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SUMMARY
Complementary filtering is a frequency based method used to design data processing algorithms
exploiting signals with complementary spectra. The technique is mostly used in sensor fusion
architectures, but it may also be effective in the design of state estimators. In spite of its potential
in several areas of robotics, the complementary filtering paradigm is poorly used as compared
to alternative time domain methods. The first part of the paper aims at reviewing the basics of
complementary filtering in sensor data processing and linear systems state estimation. The second
part of the paper describes how to exploit the main ideas of complementary filtering to design a depth
controller for an actuator redundant autonomous underwater vehicle (AUV). Unlike with alternative
state space methods commonly used to address the design of control solutions for actuator redundant
systems, the proposed approach allows to fully exploit the knowledge of frequency characteristics
of actuators. Simulation results are reported to demonstrate the effectiveness of the proposed solution.

KEYWORDS: Redundant actuation robot control; Marine systems; Motion control; Robot control;
Autonomous vehicles; Complementary filtering.

1. Introduction
Actuator redundancy refers to the situation where more actuators are used to control a given degree
of freedom. Contrary to kinematics redundancy, where a number of internal motions are possible
to achieve the same task space objective, actuator redundancy does not increase the robot mobility.
Actuator redundancy in mechanical systems can be exploited to optimize the mechanical design.9

In serial link manipulators actuator redundancy can be used to increase the range of end-effector
impedance or to produce a maximum end-effector force in a more homogeneously distributed way.13

Vehicles are also occasionally equipped with redundant actuation systems: in the vast majority of
practical situations, the strategy on how to exploit each available actuator is chosen either by (a)
solving a control problem taking explicitly into account the presence of multiple actuators (usually
within an optimal control framework) or by (b) computing the overall needed control effort and
subsequently distributing such effort on the available actuators. This latter problem is known as
control allocation that is quite relevant in marine applications.15 For a comparative review about the
two possible strategies (a) and (b) refer to ref. [7] and to the references therein: a common feature to
these known solutions is that they are derived based on a state space modeling of the system dynamics
that does not allow to easily account for the frequency characteristics of the actuators.

In this paper, we describe a frequency based method to solve an actuator redundancy problem in
the presence of actuators with different spectral characteristics: in particular, we present the design
of a controller for the heave of an underwater vehicle equipped with two actuation systems for this
same degree of freedom. To the best of our knowledge the proposed approach is novel and original:
contrary to alternative state space methods it allows to easily account for the known spectral properties
of the actuators through a straightforward frequency based design. The proposed solution builds on
the idea of complementary filtering. Complementary filtering is a classical frequency method widely
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adopted, for example, in navigation and guidance applications10 of flying robots and vehicles. In
essence, in most applications it consists in combining sensor signals with complementary spectra to
recover an estimate of a desired quantity. In spite of its relevance, complementary frequency based
methods are seldom exploited in robotics applications. The aim of this work is hence twofold: first
the basics of complementary filtering methods, including linear state estimation, are briefly reviewed.
Then, the paradigm of complementary filtering is applied to design a novel heave controller for an
actuator redundant underwater vehicle. Indeed, the idea of complementary filtering can be extended
to the design of control systems characterized by the availability of multiple actuators with different
bandwidths: this may be the case of redundant robots as the AUV Folaga considered in this work.

As a result of the proposed approach (called complementary actuation in the following) the heave
control force is seemingly generated by the concurrent operation of the two available actuation systems
each working in its most natural frequency spectrum. This approach can be applied to virtually any
actuator redundant robotic system having actuators with complementary bandwidths.

As for the specific application on the heave control of an AUV, notice that automatic depth control
is one of the most basic, yet fundamental, functionalities of underwater vehicles. The task of heave
control is particularly important for autonomous underwater robots that are been employed in an
increasing number of application scenarios. Since the early work described in Ref. [5] many different
control design methods and technologies have been applied to the problem: basic PID-based solution
are described, by example, in refs. [17], [3] and [1] while a gain-scheduling approach is addressed
in ref. [14]. A model predictive control (MPC) design for the depth regulation of an underwater
robot was more recently illustrated and discussed in ref. [16]. The modeling of heave dynamics of
underwater vehicles together with possible control solutions is also covered in ref. [6].

Unlike most of the problems concerning underwater vehicles considered in the literature, this work
addresses the problem of depth control for a vehicle equipped with two separate actuation systems for
the heave axis: a ballast tank system and a set of four jet motors generating vertical forces in the bow
and stern of the vehicle. The vehicle at hand is the AUV Folaga described in ref. [4]. The two actuation
systems for the heave axis have different time constants: the ballast tank system is rather slow, while
the jet actuators have a much faster dynamics. The vehicle’s factory designed control system exploits
either the ballast tank system or the vertical thrusters for heave command according to the mission
specification, but never concurrently. Pure vertical dive maneuvers (i.e. at zero surge) are typically
controlled by the ballast tank system only while during via point navigation depth is regulated using
the vertical thrusters. The proposed solution aims at designing a control system able to concurrently
exploit both actuator systems using them in their natural frequency domain. In particular, the designed
controller is inspired by the theory of complementary filtering in estimation where the output of slow
sensors (low-pass filters) is combined with the output of faster sensors (or the very plant model, i.e.
high-pass filters) to generate an estimate. In the given setting a depth controller is designed generating
a desired force command. This signal is partitioned in a lower and higher frequency component: the
former is sent to the ballast tank system and the latter to the jet thruster actuators. As a result, the
depth force command is seemingly executed concurrently by the two actuation systems. Preliminary
results relative to the complementary control of an AUV have already been presented in ref. [12].
Here we extend that work by adding a review of complementary methods in estimation and filtering
and a literature overview of redundant actuation approaches. Moreover, we include a stability analysis
as well as additional simulation results to analyze the performance of the proposed approach.

Section 2 gives a brief overview of the complementary filtering technique and its extension to
actuation as adopted in the paper. The AUV depth model used for control design is illustrated
in Section 3 while the resulting control solution is presented in Section 4. Simulation results are
reported in Section 5 while conclusion are finally addressed in Section 6.

2. Complementary Methods: Filtering and Actuation

2.1. Output signal complementary filtering
In general, complementary filters provide a means to fuse multiple independent noisy measurement
of the same signal that have complementary spectral characteristics. Consider a signal x(t) in the
time domain and the related measurements yk(t) for k = 1, 2, . . . , N coming from different sensors.
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Fig. 1. Basic complementary filter for estimation.

Assuming the sensor models to be linear, in the Laplace domain the following would hold (refer to
Fig. 1):

Yk(s) = Hk(s)X(s) + εk(s), (1)

where Hk(s) is the transfer function of the kth sensor and εk(s) is the corresponding measurement
noise. Consider N proper transfer functions Pk(s) for k = 1, . . . , N such that

N∑
k=1

Pk(s)Yk(s) =
(

N∑
k=1

Pk(s)Hk(s)

)
X(s) +

N∑
k=1

Pk(s)εk(s). (2)

If the weights Pk(s) are chosen such that

N∑
k=1

Pk(s)Hk(s) = 1 =⇒ (3)

N∑
k=1

Pk(s)Yk(s) = X(s) +
N∑

k=1

Pk(s)εk(s), (4)

and assuming Pk(s) and εk(s) to have orthogonal spectra for all k, i.e. Pk(s)εk(s) = 0 ∀ k = 1, . . . , N

or, at least, that

Pk(s)εk(s) ≈ 0, ∀ k = 1, . . . , N, (5)

the unknown signal X(s) could be estimated according to

X̂(s) =
N∑

k=1

Pk(s)Yk(s). (6)

Notice that the complementary estimator in Eq. (6) builds on the fundamental complementary
condition

∑N
k=1 Pk(s)Hk(s) = 1 in Eq. (3).

2.2. State space complementary filtering
Interestingly, the complementary filtering paradigm can be extended over to state space representations
of linear systems to accomplish state estimation. Consider a vector x(t) ∈ R

n depending on time t
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having Laplace transform L [x(t)] = X(s) and state equation

ẋ(t) = A x(t) + B u(t), (7)

for a known input u. Given a gain matrix L ∈ R
n×n consider the identity

X(s) = (sIn + L)−1 (sIn + L) X(s), (8)

being In the identity matrix of size n. Equation (8) can be used to design a state estimator by viewing
the left-hand side of it as an estimate of X(s) and the right-hand side as being related to available
measurements. In particular, assuming that a linear measurement y(t) ∈ R

m : L [y(t)] = Y (s) is
available such that

y(t) = C x(t) + D u(t), (9)

Y (s) = C X(s) + D U(s), (10)

the complementary condition

(sIn + L)−1 (sIn + L) = (sIn + L)−1 sIn + (sIn + L)−1 L = In, (11)

leads to rewriting Eq. (8) as

X̂(s) = (sIn + L)−1 sX(s) + (sIn + L)−1 LX(s) =⇒ (12)

(sIn + L) X̂(s) = sX(s) + LX(s). (13)

By viewing the right-hand side of Eq. (13) as being related to measurements, the gain matrix L is
factorized as

L = KC, (14)

where C ∈ R
m×n is the output matrix in Eq. (9) and K ∈ R

n×m is a gain matrix to be defined. In the
time domain Eq. (13) corresponds to

˙̂x(t) + KCx̂(t) = ẋmeas(t) + KCx(t) =⇒ (15)

˙̂x(t) + KCx̂(t) + KDu(t) = ẋmeas(t) + KCx(t) + KDu(t) (16)

˙̂x(t) + K ŷ(t) = ẋmeas(t) + Ky(t) (17)

˙̂x(t) = ẋmeas(t) + K (y(t) − ŷ(t)) , (18)

where the “estimated output”

ŷ(t) := Cx̂(t) + Du(t), (19)

has been introduced and the variable ẋmeas refers to a “measurement” of the time derivative of the
state. Finally, notice that in the absence of sensors for experimentally acquiring ẋmeas , the “measured”
value of the state derivative can be eventually generated by a “virtual” sensor based on the knowledge
of the plant model Eq. (7). In particular, this would naturally lead to

ẋmeas(t) := A x̂(t) + B u(t), (20)

that in conjunction with Eq. (18) leads to the celebrated prediction/correction Luenberger state
estimator

˙̂x(t) = A x̂(t) + B u(t) + K (y(t) − ŷ(t)) . (21)
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Fig. 2. A simple complementary actuation diagram for only two actuators.

As known, the state estimate x̂ defined by Eq. (21) will exponentially converge to the true state
x as long as all the unobservable modes of A are asymptotically stable and, assuming (A, C) to
be detectable, the Luenberger gain K is chosen such that the eigenvalues of A − KC have strictly
negative real part. Yet the point here is to illustrate the complementary filter interpretation of the
Luenberger filter in Eq. (21): the Laplace domain definition of the Luenberger state estimate in Eq.
(12) together with the definition of the model based “virtual” measurement in Eq. (20) lead to

X̂(s) = {
(sIn + KC)−1 s

}
L [xmodel(t)] + {

(sIn + KC)−1 K
}

(Y (s) − DU(s)) (22)

xmodel(t) :=
∫ t

0
A x̂(τ ) + B u(τ ) dτ, (23)

namely X̂(s) can be viewed as the result of the combination of a high-pass filter

(sIn + KC)−1 s,

of the model (state equation) and a low-pass filter

(sIn + KC)−1 K,

of the measurement channel. This frequency based interpretation of the Luenberger filter is very well
known10 to practitioners that are aware (sometimes unconsciously) of the need to select the gain
K with the double goal of guaranteeing stability of A − KC while also modulating the frequency
content of the measurement channel (correction) with respect to the model based estimate xmodel(t)
in Eq. (23) (prediction). The described frequency based interpretation of Luenberger filter is fully
exploited in the stochastic framework of the Kalman filter where Gaussian noise is also considered
on the state and measurement equations: the asymptotic (time invariant) Kalman filter can be thus
viewed as a special complementary (Luenberger) filter8 where the cut-off frequencies (i.e. the poles
of A − KC) of the low-pass and high-pass filters defining the state estimate are optimally selected to
minimize the covariance of the estimate.

Notice that the paradigm of complementary filtering can be extended over to nonlinear state
estimation settings. A relevant and interesting application has been described in ref. [11] where a
complementary filter is designed on SO(3) for attitude estimation of a vehicle.

2.3. Complementary actuation
Assuming to have a process where an output can be controlled through more actuators, the idea
of complementary actuation is to distribute the control effort over the actuators according to their
spectral properties. Namely, the very principle of complementary filtering is exploited on the dual
case of actuation. In particular, consider m actuators for the same degree of freedom. Figure 2 refers
to the case m = 2 that corresponds to the situation at hand. In Fig. 2 the term RC(s) is a controller
for the system G(s), Ph(s) are weights used to distribute the control effort on the various actuators,
and finally, the terms Ch(s) model the actuators.
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Given the plant model

Y (s) = G(s)UC(s), (24)

its input UC(s), following the set up depicted in Fig. 2, can be written as follows:

UC(s) =
m∑

h=1

Uh(s), (25)

where Uh(s) is defined as

Uh(s) = Ch(s)Ph(s)RC(s) [Yd (s) − Y (s)] , (26)

being Yd (s) is the Laplace’s transform of the reference signal. The term UC(s) is finally

UC(s) =
(

m∑
h=1

Ch(s)Ph(s)

)
RC(s) [Yd (s) − Y (s)] , (27)

that can be equated to its definition

UC(s) = RC(s) [Yd (s) − Y (s)] , (28)

implying for the weights Ph(s) that they must satisfy the (actuation) complementary condition

m∑
h=1

Ch(s)Ph(s) = 1. (29)

Overall, the closed loop system results in

Y (s) = G(s)

(
m∑

h=1

Ch(s)Ph(s)

)
RC(s) [Yd (s) − Y (s)] . (30)

2.3.1. Stability analysis. By direct inspection of the proposed control schema in Eqs. (29) and (30),
it follows that sufficient conditions for closed loop bounded input bounded output (BIBO) stability
are that

(s1) G(s)RC (s)
1+G(s)RC (s) is BIBO stable,

(s2) Ch(s) and Ph(s) ∀ h ∈ [1, m] are stable, i.e. they do not have unstable poles.

Condition (s1) is of course also necessary, while condition (s2) is not necessary in a strict sense:
indeed, if (s2) should be violated being condition (29) valid, there would be internal cancelations of
unstable poles in the sum

∑m
h=1 Ch(s)Ph(s) = 1. In case these cancelations should be perfect (which

is of course impossible in practice), condition (s1) would still guarantee BIBO stability of the overall
closed loop system. Yet this situation is not possible in real applications as perfect internal cancelations
never occur. Moreover, even if they should occur, there would be unstable natural responses associated
to the unstable poles of Ch(s) or Ph(s). It thus follows that condition (s2) is also a practical necessity.

In order for the overall closed loop system Y (s)/Yd (s) to have a stable zero input (i.e. natural)
response there shall not be any internal cancelations of unstable poles in G(s), RC(s) and in the
forward branch G(s)RC(s). Finally, notice that all transfer functions in conditions (s1) and (s2) need
to be proper (i.e. either strictly proper or biproper).
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Fig. 3. Heave force balance: CM is the center of mass, FA is due to buoyancy (Archimedes’ force), FF to
viscous friction and Fg to gravity.

3. AUV Heave Model
The proposed control solution is designed for the slender body AUV (Fig. 3) called Folaga described
in ref. [4]. The dynamic equations of this vehicle can be written as follows:

(MI +MA+m(t))z̈(t)=−βż(t)+(MI +m(t))g−∇ρg+u2(t), (31)

and

ṁ(t) = −k m(t) + u1(t), (32)

where
MI Inertial mass of the vehicle.
MA Added mass.
m(t) Mass of the fluid in the ballast tank at time t .
z Depth of the vehicle.
β Viscous friction coefficient in direction of z.
g Gravity acceleration.
∇ Displacement.
ρ Fluid density.
k Inverse of the time constant of the ballast tank.
u1(t) Ballast tank control input.
u2(t) Heave control force generated by the electrical motors.

Equation (31) is relative to Newton’s law along the heave axis6 while Eq. (32) models the dynamics
of the fluid in the ballast tank. Notice that Eq. (32) is indeed an approximation of the ballast tank fluid
dynamics: the in- and out-flows from the tank will actually have different time constants as the inflow
is governed by a simple valve (the water entering the tank due to the higher pressure of environmental
water) while the outflow is generated by an active pump. Moreover, both the input and output flows
of the ballast tank fluid will depend on the depth of the vehicle. Yet for control design purposes, the
ballast fluid mass is modeled with the simple linear first order equation in Eq. (32) that neglects these
details.

Equations (31)–(32) imply

[MA + MI + m(t)]
...
z (t) + z̈(t)[u1(t) − km(t) + β] = [u1(t) − km(t)]g + u̇2(t), (33)

that is nonlinear due to the terms m(t) and u1(t) multiplying the derivatives of z(t): yet notice that
MI + MA ∈ [50, 100]Kg while m(t) ∈ [0, 0.5]Kg, namely m(t) � (MI + MA) implying that Eq.
(31) can be approximated by the linear dynamics

(MI + MA)z̈(t) = −βż(t) + (MI + m(t))g − ∇ρg + u2(t). (34)
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Equations (32) and (34) allow to derive the transfer function model

M̃ := MA + MI (35)

δ := (MI − ∇ρ)g (36)

Z(s) = 1

s(M̃s + β)

(
g

(s + k)
U1(s) + U2(s)

)

+ δ

s2(M̃s + β)
, (37)

that corresponds to the structure in Eqs. (24)–(25) noticing that

G(s) = 1

s(M̃s + β)
, (38)

and

UC(s) = g

(s + k)
U1(s) + U2(s)

= C1(s) U1(s) + C2(s) U2(s), (39)

being

C1(s) = g

(s + k)
, C2(s) = 1. (40)

The last term on the right-hand side of Eq. (37) can be interpreted as a disturbance (matched with
UC(s)) that is null in case of perfectly neutral calibration, i.e. MI = ∇ρ.

4. Control Design

4.1. Controller
With reference to the model in Eqs. (37)–(40), a possible simple controller for UC(s) in Eq. (28)
able to reject the matched disturbance δ in Eq. (36) is a proportional, integral and derivative (PID)
controller

RPID = KPID

(1 + 18s)(1 + 20s)

s(s + 1)
= UC(s)

Yd (s) − Y (s)
= RC(s), (41)

to be eventually implemented through an anti-windup architecture.2 Given the plant structure G(s)
in Eq. (38), a PID controller is sufficient to guarantee closed loop stability with a sufficiently large
phase margin. The design can be performed in a straightforward fashion through standard frequency
based loop shaping. The details of the design are here omitted for the sake of brevity. We only
report that the PID gain KPID has been selected as KPID = 7.63 · 10−2 resulting in a phase margin
of approximately 80◦. Once the PID controller is defined, the weight functions P1(s) and P2(s)
need to be determined in order to distribute the control signal UC(s) on the two available actuation
systems.

As for the design of the spectral weight functions P1(s) and P2(s), given that the thrusters should
be preferably used for the high frequency command components only, the corresponding spectral
weight P2(s) is chosen to be a second order high-pass filter

P2(s) =
(

τf s

1 + τf s

)2

. (42)
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Fig. 4. Bode plots of C1(s)P1(s), low-pass filter, and C2(s)P2(s), high-pass filter.

Having defined P2(s) the spectral weight P1(s) for the ballast tank command follows directly from
the complementary condition (29) resulting in the following:

P1(s) = (2τf s + 1)(s + k)

g(1 + τf s)2
. (43)

The parameter τf plays a fundamental role as it determines the threshold frequency identifying
the low frequency region for the ballast tank control system as opposed to the high frequency region
for the electric thrusters. Notice that this is exactly the counterpart of the situation in complementary
filtering and, to some extent, in Kalman filtering. Indeed, the Kalman filter can be interpreted as a
special complementary filter8 where the lower frequency measurement information is combined with
the higher frequency model dynamics information to generate the Kalman state estimate.

The k parameter in Eqs. (32) and (43) is k = 8 · 10−3 Hz while g is the gravity acceleration
g = 9.81 m/s2 and the τf parameter has been selected as τf = 81.76 s. The Bode plots of C1(s)P1(s)
and C2(s)P2(s) are reported in Fig. 4 showing the complementary behavior of the thruster and ballast
tank commands.

Notice that the resulting transfer functions P1(s), P2(s), C1(s), C2(s), RC(s) and G(s) in Eqs. (38),
(40)–(43) satisfy the stability conditions described in Section 2.3.1.

4.2. Implementation issues
The proposed solution has been coded for experimental validation and simulation analysis. The
presence of the integral action in Eq. (41) is necessary to reject the action of the matched disturbance
δ defined in Eq. (36): yet given the limited capacity of the ballast tank and the relatively low power of
the vertical thrusters, the integral action in the PID controller is likely to trigger actuation saturations.
In order to cope with this, an anti-windup implementation of the PID controller has been realized.2

In particular, the block diagram of the implementation is depicted in Fig. 5. where A(s) and B(s) are
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Table I. Simulation parameters.

MI 38.8 Kg
MA 41.83 Kg
β 12.26 N s/m

ρ 1025 Kg/m3

ū1 1.5 ·10−2 Kg/s
ū2 3.43 N

Fig. 5. The schema of anti-windup implementation used in this work.

defined as

A(s) = NPID(s)

�(s)
(44)

B(s) = �(s) − DPID(s)

�(s)
, (45)

being NPID(s) and DPID(s) the numerator and denominator respectively of the PID controller RPID

in Eq. (41). The �(s) term is a polynomial in s with roots strictly lying in the left-hand side complex
plane and such that �(0) > 0. �(s) is designed such that B(s) is proper (namely it has to be of order
larger or equal to DPID(s)) and with sufficiently fast poles with respect to the dynamics of the error
variable feeding A(s). Notice that given that DPID(s) has a pole in the origin it follows that B(0) = 1
that is essential to obtain the anti-windup behavior of the system. For the details about the functioning
of this schema as an anti-windup device refer to ref. [2]. In the present case the �(s) polynomial has
been designed as �(s) = (s + 1)2.

5. Simulation Results
The proposed complementary based solution for controlling the heave degree of freedom of the
Folaga AUV has been extensively analyzed through numerical simulations. The controller illustrated
in Section 4 has been coded in Matlab Simulink together with the full nonlinear vehicle model given
by Eqs. (31)–(32). In particular, the ballast chamber u1(t) and thrusters u2(t) commands resulting from
RPID(s)C1(s)P1(s) (Yd (s) − Y (s)) and RPID(s)C2(s)P2(s) (Yd (s) − Y (s)), respectively have been
used as inputs to the full nonlinear model in Eqs. (31)–(32). Both the ballast chamber command
u1(t) and the thrusters command u2(t) have been saturated in the range [−ūh, ūh] : h = 1, 2 as

uh(t) −→ uh(t)σh : σh =

⎧⎪⎨
⎪⎩

1 |uh(t)| < ūh

ūh

|uh(t)| otherwise
h = 1, 2. (46)

Indeed such saturation conditions reflect one of the most relevant aspects of the actuator systems
being considered. The simulation parameters, on top of the ones already reported in the previous
sections, are listed in table I.
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The reported simulations results refer to three kind of diving maneuvers which are as follows:

1. A sinusoidal depth reference with an amplitude of 7 meters for the first half of the task and of 5
meters during the second half.

2. A ramp depth reference.
3. A change of depth through a ramp as described in ref. [3].

This last reference is given by

zd(t) =

⎧⎪⎨
⎪⎩

5 if t ∈ [0; 100] s

5 − 0.04(t − 100) if t ∈]100; 200[ s

1 if t ∈ [200; 300] s,

(47)

and corresponds to a common motion task for underwater robotic vehicles.3 The above simulations
allow to evaluate the performance of the proposed solution. In particular, they illustrate that the use
of the ballast chamber tank actuation system in the low frequency range of the depth PID controller
results in an automatic buoyancy calibration. Namely, the ballast chamber in steady state when the
depth reference is constant over a sufficiently long interval fills up to a level that makes δ in Eq. (36)
tend to zero (neutral buoyancy condition, i.e. the weight g(MI + m(t)) of the vehicle is compensated
by buoyancy g∇ρ). Indeed in all the reported simulations the vehicle was initially positively buoyant,
namely g∇ρ > g(MI + m(t)|t=0) resulting in a tendency of the vehicle to surface. Given the model
parameters the neutral buoyancy condition is achieved when the mass m(t) of the ballast chamber is
approximately 0.25 Kg whereas it was initialized to a value of about 10−2 Kg.

The results for the three kind of diving maneuvers listed above are reported in Figs. 6–8. The
ramp simulation case shows, in particular, that in compliance with the complementary design of
the solution the motors effort goes to zero asymptotically while delivering a significant contribution
during the early phase of the maneuver. The ballast chamber activity, to the contrary, is persistent
over a long time interval. The simulation in Fig. 8 clearly demonstrates the ability of the solution
to achieve automatic buoyancy calibration and it also confirms that the thrusters activity is mostly
concentrated at high frequency.

The behavior of the proposed solution is compared to two alternatives: the first consists in simply
using one of the two actuation systems. This is what actually occurs using the factory designed depth
control system that allows to select either the electrical thrusters or the ballast chamber during a given
mission. The same experiment illustrated in Fig. 6 is executed using the thruster only as commanded
through the same PID controller implemented in the complementary control case. The results of this
simulation are depicted in Fig. 9. The convergence to the reference path is much slower than when
using the complementary solution and, as a consequence of the positive buoyancy calibration, the
thrusters effort is significantly larger (and saturates). At last, in order to evaluate the performance
of the proposed approach as opposed to an alternative reliable solution, a feedforward/feedback
solution has been implemented. The structure of this control architecture is schematically depicted
in Fig. 10. This is a well-known schema also known as two degree of freedom architecture. The
feedback component, when properly designed, guarantees robustness to model uncertainties, output
and matched disturbances while the feedforward term acts as an open loop command able to eventually
limit the feedback control effort. The feedforward command is computed by implementing a stable
and proper estimate of the plant inverse. With reference to Eq. (37), using the ballast chamber
actuation system to implement the feedforward command, this results in

U1(s) = F (s) Zd(s), (48)

F (s) = s(M̃s + β)(s + k)

g(s + 1)3
, (49)

where Zd (s) is the depth reference and the poles of F (s) are fixed in −1 given that its zeros act at
much lower frequencies. As a consequence F (s) approximates the inverse of Y/U1 in Eq. (37) on the
relevant frequencies.
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Fig. 6. Complementary control of depth: sinusoidal depth reference with amplitude 7m until t = 300 s and 5 m
afterwards. The u2 motor thruster command and u1 ballast chamber commands are in the two bottom plots.

The feedback controller in Fig. 10 refers to the electrical thrusters and it is actually the same PID
of Eq. (41) adopted for the complementary solution, but its output is now fed only to the thrusters.
Notice that the feedforward/feedback solution does not lead to neutrally buoyant calibration as
the open loop action of the ballast chamber is model based, hence there is no way that it can
“learn" how to balance weight and buoyancy if this information is not encoded in the model. Hence,
unless the vehicle is initially neutral (which is not the case in the presented simulations and in
most practical cases) the open loop command will not counteract this effect. In technical terms this
situation is reflected by the fact that F (s) (being an estimate of the inverse of Y/U1) has a zero
in the origin. Indeed, notice that the ballast chamber control effort in Figs. 11 and 12 is mostly
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Fig. 7. Complementary control of depth: ramp depth reference.The u2 motor thruster command and u1 ballast
chamber commands are in the two bottom plots.

concentrated at high frequencies. As a consequence the thrusters are also active at low frequencies
as opposed to the desired behavior that is indeed achieved through the proposed complementary
solution.

6. Conclusion
The basic frequency based methods known as complementary filtering have been revised for signal
sensor processing and linear state space estimation. The complementary filtering paradigm has
been extended to the design of a control system for an actuator redundant robot. The proposed
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Fig. 8. Complementary control of depth: dive maneuver as in ref. [3]. The u2 motor thruster command and u1
ballast chamber commands are in the two bottom plots.

approach is applicable to all situations where a given plant degree of freedom is controlled by
different actuation systems with complementary bandwidths. In particular, the solution is of possible
interest for robots with redundant actuators. The advantage of using complementary filtering for
controller design in the presence of redundant actuation systems is that classical and well-known
frequency methods can be fully exploited to allow the actuators to work in their natural frequency
spectrum: the overall necessary feedback control action can be designed based on any desired
methodology. Once the overall actuation output has been determined, this can be generated distributing
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Fig. 9. Thrusters only depth control: sinusoidal depth reference as the one in Fig. 6.

Thrusters AUV

Ballast

+

+
-

depth

+Reference

Fig. 10. Alternative feedforward/feedback architecture for the heave control exploiting the given actuator
redundancy. Refer to the text for details.

the control effort on the available actuators based on their specific dynamics. The definition of such
control effort distribution policy is done in the frequency domain: contrary to alternative state space
methods to address the thruster allocation problem, the described complementary control approach
allows the designer to fully exploit the knowledge of the frequency domain actuator model. As
a result, the available actuation systems operate concurrently each working in their most natural
spectrum.

As a specific application, the depth control of an AUV having two actuator systems for the heave
degree of freedom has been addressed: the two actuation systems are (i) a ballast tank that can
be filled or emptied changing the restoring force acting on the vehicle and (ii) a set of vertical jet
thrusters generating a vertical force. These two actuation systems have different dynamic behaviors:
while the ballast tank system is relatively slow, the vertical jet thrusters have a much faster response.
A single PID controller (implemented through an anti-windup architecture) is designed for the
necessary vertical force to be generated in order to follow a depth profile. Such desired vertical force
is decomposed in two signals corresponding to a lower frequency term and a (complementary) higher
frequency one. The former is then generated through the ballast tank actuation system while the latter
is generated by the electrically powered vertical thrusters. As a result, the desired vertical force is
seemingly generated by the concurrent operation of both actuation system each working in its most
natural frequency spectrum. This is opposed to the factory built controller that uses either the ballast
tank or the vertical thrusters to control the heave axis according to the mission specifications. The
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Fig. 11. Feedforward/feedback control of depth: sinusoidal depth reference as in the case of Figs. 6 and 9. The
u2 motor thruster command and u1 ballast chamber commands are in the two bottom plots.

proposed solution is very simple in terms of realization and it has been proven to be effective in
simulation. Given that the integral action of the designed PID controller is basically implemented by
the ballast tank system, if the reference depth is constant the proposed solution leads to an automatic
neutrally buoyant calibration of the vehicle that, otherwise, needs to be obtained manually prior to
starting the mission.
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Fig. 12. Feedforward/feedback control of depth: dive maneuver as in ref. [3]. The u2 motor thruster command
and u1 ballast chamber commands are in the two bottom plots.
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