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Self-sustained oscillations of shallow flow past
sequential cavities
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Shallow flow past successive cavities is characterized by means of high-image-density
particle image velocimetry (PIV). Highly coherent, self-sustained oscillations arise
due to coupling between the inherent instability of the separated shear layer along
the opening of each sequential cavity; and a gravity standing wave mode within each
cavity. The globally coupled nature of the flow structure is evident through dominance
of the same spectral component in the undulating vorticity layers along each of the
successive cavities and the wall pressure fluctuations within the cavities. Unlike
coupled phenomena associated with flow past a single cavity, optimal coupling for
successive cavities requires a defined phase shift between the gravity standing wave
patterns in adjacent cavities and, furthermore, an overall phase shift of the undulating
shear layer along the cavity openings. The magnitudes of these phase shifts depend on
the mode of the gravity standing wave in each cavity, i.e. longitudinal or transverse
mode, which is respectively aligned with or normal to the main stream. Such phase
shifts result in corresponding displacements of patterns of phase-referenced vorticity
concentrations along the cavity openings and changes in the timing of impingement
of these concentrations upon the downstream corners of successive cavities. All of
the foregoing aspects are related to the unsteady recirculation flow within the cavity,
the time-dependent streamline topology, and concentrations of Reynolds stress along
the cavity opening.

Key words: shallow water flows, surface gravity waves, vortex interactions

1. Introduction

Turbulent shallow flows in estuaries, lakes, coastal areas and rivers can exhibit
instabilities in the horizontal plane. Such instabilities have length scales that are
much larger than the water depth. A feature of shallow flows is the presence of a
shear-supporting bottom surface (bed) and a free surface. Both boundaries suppress
vertical motions and restrict the length scale of the three-dimensional turbulence LT ,
which is of an order less than the water depth hw, i.e. LT 6 hw. As described by
Jirka & Uijttewaal (2004), the characteristic diameter D of two-dimensional turbulent
vortical structures in the horizontal plane is much larger than the water depth, that
is, D� hw. Uijttewaal & Tukker (1998) state that the no-slip condition at the bed
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leads to the production of turbulence with three-dimensional characteristics, while
the slip condition at the free surface enhances two-dimensional effects. Stansby
(2003) describes the consequence of three-dimensionality on bed shear. In the
vertical boundary layer, vertical and horizontal turbulence structures interact, the
associated vertical mixing promotes uniformity of the velocity distribution in the
vertical direction and, at the bed, where the velocity is zero, the velocity gradient
and thereby the bed shear are enhanced.

In recent decades, a number of researchers have addressed the flow patterns in rivers
in the presence of groyne fields, dead zones or embayments, which have important
consequences for sediment transport, dispersion of pollutants, erosion and maintenance
of aquatic life. Shallow river flow past two consecutive groynes that form a cavity is
a representative example of a shallow mixing layer having a finite streamwise extent.
In the field, a succession of groynes typically occurs, thereby forming a succession of
cavities. The primary aim of this investigation is to determine the flow physics and
exchange processes for successive cavities.

1.1. Instability of a shallow mixing layer
Laboratory investigations, as well as numerical simulations and analyses, have
resulted in substantial advances in our understanding of shallow mixing layers.
Jirka (2001) defined various generation mechanisms for two-dimensional turbulent
coherent structures in shallow flows, which play an important role in the mass and
momentum exchange processes between the main river flow and the groyne field.
Uijttewaal (2011) assessed several mechanisms that govern the exchange of mass
and momentum in shallow mixing layers. According to the experiments of Bian
et al. (2011), large-scale vortices form from roll-up of the separated turbulent layer,
and these vortices interact with the recirculating flow within the cavity. Different
approaches to modelling the growth of shallow mixing layers were developed by
Babarutsi & Chu (1993, 1998), Booij & Tukker (2001), van Prooijen & Uijttewaal
(2002) and Biron, Ramamurthy & Han (2004). Tukker & Booij (1996), Uijttewaal
& Booij (2000) and Uijttewaal, Lehmann & Mazijk (2001) analysed the effect of
water depth on shallow mixing layers, and found that it influenced the development
of large-scale coherent structures. An established feature of all of these models and
analyses is reduction of the rate of growth of a mixing layer by bottom friction.

Alavian & Chu (1985) addressed the stability of turbulent exchange flow in a
shallow compound channel and numerically determined neutral stability curves. Chu
& Babarutsi (1988) experimentally studied the effect of bed friction on a shallow
mixing layer. In addition, they carried out a corresponding instability analysis. A
bed-friction number S was defined as S = cf δU/hw1U, where cf is the bed-friction
coefficient, δ is the width of the transverse shear flow, U is the average velocity
across the shear layer, 1U is the corresponding velocity difference across the shear
layer and hw is the water depth. They found the critical value to be Scr = 0.09; below
this threshold, bed friction could not stabilize the flow. Babarutsi, Ganoulis & Chu
(1989) and Babarutsi & Chu (1991) experimentally investigated mixing in shallow
recirculating flows, and showed a reduction in transverse mixing due to bed friction.
Chu, Wu & Khayat (1991) characterized channel flow with floodplains, which created
a shallow mixing layer due to the different values of bottom friction in the transverse
direction; for this configuration, the critical value was Scr = 0.12.

Socolofsky & Jirka (2004) employed the rigid-lid assumption in their linear stability
analysis to determine critical values of the bed-friction parameter. They found that
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the onset of instability was enhanced due to the large velocity gradient across the
mixing layer, and these instabilities resulted in large-scale coherent structures, which
had a remarkable influence on the exchange processes. The accuracy of the rigid-
lid assumption for stability analyses of shallow flows was analysed by Kolyshkin &
Ghidaoui (2003) and Nazarovs (2005). The error in using the rigid-lid assumption was
small for small values of Froude number Fr=U/(ghw)

1/2, and it became larger when
Fr>1. Kolyshkin & Ghidaoui (2002) carried out an assessment of the effect of Froude
number on the stability of shallow mixing layers in compound and composite channels.
They reported that one can employ the rigid-lid assumption within 10 % error in the
regime 0< Fr< 0.7 when determining the critical values of the stability parameter S,
i.e. the bed-friction number.

1.2. Shallow flow past a single cavity
In recent years, a number of researchers, such as Engelhardt et al. (2004), Ribi,
Boillat & Schleiss (2010) and Fujihara, Sakurai & Okamoto (2011), have analysed the
ecological value of irrigation channels and rivers with groyne fields or embayments.
Experimental and numerical studies have been conducted to reveal the flow physics
within these configurations. Weitbrecht & Jirka (2001) and Kurzke, Weitbrecht &
Jirka (2002) experimentally investigated the effects of a groyne field on the flow
patterns in rivers and the associated exchange processes. According to their results,
large-scale coherent structures played important roles in the momentum and mass
exchange processes. This phenomenon was also indicated in the numerical study of
McCoy, Constantinescu & Weber (2007). Mizumura & Yamasaka (2002) and Riviere
et al. (2010) studied the recirculation flow patterns in a groyne field, and showed
that the depth of the shallow water layer, main stream velocity and the aspect ratio
of the groyne field affected the flow patterns. Uijttewaal (2005) and Kang, Yeo
& Kim (2012) revealed the effects of geometry of the groyne field on the flow
patterns and exchange processes. More recently, Sanjou & Nezu (2013) conducted
an experimental study to examine the change in the flow structure inside the groyne
field by varying the bed slope. In their experiments, the turbulence characteristics of
the shear layer at the interface between the groyne field and the main stream, as well
as the recirculating flow pattern inside the groyne field, showed different features
at different values of bed slope. Sanjou & Nezu (2013) further noted that the mass
exchange velocity between the main stream and the groyne field increased in accord
with large magnitudes of Reynolds stress in the separated shear layer.

The enhancement of turbulent Reynolds stresses in the shear layer was related to
the onset of a longitudinal gravity standing wave within the cavity by Wolfinger,
Ozen & Rockwell (2012) and Tuna, Tinar & Rockwell (2013). Field experiments
by Kimura & Hosoda (1997). Ikeda, Yoshike & Sugimoto (1999), Nezu & Onitsuka
(2002), Ohmoto, Hirakawa & Watanabe (2005) and Kadotani et al. (2008) showed
water-surface oscillation inside a cavity-like geometry, i.e. a groyne field, dead zone
or embayment. It was suggested that such fluctuations may have been due to coupling
between the inherent instability of the separated shear layer along the cavity opening
and the gravity standing wave mode within the cavity.

1.3. Shallow flow past a series of cavities
The foregoing investigations of flow past a single groyne field, an embayment or a
cavity have provided valuable insight into the flow structure and associated exchange
processes. A number of investigations have revealed the flow patterns past a series
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of groynes. Sukhodolov, Uijttewaal & Engelhardt (2002), Sukhodolov et al. (2004)
conducted field work on the Elbe River in Germany in order to establish velocity and
turbulence patterns inside groyne fields. Sukhodolov et al. (2002, 2004) reported that
the patterns of recirculation flow did not significantly change with the downstream
location. A computational study by Ercan & Younis (2009) on the Sacramento River,
which simulated bank erosion in the presence of a series of cavities, showed important
effects of the flow patterns.

In addition to field work, laboratory investigations and analyses have been carried
out both numerically and experimentally. Wallast, Uijttewaal & van Mazijk (1999)
and Uijttewaal et al. (2001) visualized the flow past a series of groyne fields and
used dye to give insight into the mass exchange process. Both studies indicated that
the structure of the shear layer between the groyne fields and the main stream varied
with downstream position. Wallast et al. (1999) observed a decrease in the mass
exchange coefficient with downstream location within the multiple groyne fields, while
Uijttewaal et al. (2001) noted that each groyne field exhibited essentially similar mass
exchange characteristics regardless of the downstream position. Furthermore, Muto,
Imamoto & Ishigaki (2000) conducted an experimental study with three successive
square embayments, and their results demonstrated differences in strength of the
recirculating flow inside each groyne field. Ohmoto, Hirakawa & Watanabe (2009)
examined the effects of angle of the groynes on the flow structure in the presence
of two successive groyne fields; oscillation of the free surface inside the groyne field
was detected. Moreover, Yaeger & Duan (2010) quantitatively analysed the effects of
orientation of dikes for a series of three dikes, i.e. two successive cavities, by using a
micro-acoustic Doppler velocimetry technique. A larger magnitude of Reynolds stress
along the cavity opening was attained in the presence of angled dikes. More recently,
the flow in the vicinity of the groynes was investigated by Yossef & de Vriend
(2011) in order to assess sediment transport between the main stream and consecutive
groyne fields. Yossef & de Vriend (2011) concluded that the sediment transport
process was dependent on large-scale coherent structures, and the structure of the
mixing layer along the opening of the groyne field changed with the downstream
location. In the computational studies of McCoy, Constantinescu & Weber (2008) and
Constantinescu, Sukhodolov & McCoy (2009), the mass exchange process and the
flow characteristics along a series of groyne fields were analysed. Both studies used
the rigid-lid assumption, where the free surface of the water was modelled as a rigid,
horizontal boundary with slip. Constantinescu et al. (2009) found that the value of
the mass exchange coefficient decreased with downstream location within the groyne
field; this phenomenon was previously observed by Wallast et al. (1999). McCoy
et al. (2008) indicate that a jet-like flow, parallel to the downstream groyne of each
groyne field, was responsible for the momentum and the mass exchange processes
between the main stream and the groyne fields.

The foregoing investigations have yielded substantial advances in our understanding
of shallow flow past sequential cavities. A major unresolved issue is, however,
the effect of gravity standing waves within the cavities, their coupling with vortex
initiation and development along the openings of the cavities, and the manner in
which this coupling influences the time-dependent and time-averaged flow patterns.
More specifically, the orientation of, and phase shift between, gravity standing
waves in successive cavities, as well as the phase variations in the separated shear
layer along the openings of these cavities, are expected to exert a major influence.
In turn, these effects will influence the mass exchange between the cavities and
the mainstream. The present investigation addresses these characteristics using a
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FIGURE 1. Schematic of experimental facility.

technique of high-image-density particle image velocimetry (PIV) combined with
unsteady pressure measurements, in order to provide global representations of velocity,
vorticity and turbulence statistics.

2. Experimental system and techniques
Experiments were conducted in a recirculating free-surface water channel. Upstream

of the test section, the flow passes through a flow conditioning unit, which includes
honeycombs and screens to yield a turbulence intensity of 0.2 %. The main test section
has a length of 4877 mm, a width of 927 mm and an adjustable depth of 610 mm.
The goal of this investigation was to determine the flow structure along and within
two successive cavities. A test-section insert was designed and constructed to control
the water depth, the dimensions of cavities and the flow velocity. Detailed schematics
of the experimental system are given in figure 1, which indicates two perspectives of
the experimental facility. Full details of the experimental system are given in the work
of Tuna et al. (2013), which focused on shallow flow past a single cavity.

For all experiments described herein, each cavity had an aspect ratio L/W = 0.66,
having a length of L = 152 mm and a width of W = 228 mm. The nominal water
level was adjusted to a value of hw = 38 mm, and the width of the channel was
We = 470 mm as shown in figure 1. The streamwise length of the shallow water
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layer, i.e. the distance from the leading edge of the horizontal raised (Plexiglas) plate
to the leading (upstream) corner of the cavity was Li = 1908 mm. Thus, the ratio of
the inflow length Li to water depth hw was Li/hw = 50.1, which corresponds to the
criterion of Uijttewaal et al. (2001) for a fully developed turbulent flow. This fully
developed condition is central to extending the findings to different scales. When this
condition is maintained, vortical structures in shallow flows, as well as the instabilities
leading to their formation, which have been observed in a wide range of field
experiments, can be effectively modelled in laboratory experiments, as described in
the works of Jirka (2001), Jirka & Uijttewaal (2004) and Socolofsky & Jirka (2004).

The onset of hydrodynamic and gravitational instabilities in free-surface (shear-free)
shallow water flows was identified by Ghidaoui & Kolyshkin (1999), and their
criterion for these instabilities is determined by the Froude number U/(ghw)

1/2. The
flow is free of gravitational instabilities below the critical Froude number, i.e. Fr< 1.
In the present configuration, the corresponding values of Froude number based on the
water depth hw = 38 mm and the depth-averaged inflow velocities U = 273 mm s−1

and 475 mm s−1 corresponding to resonant response were respectively Fr= 0.45 and
Fr=0.71. These values of Froude number are in the subcritical range and gravitational
instabilities do not have a significant role. Furthermore, values of Reynolds number
Re based on the width W of the inflow channel were ReW = 1.28× 105 and 2.03× 105,
and based on the water depth hw, Rehw = 1.04× 104 and Rehw = 1.64× 104.

Chu & Babarutsi (1988) experimentally investigated the transverse development of
the shallow mixing layer in an open channel flow, and determined the stability
of shallow mixing layers in terms of a dimensionless stability parameter S =
cf δU/hw1U. The bed friction coefficient cf was calculated with their correlation
1/
√

cf =−4 log(1.25/Re
√

cf ), and the shear layer thickness δ was determined via the
velocity field data from PIV. The values of the stability parameter S determined herein
are S = 0.007 for the transverse mode of the gravity standing wave and S = 0.004
for the longitudinal mode (streamwise-oriented) of the gravity standing wave; these
values are of the same order as determined in the experiments of Chu & Babarutsi
(1988). Furthermore, these values of S are below the critical stability parameter range
Scr = 0.01–0.1 determined by Kolyshkin & Ghidaoui (2002) who concluded that
bed friction does not stabilize the flow below Scr, and instabilities occur due to the
destabilizing effect of the velocity difference 1U across the shear layer.

In the present investigation, only gravity standing wave modes oriented parallel
and orthogonal to the streamwise direction are excited. These modes are associated
respectively with the cavity length L and depth W, that is, each mode is governed
by a single length scale. The two-dimensionality of each of these modes was verified
with high-resolution video measurements of the free-surface deflection. The resonant
frequency of the experimentally observed gravity standing wave in each of the
cavities shown in figure 1 is calculated as follows. The eigenfrequency fn of the
fundamental eigenmode for a one-dimensional gravity standing wave pattern oriented
in the transverse direction, corresponding to open and closed end conditions, is given
by Naudascher & Rockwell (1994) as fn=√ghw/4W, in which W is the cavity width,
hw is the water depth, g is the gravitational acceleration and fn is the frequency of
the oscillation. The predicted frequency of this mode is calculated as fn= 0.66 Hz; it
compares well with the experimentally determined value of fn= 0.63 Hz. On the other
hand, the eigenfrequency of the fundamental eigenmode for a one-dimensional gravity
standing wave oriented in the longitudinal direction, corresponding to a closed–closed
end conditions is fn = √ghw/2L, in which L is the cavity length. The theoretically
calculated value is fn=2.00 Hz, which compares well with the experimental frequency
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of fn = 1.96 Hz. These self-excited transverse and longitudinal modes of the gravity
standing waves within each of the cavities corresponded to amplitudes hd of the
free-surface deflection that were an order of magnitude smaller than the nominal
water depth hw, i.e. hd/hw = 0.049 and hd/hw = 0.094.

A technique of high-image-density PIV led to quantitative determination of the
flow patterns along and within the cavities. The major components of this system
are indicated in figure 1. The laser sheet of 1 mm thickness was positioned at
mid-depth, that is, midway between the nominal elevation hw of the free-surface
and the bed (zL/hw = 0.5). This sheet was generated by a dual pulsed Nd:Yag
laser system having a maximum output of 90 mJ/pulse. The flow was seeded with
12 µm metallic-coated hollow plastic spheres at a sufficiently high density such that
the interrogation window of 32 pixel × 32 pixel typically contained approximately
15–20 particles. A digital charge-coupled device (CCD) sensor camera with an array
of 1600 pixel × 1192 pixel was placed below the water channel orthogonal to the
horizontal plane of the laser sheet, as shown in the side view of figure 1. The
aforementioned double-pulsed laser and camera were triggered by a synchronizer.
The framing rate of the camera was 30 f.p.s. which gave 15 sets of image pairs
per second. The effective magnification of the camera provided a resolution of
4.2 pixel mm−1 in the plane of the laser sheet. The patterns of particle images were
processed using a frame-to-frame cross-correlation technique, and an overlap of 50 %
was used in accord with the Nyquist criterion. This technique resulted in 7227 vectors
with an effective grid size of 3.7 mm. The estimated uncertainties of the streamwise
and transverse velocity measurements, which were calculated using the scheme of
Adrian & Westerweel (2010), were 2 % of the depth-averaged free-stream velocity U.

PCB piezoelectric pressure transducers (model number 106B50) were employed for
unsteady pressure measurements at five different locations. The pressure transducer
p5 was located at the impingement corner of the trailing (downstream) cavity at an
elevation of hp= 13 mm, as indicated in figure 1, in order to determine the frequency
and amplitude of the shear layer oscillations. The pressure transducers p1–4 were
located at the back side of the cavity at a location 5 mm from the edges at an
elevation of hp = 13 mm from the bed (bottom surface). They were employed to
determine the phase shifts between pressure fluctuations in adjacent cavities and the
free-surface elevations. The correlation between millimetres of free-surface deflection
and voltage output of these transducers was 10.85 mm V−1. The unsteady pressure
p4 at the back wall of the cavity, as indicated in the plan view in figure 1, served as
a reference signal in the phase-referencing process. These transducers had a nominal
sensitivity of 72.5 mV kPa−1. To adjust the gain of the transducer, the pressure
transducers were connected to a PCB Piezotronics Sensor Signal Conditioner (model
number 481A), which also employed a low-pass analogue filter at a cutoff frequency
of 10 Hz. The conditioned analog pressure signals were converted to digital format
by a PCI-MIO-16E-4 multichannel data acquisition board from National Instruments.
For the pressure analyses, the sampling rate was set to 20 samples per second,
corresponding to a Nyquist frequency of 10 Hz, which was well above the typical
maximum frequency of interest in the present study. Sampling was conducted over a
time span of 102.4 s, corresponding to a total of 2048 samples. Ten of these time
records were acquired for each inflow velocity. Furthermore, in order to allow phase
referencing during the PIV experiments, a sampling rate of 20 kS s−1 was selected.

The amplitude of the free-surface fluctuation was determined by using a high-
definition camera focused on the junction between the free surface and the vertical
wall of the cavity; simultaneously, unsteady pressure measurements were acquired. The
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aforementioned correlation was employed to convert the transducer output in volts to
the free-surface deflection in millimetres at the antinode of the gravity standing wave
located along the wall of the cavity. This was accomplished by analysing instantaneous
images from the high-definition camera and unsteady pressure measurements. The
patterns plotted in figure 9 were determined by combining the amplitude values from
the pressure transducers p1–4 and standing wave theory.

The unsteady pressure in the cavity and the Q-Switch synch out signal of the laser
were used to determine the phase of the flow structure in the oscillation cycle. The
size of the phase window at a nominal value of phase was 10◦, where the complete
oscillation cycle corresponded to 360◦. For each set of PIV experiments, 200 sets
of images were recorded simultaneously with the pressure signal. A total of 15 sets
of experiments were conducted, and 3000 sets of images were recorded. The time-
averaged flow structure was evaluated by averaging 3000 instantaneous velocity fields.
The phase-referencing technique involved a minimum of 60 velocity fields per phase,
which were used to determine the phase-averaged velocity, vorticity and streamline
topology.

3. Concept of coupling between shear layer and gravity standing wave

A fluid-resonant cavity oscillation involves coupling of the inherent instability of
the unstable separated shear layer along the cavity opening with one or more modes
of a gravity standing wave within the cavity (Rockwell & Naudascher 1978). This
coupling occurs when the frequency of a highly amplified disturbance in the separated
shear layer coincides with an eigenfrequency of the gravity standing wave within the
cavity. The reader is referred to Wolfinger et al. (2012) for a review of lock-on
phenomena related to the present concept. Figure 2 illustrates the features of shallow
flow past a single cavity (defined in the schematic in the inset) with and without
a gravity standing wave, which is oriented in the streamwise direction. Figure 2(a)
shows the time-dependent pressure fluctuations within the cavity, and figure 2(b,c)
represent the spectra of these pressure fluctuations. Existence of the gravity standing
wave, designated by the solid line in figure 2(a), is associated with large-amplitude
pressure fluctuations within the cavity, and results in a well-defined spectral peak in
figure 2(c). On the other hand, the spectral peak without the gravity standing wave
is barely detectable, as shown in figure 2(b).

Corresponding patterns of instantaneous vorticity are shown in figure 2(d,e). In
figure 2(d), there is lack of a coherent vortical structure in absence of a gravity
standing wave; different scales associated with background turbulence are present.
On the other hand, in figure 2(e), a large-scale, highly coherent vortex in the
shear layer is associated with the gravity standing wave. This large-scale vortex
is a result of disturbance amplification in the streamwise direction, starting from
a low-amplitude transverse undulation of the separated shear layer at a location
immediately downstream of the separation corner to progressively larger amplitude
and eventually rolls up into the coherent vortex. Comparison of the patterns of
vorticity in figure 2(d,e) is remarkably similar to the comparison given by Fiedler &
Mensing (1985). In their experiment, localized (acoustic) excitation was applied at the
separation corner, that is, the origin of the separated shear layer, and the perturbed
shear layer evolved to the same type of large-scale vortical structure indicated in
figure 2(e). The most receptive region of the separated shear layer is at the separation
corner, so irrespective of whether the excitation is applied in a localized manner at
the corner or over the entire extent of the shear layer, the conversion to vorticity
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FIGURE 2. (Colour online) (a) Pressure signals for cases without (dashed line) and with
(solid line) coupling with gravity standing wave. (b–e) Spectral response of pressure and
instantaneous patterns of vorticity (ωL/U) without and with coupling with gravity standing
wave. ( f and g) Amplitudes of spectral peaks Sp(f )/(ρU2/2) of pressure and frequency
f /fn at which spectral peak of pressure fluctuation occurs as a function of dimensionless
inflow velocity (U/fnL).

fluctuations occurs at the corner. That is, in figure 2, the standing wave exists
along the entire streamwise extent of the shear layer, but the conversion to vorticity
fluctuations occurs at the corner.

Figure 2(f ) shows two types of contributions to the spectral amplitudes
Sp(f )/(ρU2/2) of the pressure fluctuations within the cavity plotted against the
dimensionless inflow velocity U/fnL. The pressure pa measured at the impingement
corner indicates the combined influence of the unsteady shear layer along the cavity
opening and the gravity standing wave, while the pressure pb inside the cavity is
due only to the gravity standing wave within the cavity. It is evident in figure 2( f )
that the amplitude of the spectral peak is consistently higher for pressure pa at
the downstream corner, due to impingement of the unsteady shear layer (Tang &
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FIGURE 3. Amplitude of spectral peak Sp(f )max/(ρU2/2) as a function of the
free-stream velocity U.

Rockwell 1983). For both classes of pressure fluctuations, however, very low spectral
amplitudes Sp(f )/(ρU2/2) occur at low reduced velocity, indicated by the encircled
data points at U/fnL= 0.78. This state of the pressure fluctuations corresponds to the
case designated as no gravity standing wave in figure 2(b,d). As the value of reduced
velocity U/fnL increases, the spectral amplitudes of both pa and pb rise rapidly to
attain a peak amplitude designated by the encircled points at U/fnL = 1.44. This
state of the oscillation corresponds to the maximum coupling between the inherent
instability of the shear layer and the gravity standing wave, and represents the case
designated as a gravity standing wave in figure 2(c,e). Further increases of U/fnL
yield rapid decreases in the spectral amplitudes of the pressure fluctuations. The
fact that the resonant response of figure 2 is associated with frequency lock-on is
indicated in figure 2(g). The locked-on state corresponds to f /fn= 1, in which fn is the
eigenfrequency of the gravity standing wave in the cavity. It extends over the range
of U/fnL corresponding to large magnitude of the spectral amplitude Sp(f )/(ρU2/2),
and the largest magnitude occurs near the midpoint of the lock-on region.

4. States of resonant response: spectra and turbulence statistics
Figure 3 shows the amplitude response characteristics of the sequential cavities.

This response is shown in figure 3 by the plot of dimensionless amplitude of the
spectral peak of the unsteady pressure p, i.e. Sp(f )max/(ρU2/2) as a function of U.
As shown in the schematic in the inset of figure 3, the pressure p5(t) measured at the
impingement corner of the trailing cavity is represented by the triangular symbol, and
the pressure at the end of the trailing cavity p4(t) is designated by the square symbol.
The peaks in the plots of figure 3 are due to the successive onset of transverse and
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FIGURE 4. (Colour online) Amplitude of spectral peak Sp(f )max/(ρU2/2) as a function
of reduced inflow velocity U/fnL for (a) longitudinal and (b) transverse modes of gravity
standing waves within cavities.

longitudinal modes of the gravity standing wave; coupling in these modes corresponds
to the sharp spectral peaks in the spectra Sp(f ). The depth-averaged inflow velocities
U = 273 and 475 mm s−1 correspond to resonant responses where the frequencies
of the transverse and streamwise oriented gravity standing waves match the inherent
instability frequencies of the separated shear layer as indicated in § 4.

Figure 4(a) gives the magnitude of the spectral peak Sp(f )max/(ρU2/2) versus
U/fnL in presence of the longitudinal (streamwise-oriented) gravity standing wave.
The maximum magnitude of the spectral peak occurs at the dimensionless flow
velocity U/fnL = 1.6. At all values of U/fnL, the magnitudes of the spectral peaks
Sp(f )max/(ρU2/2) are consistently larger for the pressure p5 at the impingement
corner of the trailing cavity, relative to the value p4 at the end of the cavity. For this
longitudinal (streamwise-oriented) mode of the gravity standing wave, the maximum
amplitudes occur along the faces of the corners and the faces of the partition wall
located between the two cavities. This contribution from the standing wave, along
with the contribution from the impingement of the unstable, separated shear layer
upon the trailing corner, yields a larger overall unsteady pressure amplitude, relative
to p4 at the end of the cavity.

Figure 4(b) shows the magnitude of the spectral peak Sp(f )max/(ρU2/2) as a
function of reduced velocity U/fnL for the transverse-oriented gravity standing wave.
The maximum spectral peak is attained at a value of U/fnL = 2.9. It is apparent
that the magnitude of the peak is consistently higher for pressure p4 at the end
of the cavity; in this transverse mode, the gravity standing wave has its maximum
amplitude at the closed end of the cavity, and its minimum amplitude at the open end.
There is, however, an additional contribution at the open end, arising from unsteady
impingement of the unstable, separated shear layer upon the trailing corner of the
cavity.
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If the thickness of the separated shear layer is sufficiently small compared with
the cavity width, as is the case for the present investigation, the instability of the
separated layer along the edge of the recirculation zone can be described by linear
theory. Knisely & Rockwell (1982) have demonstrated, for flow past a cavity, that
the experimentally determined regions of linear (exponential amplification) growth of
amplifying disturbances are well approximated using this approach. For the present
investigation, in order for a locked-on oscillation to occur, the frequency of the
inherent instability of the separated shear layer along the opening of the cavity
must match the eigenfrequency of the gravity standing wave. Unlike the discrete
eigenfrequency of the gravity standing wave, the shear layer instability can be
substantially amplified over a band of frequencies, i.e. large values of amplification
rate occur over a range of frequencies. In other words, any frequency within this
band has the potential to match the frequency of the gravity standing wave. Since
the velocity distribution across the shear layer has the form of a hyperbolic tangent,
it is appropriate to use the stability theories of Michalke (1964, 1965) to determine
the frequencies and wavelengths that are most susceptible for matching with the
frequency of the standing wave. In fact, Chu et al. (1991) performed a stability
analysis for disturbance growth influenced by bed friction. They replicated Michalke
(1965)’s curve of amplification rate versus wavenumber of the instability wave for
the limiting case of frictionless flow, that is, zero bed friction; even in the presence
of increasing values of bed friction, the wavenumber associated with the maximum
amplification rate changes very little, that is, by the order of 6 %. Moreover, the
values of the stability parameter S determined herein are S= 0.007 for the transverse
mode and S = 0.004 for the longitudinal mode of the gravity standing wave, which
are present very close to the frictionless case S = 0. Michalke (1965) provides an
overview of equivalencies between temporal and spatial disturbance amplification
in terms of effective amplification rate, frequency and wavenumber. With this
information, it is possible to determine the compatibility of: the eigenfrequencies of
the standing waves; and the frequencies for which disturbances are highly amplified
in the separated shear layer. Let the ftr and flong be the eigenfrequencies of the
transverse (tr) and longitudinal (long) gravity standing waves. For considerations of
the instability wave, these frequencies are, in dimensionless form, ftrθ/U = 0.0124
and flongθ/U = 0.0179, in which θ is the momentum thickness of the separated
shear layer and U is the mainstream velocity. Considering temporal amplification,
which is consistent with the plots of Chu et al. (1991), the values of effective
amplification factor αrθ(ci/cr)= 0.09 and 0.094, respectively, for ftrθ/U= 0.0124 and
flongθ/U= 0.0179. These values of αrθ(ci/cr) are 94 and 97 % of the maximum value
of amplification factor αrθ(ci/cr) that occurs at a frequency lying between the two
values of aforementioned dimensionless frequency. In essence, this indicates that the
frequencies in the unstable shear layer, corresponding to the eigenfrequencies of the
gravity standing waves are susceptible to large amplification and thereby satisfy the
essential condition for a self-sustained oscillation in the locked-on state.

Figure 5 shows spectra of the pressure fluctuation at the end of each cavity for
the transverse and longitudinal modes of the gravity standing wave, corresponding
respectively to values of reduced velocity U/fnL = 2.9 and 1.6. The plot on the left
shows the spectral response of the fluctuating pressure p2 in the leading cavity, and
the one on the right corresponds to the fluctuating pressure p4 in the trailing cavity.
It is apparent from the graphs that the frequencies of the transverse (fn = 0.63 Hz)
and longitudinal (fn = 1.96 Hz) modes of the gravity standing wave are the same in
the leading and trailing cavities, i.e. the frequency of the coupled oscillations is the
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FIGURE 5. (Colour online) Amplitude of the spectral peak Sp(f )max/(ρU2/2) of pressure
fluctuation in (a) leading and (b) trailing cavities for transverse and longitudinal modes
of gravity standing waves within cavities.

same regardless of which cavity is considered. However, the amplitudes of the coupled
oscillations are detectably different in the leading and trailing cavities. The magnitude
of the spectral peak Sp(f )max/(ρU2/2) for the transverse mode is 15 % larger in the
trailing (downstream) cavity, and for the longitudinal mode, it is 7 % larger in the
trailing cavity.

Figures 3–5, described in the foregoing, show two resonant states arising from
coupling between the unsteady shear layer along the cavity and a gravity standing
wave mode within the cavity; one state involves the transverse mode and the other
involves the longitudinal (streamwise-oriented) mode of the gravity standing wave. In
these resonant states, the spectra Sv/U of the transverse v component of the velocity
fluctuation in the unsteady separated shear layer along the opening (y = 0) of each
cavity have the forms indicated in figure 6. The maximum value of the spectral peak
Sv/U is significantly larger for the transverse mode of the gravity standing wave.
Irrespective of whether the transverse or longitudinal mode is considered, sharply
defined spectral peaks are evident in the leading and trailing cavities.

Figure 7 shows an overview of the patterns of: root-mean-square (r.m.s.) of the
streamwise (longitudinal) velocity fluctuation urms/U (top row), transverse (vertical)
velocity fluctuation vrms/U (middle row) and Reynolds shear stress 〈u′v′〉/U2 (bottom
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FIGURE 6. (Colour online) Spectra Sv/U of cross-stream velocity fluctuation in shear layer
along openings of cavities (y= 0), for transverse (a) and longitudinal (b) modes of gravity
standing waves within cavities.

row). For the case of the transverse-oriented gravity standing wave at U/fnL = 2.9
in figure 7(a), it is evident that the spatial extent and the peak magnitude of each
of the aforementioned turbulence quantities are larger for the trailing cavity of
the two cavity system. To be sure, substantial amplitudes occur along the leading
cavity. A further distinction is that the regions of largest (dark red) magnitude
tend to occur in the upstream region of the separated shear layer of the trailing
cavity. These largest-magnitude regions along the opening of the trailing cavity are
apparently due to the downstream propagation of turbulence within the separated
shear layer. Regarding the longitudinal (streamwise-oriented) gravity standing wave,
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FIGURE 7. (Colour online) Patterns of r.m.s. of the streamwise (urms/U) and transverse
(vrms/U) velocity fluctuations, Reynolds stress 〈u′v′〉/U2, for transverse and longitudinal
modes of gravity standing waves within cavities, are represented respectively by images
in (a) and (b).

the corresponding images in the right column of figure 7 indicate larger magnitudes
of all turbulence quantities in the early region of development of the shear layer
along the trailing cavity relative to the leading cavity. A common feature of all
of the images of figure 7 is therefore enhanced levels of streamwise urms/U and
transverse vrms/U fluctuations and Reynolds stress 〈u′v′〉/U2 in the initial region of
development of the separated shear layer along the trailing cavity. This observation
suggests that the unsteadiness from the shear layer along the leading cavity and its
interaction with the impingement corner of the leading cavity provide unsteady inflow
conditions for the shear layer along the trailing cavity. This incident unsteadiness
either modulates or interacts with the naturally evolving unsteadiness of the trailing
shear layer to yield the enhancements of the turbulence quantities evident in figure 7.
The associated fluctuations for both the transverse and longitudinal cases of figure 7
show well-defined concentrations of vrms/U, which are different in magnitude, as
evidenced by the velocity spectra of figure 6. Moreover, the existence of a V-shaped
amplification of urms/U (top row) is present in both cases, which was also detected
by Ekmekci & Rockwell (2007, 2010), Basley et al. (2011), Liu & Katz (2011) and
Tuna et al. (2013). These patterns of urms/U are due to the onset and streamwise
growth of the instability and turbulence in the separated shear that forms downstream
of flow separation, which occurs at the corner of the cavity. That is, when the shear
layer separates, an inflection point appears in its velocity distribution; this inflectional
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FIGURE 8. (Colour online) (a,b) Contours of time-averaged vorticity 〈ω〉L/U; (c,d)
transverse velocity 〈v〉/U; and (e,f ) streamlines 〈ψ〉, for transverse and longitudinal modes
of gravity standing waves within cavities, are represented respectively by images in (a,c,e)
and (b,d,f ).

distribution promotes the rapid amplification of disturbances and enhancement of
turbulence. Patterns of urms/U can show V-shaped amplification both with and without
existence of a gravity standing wave within the cavity, as shown in the shallow flow
investigations of Ekmekci & Rockwell (2007) and Tuna et al. (2013).

5. Time-averaged flow structure
Figure 8 provides time-averaged representations of the flow structure. In figure 8(a),

contours of time-averaged vorticity 〈ω〉L/U indicate a wide extent of 〈ω〉L/U, which
is consistent with the large magnitudes of the turbulence quantities urms/U, vrms/U
and 〈u′v′〉/U2 in the presence of the transverse mode of the gravity standing wave
given in figure 7. Moreover, when the longitudinal (streamwise-oriented) gravity
standing wave exists, as shown in figure 8(b), the width of the vorticity layer 〈ω〉L/U
is substantially diminished. The rate of attenuation of high levels of 〈ω〉L/U in the
streamwise direction is also of interest. For the longitudinal mode of the standing
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FIGURE 9. (Colour online) Contours of instantaneous water depth inside cavity
corresponding to transverse (a) and longitudinal (b) modes of gravity standing waves
within cavities. Red contour levels represent values of water depth larger than the nominal
water depth hw and blue contour levels represent values of water depth smaller than
nominal depth hw; hd is oscillation amplitude of gravity standing wave.

wave, the (yellow) region that indicates a high level of vorticity 〈ω〉L/U extends well
downstream towards the impingement region of each cavity. On the other hand, for
the transverse mode of the gravity standing wave, the high levels (yellow colours) of
〈ω〉L/U are rapidly attenuated in the streamwise direction. It is therefore evident that
the magnitudes of the aforementioned turbulent stresses in the separated shear layer
along the cavity opening are directly correlated to both the rate of degradation of
peak vorticity and increase in width of the time-averaged vorticity layer.
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Figure 8(c,d) show contours of constant time-averaged transverse velocity 〈v〉/U.
Blue contours indicate outward-oriented transverse flow, i.e. flow towards the opening
of the cavity, and red contours indicate inward-oriented flow, that is, into the cavity.
Larger magnitude, outward-oriented (dark blue) flow and inward-oriented (dark red)
flow occurs for the transverse mode figure 8(c), relative to the longitudinal mode
figure 8(d), thereby signifying enhanced recirculation flow within the cavity for the
transverse mode. A further, common feature of both cases is the existence of a
localized region of outward-oriented flow at the upstream corner of the splitter plate,
i.e. impingement corner of the leading cavity. However, the scale of this localized
region decreases in presence of the longitudinal gravity standing wave. Consideration
of this localized blue cluster in conjunction with the red contours along the upstream
edge of the splitter plate (trailing edge of the leading cavity) suggests a stagnation
point near the upstream corner of the splitter plate, i.e. the impingement corner of
the leading cavity.

Figure 8(e, f ) show patterns of time-averaged streamlines 〈ψ〉. Both of these patterns
show existence of a stagnation streamline, which emanates from the upstream corners
of the leading and trailing cavities and impinges on the respective downstream
corners. Remarkably, the general form of the streamline patterns is very similar for
the cases of transverse and longitudinal modes of the gravity standing waves within
the cavities and, furthermore, for both the leading and trailing cavities in a given
mode. Furthermore, for both modes of the gravity standing wave, there is a single
large recirculating eddy within the cavity, which has an aspect ratio L/W = 0.66. This
pattern is also evident in the review of Shankar & Deshpande (2000) for lid driven
cavities having aspect ratios L/W of 0.5 and 1. Immediately exterior to the region
surrounding the foci (centres) of the streamline patterns, the streamline pattern spirals
outward in all cases.

6. Phase-averaged flow structure

An understanding of the origin of the strongly coupled resonant states described
in the foregoing requires consideration of the time sequence of patterns of the flow
structure along and within the cavity, with particular attention to: (i) a favourable
phase shift between the standing waves that occur in the leading and trailing cavities
of the two-cavity system; and (ii) an overall phase shift of the transverse undulations
of the separated shear layer along the opening of each cavity as well as along the
entire extent of the system of successive cavities. In the following, the phase shift
between the gravity standing waves in adjacent cavities is first addressed, followed by
the phase shift along the separated shear layer.

Highly coherent oscillations of the nominally turbulent shallow flow past the
sequence of cavities are attainable through coupling with gravity standing wave
modes within the cavities. The gravity standing wave mode that exists within a given
cavity, and its phase relationship to the mode in the adjacent cavity, are central
to determining whether a self-excited coherent oscillation occurs. Figure 9 shows
the admissible modes and phase relationships of the gravity standing wave systems,
which were determined during self-sustained oscillations from multiple pressure
measurements on the walls of the cavities, at the locations (p1, p2, p3, p4) indicated
in figure 1. The elevation of the free surface above the bed (bottom surface), that
is, the water depth, is designated by shades of red and blue, where red indicates
a water depth larger than the nominal water depth hw, and blue corresponds to a
depth smaller than the nominal value hw. The vertical displacement hd corresponds
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to the amplitude of the free surface oscillation within the cavity, and the extreme
amplitudes are designated as hw ± hd. For both sets of schematics shown in figure 9,
the instantaneous elevation of the free surface is shown at a defined time t and a
later time t + Tw/2, in which Tw is the period of oscillation of the gravity standing
wave. The plots of hw versus t in figure 9 illustrate the time history of free surface
elevation over two oscillation periods, i.e. 2Tw. In these plots, the solid and dashed
lines correspond respectively to the time-dependent elevations of the free surface in
the leading and trailing cavities.

The top row of schematics of figure 9 shows the existence of a transverse gravity
standing wave in each cavity; these gravity standing waves are shifted by a phase
angle of π (180◦). At the instants of time t and t+ Tw/2, the gravity standing wave
in the trailing cavity is shifted by π with respect to the gravity standing wave in the
leading cavity. This phase difference of π is, of course, maintained for all values of t
as shown in the graph. For the images shown in the top row of figure 9, the (red) free-
surface elevation in the leading cavity at time t is larger than the nominal elevation
hw of the free surface, while at time t+ Tw/2 the (blue) free-surface elevation in the
leading cavity is smaller than the nominal elevation of hw.

The bottom row of schematics represents the gravity standing waves in the
longitudinal (streamwise-oriented) mode in both sequential cavities; they are shifted
with respect to each other by π/2, that is, the phase angle between them is 90◦. At
time t, in the region along the left boundary of the leading cavity, the elevation (blue)
of the free-surface is smaller than the nominal elevation hw. At time t + Tw/2, this
same region of the free surface has an elevation (red) greater than the nominal depth
hw. At both instants of time, the elevation of the free surface in the trailing cavity is
approximately at the nominal elevation hw, which shows the π/2 phase shift of the
gravity standing wave between two cavities. For both the transverse and longitudinal
modes described in the foregoing, the unique value of phase shift that occurs between
the gravity standing waves in adjacent cavities indicates that the oscillation of the
two cavity system is a globally coupled phenomenon.

The foregoing patterns of phase shifted gravity standing waves in successive
cavities coexist with the separated vorticity layers along the openings of the cavities.
Figure 10(a,b) show patterns of phase-averaged vorticity 〈ω〉pL/U for the transverse
and longitudinal modes of the gravity standing waves. By comparison of images at
a given phase, it is possible to determine common features of the vortical structures
in the separated shear layers. Clusters of phase-averaged vorticity are labelled as A,
B, C and D. In figure 10(a), at φ = 0◦, the clusters of 〈ω〉pL/U in the leading and
trailing cavities are labelled as A and B. Similar clusters of vorticity can be identified
at φ= 180◦; however, at this value of φ, cluster B is in the leading cavity and cluster
A is in the trailing cavity as a result of π phase shift between the gravity standing
waves in the leading and trailing cavities. A similar comparison can be done at the
oscillation phases of φ = 90 and 270◦; where clusters of phase-averaged vorticity are
labelled as C and D. On the other hand, in figure 10(b), like clusters of vorticity
occur at different phases. At φ= 180◦, the vorticity cluster along the leading cavity is
labelled as C. A similar cluster C is evident along the trailing cavity at φ= 270◦, due,
of course, to the π/2 phase shift between leading and trailing cavities. This phase
shift can also be seen by comparing clusters of vorticity A, B and D at different
phase angles φ of the oscillation.

Furthermore, it is possible to determine the consequence of different orientations
of the gravity standing wave on the patterns of Reynolds stress correlation 〈u′v′〉/U2

in figure 7 by cross-comparison of the patterns of phase-averaged vorticity in

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
4.

54
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2014.548


674 B. A. Tuna and D. Rockwell

–1 –2 –3 –4 –5 –6 –7 –8 –9

–1 –2 –3 –4 –5 –6 –7 –8 –9

p

t

p

t

p

t

p

t

p

t

p

t

p

t

p

t

A

A

A

C C

C

C

D

D

D

D

A

B
B

B

B

A

A
B B

A

A
B B

A–A

B–B

B–B

A–A

Transverse mode

Longitudinal mode

(a)

(b)

FIGURE 10. (Colour online) (a) Contours of phase-averaged vorticity 〈ω〉pL/U, for
transverse mode of gravity standing wave within cavities. (b) Contours of phase-averaged
vorticity 〈ω〉pL/U, for longitudinal mode of gravity standing wave within cavities.

figure 10(a,b). For the transverse mode of the gravity standing wave in figure 10(a),
large-amplitude transverse excursions of the vorticity layer occur over an oscillation
cycle. On the other hand, in figure 10(b) for the longitudinal standing wave, the
vorticity layer shows smaller-amplitude transverse excursions about a nominal state.
These observations are consistent with the patterns of Reynolds stress correlation
〈u′v′〉/U2 given in figure 7.

Another crucial element of the resonant, self-sustained oscillations described in
the foregoing is the transverse undulation of the separated vorticity layer along the
opening of the cavity, represented by the transverse velocity component v(t). Its
streamwise phase variation Φv(x) is central to determination of the phase speed and
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FIGURE 11. (Colour online) Phase variation of transverse velocity Φv with downstream
position (x/2L) along a horizontal line y/L = 0.08 (circular symbols) and along a line
where 〈u〉/U = 0.9 (square symbols), for transverse (a) and longitudinal (b) modes of
gravity standing waves within cavities.

wavelength. Figure 11 shows the streamwise phase variation [Φv − (Φv)0]/π, in
which (Φv)0 is the phase angle at the separation corner. Two paths were employed
for evaluation of [Φv− (Φv)0]/π: along a horizontal line at an elevation of y/L= 0.08
(circular symbols) above the leading corner of the sequential cavity configuration; and
along a line at the edge of the time-averaged velocity distribution where 〈u〉/U= 0.9
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(square symbols). Also shown is a representative image of contours of constant
vorticity at a selected instant during the oscillation cycle. For the case of the gravity
standing wave oriented in the transverse direction, represented by the top plot,
the value of [Φv − (Φv)0]/π increases with streamwise distance x/2L. Particularly
remarkable is that the overall phase difference is [Φv − (Φv)0]/π ∼= 2 from the
separation corner of the leading cavity at x/2L= 0 to the impingement corner of the
trailing cavity at x/2L= 1. Deviations from an exact value of [Φv − (Φv)0]/π= 2 are
due to the end condition at impingement, that is, distortion of the vorticity layer as
it approaches the impingement corner. Furthermore, the overall form of the pattern
of vorticity, which extends over the leading and trailing cavities, mimics very closely
formation of a single vortex. For the case of incompressible flow past a single cavity
in the absence of free-surface and gravity standing wave effects, it is known that
formation of a single vortex along the cavity opening is associated with an overall
phase difference along the separated vorticity layer of 2π (Knisely & Rockwell
1982). In other words, due to the phase difference of π between the transverse
gravity standing waves in the leading and trailing cavities of the transverse mode
of figure 11, and an overall phase difference of 2π of the undulating shear layer, it
is possible to attain a vorticity layer resembling a single large-scale vortex, at least
during a portion of the oscillation cycle, thereby mimicking the classical oscillation
past a single cavity.

On the other hand, for the case of the longitudinal mode given in figure 11,
the overall phase difference is [Φv − (Φv)0]/π ∼= 4 from the separation corner of
the leading cavity at x/2L = 0 to the impingement corner of the trailing cavity at
x/2L = 1, with approximately 2π phase difference along the leading cavity and 2π
phase difference along the trailing cavity. Such a phase difference of 2π along each
of the cavities allows the oscillation along each cavity to be self-sustained. The
corresponding vorticity image indicates an organized, undulating disturbance along
each cavity. The structure of the vorticity layer is representative of a low-amplitude
undulating disturbance that apparently is reinforced through the condition of a 2π
phase shift between perturbations at the leading-edge of the leading cavity and the
tip of the partition between the two cavities.

Physical interpretation of the overall phase difference of 2nπ, n= 1, 2, . . . , in the
streamwise direction in the undulating vorticity layer, described in the foregoing has
been addressed for the case of a single cavity configuration, in the absence of a free
surface, by Rockwell & Naudascher (1979), Knisely & Rockwell (1982) and Rockwell
(1983). Upstream influence arising from impingement of the undulating vorticity layer
upon the trailing (downstream) corner of the cavity induces vorticity fluctuations in
the highly receptive region of shear layer separation at the leading (upstream) corner
of the cavity. When the overall phase difference of the downstream traveling wave
associated with the undulating vorticity layer has a value of 2nπ, n= 1, 2, . . . , this
effect of the upstream influence is reinforced to provide a self-sustaining feedback
loop, and therefore a highly coherent oscillation. This same concept can be applied to
the present case of sequential cavities, for both the foregoing cases of the transverse
and longitudinal gravity standing waves.

Complementary insight into the cavity oscillations is provided in figure 12; it shows
the contours of constant phase-averaged transverse velocity 〈v〉p/U over an oscillation
cycle. The colour red indicates a direction of transverse velocity oriented in the
negative vertical direction, that is, into the cavity, whereas colour blue indicates an
orientation in the opposite direction. These patterns provide a basis for interpretation
of the flow structure associated with both the vorticity and non-vorticity bearing
regions of the flow.
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FIGURE 12. (Colour online) Contours of phase-averaged transverse velocity 〈v〉p/U,
for transverse and longitudinal modes of gravity standing waves within cavities, are
represented respectively by images in (a) and (b).

Consider first the transverse mode, i.e. the left column of images. In the first
two rows of images of figure 12, that is φ = 0 and 90◦, outward-oriented (blue
contours) flow dominates along the mouth of the trailing cavity, and inward-oriented
(red contours) flow is prevalent along the mouth of the leading cavity. Due to the π
phase shift between the leading and trailing cavities, these patterns are switched at
larger values of phase angle φ of the oscillation. That is, if the patterns at φ = 90
and 270◦ are compared, the patterns of 〈v〉p/U are switched between the leading
and trailing cavities. For example, the red and blue contour patterns appearing in the
leading cavity at φ = 90◦ are located in the trailing cavity at φ = 270◦. Likewise,
the contour patterns appearing in the trailing cavity at φ = 90◦ are approximately
replicated in the leading cavity at φ = 270◦. The contributions to the patterns of
〈v〉p/U are from the motion of the inviscid gravity standing wave, vorticity bearing
fluid in the large-scale recirculation zone within the cavity, as well as vorticity
bearing fluid in the separated shear layer along the opening of the cavity. Despite
these different contributions, the phase shift of π between the gravity standing waves
in the leading and trailing cavities is maintained in the patterns of 〈v〉p/U.

The longitudinal mode of the gravity standing wave is represented in the right
column of figure 12. The patterns of the gravity standing wave given in figure 9
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indicate a phase shift of π/2 between the leading and trailing cavity, in absence of
the vorticity field associated with the recirculation within the cavity and the separated
layers along the cavity openings. This phase shift is reflected in the patterns of
figure 12. For example, the patterns of transverse velocity 〈v〉p/U in the leading cavity
at φ = 90◦, are very similar to those in and along the trailing cavity at φ = 180◦.

For both the transverse and longitudinal modes of the gravity standing wave,
represented by the patterns in the left and right columns of figure 12, well-defined red
and blue concentrations exist along the cavity opening. Generally speaking, there is a
correlation between the centre of the vorticity concentrations given in figure 10(a,b)
and the location midway between the centres of a given pair of concentrations
of 〈v〉p/U in figure 12. Moreover, these pairs of 〈v〉p/U concentrations propagate
downstream along the opening of a given cavity. In turn, this propagation (or phase)
speed cv/U is related to the streamwise variations of phase [Φv − (Φv)0]/π along the
cavity opening, given in figure 11. That is, cv/U= 2πf /(∂Φ/∂x)U. It is evident from
the plots of [Φv − (Φv)0]/π given in figure 11 that the variation of [Φv − (Φv)0]/π
with x/2L is nonlinear in the region immediately downstream of the separation corner
of the leading cavity, that is, the slope of this curve is small, and thereby the phase
speed will be correspondingly small. The averaged phase speed was calculated over
the openings of the leading and trailing cavities, that is, extending from x/2L= 0 to 1.
The values are cv/U= 0.70 and 0.63, respectively, for the transverse and longitudinal
wave systems within the cavities. In addition, it is possible to deduce the averaged
wavelength λ/L along the leading and trailing cavities according to the relationship
cv/f . For the transverse and longitudinal modes of gravity standing wave, these
values are λ/L = 2 and 1, respectively, thereby reinforcing the observations in the
foregoing that the transverse mode of the gravity standing wave is associated with
approximately one wavelength extending over the openings of the leading and trailing
cavities, and thereby the tendency to form a single large-scale vortex. On the other
hand, for the case of the longitudinal modes within the leading and trailing cavities,
one wavelength exists along each of the cavities.

Phase-averaged streamline 〈ψ〉p patterns are given in figure 13. It is evident that
the magnitude of the undulation of the interface between the mainstream and the
cavity is larger in presence of the transverse gravity standing waves, shown in the
left column of images, relative to the longitudinal mode of the gravity standing
waves, represented in the right column of images. Furthermore, for the transverse
mode, the π phase shift between the oscillations of adjacent cavities is apparent. For
example, at φ = 90◦ (second row), in the trailing cavity, the streamline patterns at
the interface with the mainstream and in the recirculation zone exhibit similarity with
the patterns in the leading cavity at φ = 270◦ (fourth row) due to the π phase shift
between the transverse gravity standing waves in these cavities. Likewise, for the
longitudinal gravity standing wave system (right column of images), the deformation
of the streamlines at the interface of the leading cavity at φ = 90◦ is similar to that
along the downstream cavity at φ = 180◦. Moreover, the overall streamline pattern
and the location of the focus (centre) of the pattern is very similar for these two
cases. These observations are indicators of the π/2 phase shift between leading and
trailing cavities, which are directly linked to the phase shift between the longitudinal
gravity standing waves within these cavities.

The streamline 〈ψ〉p patterns of figure 13 reveal an additional feature involving the
interaction of the flow fields between the leading and trailing cavities. Consider the
pattern at φ = 270◦ for the transverse standing wave (left column). It is possible to
identify streamlines, emanating from the interior of the leading cavity, and over the
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FIGURE 13. (Colour online) Patterns of phase-averaged streamlines 〈ψ〉p, for transverse
and longitudinal modes of gravity standing waves within cavities, are represented
respectively by images in (a) and (b).

partition between the leading and trailing cavity. Then, these streamlines are deflected
into the interior of the trailing cavity, more specifically, along its impingement wall.
Thus, the large amplitude oscillations in the transverse mode, involve mass exchange
between the leading and trailing cavities during part of the oscillation cycle. At later
times, corresponding to values of phase angle φ = 0, 90 and 180◦, the leading cavity
shows a stagnation point in the impingement region. With increasing values of φ, the
stagnation point migrates upward until, at φ = 270◦, a gap is created, which allows
flow to pass into the trailing cavity. This mass exchange is therefore limited to a
relatively small window of φ during the oscillation cycle. On the other hand, for the
longitudinal gravity standing wave mode, represented in the right column of figure 13,
the patterns of 〈ψ〉p indicate that the stagnation point at impingement in the leading
cavity remains at the corner of the impingement surface.
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7. Time-averaged patterns of mass exchange

All of the foregoing patterns of the flow structure have important consequences
for the patterns of mass exchange between the mainstream and the cavity. A
dimensionless mass exchange coefficient k can be calculated along the cavity openings;
it reveals the effects of orientation of the gravity standing wave on the mass exchange
process. The dimensionless mass exchange coefficient is evaluated as

k= E(t)
2U

, (7.1)

in which E(t) is the time-averaged exchange velocity and U is the free-stream velocity.
A total of 3000 randomly acquired instantaneous velocity vector fields were

averaged to calculate time-averaged values of E(t), which is given as

E(t)= 1
L

∫ L

0
|v(t)| dx, (7.2)

where v(t) is the instantaneous cross-stream (transverse) velocity along the cavity
opening and L is the length of the cavity. Details of formulation of the exchange
velocity and mass exchange coefficient are given by Tuna et al. (2013).

Figure 14 shows the time-averaged exchange velocity E(t) distribution along the
cavity openings together with the patterns of Reynolds stress correlation 〈u′v′〉/U2.
The plot at the top represents the transverse mode (U/fnL = 2.9) of the gravity
standing wave, and the one at the bottom provides the longitudinal mode (U/fnL=1.6).
It is clear that the overall magnitude of E(t) along the cavity opening is significantly
larger in presence of the transverse mode of the gravity standing wave. Furthermore,
a comparison of the E(t) trends between the leading (upstream) and the trailing
(downstream) cavities reveals the relation between the Reynolds stress patterns and
mass exchange. Reynolds stress 〈u′v′〉/U2 is an indicator of the increased coupling and
thereby the amplitude of the gravity standing wave oscillation. Enhanced 〈u′v′〉/U2

increases the entrainment demand of the separated shear layer along the opening of
the cavity, and affects the mass exchange process between the cavity and the main
stream. It is therefore possible to anticipate that mass exchange will be higher as the
values of Reynolds stress increases. For the transverse mode, the peak magnitude of
E(t) along the trailing (downstream) cavity is relatively larger than along the leading
(upstream) cavity, due to the larger magnitude of the Reynolds stress concentration.
The same general observation holds for the longitudinal mode of the gravity standing
wave, although the peak value of E(t) is only marginally larger for the trailing cavity,
relative to the leading cavity.

As stated previously, the value of exchange velocity E(t) is larger along both
cavities for the transverse mode (U/fnL = 2.9). Thus, one can anticipate an increase
of the dimensionless mass exchange coefficient for the transverse mode of the gravity
standing wave. The values of mass exchange coefficient k= E(t)/2U are respectively,
in presence of longitudinal and transverse modes of the gravity standing wave,
k = 0.032 and 0.048 for the leading cavity, and k = 0.035 and 0.061 for the trailing
cavity. The presence of the transverse gravity standing wave therefore results in an
increase of the mass exchange coefficient k in the range of 50–74 %, relative to the
longitudinal gravity standing wave.
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FIGURE 14. (Colour online) Patterns of time-averaged entrainment velocity (E(t)) and
Reynolds stress (〈u′v′〉/U2) along mouth (y= 0) of cavities, for transverse and longitudinal
modes of gravity standing waves within cavities, are represented respectively by images
in (a) and (b).

8. Conclusions
Flow past a single cavity is well known to give rise to pronounced self-excited

oscillations, due to resonant coupling between the unstable shear layer along the cavity
opening and a standing wave mode within the cavity. In contrast, the occurrence of
such oscillations due to flow past successive cavities has remained unclarified. The
present investigation indicates that highly coherent oscillations of the flow structure
can indeed be generated, even from a nominally turbulent state. The physics has been
pursued with a technique of high-image-density PIV in conjunction with unsteady
pressure measurements.

Onset of these highly coherent oscillations involves occurrence of a resonant peak of
the unsteady pressure amplitude within the cavity when the reduced velocity is varied.

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
4.

54
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2014.548


682 B. A. Tuna and D. Rockwell

This resonant state occurs simultaneously in each of the successive cavities, thereby
indicating a globally coupled resonant response.

The criteria for attainment of this resonant state, that is the occurrence of
self-sustained oscillations, are twofold. First of all, a defined phase shift between
the standing wave oscillations within successive cavities must be satisfied. This phase
shift can take on values of either π/2 or π, depending on the orientation of the
standing wave mode, that is, transverse or longitudinal. Second, an overall phase
shift criteria must be satisfied in the separated shear layer along the openings of the
cavities; in other words, the transverse undulations of the separated layer exhibit a
phase difference of either π or 2π between the separation corner and the impingement
corner of a given cavity, depending upon the orientation of the gravity standing wave
in each cavity. Taken together, these two types of phase shifts allow maintenance of
the self-sustained oscillation.

The time- and phase-averaged representations of the flow structure along and within
the successive cavities are interpreted in terms of vorticity, velocity and streamline
topology. The timing of vortex formation and impingement along the successive
cavities are characterized in terms of patterns of phase-referenced vorticity, which
shows analogous, but phase-shifted, clusters of vorticity along successive cavities.
These patterns of time-dependent vorticity are compatible with regions of outflow and
inflow that extend continuously from deep within the cavity across the separated shear
layer. That is, compatibility exists between the dynamics of the recirculation zone
within the cavity and the separated shear layer along the cavity opening. Patterns
of streamline topology indicate that, if the oscillation amplitude is sufficiently large,
mass transfer occurs between successive cavities during a portion of the oscillation
cycle; such transfer is, however, not a necessary condition for the occurrence of a
locked-on state of the system of successive cavities.

A consequence of these locked-on states of the highly coherent oscillations of
the flow in successive cavities is generation of concentrated regions of Reynolds
stress, which, in turn, are related to the magnitudes of the mass exchange between
the cavity and the mainstream. The magnitudes of both the Reynolds stress and the
mass exchange are a strong function of the orientation of the gravity standing wave,
i.e. transverse versus longitudinal, in successive cavities.
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