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Smooth solutions to the
Christoffel-Minkowski problem in
hyperbolic space

Yating Lei, Lu Xu, and Yutian Zhou

Abstract. In this article, we consider a fully nonlinear equation associated with the Christoffel-
Minkowski problem in hyperbolic space. By using the full rank theorem, we establish the existence of
h-convex solutions when the prescribed functions on the right-hand side are under some appropriate
assumption.

1 Introduction

This article is a sequel to Guan-Ma [15] on geometric fully nonlinear partial differen-
tial equations associated with the Christoffel-Minkowski problem in hyperbolic space
H"*!. In [15], it considered the existence of convex solutions of the following equation:

8 o (uij +udy) =f onS",

where oy is the k-th elementary symmetric function and u;; is the second-order
covariant derivatives of u with respect to orthonormal frames on S”, where a function
u e C*(S") is called convex if (u;; + udy;) > 0. It is known that a necessary condition
for equation (1.1) to have a solution is: for Vi=1,...,n+1,

1.2) /an xif (x)dx = 0.

This condition is also sufficient for the Minkowski problem, which corresponds to k =
n in equation (1.1). In this case, equation (1.1) is the Monge- Ampere equation det(u;; +
ud;j) = f, which has been settled completely by Nirenberg [30] and Pogorelov [33] for
dimension 2 and by Cheng and Yau [6] and Pogorelov [32] for general dimensions.
From their works, for any positive function f € C? satisfying the necessary condition
mentioned above, the Monge-Ampére equation always has a convex solution.

When k = 1, equation (1.1) corresponds to the Christoffel problem and has the
following form:

1.3) Au+nu =f,
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where A is the Beltrami-Laplace operator of the round unit sphere. The operator L =
A + n is linear and self-adjoint. From linear elliptic theory, equation (1.3) is solvable
if and only if f is orthonormal to the kernel of the operator L = A + n. Since # is the
second eigenvalue of the operator —A, the kernel of L is exactly span (x1,...,Xu41)-
Therefore, condition (1.2) is necessary and sufficient for the solvability of equation
(1.3). In general, a solution to equation (1.3) is not necessarily convex (this is the point
Christoffel overlooked when he made the premature claim in [8]). Alexandrov [1]
constructed some positive analytic function f satisfying (1.2) such that equation (1.1)
has no convex solution. The convexity of solution u to equation (1.1) is equivalent to
a positive lower bound of the eigenvalues of the spherical Hessian (u;; + udj;), which
in turn are exactly the principal radii of the convex hypersurface with u as its support
function. Alexandrov’s examples indicate that when k < n, there exists no such bound.
Equation (1.3) is linear on S”, a necessary and sufficient condition for the existence
of convex solutions of (1.3) was found by reading off from the explicit construction of
the Green function by Firey [10, 11].

For the intermediate cases 1 < k < #, the situation is much more delicate. By the
works of [4, 22, 23], k-convex functions are the natural class of functions where
equation (1.1) is elliptic. Guan-Ma [15] proved the convexity of solutions by using the
full rank theorem under the assumption that f~# is spherical convex.

Motivated by above achievement, we wonder if there is counterpart results for
domains in hyperbolic space. In this article, we considered the existence of uniformly
h-convex solutions of the following Hessian equation:

(14) a(Ulg]) = 97 (),
where f is a given positive and smooth function defined on S", o is the k-th
elementary symmetric function for any k=1,2,...,n, and U is a positive-definite
matrix in S” defined by

1|Dgp* 1 1
L5 Ulp]=D*p - = I+-(¢-=)I,
(15) 2 ¢2¢+2(¢¢)

with I denoting the identity matrix.
We will call a domain h-convex if it satisfies the below condition.

Definition 1.1 A compact domain Q c H"*! (or its boundary 9Q) is horospherically
convex (or h-convex for short) if every boundary point p of 0Q has a supporting horo-
ball, i.e., a horo-ball B such that Q c B and p € 0B. When Q is smooth, it is h-convex
if and only if the principal curvatures of d) are greater than or equal to 1.

For a smooth compact domain Q, we say Q (or 0Q) is uniformly h-convex if its
principal curvatures are greater than 1.

A uniformly h-convex solution refers to a solution ¢ with the matrix U[¢] which
is defined in (1.5) is positive definite everywhere on S".

It is well known that the Minkowski type problems for smooth convex bodies in
Euclidean space can be unified as the prescribed measure problems via the Gauss
map. For domains in hyperbolic space, once a suitable Gauss map has been defined,
one can also study the prescribed measure problems and the curvature problems (see,
e.g., [9,12]).
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Smooth solutions to the Christoffel-Minkowski problem in hyperbolic space 3
We now state our main result.

Theorem 1.2 For a given smooth and positive function f defined on S", if f satisfies
(1) fis an even function, i.e., f (x) = f(—x) for all x € S";
(2) the matrix

1

2|f 51
maxSnf% +2

D*(f %) - |Df *|1+

8
(chy*

is positive semi-definite on S".
Then, there exists a smooth, even, and uniformly h-convex solution to (1.4).

Remark 1In the case k =1, equation (1.4) corresponds to the Christoffel problem
which has the following simple form after inserting the definition of matrix U[¢|:

n|Del*> n 1

(1.6) A‘P—2|;)|+2(‘P—(P):‘Pf(x)-

This case has been settled by the work of Chen [5] where he proved the existence of
uniformly h-convex solutions to above equation under some appropriate sufficient
condition. In particular, when # =1, equation (1.6) reduced to an ODE which has
been studied recently by Li-Wan [24]. When we finished our work, we notice that
the horospherical p-Christoffel-Minkowski problem was recently established by
Hu-Li-Xu [19] and Luo-Wei [29], which include our case with p = 0, but our method
and the condition in theorem are different to theirs.

In this article, we will obtain a priori estimates and full rank theorem, then
ultimately utilizing degree theory to prove the existence of solutions to the Christoftel-
Minkowski problem in hyperbolic space. The main difficulty in estimating second-
order derivatives is shifted from dealing with the negative square terms of second-
order derivatives which arise from application of the fourth-order derivatives
exchange formula. As for the proof of deformation lemma, we consulted the famous
work of Guan and Ma in [15]. However, in view of the fact that the tensors in hyperbolic
space are no longer Codazzi tensors, one need to be careful when handling the terms
of third- and fourth-order derivatives, as the indices of them cannot be exchanged
freely as in Euclidean space.

The organization of this article is as follows: we derive equation (1.4) together with
some basic facts about elementary symmetric functions and hyperbolic space in the
next section. In Section 3, we establish C°, C!, and C? priori estimates for uniformly
h-convex solutions of (1.1). The full rank theorem for the Hessian equation in H"*!
will be proved in Section 4 with the aid of a key deformation lemma. Finally, the main
result Theorem 1.2 is proved in Section 5 via the degree theory.

2 Preliminaries

In this section, we will give some basic properties of elementary symmetric functions
and establish some key equalities in hyperbolic space.
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2.1 Basics in the theory of hyperbolic space

For a smooth, closed, and uniformly convex hypersurface £ in R"*!, the Gauss
map n:X — S" is a difftomorphism. We shall work in the hyperboloid model of
H"*!, For that, consider the Minkowski space R"*"! with canonical coordinates X =
(X',..., X", X%) and the Lorentzian metric

n+l
(X,X) = 2 (X - (X°)™
i-1
H"*! is the future time-like hyperboloid in Minkowski space R"*"!, i.e.,

H = {X = (XL X0) e R (X X) = -1,X0 > 0},

Given two points X and Y on H"*!, the geodesic distance between X and Y is denoted
by dygn+1 (X, Y). For any X € H"*! with r = dist((0,1), X), there exists 6 € S" such that

(2.1) X = (sinh 70, coshr).

The horospheres are hypersurfaces in H"*! whose principal curvatures equal to 1
everywhere. In the hyperboloid model of H"*!, they can be parameterized by S" x R

H(r) = {X e H"" : (X, (x,1)) = —¢"},

where x € S” and r € R represent the signed geodesic distance from the “north pole”
N =(0,1) e H"*!, The interior of the horosphere is called the horo-ball and we denote
by

Be(r) = {X eH"":0> (X, (x,1)) > —¢"}.

If we use the Poincaré ball model B"*! of H"*!, then B, (r) corresponds to an (n +1)-
dimensional ball which tangents to dB"*" at x. Furthermore, B,(r) contains the origin
forr>0.

Definition 2.1 Let Q c H"*! be an h-convex compact domain. For each X € 9Q), 9Q
has a supporting horo-ball B,(r) for some r € R and x € S". Then, the horospherical
Gauss map G : 90Q) = Seo = (S", goo ) of Q (0r 0Q) is defined by

G(X) =% gow(X)=¢"0,
where o is the canonical S” metric.

Note that the canonical S” metric ¢ is used in order to measure geometric quan-
tities associated with the Euclidean Gauss map of a hypersurface in R"*1, However,
Espinar-Galvez-Mira explained in detail why we use the horospherical metric g., on
S" for measuring geometrical quantities with respect to the horospherical Gauss map
(see [9, Section 2]). Let M be an h-convex hypersurface in H"*!. For each X € M, M has
a supporting horo-ball B, (7). Then, we have (see [2, Equation (5.3)] or [25, Equation
22))

(2.2) X-v=e¢"(x1),
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where v is the unit outward vector of M. Differentiating equation (2.2) gives
(2.3) (dG,dG),. = (W-1)?,

where W is the Weingarten matrix of M and I is the identity matrix. For a smooth
and uniformly h-convex hypersurface M c H"*!, the matrix W - I is positive definite.
Andrews-Chen-Wei [2] introduce the shifted Weingarten matrix of hypersurfaces
W:=W -1, 1let & = (&, ..., k) are eigenvalues of the shifted Weingarten matrix W,
they define the k-th shifted mean curvature

~ 1 )
Hy = Eok(n).

The geometry and analysis on shifted curvatures of hypersurfaces in hyperbolic space
have been widely studied in [2, 18, 20, 35] recently.
We recall Lemma 2.6 in [18] which gives the relation of shifted mean curvatures.

Lemma 2.2 Let M be a smooth closed hypersurface in H™*'. Then,

(2.4) /M(coshr—(V,v))de/,t:fM(V,v)IA-ijd‘u,

where r is the radial function of M, V = sinh ro, be the conformal Killing vector field in
H"*Y, v is the unit outward normal vector of M, and dy is the area element of M.

For a smooth and uniformly h-convex hypersurface M c H™*', by (2.3), we have,
G is a diffeomorphism from M to S”. Let Q be an h-convex compact domain in H™,
then for each x € S”, we define the horospherical support function of Q (or 9Q2) in
direction x by

u(x) :=inf{se R: Q c B,(s)}.
We also have the alternative characterization
(2.5) u(x) = sup{log(—(X, (x,1))) : X € Q}.

The support function completely determines an h-convex compact domain ), as an
intersection of horo-balls:

Q= () Bx(u(x)).
xeS
Since G is a diffeomorphism from 0Q to S" for a compact uniformly h-convex
domain ), then X = G™! is a smooth embedding from S" to dQ and X can be written
in terms of the support function u, as follows:

-, 1 1/|Dg|* 1
(2.6) X(x) = Egv(—x,l) + 5(T + ;)(x,l) - (Dg,0),
where ¢ = ¢” and D is the Levi-Civita connection of the standard metric o of S”. Then,
we have by (2.2)
1
(2.7) X—-v=—(x1).
%
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After choosing normal coordinates around x on S", we can express the Weingarten
matrix in the horospherical support function (see [2, Equation (1.16)] and [25, Lemma
2.2])

-1

(2.8) w-1=(pUlg])

where

1|Dgp* 1 1
Ulp] =D*¢ - - I+=(¢-—)L
[p]=D¢ -3 0 +2(<P g0)
Clearly, Q c H"*! is uniformly h-convex if and only if the matrix U[¢] is positive
definite. So, the Christoffel-Minkowski problem is equivalent to finding a uniformly
h-convex solution to equation (1.4):

ar(Ulp]) = 97 (x),

where a uniformly h-convex solution refers to a solution ¢ with the matrix U[¢] is
positive definite everywhere on S”.

Hence, for uniformly h-convex hypersurfaces in H"*!, we can express the equality
(2.4) by the horospherical support function of hypersurfaces, which was established
by Chen [5].

Lemma 2.3 Let M be a smooth, closed, and uniformly h-convex hypersurface in H"*!
and u = log ¢ be its horospherical support function. Then,

/Sn 9" "ok (U[g])dog:

_ Cﬁ |D90|2 1 -1 k-n
(2.9) = Gk fs[ 2 +(p-9 )]fp ox(Ulg])dosn,

where dosn is the area element of S™.

Proof Comparing (2.1) with (2.6), we find

[Dgl* 1 4
2.10 hr = —
(2.10) coshr 2 +2((p+¢ )
and
2
(2.11) sinh (6, x) = |D2(g; - %(q, —o™).

Note that 9, = 9,X = (coshr, sinhr) and (9,, X) = 0. Using (2.7), we have
(V,v) = —sinh7(d,, X — v) = ¢~ (sinh® r — coshrsinh (6, x)).
Plugging (2.10) and (2.11) into the above equation, it yields

2
g 1
2¢ 2

Combining (2.3) and (2.8), we have
du = ¢" detU[¢]dogn.

2.12) (V,v) -¢7h.
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Thus,
~ 1 _
(2.13) Hidy = 9 *0u_k(U[@])dosn.
Inserting (2.10), (2.12), and (2.13) into (2.4), then (2.9) follows. ]

2.2 The elementary symmetric functions

We will give the definition of the elementary symmetric functions and review their
basic properties which could be found in [14].

Definition 2.4 Foranyk=1,2,...,n, we set
(214) O'k(l) = Z AilAiz A

1<i)<ip<-<ixg<n
forany A = (Ay,...,A,) e R" and set (1) = 1. Let A;(A),.. ., A,(A) be the eigenval-
ues of the n x n symmetric matrix A and denote by A(A) = (A1(A), ..., 1,(A)). We
define by 0 (A) = 0x(1(A)).

ix>

We denote by ox (A |i) the symmetric function with A; = 0 and ox (1 ]ij) the sym-
metric function with A; = A; = 0.

Proposition 2.5 Let A = (Ay,...,A,) eR" andk =1,...,n, then,
o (1) = ok (Ali) + Liog_1(A)i), V1<i<n,

S Lia (M) = kay (1),

Zn; or (i) = (n—k)or ().

Proposition 2.6  Let A be an n x n symmetric matrix. Then, the following relations hold:

1 . . . i
ox(A) = o Z O(its vor 13 15 oeos ik ) Airjy A
Sipeix=l
Jlseees J l’:—l
« aO'k
ol (4) = 53 ()
1

n
= Z Oty i1 e k=15 Bs f1s woos km1) Ay A _jiss
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where the Kronecker symbol 8(I;]) for indices I = (i1, ....im) and J = (j1, ..o jm) is
defined as

1,  iflis an even permutation of J;
0(LJ) =4-1, iflisan odd permutation of J;

0, otherwise.
Recall that the Garding’s cone is defined as
(2.15) Ir={1eR":0;(1) >0,V1<i<k}.
Proposition 2.7 Let A € Ty and k € {1,2,...,n}. Suppose that
M2 2 A 224,

then, we have

(2.16) e (Aln) 2 (M —1) 2 - > e (AK) 2 -+ 2 g (A1) > 05
(2.17) M2 2A>0, ar(A)<CR AL A

k
(218) )Llak,l(/\\l) > ;O'k(/\),

where Ck = ﬁik),
Proof All the properties are well known. For example, see [21] or [28] for a proof of
(2.16), [27] for (2.17), and [7] or [17] for (2.18). [

The generalized Newton-MacLaurin inequality is as follows, which will be used all
the time.

Proposition 2.8 For A eTxandk>1>0,r>s>0,k>r,1>s wehave

akm/cﬁr ) lm(A)/c;r

(2.19) lal(l)/cin as(1)/C;,

Proof See [34]. [

3 A priori estimates

We now proceed to derive a priori estimates for solutions of equation (1.4) in this
section. Equation (1.4) will be uniformly h-convex once C* estimates are established
for ¢. By the Evans-Krylov theorem [23] and Schauder theory [14], one can obtain
higher derivative estimates for ¢. Therefore, we only need to get C* estimates. For
convenience, in the following of this article, we always assume that f is a smooth,
positive, even function on S”. Let M be the smooth, closed, origin-symmetric, and
uniformly h-convex hypersurface in H"*! with the horospherical support function
u =log ¢. Assume ¢ is a smooth solution to equation (1.4). Clearly, ¢ is a smooth,
even, and uniformly h-convex solution to equation (1.4) and ¢(x) > 1for x € S™.
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We will prove the following main theorem in this section.

Theorem 3.1 Let f be a smooth, even, and positive function and ¢ > 1 be a smooth even
h-convex solution of equation (1.4), then there is a constant C > 0 depending only on n,
k, |Ifllcz» and mings f such that

llollc: <C, VxeS",
We first produce a proof of C° bound for ¢.

Lemma 3.2 We have

(3.1) %( max @ +

1] ) < min ¢.
S maxgse ¢ S

Proof The inequality can be found in the proof of Lemma 7.2 in [25]. For complete-
ness, we give a proof here. Assume that ¢(x;) = maxg: ¢ and denote X(x;) = G™*(x;)
as before. Then, we have for any x € S” by the definition of the horospherical support
function (2.5)

—(X(x1), (x,1)) < p(x), VxeS"
Substituting the expression (2.6) for X into the above equality yields
11
2 9(x1)

where we used the fact Dg(x;) = 0. Note that ¢(x;) > 1, we find from (3.2)

(32) %(p(xl)(1+ (x1,x)) + (1= (x1,%)) < 9(x),

(3.3) %((P(XI) + ﬁ) <o(x) for (x,x)>0.

Since ¢ is even, we can assume that the minimum point xo of ¢ (x) satisfies (xg, x;) > 0.
Thus, the equality (3.1) follows that from (3.3). [ ]

Now, we use the maximum principle to get the C° estimate.

Lemma 3.3  Let f be a smooth, even, and positive function and ¢ > 1 be a smooth, even,
h-convex solution of equation (1.4). There exist constants Cy > 1 depending only on the
lower and upper bounds of f, k, and n such that

Y Y
(3.4) 1<Cp<p< |1+ 2max| = + | 2max| = .
s\ Ck s\ Ck

Proof Assume the minimal value of ¢(x) attains at xo € S” and choose an orthonor-
mal local frame ey, ...,e, near xo such that (¢;;) is diagonal. It is obviously that
[Do| (x0) =0, ¢ii(x0) >0, and then by the definition of U, Uj; = ¢;; + %(q) - é) for
any 1< i < n. We obtain
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97 = o (V) = _ Z Uiiy - - - Uigi

(3.5) > Ck [
which leads to,
(ChF- (97 -1).

By direct calculation, we find that

1
(3.6) ming <|1+ 2maxef)*
(ch’
From (3.1), we know,
(3.7) (néax 9)*-(2 min ®) maxg + 1<0,

this inequality means that

) : _ : 2_1«< < mi i 2-1.
(3.8) ming - /(ming)? ~1< maxg <ming +, /(ming)

Then, by combining (3.6) and (3.8), we derive the lower and upper bound for ¢,

Y AN
(3.9) rré';).x(ps(lJreréen\x(Cﬁ + Zr%ﬁx C—ﬁ .

In order to obtain a exact lower bound for ¢, we employ the maximum principle to
the maximum, following the same approach as above. Then, we have

_ 1 [ f NI | f !
I%}:n¢2co_2(1+2rré}:n(cﬁ) ) +2(1+2HS1}'H(C’,§) ) > 1.

This completes the proof of Lemma 3.3. [ ]
In order to obtain the gradient estimate, we recall Lemma 7.3 in [25].

Lemma 3.4 For a smooth, origin symmetric, and uniformly h-convex hypersurface M
in H"*!, we have

(3.10) |Dp|<¢ on S”,
where u = logg is the horospherical support function of M.

It is directly to see that the estimate (3.10) also holds for even, h-convex solution ¢
of the equation (1.4), then the bound on the first derivatives immediately follows from
(3.4) and (3.10).
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Lemma 3.5 Let fbe a smooth, even, and positive function and ¢ > 1 be a smooth even
h-convex solution of equation (1.4). We have

(3.11) |Dp(x)|<C, VxeS",
where C is a positive constant depending on n, k, and maxgs f.

Considering U[¢] is not Codazzi, in order to obtain the second derivatives esti-
mate, we first derive following derivative exchange formula in hyperbolic space (see
[5]), which plays a key role in our proof of C* estimates.

Lemma 3.6 For each fixed x € S", we choose a local orthonormal frame so that U is
diagonal at x, then, we have at x

(3.12) Uiia = Ujia»
(3.13) Usai = Usaa %U,-,-, ati
and
2 2
Uiiaa = Uaaii = A ;ak(pk [_ Z(Z)za * |12)$2| + %Uaa + %(1 + ;2):|Uoto¢
(3.14) 4 2k Uik, [ - Z(PZ’Z + |D¢2|2 + lU,-,~ + 1(1 + 12)]U,-,-.
¢ 9= 297 ¢ ¢

Proof Using the Ricci identity on S”

Pkji — Prij = OikPj — SjkPi

we have
. 2, ,
(X(Xl = Qaai — Zl i + 1 |D(P| Pi + 1( i+ &)
¢ 2 9> 2 ¢?
Yigigi  1|Dofgi 1 i
= Qiaa — Qi — 1919 + - 3 +7(¢i+72)
¢ 2 9 2 0
= Uitxtx - &Uii
%
and
Uiiaa = Qiiaa Zk(goioc + §Dkaa§0k) 4 2% §0k;x§0k(Pv¢ . 1|D<p|2¢(’)"‘”‘7§2¢i
¢ [} 2
Paa 29,
(%“" 92 - ¢3a)
= Piina - Zk(Pha * ack@r) 95~ ID9P | 2Tk PhaPrga
% ® @?
_ 2 2
+ 1|D¢\2§"‘PW732% . l(%a + G"aza B 24’3«)_
2 ¢ 2 92 9
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Using the definition of U, it yields

25k 9rapupu _ IDgL o2 z(l _ L) _ 294Uae

¢ ¢? o ¢ ¢
and
Zk (Pi 1 2Paa Paa 1 1
_Ta+§|D¢| 2 = - ¢ Uaa+£([)aa(l_?).
Thus,
2 2
Uiimx = Qiiqa — Zk Poak Pk - |D(P‘ + (zizoc - Pua )Uom + Pou-
¢ ¢ ¢ ¢

Using the following Ricci identity on S”
Piica = Paaii — 2Pax + 2¢ii
and noticing that

Paak — Piik = Uaak - Uiik’ Poaa — Qii = Uaa - Uii)

we have
Uiiotrx - Umxii
Usa Ui 2 ; ax 2 d
__ZiUeakgi | Si P (2 fea)y _(9"21 PV Ui + Uit - U
@ ® % % ¢
an ii 2 2 D 2 1 1
Zk kq)k 2k Viik Pk _ [ _ (P;‘ + | ¢2| *Umx + = (1 + 2)]Uaa
¢ ) 0] 2¢ %
202  |Dol? 1 1
_izl+| (P2| +U,'i+(1+2):|Uii-
> 290 ¢ 2 9

Lemma 3.7 Iftr(U) < Cand 0,(U) > 0, then Uy; < C, where C is a positive constant
depending on n.

Proof Notice that

0<0(U)= Y (UyU;-Uj)=

1<i<j<n

[(trU)z—Z Z il

1¢]

N\'—‘

it follows that
n
Y Us+ > Up < (1rU)>.
i=1 i*j
Hence, we get the desired result. [ ]

Remark For equation (1.4), when k = 1, Chen Li has already got the C* estimate in
[5], so we are only going to consider the case when k > 2.

To complete the estimate of second derivatives, it remains to establish an upper
bound for tr(U) by Lemma 3.7.
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Lemma 3.8 For

1Dg|* 1 1

Ulg]=D*¢ - - I+=(¢-—)I,
[p]=D7¢ -3 " +2(‘P )
we have

tr(U) < C,

where C is a positive constant depending on n, k, and maxs» f.

1
Proof We now consider the auxiliary function ¢”U. Denote F = g%, thus

(3.15) F(M(U)) = of (A(V)) = 97ft.

We may assume tr( 9" U) attains its maximum at xo € S”. By choosing alocal orthonor-
mal frame {e;}/, around x, such that U is diagonal, it follows that {F¥} and U[¢]
are also diagonal at xo. In the following, we do the computation at xy. By maximum
condition, we have

(3.16) [tr(¢™U)]; Z(go Us)i = 0,
(3.17) 0> [tr(¢"U)]; Z((p Uss)ij-

Using derivative exchange formula (3.14), direct computation gives

((PnUss)ii = [(gon)iUss + (PnUssi]i = ((Pn)iiUss + 2((Pn)iUssi + (Pn (Uiiss +A)
with

202 |Dol* 1 1 1
A=-— Zt ”t(Pt [— (Pl +| ¢| +Uii+(1+2):|Uii

2

¢ 20 ¢ 2V ¢
2 2
L ZieUsior 2 \D(PZI +1U$S+1(1+L) U..
¢ P> 207 9 2V ¢

Since the concavity of F and (3.17),

n

n .e .e
0 > Z F”((Pn Uss)ii = Z F“[(gon)iiUss + 2((Pn)iUssi + ¢n (Uiiss +A):|

s,i=1 s,i=1

Fii 1155 + Z Fﬁ[((Pn)iiUss + 2((Pn)iUssi]

s,i=1

2
+ Z F”{ ZUngt n|: 297 +|D¢2|+:0Uii+;(1+12):|Uii}

»* 29 9
1
pey

292 IDgl* 1. 1
{(PZU55t¢f+‘P[ + +¢USS+2(1+¢) Uss

n

:‘P

||'P4=

+
N

2 F,+F, +F3 + F4,
(3.18)

“\T'M: N

9> 297

1

we will treat each term of above formula, respectively.
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For the first term on the RHS of (3.18), differentiating equation (3.15) twice and by
the concavity of F we have

F = ¢n[2(¢7lfi )ss — ZFij’pq Uijs quS]
s=1

> ¢" Z [@™)ef 42007 (FF)s + 97 (F)ss]
(3.19) >-Ctr(U) - C,

where C is a universal constant depending only on inf ¢, ||¢||ci, minf, ||f]|c2, 1, k.
From now on, we will use C to denote universal constant depending only on
inf ¢, ||¢||ct, minf, ||f]|cz, n, k, it may change from line to line.

We considered F, in (3.18), which is a crucial term to deal with the negative part of
UZ. According to (3.16), it yields that

n n
(320) Z Ussi = _(P_n Z((Pm)iUssa
s=1 s=1

and

ZF”((P )ii Z Uss

Fi[n(n-1)9" ¢} + ngie" | (Ui + Y. Ukk)

BN N

k+i
; 1|Dpl* 1 1
=Y F'|n(n-1)¢" 2(p2+n(p (Ui,-+ -=(p-—) Ui+ Uk),
’ 2 9 27 ¢ ( ; )
(3. 21)
Then, we obtain
Fy= Y F'[(9")i—207"(¢")}1Uss
s,i=1
(3.22) >ng" ' Y F'U; - CY F'tr(U
i=1 i=1
For F;,
|Dgo\2 1 1
F3:—¢”§F“ ZU,,t(pt) @ ZF“[ 2¢2 +¢U,,+§(1+?) Uii

O R |Dg? 1 1
—np" Y L———"1 —ng F[— +— +7U,-,~+71+— Uii
2 ) Zl <p2 202 ¢ 2( 2)

n n
> H(Pn_l ZF”UIZI _ CZF”UH -C.
i=1 i=1

(3.23)
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Then,
(3.24) F,+F3>-C) F'tr(U)-C) F'U; - C,
i=1 i=1
As for Fy, due to (3.20), we get

Fy=¢" Y F'[-97" 32> (¢"):Ussoi]
i=1

s=1t=1

2 2
+(P ZFH[ 2(;.;5 D(P| + (PUssJ" %(14’_ 1):|Uss

=—¢" Z;F“[Z(sv")tsvt]tr(U)

2
ZFII[ 2¢S |D(p| ; Uss ;(1 + 12):|¢n Uss

2(p2

.e n .e
(3.25) >-C ZF”tr(U) +¢" S FIU2

i=1 i,s=1

15

Plugging (3.19), (3.24), and (3.25) into (3.18), and with the aid of Holder inequality, we

obtain

n .

0 2 Z F“((PnUss)ii
i,5=1
>C Z F'U CZF”tr(U) Ctr(U)-C

i,s=1
(3.26) >CY Fitr*(U) - C Y Fitr(U) - Ctr(U) - C.

i=1 i=1

Meanwhile, by the Newton-Maclaurin inequality (g’,‘;} c

lower bound of F,
noo n 1] 148
Y F =Y (0k) = ol 'S o (M)
i i1 i1

(327) %ak (n—k+1)0x1 > Cok.

Combining (3.26) and (3.27), we can achieve
tr(U) < C,

which implies the desired result.

2\ ) >onecan geta

Combining the results in Lemmas 3.7 and 3.8, we obtain the C* estimate, which

completes the proof of Theorem 3.1.
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By the Evans-Krylov theorem and Schauder theory, together with the positivity of
matrix U[¢], we conclude following higher estimates.

Theorem 3.9  For each integer | > 0 and 0 < « < 1, there exists a constant C; depending
onlyonn, k, I, a, ||f||ci(sny, and ming. f such that

pllce < Ci,

for any even, h-convex solution ¢ of (1.4).

4 Full rank theorem

Now we turn to the h-convexity of the solutions of equation(1.2). In this section, we
will prove the following full rank theorem.

Theorem 4.1 Let fbe a smooth and positive function on S™ satisfying Conditions (1) and
(2) in Theorem 1.2. Let {@; }1, be a sequence of smooth, even, and uniformly h-convex
solutions to equation (1.4). Assuming {¢;} converges to ¢ in C**(S") as i - +oo. Then,
@ is also an even and uniformly h-convex solution to equation (1.4).

Recall

1|Dg|?
2

Ulp] = D’¢ I+%(¢—l)1-
?

In order to prove the full rank theorem, as in [15], we need to establish following
deformation lemma for the k-Hessian equation in hyperbolic space (1.4). The proof
below follows along the lines of the proof in [15] by exploring some special algebraic
structural properties of the Hessian operator. The proof involves some direct but
lengthy computations.

For U, we rewrite (1.4) in the form

(4.1) F(U)=0(U)=¢*f on §"
and let

oF 0°F
4.2 Ff iz — — FPr s ———
“2) owep oWeBowrs

We denote that F*P is positive definite for U € I%.

Lemma 4.2 (Deformation Lemma) Let O c S" be an open subset, suppose ¢ € C*(0O)
is an even solution of (1.4) in O, and that the matrix U is positive semi-definite. Suppose
there is a positive constant Cy > 0 such that for a fixed integer (n—1) >1>k> 2,
01(U[@(x)]) 2 Co for all x € O. Let y(x) = 011.1(U[@(x)]) and let 7(x) be the largest
eigenvalue of

1

1
maxgn f* + 2

(4.3) ~(f %)y + |Df ¥[8y - | — ~2|f %8y

(chy*

https://doi.org/10.4153/50008414X25101570 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101570

Smooth solutions to the Christoffel-Minkowski problem in hyperbolic space 17

Then, there are constants Cy, C, depending only on ||¢||cs,
the differential inequality

Ifllc2> n, and Co such that

n

%F“ﬁ(x)%p(x) < (=D ()f T *a(U))r(x) + G| v y(x)| + Coy(x)

holds in O.

Proof The proof will follow mainly the arguments in [16], which in turn were
motivated by Caffarelli-Friedman [3] and Guan-Ma [15].

For any two functions defined in an open set O ¢ S", y € O, we say that h(y) < m(y)
provided there exist positive constants ¢; and ¢, such that

(4.4) h(y) =m(y) <alvy()|+ ey (y).

We also write h(y) ~ m(y) if h(y) $m(y) and m(y) < h(y). Next, we write h $ m if
the above inequality (4.4) holds in O, with the constants ¢; and ¢, depending only on
ll¢llcs |f]c2> n, and Cy (independent of y and O). Finally, we write h ~ m if h $ m and
m S h. We shall show that

(4.5) S PP () yap 5 (1= Do~ gy (U) 7.
o,p

ForanyxeO,letA; > A, > ... > A, be the eigenvalues of U at x. Since 0;(U) > Cy > 0,
there exists a positive constant C > 0 such that A; > A, > ... > 1; > C. Let

G={1,2,..,1} and B={l+12,..,n}

be the “good” and “bad” sets of indices, respectively. We denote by ox(U|i) the k-th
element symmetric function of U excluding the i-column and i-row and oy (Ulij) the
k-th element symmetric function of U excluding the i, j-column and i, j-row. Let Ag =
(A1 ..., A1) be the “good” eigenvalues of U at z; for convenience in notation, we also
write G = Ag if there is no confusion. In the following, all calculations are at the point
x using the relation “$”, with the understanding that the constants in (4.4) are under
control.

For each fixed x € O, we choose a local orthonormal frame e, ..., e, so that y is
diagonal atx, and Uj; = A; fori = 1,2, ..., n. Now we compute y and its first and second
derivatives in the direction e,.

Asy = 011(U) Y, 01(Uli) Uy, we find that

0~y (2) ~ (3 Uii)oi(G) ~ 3 Ui,

ieB ieB

-1
I+1

$0
(46) U,'i ~0 forall ie B,
which yields that, for 1 < m <1,

om(Glj), if jeG;
(4.7) Um(U) ~ Um(G)’ am(UU) ~
on(G), if jeB.

https://doi.org/10.4153/50008414X25101570 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101570
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om(Glij), if i,jeG;
(4.8) om(Uij) ~{ om(Glj), if icB,jeG;

om(G), if i,jeB,i#j.

Moreover, ¥, = 0;11 Uija = Zjen 01(U|j) Ujja + YjeG 01(Uj) Ujja, then (4.7) tells us that

(4.9) 0~ Yy ~ ( > Uiia)al(G) ~ > Uiia.

ieB ieB
By Proposition 2.6, we have
e, if i=jeG
(4.10) o, ~
0, otherwise.

o1 (Ulir), if i=jr=si+n

(4.11) ol = o (Ulif), if itjr=js=i

0, otherwise.

Since
Voo = O_Iii,lrs Uijoc Upsa + Oili_];_l Uijococa
by combining (4.11) and (3.12), it follows that for any « € {1,2, ..., n}
n
Vaa = ). 01-1(Ulij) UiiaUjja = 3 011 (Ulij) Uz + Y- 011y Wiiaa
1

i) i) i=

:( S Y ey ey )oz-l(UliJ')Uiianja

i€G,jeB  i€B,jeG  1i,jeB,i#j i,jeG,i#j

Tz w3 Jain

i€G,jeB  i€B,jeG i,jeB,i#j 1i,j€G,i#j

(4.12) + Z O'Iij.l Uiiaa-
i=1
From (4.8) and (4.9), we have
(4.13) > 011(Ulij) Usia Ujja ~ ( > 011(Glj) Ujjrx) > Uiia ~ 0.
i€B,jeG jeG ieB

By (4.9), for Vi € B fixed and Vo

(4.14) ~Uiia ~ Y, Uja-
B j%i
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Then, (4.14) and (4.8) yield
(4.15) Z g 1(U|1])Umx U]]oc ~ —0]- I(G) Z e

i,j€B,i%j ieB

Plugging (4.13) and (4.15) into (4.12), we obtain by (4.8)

ZGIHUW&_Z z 01-1(Gli) Ui — 01-1(G) Z ijac:

i€B,jeG i,jeB
So we have
ZF ﬁ‘l’ af = ZF Yaa
a=1
L. n
~ Z Zallil ococ zlaa - 22 Z FaaO'lfl(GVj)U
a=1ieB i=1 ieB, BeG
(4.16) —0a(6)Y T B,
a=1i,BeB

Now we compute Y ;. F**Uiiqq for i € B. Differentiating equation (1.4), we have
(4.17) (90_ f) = Z leﬁ Wocﬁu (‘P f) = thﬁ ynUocﬁf yni T ZF Waﬁzt
a.p

Inserting (3.14) into below equation, we obtain
n

Z Gl+1 Z mxtx

n
=20l (U) W (9746), = 7"V Uy
2
LY aak‘Pk Z(Prx +M+1U‘m+l i+l Uga
2 2
P 207 ¢ 2\ ¢?

i 20> |D 1 1
e zzk¢k+ 297, | <P|+7Uﬁ+7
2 2 (P

N‘H

+

_
N —
—

S
—_——
——

¢ > 29* ¢
n .o
~ 3ol (975), ~ F#7 Ui Uy
i=1
2
(4.18) +F““{—M—[—2(’)2‘"+|D(/;|+ UW+1(12+1)]UM}},
[ [ 20¢ ¢ 2\e

where we used below facts in the last relation:
n
Y. 01 (U) Ui~y ~ 0,
i=1

and

n
> 01 (U) Uik = i ~ 0
i=1
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Similar to the proof method in Euclidean space, we group the second term on the
RHS of equation (4.18) as:

_F“ﬁ)}’ﬂU‘xﬁin”i = Z Of— 2(U| Ocﬁ)UamUﬁﬁ, + Z Of— 2(U| Oéﬁ)
a*f a*f

:—(2 Z + z + Z )Uk—z(UWﬁ)UwiUﬁﬂi

aeB,feG  a,BeG,a#f «,feB,axf

+ Z Uk—Z(U| aﬁ)Uaﬁt

a+f
v Y 02U aP)UaaiUpgpi = Y. 0k-2(U | aB) UaaiUppi
a,BeG,ap a,BeB,a%f
(419)  + > oka(U|ap)Us api
a+f

here we have used again Y ;g Ujia ~ 0.
Plugging (4.17) and (4.19) into (4.18), we get for any i € B,

Faa‘//uu

_~(n-0a(G) (970
%
_gm(G)Zo’k 1 U|(X) Z(Pa 12)::2| ¢Uaa+ (1+‘P1 ) Uga
+01(G)§(¢7kf)ii—<fl(G)§ ﬁ%: ﬂUk—z(G|“ﬁ)UaaiUﬁ/3i
“AOF P asOUaily (O ﬁi U] aB) U
23 5 0(G1P)oa(U| )0 - 3 014(G) 3 oV )Uj
a=1ieB, BeG a=1 i,/eB

(1) +(2) +(3) + (4) + (5) + (6) + (7) + (8).

(4.20)

The terms in (4.20) need to be further simplified. We first settle the second term
0f(4.20). Noticing that |B| = n -1, so Z,GB Sl 0k-1(|&) Uy = (n — 1)koy. Recalling

the C! estimate in the previous section Z" < | qul <1, we have

IDgl* 1 )

(4.21) (2) ~ (n—l)koz(G)¢f( o2 247

https://doi.org/10.4153/50008414X25101570 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101570

Smooth solutions to the Christoffel-Minkowski problem in hyperbolic space 21

Next we deal with the sixth and seventh terms on the RHS of (4.20). For the sixth term,

> 01(G)ok—2(U | ap)U?

a+f

:lz DO TED ST ) ]UI(G)Uk—2(U|“ﬁ)U§ﬁz

aeB,feG  a,BeG,a#f a,BfeB,axf
= (6.1) + (6.2) + (6.3),

and for the seventh term,

_22 Z 01— 1(G|ﬁ)o-k 1(U| “)Uzﬂzx

a=1peG

-2 3 ]ak_l(U|oc)Ufﬁa

l aeB ,BeG o,BeG,af a,BeB,a=pf
2 (71) +(7.2) +(7.3)

We are devoted to show that

(61)+(71)~ 23" Y a(G)ox2(G|aB)Us

i€B aeB,feG

=23 > (G| B)ox- 1(U|¢x)U,ﬁa
i€B aeB,feG
(4.22) S 0.

Indeed, we know forany o € B, f € G,

91(G) k-2 (Ulap) ~ 01-1(GIB) Uppok-2(GIB) S 01-1(GIB) o1 (G),

and it is easy to check that U,p; = Ui, fori € B, a € B, € G on the standard S” (recall
the Ricci identity ¢qp; = @ipa + Sia Pp — Spa@i). So (4.22) follows. Noticing that

(72)~—22 Z (g I(Glﬁ)ak l(G|‘x)U1/3a

i€B «,BeG,a%f

$-2> > 0(G|B)Uppok—2(G] ocﬁ)Ulﬁa
i€B a,BeG,a#f

N_ZZ Z OI(G)Uk 2(G|aﬁ)Uz/3a’
i€B a,BeG,a+f

by using Ujg, = Uypi fori€ B, a, B € G, and a # 8 again, we observe that

(4.23) (6.2) +(7.2) 5 0.
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From (4.22) and (4.23), we conclude that

(6)+(7)5(63)+(73)~> > a(G)or2(U|aP)Usp;

i€B «,BeB,af

(4.24) - 22 z 01— I(G | (X)O‘k I(G | 0() aqi’

ieB aeG

where we used (3.13) in the last relation. Plugging (4.21) and (4.24) into (4.20), we
obtain

-(n-Da(G) T (97%);9;

F*%Ygy S - +01(G) Y (9™f)ii
¢ ieB
o (IDe 1
+(n-Dko(G)e f( > 2(/)2
—kf)2
(4.25) ( )Z(q’ f)i 0(G)+ L+ L +1s,
ieB
where
L= > a(G)oa(Glap)Ussi-a(G)Y, >  0k2(G)UaiUppi
i€B a,BeB,axf i€B «,BeB,a#f
=2 04(G) Y ok (U |i)Uzg
i=1 a,BeB
== 2 0G| @) 0k (G| @) Uggy
i€eB aeG
B S ()
a(G)Y. > ok2(G|aP)UsaiUppi + > ——+a(G),
ieB a,PeG,a+p s 97
and

—k\2
L=-%Y 0.1(G|a)oi1(G| a) Ul 72("’ f)a(G)

ieB aeG zeB

Claim1.1; 50,1, $0,and I3 5 0.
In fact, since

Z UocociUﬁﬁi ~ Z Uavti( Z Uﬁﬁi) ~ T Z Ugcoci’

o,BeB,axp acB Bra aeB
and

_201_1(@ > Gk—l(U|i)U§/5i=—Zn:ol_1(G) > ok (U] iUl

a,BeB i=1 a,BeB

- 01(G) ok (G) Y, Y Uigis

i€B a,BeB
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then for any i € B, we have

L SZ Z 01(G)or_2(G | aB) U2 api T Z Z 01(G)or_2(G) U2,

i€B «,BeB,a+f i€eB aeB
~01(G)aka(G) X X Usg,
i€B «,PeB
$[01(G)0k-2(G) = 011 (G) a1 (G)] Y Ugg
o,BeB
(4.26) <0,

where we used the Newton-Maclaurin inequality in the last inequality.
To treat I, by using Lemma 2.3 in [15], direct calculation yields that

(¢ NL~[- 2 X a1(G| @)o1 (G| ) Uz,

ieB aeG

—a(G)Y, >, Uk—z(G|“/5)U¢xociUﬁﬁi]Uk(G)

i€B a,BeG,a+f

+ Z[ > 0k (G| oc)Uaai]ZUl(G)

ieB "~ aeG

~z{zkmm@m6w>mmwa“«ﬂwmmﬂam

ieB | aeG

- [a,(c)ak,z(cw)aH(Glﬂ)

a,BeG,a%p

- 01(G)or-2(G| “ﬁ)ak(G)]UaaiUﬁﬁi}

SO)

it means that I, < 0.
Now we deal with I5.

1

ieB LaeG i€B aeG

23

h%W%ﬂZ[meﬁ%JQMUm]—ZZFU“”MWKQ“)W

ieB acG

_22{ %f)[Ez(oéluﬂa)%g( @)U, am)(a§4(cm>uéa)r

- Z 0] 1(G| “)O'k 1(G| (X) am}

aeG

2% o) Y. 01-1(Glo) 01 (Gloe) Uz D 0k-1(GIB) Upg
f) pe6

ieB aeG

- Z (= 1(G| (X)O'k 1(G| (X) aal}

aeG
(4.27)
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Then, Claim 1is verified. (4.25) turns to

(- " oK) o
Fey < ( l)oz(G)¢Z]_1(<P 1)ii +‘71(G)Z(‘P_ )i

2 —kf\2
a2 - Dka(@g (P - - 1+ p T D ().

Direct calculation yields

—k£)2 +
7)2((/) f)_ 1 k(k_klz_f+(/) fz)z(l)k_

i€eB 7kf
1+k _ ok _ _
:—7(](2 2k— 2¢2f 2k(p 2k—-1 z_fzf"'go 2k iZ)q)kf 1
2
(4.29) = —k(k+1)g7 ¢’f+2(1+k)q)‘k(p'f, 1;’2,)-”;,
and
(97 )ii = (~ko™ " oif + 97);
=k(k+ 1)o7 2 pif ko™ guf - 2kp”* g ifs + 97
2 2
k9, k _i D¢
~k(1+k)g ;;f—5¢ fj?*
kpifi
(4.30) += <p f( ) 2k T 4 o7
¢? ¢

where we used the fact that for any i € B,

0~ Ui = ¢11_1|D:;>|2 *2(?’—1)’

?
and
- (979 - Y (ko oif + 975 g;
¢ %
(4.31) — kg leva _y (pfk@ .
j=1 ¢
Combining (4.29)-1(4.31), we can get
n £ 2
(432 Y Py 97 a(G) Y [ + (2K +2-2) 2L W’ 59l 3 IDol
i€eB j=1 go 2 (P
1+kf?
+ 5(1_27) - 77]
ifi k i/j 1+k i2
=9 a(G) Y [fi +2(pf Z& +2kf-ki2 - 71(*].
ieB j=1 (] () k f
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Set

B2y x5 9

ieB 9 ieBj=1

Claim 2. B< Y5 |Df|.
According to the direct calculation of (f % );and (f i )ii> we obtain that

(433) IDf| = kf £*'|Df %],
and
(4.34) fii=(1+ )f k(f~F)af ¥
If the claim is true, it follows from(4.32)-(4.34) that
3 F s < 9™a(G) X+ /] - 1’”} G- 3]
(4.35) = kg™ ko G)é ) +IDf 4 2 9 ).

Moreover, by the C° estimate(3.4), we conclude that

2 FPyag
1 1
(4.36) <kep” f“kal G)Z )+ |Df” k| H 25— fxr.
icB T maxfx + 2
(CE)*
Thus the lemma follows from (4.36). [}

Proof of Claim 2.  Case 1: If Y g5 ¢4fs > O, thus

SZ(ZZWfﬁ Z":W?) Z(zz‘l’ﬂfﬁ Zq)afa)

BeB 4 j=1 1% i€B pBeB ¢ acG @

:ins (o) (27)

zeB i= %

Case 2: If Y gep ¢pfp < 0, thus

B< _Z (Df, Do) < Z |Df||Dg| < ZlDﬂ

ieB ¢ ieB ieB

Claim 2 is verified. Then, the proof of the Deformation Lemma is complete. ]
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Now we begin to prove Theorem 4.1.

Proof If ¢ is not uniformly h-convex, there exists an integer [ with [ > k such that
01(U[¢]) > 0 for any x € S” and y(xo) = 0151 (U[@(x,]) = 0 for some xy € S". Using
Lemma 4.2, we have

n

2 PP (x)yap(x) < Gl v p(2)] + Coy ().

a,B
The strong minimum principle implies ¥ = 07,1 (U[¢]) = 0. Then, we have ¢ =1 by
using (2.9). This is a contradiction to (1.4). [ ]

5 Existence via degree theory

The main object of this section is to establish an existence result for equation (1.4).
With the priori estimates established in the previous section, one may wish to apply
the continuity method to get the existence. Unfortunately, while the closeness follows
from the estimates, the openness is difficult to establish due to the lack of geometric
obstructions. Instead, we will approach the problem using degree theory (see [26]),
which leads to the study of linearized operator L of the Hessian operator in (1.4).

In order to compute the degree, we need the uniqueness of constant solutions to
equation(1.4).

Lemma 5.1 Let y be a positive constant, then, the h-convex solutions to equation
(5.) o(U) =97y

with ¢ > 1 are given by

1

9(x) = [1+z(cyk)k ]%(\/|xo|2 +1- (%0, %)),

n

1

where xo € R™. In particular, p(x) = [1 +2 (%) k] is the unique even solution.

Proof When k =1, this lemma can be easily deduced by Obata’s theorem [31] (see
also Theorem B.2 in Appendix B in [13]). For any 1 < k < n, this lemma is a corollary
of Proposition 8.1 in [25], its proof is simil ar to that of Theorem 8.1 (7). [ ]

We set
B>*(S") = {9 € C>*(S") : g is even}
and
By*(S") = {9 e C**(S") : U[p] > 0 and ¢ is even}.
For 0 < t <1, we define

L(p,t) = 0x(U) - 97",
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where f, = [(1 - t)(maxgs f) "% + tf ¥ ] ¥, then for each fixed ¢, £(;t) is a differential
operator that maps By*(S") into B>*(S"). It is easy to check that f; satisfies
the conditions in full rank theorem (Theorem 4.1), ¢; is uniformly h-convex, then
according to a priori estimates in previous sections (Theorems 3.3, 3.5, and 3.1), if R is
sufficiently large, there exists no solution of £(¢, t) = 0 on the boundary of

1
Or={peBy*(S") : 1+ 2 <0 0< UL llgllcresn) <R},

which clearly is an open set of B3*(S"). Consequently, the degree deg(£(;t), O, 0)
is well-defined for 0 < t < 1. Since degree is a homotopic invariant ( [26, Proposition
2.2]), we have

(5.2) deg(£(1), Or,0) = deg(L(;0), O, 0).

According to Lemma 5.1, ¢ = ¢ is the unique even solution for £(¢,0) = 0 in Og.
We may compute the degree using the formula deg(Lc,, Or,0) = X550 (-1)#, where
A; are the eigenvalues of the linearized operator of £ and f; is its multiplicity. Direct
calculation shows that the linearized operator of £ at ¢ = cis

L(9) - B (‘" i)]kl Ckl(Agn + ).

Since Agn ¢ + n¢ = 0 has the unique even solution ¢ = 0, L, is an invertible operator.
So, we have by Proposition 2.3 in [26]

deg(L(-,0), Or,0) = deg(L,,Or,0).

Because the eigenvalues of the Beltrami-Laplace operator A on S” are strictly less
than —n except for the first two eigenvalues 0 and —#, there is only one positive eigen-

k—
value with multiplicity 1, which is n- [% (c - %)] ' Ck-1. Then, we have by Proposition
2.4 in [26]

deg(£L(+,0), Or,0) = deg(Le,, Or,0) = -1.
Therefore, it follows from (5.2)
deg(£ (1), Or;0) = deg(£(-0), O, 0) = ~1.

So, we obtain a solution at t = 1. This completes the proof of Theorem 1.2.
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