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Abstract. This paper presents a model of a 1D-1D dynamic multi-structure,
supporting propagation of a transition wave. It is used to explain the recent
phenomenon of the collapse of the San Saba bridge. An analytical model is supplied
with illustrative numerical simulations.

§1. Introduction. This paper addresses a lower-dimensional dynamic model
of a 1D-1D multi-structure supporting a transition wave.

The notion of multi-structures was introduced in Ciarlet [5, 6] and LeDret [8].
The asymptotic analysis of fields in multi-structures and related analysis of
eigenvalue problems was published in Kozlov et al [7]. This also included a
vector case of the Lamé system for structures including 3D bodies and thin
rods. Panasenko [10] includes multi-scale analysis of lattice-like multi-structures
and, in particular, applications in modelling of elastic rods connected at junction
points.

In the present paper, we consider a mathematical model of gravity driven
failure of a long bridge supported by periodically distributed pillars. The multi-
structure approximation involves a governing equation of a flexural beam with
periodically distributed pointed sources whose intensities are linked to a Floquet
wave propagating along such a structure. It is appropriate to refer to Brun
et al [2, 3] where the notion of structured waveguides was successfully used
in the modelling of real engineering structures, such as bridges, in challenging
projects that required a design of so-called passive mass dampers that control
undesired swaying of the structure.

Furthermore, the model is advanced by incorporating a semi-infinite moving
fault, and consequently a transition wave. Formally, it is also similar in many
ways to models of fracture of discrete lattice systems as in Slepyan [11] and
Mishuris et al [9], and the analysis is reduced to the study of a functional
equation of the Wiener—Hopf type. There is an apparent link with the Floquet
waves mentioned earlier, as well as quasi-periodic Green’s functions [1], as
they are incorporated into the kernel function of the Wiener—-Hopf equation
mentioned.
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The structure of the paper is as follows. Section 2 introduces the quasi-
periodic Green’s function for a flexural system, and the dispersion equation for a
periodically supported flexural system is presented in a simple form. Dispersion
equations are readily available, and the relevant analysis is given in the text
to emphasize the connection between the Floquet waves in an infinite periodic
system and vibrations of a finite elongated structure.

Section 3 introduces a semi-infinite moving fault in connection with the
model of a failing bridge. The model describes a real event — the spectacular
collapse of San Saba railway bridge in Central Texas, which was the subject of
media attention across the world. In §4 we give an equivalent formulation written
for a functional equation of the Wiener—Hopf type for a transition wave in a semi-
discrete flexural system. Section 5 presents a continuous homogenized model
leading to a closed-form explicit solution. Finally, §6 deals with the evaluation
of parameters of the transition wave and, in particular, with the evaluation of the
speed of the steady-state propagation.

§2. Quasi-periodic Green’s functions and dispersion of flexural waves. Green’s
kernels provide model solutions for equations with point sources representing
external forces. We consider a multi-structure that includes an infinite elastic
waveguide supported by a periodic array of “springs” or “pillars”, whose input
can be brought into the model as a point force. Assuming that these springs are
linear, and the waveguide itself is a flexural beam, one would need the classical
Green’s function g(x, xo; w) that satisfies the equations

3*g(x, x0; w)

s~ PAWE( X0 0) + 80 = x0) =0, (1)

where o is the radian frequency, D the bending stiffness (assumed constant), p
the density, A the cross-sectional area and § the Dirac-delta function. It has the
form

(ealx—xol + ie—iotlx—xol)7 (2)

8(x, x0; @) = 73

where
o = (pAw? /D)4, (3)

By distributing the supporting pillars periodically, with a period a, and
assuming that the elastic wave is characterized by a frequency w and a wave
number k, we would need a quasi-periodic Green’s function defined by

+0o0
G(x,x0; 0, k) = Y glx, x0+ na; e, 4)

n=—oo
which simplifies, in the case x = x¢9 = 0, to
Go(w, k) = G(0,0; », k)
1 [1 cos(ka) — e %4 sin(aa) j| 5)

~ 4Da’ cosh(ea) — cos(ka)  cos(aa) — cos(ka)
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Figure 1: Flexural vibrations of an elastically supported bridge model. Dispersion properties
relating the radian frequency w and the wave number k are given for a typical automotive
bridge: Young’s Modulus E = 34 209 MPa, mass density per unit volume p = 2400 kg m~3,
span length @ = 90 m and stiffness of the vertical support y, = 500 MPa m. The black dots are
the eigenfrequency of a six-span structure. Three corresponding eigenmodes are also given.

The junction condition at a point x = 0, where the linear elastic pillar supports
the main waveguide, is

Go(w, k) = l (6)
14

where y represents the stiffness for the supporting element. Equation (6) is
the dispersion equation for Floquet—Bloch waves in the periodically supported
flexural waveguide.

One of the important features shown on the dispersion diagram in Figure 1
is the presence of the so-called band gaps, where the above dispersion equation
does not have real solutions. Namely, for a given frequency with such a band
gap, the solution k of the dispersion equation is complex, and the corresponding
wave is evanescent. We also note that a continuous beam without periodically
distributed forces (applied at the junction points between the main deck of
the bridge and the supporting pillars) would not show band gaps (except for a
possible stop band adjacent to the origin for beams on a Winkler foundation).

The information about the frequencies corresponding to the pass bands is
important, as it provides bounds for eigenfrequencies of the finite long structure.
Also shown in Figure 1 are black dots corresponding to eigenfrequencies of a
six-span bridge, and they are all projected into the interval, which corresponds
to a pass band of an infinite periodic structure. An illustrative computation of the
flexural deformation for some of the eigenmodes is also shown in Figure 1.

Figure 2 shows that the dispersion curves in question are sandwiched between
the curves representing solutions of the equation

2mn
a

where « is proportional to the square root of the frequency as in (3). We note
that these values correspond to singularities of the lattice sums, and they also

correspond to flexural waves propagating along the homogeneous unconstrained
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Figure 2: Dispersion properties of the periodically supported beam. Dispersion curves are
given in black, grey lines correspond to singularities of the lattice sum, which also satisfy
equation (7).

] 1

(b)

Figure 3: (a) Supported beam models. Undamaged and damaged parts are indicated with
subscripts 1 and 2, respectively. The beam has mass density m ; = m(l) 5+ Mjp/a and

bending stiffness D; the foundation has stiffness per unit length »; » = x? 5/a. (b) Snapshot
of the collapse of the San Saba bridge. |

flexural beam. In particular, the positions of the intersection points in Figure 2
are independent of y.

§3. A semi-infinite fault. Examples of semi-infinite faults include semi-
infinite cracks in unbounded solids, and semi-infinite stamps moving on a surface
of an elastic half-space or a half-plane. And in all such cases, the solution of the
corresponding problem is not smooth near the edge of the fault.

We consider a non-standard configuration of a “discrete fault” for a flexural
wave, for whom the elastic supports on the left of the origin are different from
those on the right of the origin. An illustration of such an unusual fault is shown
in Figure 3(b). Furthermore, we refer to Figure 3(a) which depicts failure of a
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Table 1: Notation for the stiffness of the supporting pillars, mass at the junction points and
distributed mass within the flexural beams ahead and behind the transition point n = 0.

%0 M m9

0 0

n>0 x My my
0 0 0

n<0 ny <) M, m,

bridge. The spectacular collapse of the San Saba bridge in Texas in 2013 was
accompanied by a transition wave that represented a discrete fault, linked to
change of stiffness of elastic pillars as the bridge collapsed. It is shown here
that our model explains this phenomenon of dynamic failure.

Discrete faults are well-defined in the framework of functional equations of
the Wiener—Hopf type as in [11], with the assumption that the problem is referred
to a moving system of coordinates, where the constant speed is also called the
propagation speed of the fault.

3.1. Governing equations describing the motion of a semi-discrete system with a
moving fault. The equations of motion for the flexural displacement w are

D84w(x, n) 0% w(x, ) _

8)(4 +ml 312 _m?g ()C #Cll’l);
92w _ 8
Mlv(n)-lrx?w(n):Mlg-i-VJr(n)—V . ®

M) =M~ (x=an).

The coefficients have the following physical meaning: D is the bending stiffness,
m(l) is the beam masst per unit length and g is the gravity acceleration; V¥ (1))
and M* (1) are the transverse force and the bending moment. The superscript
* indicates that these quantities are evaluated on the right or on the left of the
junction point x = na. Here, it is also assumed that an elastic beam is placed on
elastic supports at x = na,a > 0,n =0, %1, ....

Furthermore, we consider a fault, with the transition point = 0, so that the
notation in Table 1 is introduced.

The steady-state regime is considered in the sense that the displacement w at
Xx = na is a function of n = na — vt.

It is convenient to use the following length and time units:

£=(D/x)'*, T =/my/x,
with %) = }f?/a, and the mass density unitm; = m(l’ + Mj/a. In these terms, the

t In the text above, the notation p was used for the mass density; hence here m? = pA, where A is the
cross-sectional area of the beam.
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normalized quantities denoted by tilde are

(x,a,n,w)=£&(x,a,n w), My =maM, y,
toHh=t@a ), v=@E/mDI  g=E/TE,
Pwx,n) D~ . . - B (E, ) ©)
V(X,T])z—DT %_21)( 77) V(X, 77)= _T,
_we,n) D o~ - . 0%W(E, )
M(x»ﬁ)—DT—EM(X,ﬁ), M(XJ])—T-

The normalized equations of motion (8) become

FwE, ) mYa%w(E, i) _ m(l)~

55 o g (x # an); (10)
- 92 - V+ V
M, —wim +w(n) = Mg+ —(77) (77)’
ot a (11)

ME@) = M~(#) (x =an).

Recall that in the damaged region, < 0, the values }f?, My, m(l) are replaced by

xg < x?, M5 and mg. For this case, equation (10) and the first equation in (11)

take the form

o ) md DG, ) md .

i T —=g  (x #an); (12)
~ 2% +
Mz8 gutén) Qg)( )= M»g + M (x =an). (13)

We use the substitutions

0
D, n) =g+ ——x —an)’(x —a( + ))’g +w(x,n),  (14)
24 m
and
0
Prop = £718 LBy Aty = "L L Nty a5)
my; 2 mp; 12

to obtain that for n > 0

*w(x, n) m‘f 32w (x, n)

X #dl’l: Py ml 572 =0;
2= )+ Y-
X =an: Mla w(n) +w(n) = M, (16)
012 a
M () = M~ (),
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and forn < 0

_ 0 _ 0 0

%+ an: it | my e ) my—my
dx* my  9t? mi

2w o _ Vi) — V=)
= M — - Ca
x=am M P (a7)
M) = M~ (),

C =g —r/x1 + Mz — M).

In the following text, the symbols “bar” and “tilde” are omitted for convenience
of notation. We also restrict our attention to the case where the damage is
concentrated at the pillars positioned at x = na, and m(l) = mg =mY.

3.2. Intensities of sources at junction points of the multi-structure. The elastic
flexural bridge supported by periodically allocated pillars is referred to as a 1D—
1D multi-structure in the asymptotic approximation that uses a one-dimensional
model for an upper deck of the bridge and one-dimensional model for axial
deformations of the supporting pillars. In turn, the junction points are identified
as the points of intersection between a segment representing a pillar and the line
representing the elastic bridge.

Consider neighboring cross-sections placed at the elastic support points, say,
at x = 0 and at x = a. The displacement of the beam between these cross-
sections satisfies the equation

*w(x, n) N v2m_0 2w(x, n) _

0. 18
dx* m;  0n? (18)

In terms of the Fourier transform on 7 with parameter k we have

84 F , k 0
Fw W K)  22™M =0 with o3 = — lim (6 4+ k)%, (19)
8x4 nmi e—>40

To compute the dynamic stiffness coefficients we make use of an auxiliary
solution corresponding to the boundary conditions

w0, k)= (w’ (0, k)) =0, wh (a, k)= wo, (wh (a, k)) = ¢o. (20)

The Fourier transforms of the normalized transverse shear force V = —w’” and
the normalized bending moment M = w” are as follows:

VE©, k) Vo Veo | yu
(V%, k)) ) [Vwa V¢J ()
MF(0, k) Muwo Mgo | /g
(M%,k)) - [Mwa MWJ <¢o>’
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with
Voo A3(sinh Aa + sin Aa) Vo — A2(cosh Aa — cos ra)
WO T “coshaacosra T P T T 1 —coshracosra
Vo A3(cosh Aa sin Aa + sinh Aa cos Aa) V. 22 sinh Aa sin Aa
wa 1 — cosh Aa cos Aa © V94T T " coshaacosra’
A2(cosh Aa — cos ra) A(sinh Aa — sin La)
Mo = . Mo =— ,
1 — cosh la cos La 1 — cosh La cos La
22 sinh Aa sin Aa A(cosh La sin La — sinh Aa cos Aa)
Mwa = - ) da = )
1 — cosh la cos ra

1 — cosh Aa cos La
(22)

where A = (m°/m)'/*Vkv —i0.

§4. Wiener—Hopf functional equation. Following the Fourier transforms and
using (21) and (22), (16) and (17) can be written in terms of the functions

00 0
wi (k) = f wmekTdn,  w_(k) = / wme dn,  (23)
0

—00

which satisfy the functional equation

Li(k)ywy (k) 4+ La(k)w— (k)

. c C(Ly(k) — La(k))
C0+ik (O+ik)[1 —xa/x1 + (M) — M2)(0 + ikv)?2]’

Li(k) =14+ M;(0 + ikv)?

2 (24)
+ 2[(Vwa — Vo coska) + V¢0Mw0 sin” ka j|,

M¢a - M¢0 coska
I _ )
2(k) = pn + M>(0 + ikv)

.2
+ 2[(Vwa — Vo coska) + V¢0Mw0 Sin” ka j|

Mgpa — Mo coska
Thus, the Wiener—Hopf equation takes the form

Lo(k)w (k) + w— (k)

B C [Ll(k)
O +ik)1 = xa/x1 + (M1 — M2)(0 + ikv)?] | Lo (k)

We note that after the substitution v = w/k into L; (j = 1,2) in (24),
equations L; = 0 and L, = 0 become the dispersion relations for the
undamaged and damaged structures, respectively, describing the Bloch—Floquet
wave propagation within the two types of periodic systems. They correspond
to the dispersion equation (6) of §2, which was written in terms of the quasi-
periodic Green’s function (5).

— 1]. (25)

https://doi.org/10.1112/50025579314000321 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579314000321

452 A.B. MOVCHAN et al

4.1. Factorization. The non-dimensional beam equation after the Fourier
transform on 1 becomes

84 F k
Fw 0B 220, F ek =0, (26)
x4
and we use notation
M, Li(k
Lk) = —2 ® (k — +00). (27)
My Lo(k)
We also note that its index is zero, i.e.
1
Ind L(k) = 2—[Arg L(oco) — Arg L(—00)] = 0. (28)
b4

The factorization is as follows:

Lty = lim Ly (k)L (k).

(29)
Loth) = exp| 4 /OO InL® el w3k = 0)
= e S E—«k > ’
Equation (25) can be represented in the form
Mow_ (k) [Ml 1 ]
L.(k ky+ ———=Gk)| —Lyk) — —|,
+()w (k) MiL_ () (k) A +(k) 0 0
M,C
(k) = .
10+ 1)1 — 22 /e1 + (M1 — M2)(0 + ikv)~]
In particular, when M| = My = M, we have
1
Gk)|Li(k) — ——|=C1+ Cy,
( )[ +(k) L_(k)} 1 2 an

_ 8 _ _ 8 o
Cr= Lt = L) C2=g +ik[L+<°) L_(k)].

The solution w+ (k) of (30) has the form
g Li(k) = L4 (0)

i) =g et w0 = Oj;ik[monf(k) —1]. (32)
In particular, using the limiting relations
w(0) = kiiir}oo(q:ik)wi(k), Ly(fioco) =1 (33)
we find that
w(+0) = w(=0) = w(0) = g[L4(0) — 1] (34)
with

Lo(0) = \/i:;exp[% /Ooo ArgTL(k)dk], (35)

where Arg L(k) is equal to zero in a vicinity of k = 0 and exponentially
decreasing as k — oo.
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§5. Transition wave in the model of a failing bridge. The averaging procedure
can be applied in the regime when the wavelength corresponding to flexural
vibrations of the bridge is sufficiently large compared to the distance between the
supporting pillars. The homogenized model incorporates the fourth-order partial
differential equation

Da4w(x, 1) e %w(x, 1)

o S () = mg, (36)

where w is the transverse displacement generated by flexural vibrations, » is the
foundation stiffness and g is the acceleration of gravity.

In particular, in the steady-state regime, the solution depends only on n =
x — vt, where v is the failure wave speed. The equation of motion (36) becomes

Dw(m"Y +mv*w” () + x wn) = mg, (37)

with »x = », when n > 0, and » = »p < x{, when n < 0. Additional radiation
conditions are imposed at infinity to complete the formulation, as in [4].

We use the same normalization of the spatial and time-like variables as
in §3.1. Also we use a similar decomposition of the solution as in (14). The
above problem allows for a closed form analytical solution, and the normalized
dynamic displacement at the point n = 0, representing the front of the transition

wave, 1S
< /ﬂ_1)g, 0<v<v =204,
X2

2 A 4 A
-4
w(0) =12 %zAv xg, v < v < v =2, (38)
7
vV -Vt —4r  1-=x
- g, v>Uv.
Vot —4 4 Vvt —4n x

The graph of w(0) versus v is shown in Figure 4.

In physical models of gravity-driven transition waves, the steady-state regime
is linked to configurations where w(0) > 0, and an increase in velocity leads to a
decrease in the energy release rate or a decrease in the displacement at the front
of the transition wave. Hence, this instantly identifies the interval for the values
of speed of the transition wave, also shown by a shadowed rectangle in Figure 4:

VRl <y <1+ 7. (39)

This solution has been applied to a practical analysis of the failure of San Saba
bridge in Texas. The long San Saba railway bridge (Figure 3(b)) in central Texas
(also known as Harmony Ridge Bridge, 3114'07” N, 9833/52” W) collapsed in
May 2013 as a result of initial damage caused by fire. A 300-yard bridge fell
apart after catching fire in a dramatic collapse. This event was the subject of
media attention worldwide. A gravity driven transition wave was observed and
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Figure 4: Displacement at the transition point as a function of velocity for the stiffness
ratio » = 0.45. The shadowed rectangle indicates the possible steady-state region for the
propagating fault.

recorded. According to the measurements taken, this wave reached the steady
state in the final stages of the collapse of the bridge. An approximation of the
wave speed, as offered by the asymptotic model, is

Dk \'* 1
V= (m) =243 [msec '] (40)
where D, p are the flexural rigidity and the linear mass density of the bridge,
respectively, and « is the stiffness of the supporting pillars. Incidentally, the
experimental measurement gives the value of 22.4 [m sec™!]. The analytical
model presented here explains the nature of the transition wave, shows that such
a wave has a steady-state regime, and provides an accurate estimate for the speed
of steady-state propagation of the failure wave.

§6. Continuous versus discrete solution. In the case of massless flexural links
connecting the junction points, the stiffness coefficients will be the same as in
the static case, i.e. as v — 0, taking the form

12 6
0 0 0 0
Yoo=Vaa =030 Voo =Voa =" @)
6 4
0 0 0 0
MWO:_MwazaZ’ M a=—2,/\/l¢0=£—l’

where the superscript © is used to denote the limit static values.

Two models referring to the discrete and the continuous systems have been
highlighted here. The comparison of the values of the flexural displacement
w(0) obtained in these models is presented in Figure 5. The approaches indicate
the same transition region, where the displacement w(0) is a monotonically
decreasing function of the speed of the propagating fault. We also note that
in [11] and in [9] similar computations were produced for evaluation of the
energy release rate at the vertex of a crack propagating through a lattice.

Both models contribute to the important explanation of the failure wave
observed during the collapse of the San Saba bridge. For the discrete system
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Figure 5: Flexural displacement w(0) at the transition point as a function of the speed steady-
state velocity v. The continuous model is compared with the discrete massless beam model.
Results are given for »y/»1 = 0.5 and a = 2.

the pass bands (see Figure 5) are identified for flexural waves corresponding
to the vibrations leading to the collapse. This also gives the required range
of frequencies. Following that, the continuous model enables one to derive a
simplified explicit solution, which produces w(0) in closed analytical form.
Both predictions agree well with the experimental observation, as also shown
in Figure 5.
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