4b, 4c. Figures 3d and 4d show that the paths are optimized within a
certain topology to find solutions of decreasing cost while retaining full visibility.

To gain a statistical insight on the algorithm performance characteristics, the aforementioned
process is repeated in total 20 times. The results are summarized in Table I, while the cost plots
showing the convergence are depicted in Fig. 5. For further evaluation, the algorithm in ref. [15]
finds, for the identical inspection problem setup, a first solution to the same non-holonomic problem
in 12.87 s (standard deviation of 25.4 s) and high quality solutions with lengths of 190 and 185 units
after 44 and 73 min respectively (with standard deviations of 53 and 85 min). It is highlighted once
more that this comparison is indirect as the algorithm in ref. [15] can handle vehicle configurations
that do not have a BVS and therefore is more versatile regarding the robot configuration. Nonetheless,
it illustrates the good performance characteristics of RRTOT for all these cases of vehicles that a
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Fig. 5. Convergence curves of the 2D case study. Both curves show a fast first solution with subsequent steep
convergence. For longer runtimes, the curve still exhibits decreasing cost.

BVS is available. As a very wide set of robots such as multirotor MAVs, most of the remotely
operated underwater vehicles and other vastly used vehicle configurations are considered to have
BVS describing their motion characteristics, RRTOT is believed to have a great potential for real-life
applications.

5.2. 3D experimental studies

The experimental studies were conducted using an AscTec Firefly hexarotor MAV equipped with
an Intel core duo computer and the visual—inertial sensor (VI-sensor) developed by the autonomous
systems lab and Skybotix AG. The Vlsensor integrates two HDR global shutter cameras (Aptina
MTO9V034) and an analog devices ADIS16448 IMU in a tightly aligned and synchronized way
using an Artix”* -7 FPGA, a Xilinx Zynq 7020 SoC module and an ATOM CPU running Linux.
This integrated sensor system runs advanced image processing algorithms, provides complete pose
estimates and builds a 3D map of the environment. An overview of the experimental platform is
indicated in Fig. 6, while detailed information on the platform, the onboard controllers, the perception
modules and the state estimation strategies are found in refs. [2,21-23]. For the experiments presented,
a Vicon motion capture system provided exact position estimates and the Robot Operating System
(ROS) was utilized as the middleware to allow solid interfacing of the RRTOT algorithm with the
MAV. Precomputed paths are loaded to the MAV to be executed by the autopilot. As the recorded
flight response is expected to naturally present a tracking error, for all the path computations the
sensor FoV was considered slightly reduced compared to its actual value in order to provide some
necessary robustness and avoid cases of not inspecting a subset of the desired structure. In general, as
the proposed algorithm solves the problem of explicit inspection path planning, it naturally cannot per
se with uncertainties regarding the model structure or inaccuracies of the sensor and vehicle model.
To provide robustness, the main considerations of assuming a slightly reduced FoV and possibly
more constrained non-holonomic constraints or slower maximum yaw rates are proposed.

The experimental setup refers to an area of 4 m x 4.5 m where multiple carton boxes are deployed
and arranged as depicted in Fig. 7. Within this scenario, all non-overlapping surfaces of the boxes
have to be inspected with minimal distance taking into account the limitations of the camera system
(a single camera model is considered). Consequently, the visibility model is adapted to match the
properties of the real sensor and therefore the field of view is angularly constrained on all four
sides. From the nominal field of view a margin is deducted on all sides to account for errors of the
inspection manifold model and the tracking of the path. A minimum and maximum distance to the
object under inspection is also enquired to ensure good quality of inspection results. The orientation
of the camera in the xy plane is an additional system state. Finally, although the employed vehicle can
fly holonomic trajectories, the experiment is performed under both holonomic and non-holonomic
considerations in order to evaluate the capabilities of the proposed inspection path planner. The
encoded non-holonomic constraints are a minimum turning radius of ry;; = 0.25 m on the xy plane
and first-order differentiability of the height. Such a setup is suitable for a multirotor MAV. With a
bound on the height derivative and a larger radius constraint, it could also be adapted to plan paths
for fixed-wing airplanes with a camera, movable around the z-axis. Figures 7a and 7b depict the
offline computed paths for the holonomic and the non-holonomic case along with the experimentally
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Fig. 6. Block diagram of the main algorithmical components of the flight control unit of the Firefly hexarotor,
photos of the vehicle, the VI-Sensor and the high-level core duo processor. The lowlevel processor runs the
attitude control of the vehicle which is commanded by the position controller running the high-level processor.
The high-level unit also executes the state estimation algorithms and iterfaces the VICON pose feeds.

(a (b)
Fig. 7. Inspection paths computed by the RRTOT planner (black) and plots of the recorded vehicle response
(red). The considered vehicle employs a vision sensor with a limited field of view and constraints on the sensing
range for both minimal and maximal distance. The left plot corresponds to the holonomic case while the right
plot presents the results when non-holonomic constraints are considered. These are a first order differentiability

constraint on the height and a minimum turning radius of 0.25 m in the xy plane. The path length is 9.4 m and
13.1 m for the holonomic and non-holonomic cases respectively. (a) Holonomic case. (b) Non-holonomic case.

recorded MAV paths. Regarding the computation time, first feasible solutions are found within a few
minutes, while finding a well optimized path takes in general significantly longer.

The presented inspection paths ensure full coverage of the desired 3D structure. This theoretical
result was experimentally evaluated and validated by using the feeds of the onboard vision system
and executing 3D reconstruction algorithms. Two reconstruction strategies were employed, namely
(a) that of the free online tool 123D Catch?* which uses images from only one of the onboard
cameras to conduct the reconstruction process using computer vision algorithms, and (b) a stereo
dense reconstruction pipeline that uses OctoMaps to represent the environment.?> The results are
shown in Fig. 8 and as can be seen complete reconstruction was achieved for both holonomic and
non-holonomic cases. Note that a recorded response of the last experiment can be found in the video
provided following this link: https://youtu.be/e71jyDMOh8o.
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Fig. 8. 3D reconstruction results for the holonomic and non-holonomic paths using the offline 123D Catch tool
as well as an online dense reconstruction pipeline that combines stereo block matching techniques fused with
position information to derive a voxel-based representation. As shown, satisfactory reconstruction results are
derived for both types of paths.

6. Summary & Conclusions

A new sampling-based inspection planning algorithm was presented within this work. The algorithm,
the performance of which relies on a rewiring mechanism on the vertices of its tree structure, was
described, followed by analysis on its capability to find admissible full coverage solutions with
decreasing cost. The proposed RRTOT planner was evaluated in both simulation and experimental
cases. Good inspection paths were found considering both, a holonomic and a particular case of
non-holonomic vehicle with a turn radius limitation. The experimental case studies were conducted
employing a hexacopter miniature aerial vehicle and an onboard vision module used for inspection.
The derived experimental results and the corresponding 3D reconstructions of the inspected structures
indicate the high quality of the computed solutions. Future work includes adaptations and experiments
to plan for fixed-wing aircrafts as well as finding further heuristic concepts to speed up the computation
while maintaining the theoretical optimality guarantees. Furthermore, one could consider employing
the basic steps that are executed at each iteration of this algorithm and run them in an online fashion
with the aim to iteratively explore unmapped areas (using real-time sensor data). In such a case, the
goal would not be to guarantee global optimality but rather a locally optimized path to maximize the
expected information gain.
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