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In this paper, two competing types of multistep predictors, i+e+, plug-in and direct
predictors, are considered in autoregressive~AR! processes+When a working model
AR~k! is used for theh-step prediction withh . 1, the plug-in predictor is ob-
tained from repeatedly using the fitted~by least squares! AR~k! model with an
unknown future value replaced by their own forecasts, and the direct predictor is
obtained by estimating theh-step prediction model’s coefficients directly by lin-
ear least squares+ Under rather mild conditions, asymptotic expressions for the
mean-squared prediction errors~MSPEs! of these two predictors are obtained in
stationary cases+ In addition, we also extend these results to models with deter-
ministic time trends+ Based on these expressions, performances of the plug-in and
direct predictors are compared+ Finally, two examples are given to illustrate that
some stationary case results on these MSPEs can not be generalized to the non-
stationary case+

1. INTRODUCTION

Assume that observationsx1, + + + , xn are generated from the following stationary
autoregressive~AR! process:

xt 5 (
i51

p

ai xt2i 1 «t , t 5 + + + ,21,0,1, + + + , (1)

where 1# p , ` is some unknown positive integer, ap Þ 0, $«t % is a sequence
of ~unobservable! independent and identically distributed~i+i+d+! random noises,
each with mean 0 and variances2, and the polynomialA~z! 5 1 2 a1z2 {{{ 2
apzp Þ 0, for 6z6# 1+ These assumptions ensure that~see Brockwell and Davis,
1987, Theorem 3+1+1! xt has a one-sided infinite moving-average representation:

xt 5 (
i50

`

bi «t2i ,
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whereb0 1 b1z 1 b2z2 1 {{{ 5 A21~z!, b0 5 1, and bk
2 # ne2bk for some

n,b . 0+ When a working model AR~k! is used for multistep prediction, a
natural predictor ofxn1h, h $ 1, can be obtained as follows+ First, the param-
eters in the working model are estimated by least squares+ Then, the predictor,
[xn1h~k!, is given by repeatedly using the fitted model with an unknown future

value replaced by their own forecasts+ In the following, [xn1h~k! will be re-
ferred to as the plug-in predictor~see also Kunitomo and Yamamoto, 1985;
Bhansali, 1997!+ More specifically, let [an~1, k! 5 ~ [a1, n~1, k!, + + + , [ak, n~1, k!!' de-
note the least-squares estimators of the AR parameters in the working model,
where [an~1, k! satisfies

(
j5k

n21

x j ~k!x j
'~k! [an~1, k! 5 (

j5k

n21

x j ~k!xj11

with x j ~k! 5 ~xj , + + + , xj2k11!' for j $ k+ Then, for h $ 1, the plug-in predictor is
given by

[xn1h~k! 5 xn
' ~k! ZAn

h21~k! [an~1, k!, (2)

where, with Im and0m, respectively, denoting an identity matrix and a vector of
zeros of dimensionm,

ZAn~k! 5 S [an~1, k!* Ik21

0k21
' D

and ZAn
0~k! 5 Ik+

Whenk $ p and$xt % is a Gaussian process, it can be shown that~e+g+, Brock-
well and Davis, 1987, Chs+ 8 and 10! [an~1, k! is asymptotically equivalent to
the maximum likelihood estimator~MLE ! of ~a1, + + + ,ak!

' with ai 5 0 for
i . p+ ~Note that fork $ p, the coefficient vector~a1, + + + ,ak!

' equalsa~1, k! 5
R21~k!~g1, + + + ,gk!

' , whereR~k! 5 E$@x t~k! 2 E~x t~k!!# @x t~k! 2 E~x t~k!!# '%
andgj 5 E$@xt 2 E~xt !# @xt2j 2 E~xt2j !#% +! Therefore, by the invariance prop-
erty of the MLE, the plug-in estimator,

[an~h, k! 5 ZAn
h21~k! [an~1, k!,

is asymptotically equivalent to the MLE of

a~h, k! 5 ~a1~h, k!, + + + ,ak~h, k!!' 5 Ah21~k!a~1, k!,

wherek $ p, A0~k! 5 Ik, and

A~k! 5 Sa~1, k!* Ik21

0k21
' D +
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Observe thata~h, k! with k $ p is also the coefficient vector of theh-step pre-
diction formula corresponding to model~1!, namely,

xt1h 5 (
j51

k

aj ~h, k!xt112j 1 (
j50

h21

bj «t1h2j + (3)

These facts suggest that when$xt % is Gaussian, [xn1h~k! with k $ p may per-
form well compared to the other predictors of the same AR order+ However,
because it is difficult for the practitioner to know whetherk $ p, or $xt % is
Gaussian, the advantage of[xn1h~k! can not be guaranteed+ In this situation, the
direct predictor, suggested by Findley~1984!, is also frequently used as an al-
ternative+ The direct predictor, Yxn1h~k!, is obtained through a linear least-
squares regression ofxt1h on xt , + + + , xt2k11, i+e+,

Yxn1h~k! 5 xn
' ~k! Yan~h, k!, (4)

where

Yan~h, k! 5 arg min
~c1, + + + ,ck![Rk (

j5k

n2h

~xj1h 2 c1 xj 2 {{{ 2 ck xj2k11!2+

Viewing the preceding two predictors, it is natural to ask which one is better+
Whenh 5 1, it is obvious that these two predictors are identical+ But for h $ 2,
this question has not been completely resolved+ Recently, Bhansali~1997! has
assumed that the process used in estimation and that for prediction are indepen-
dent ~we call this independent-realization prediction!, and has compared the
mean-squared prediction errors~MSPEs! of the plug-in and direct predictors
under non-Gaussian settings+ He shows that the plug-in predictor has a smaller
MSPE, providedk $ p and the terms of orderop~10n! are ignored+ Although
independent-realization prediction is considered in most related literature~e+g+,
Shibata, 1980; Bhansali, 1996!, it is not a natural assumption for time series
analysis, because when new observations of a time series become available,
they are not independent of the previous data+ Although it would seem to be
more convincing to have a theoretical comparison between these two multistep
predictors obtained without this unnatural assumption, to the author’s knowl-
edge, no conclusive results have been given in the existing literature+

To compare the performances of the plug-in and direct predictors, in Sec-
tion 2, we consider the following~same-realization! multistep MSPEs:

MSPEPh~k! 5 E~xn1h 2 [xn1h~k!!2 (5)

and

MSPEDh~k! 5 E~xn1h 2 Yxn1h~k!!2 (6)

for h $ 1+ Under rather mild conditions, expressions for MSPEPh~k! and
MSPEDh~k!, up to terms of order 10n, are obtained in the situation where

256 CHING-KANG ING

https://doi.org/10.1017/S0266466603192031 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466603192031


k $ p ~see Theorems 1 and 2, which follows!+ These expressions show that
for h $ 2,

lim
nr`

n$MSPEDh~k! 2 MSPEPh~k!% . 0, (7)

a conclusion that coincides with that of Bhansali~1997! for the independent-
realization setting+ In addition, we also show in Section 2 that whenk $ p is
fixed, the advantage of the plug-in predictor with respect to the direct predictor
increases withh+

Theorem 3 in Section 2 considers the difference between MSPEPh~k! and
MSPEPh~k 1 1! and that between MSPEDh~k! and MSPEDh~k 1 1! for k $ p+
Whenk $ p, it is shown in Theorem 3 that

lim
nr`

n@MSPEPh~k 1 1! 2 MSPEPh~k!# . 0

and

lim
nr`

n@MSPEDh~k 1 1! 2 MSPEDh~k!# . 0+

Therefore, the ~strict! parsimony principle~Findley and Wei, 2002, Sect+ 3!,
which asserts that if two competing models are both correctly specified, then
the larger estimated model has a larger limiting~second-order! MSPE, still holds
for multistep predictions+ It is also worth noting that although these differences
are of order 10n, and are often ignored by the practitioner, they play important
roles in order selection problems~see the discussion following Theorem 3 for
more details!+ At the end of Section 2, attention is focused on the misspecified
case+ In contrast to the result obtained in~7!, if k , p, then except on a zero-
volume subset of the parameter space,

lim
nr`

~MSPEPh~k! 2 MSPEDh~k!! . 0;

see Theorem 4 in Section 2 for more details+
In Section 3, asymptotic expressions for the MSPEs of the plug-in and direct

predictors are obtained in the situation where a deterministic time trend is in-
cluded in model~1! ~see Corollaries 1 and 2!+ Various comparisons of these
MSPEs are also performed at the end of Section 3+ In Section 4, two examples
are presented illustrating some interesting phenomena associated with the plug-in
and direct predictors with nonstationary AR models+ The first example shows
that the left-hand side of~7! ~with k 5 1 andh $ 2! will converge to 0 in the
random walk case+ Therefore, the advantage of the plug-in predictor vanishes
even whenk $ p+ The second example shows that the strict parsimony princi-
ple mentioned previously does not hold for the plug-in predictor in certain non-
stationary AR~2! models+ Proofs for the results in Sections 2 and 3 are deferred
to Appendixes A and B, respectively+
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2. ASYMPTOTIC EXPRESSIONS FOR MSPEPh(k) AND MSPEDh(k)
IN STATIONARY AR MODEL

In the discussion that follows, we shall frequently use the following condition
on the distribution function of«1,F~{!+ For some positive numbersa, h, andM,

6F~x! 2 F~ y!6 # M 6x 2 y6a, (8)

provided 6x 2 y6 , h+ Condition ~8! is fulfilled by any distribution function
with bounded density+ Some distribution functions with unbounded density also
satisfy ~8!+ For more details on this condition, see Findley and Wei~2002,
Sect+ 4!+When data are generated from model~1!, Theorems 1 and 2 deal with
asymptotic expressions for MSPEPh~k! and MSPEDh~k! when k $ p, respec-
tively+ Their proofs are given in Appendix A+

THEOREM 1+ Assume that observations x1, + + + , xn are generated from model
(1) with «1 satisfying (8) and

E~6«16uh ! , `, (9)

whereuh 5 max$8,2~h 1 1!% 1 d for somed . 0. Then, for k$ p and h$ 1,

nSMSPEPh~k! 2 (
j50

h21

bj
2s2D 5 f1, h~k! 1 O~n2102!, (10)

where with Lh~k! 5 (j50
h21 bj Ah212j ~k!,

f1, h~k! 5 tr~R~k!Lh~k!R21~k!Lh
' ~k!!s2+

Remark 1+ Condition~8! is used to ensure that for anyq . 0,

E7 ZRn
21~k!7q 5 O~1! (11)

holds forn sufficiently large, where

ZRn~k! 5
1

n 2 k (
j5k

n21

x j ~k!x j
'~k!

and7G75 sup7z7#17Gz7 for matrix G ~see Lemma A+1 in Appendix A for more
details!+ Equality ~11! was first proven by Fuller and Hasza~1981! for station-
ary Gaussian processes+ For various generalizations of their result, see Bhan-
sali and Papangelou~1991!, Papangelou~1994!, Ing and Wei~2002!, and Findley
and Wei ~2002!+ By directly assuming that~11! holds, Kunitomo and Yama-
moto ~1985, Corollary 6! have established~10! with uh in ~9! replaced by
max$32,16h% + Obviously, their assumptions are more stringent than those used
in Theorem 1+
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THEOREM 2+ Let the assumptions of Theorem 1 hold withuh in (9) re-
placed by8 1 d, for somed . 0. Then, for k$ p and h$ 1,

nSMSPEDh~k! 2 (
j50

h21

bj
2s2D 5 f2, h~k! 1 O~n2102!, (12)

where

f2, h~k! 5 trFR21~k!covS(
j50

h21

bj xk1j ~k!DGs2,

and for random vectorz, cov~z! 5 E@~z 2 E~z!!~z 2 E~z!!'#.

A comparison between the first terms on the right-hand side of~10! and~12!,
f1, h~k! andf2, h~k!, respectively, is given as Proposition 3+2 by Bhansali~1997!,
which shows that fork $ p $ 1 andh $ 2,

f2, h~k! . f1, h~k!+ (13)

This result and Theorems 1 and 2 together imply that when the model is cor-
rectly specified, the plug-in predictor has an advantage over the direct predic-
tor, provided the terms of orderO~n2302! are ignored+ For example, assume
h 5 2 andk $ p $ 1+ Then,

f2,2~k! 5 $k 1 ~k 1 2!a1
2%s2 (14)

and

f1,2~k! 5 $~k 1 2!a1
2 1 k 2 1 1 ak

2%s2+ (15)

~Recall thatak 5 0 for k . p and that6ap6 , 1 in the stationary case+! Hence,
for k $ p,

n~MSPED2~k! 2 MSPEP2~k!! 5 ~12 ak
2!s2 1 O~n2102!+ (16)

Moreover, let k $ p $ 1 be fixed+ Then, it can be shown thatf2, h~k! 2 f1, h~k! is
a nondecreasing function ofh+ Therefore, the advantage of the plug-in predic-
tor with respect to the direct predictor becomes more significant ash increases+
To see this, observe that

f1, h11~k! 5 tr~R~k!Lh11~k!R21~k!Lh11
' ~k!!s2

5 tr~Lh~k!R21~k!Lh
' ~k!A'~k!R~k!A~k!!s2

1 2trSbh (
j50

h21

bj Ah2j ~k!Ds2 1 bh
2ks2

5 f1, h~k! 2 ek
' Lh~k!R21~k!Lh

' ~k!eks4

1 2trSbh (
j50

h21

bj Ah2j ~k!Ds2 1 bh
2ks2,
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where the third equality follows fromA'~k!R~k!A~k! 5 R~k! 2 s2ekek
' , with

k-dimensional vectorek 5 ~1,0k21
' !' + In addition, one also has

f2, h11~k! 5 f2, h~k! 1 2trSbh (
j50

h21

bj Ah2j ~k!Ds2 1 bh
2ks2+

As a result,

f2, h11~k! 2 f1, h11~k! 5 f2, h~k! 2 f1, h~k! 1 ek
' Lh~k!R21~k!Lh

' ~k!eks4, (17)

which gives the asserted property+
The following result establishes that the second-order terms of MSPEPh~k!

and MSPEDh~k! are strictly increasing functions ofk in the correctly specified
case+

THEOREM 3+

(i) Assume h$ 1 and k$ p. Then,

f1,h~k 1 1! . f1,h~k!, (18)

provided

bh21 Þ 0 (19)

or

l * Þ 0k11, (20)

where with the convention that bj 5 0 for j , 0, l * 5 ~(i50
h21 bh212k2i bi ,

+ + + ,(i50
h21 bh212i bi !

' is a ~k 1 1!-dimensional vector.
(ii) Assume h$ 1 and k$ p. Then,

f2,h~k 1 1! 5 f2,h~k! 1 (
l50

h21

bl
2s2 . f2,h~k!+ (21)

Remark 2+ When 1# h # 5, it can be shown that either~19! or ~20! holds
for all k $ p+ In addition, if h 2 1 # k, then the~k 1 2 2 h!th entry of l * is
b0

2 5 1+ In these cases, ~18! holds without extra constraints on the parameter
space+ In general, ~19! ~with h $ 2! and ~20! only exclude at most a zero-
volume subset in the parameter space+

Under the assumptions of Theorem 1 and~20! ~or ~19!!, we conclude from
~10! and~18! that for h $ 1 andk $ p,

lim
nr`

n$MSPEPh~k 1 1! 2 MSPEPh~k!% . 0+ (22)
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Similarly, when the assumptions of Theorem 2 hold, ~12! and~21! also yield

lim
nr`

n$MSPEDh~k 1 1! 2 MSPEDh~k!% 5 (
l50

h21

bl
2s2 . 0 (23)

for h $ 1 andk $ p+
Kunitomo and Yamamoto~1985, Theorem 4! obtain thatf1, h~k 1 1! $ f1, h~k!

when k $ p and h $ 2 ~see also~A+26!!+ However, from the order selection
point of view, Kunitomo and Yamamoto’s result is not sharp enough+ To see
this, first consider the following multistep generalizations of accumulated pre-
diction errors~APEs! based on sequential plug-in and direct predictors:

APEPn, h~k! 5 (
i5m

n2h

~xi1h 2 [xi1h~k!!2

and

APEDn, h~k! 5 (
i5m

n2h

~xi1h 2 Yxi1h~k!!2,

respectively, where m is the smallest positive number such that[ai ~h, k! and
Yai ~h, k! are well defined for alli $ m+ Note that the APE withh 5 1 was first
proposed by Rissanen~1986! for the purpose of use for determiningp+ For
h 5 1, Hemerly and Davis~1989!, under certain conditions, prove that Zkn 5
arg min1#k#K APEPn,1~k! 5 arg min1#k#K APEDn,1~k! is a strongly consistent
estimator ofp in the sense that

PS lim
nr`

Zkn 5 pD5 1+

Here, K is a prescribed upper bound ofp+ Under the conditions similar to those
used in Hemerly and Davis~1989!, Ing ~2002! further shows that forh . 1

PS lim
nr`

1

s2 log n
$APEPn, h~k 1 1! 2 APEPn, h~k!% 5 f1, h~k 1 1! 2 f1, h~k!D5 1

(24)

and

PS lim
nr`

1

s2 log n
$APEDn,h~k 1 1! 2 APEDn,h~k!% 5 f2,h~k 1 1! 2 f2,h~k!D5 1,

(25)

ask $ p+ As is clear from~24! ~or ~25!!, without the strict inequality, ~18! ~or
~21!!, it does not seem possible forZkP, n

~h! 5 arg min1#k#K APEPn, h~k! ~or ZkD, n
~h! 5

arg min1#k#K APEDn, h~k!! with h $ 2 to be strongly consistent+ For more de-
tails on the statistical properties of APEPn, h~k! and APEDn, h~k!, see Ing~2002!+
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The following theorem compares MSPEPh~k! and MSPEDh~k! in the situa-
tion wherek , p+

THEOREM 4+ Assume that observations x1, + + + , xn are generated from model
(1) with 1 # p # `. (Here, p5 ` means that$xt % is truly an AR~`! process.
In this case,(i51

` 6ai 6 , ` is assumed instead of ap Þ 0.) Also assume that
«1 satisfies (8) and E~6«164h121d! , `, for somed . 0. Then, for h$ 2 and
1 # k , p,

lim
nr`

~MSPEPh~k! 2 MSPEDh~k!!

5 ~aD~h, k! 2 a~h, k!!'R~k!~aD~h, k! 2 a~h, k!!, (26)

whereaD~h, k! 5 R21~k!~gh, + + + ,gh1k21!' and a~h, k! is defined in Section 1.
Moreover, if

gs Þ gs
*, (27)

for at least one positive integer s satisfying h# s # k 1 h 2 1, then for h$ 2
and 1 # k , p,

lim
nr`

~MSPEPh~k! 2 MSPEDh~k!! . 0, (28)

wheregj
* 5 gj for 1 # j # k andgj

* 5 aD~1, k!'~gj21
* , + + + ,gj2k

* !' for j $ k 1 1.

Remark 3+ Becausep is allowed to be infinite, Theorem 4 covers the causal
and invertible autoregressive moving average~ARMA ! process as a special case+
When ~27! is violated, gmax$h, k11%, + + + ,gk1h21 must be functions ofg0, + + + ,gk+
Therefore, ~27! only excludes at most a zero-volume subset in the parameter
space+ In particular, ~27! holds automatically in the situation wherep # k 1
h 2 1 andh # k 1 1 ~e+g+, h 5 2 andk 5 p 2 1!, because if~27! is violated in
this situation, thenak11 5 {{{ 5 ap 5 0, which contradicts the assumption that
ap Þ 0+

Theorem 4 and Remark 3 assert that in the misspecified case, the direct pre-
dictor is superior to the plug-in predictor for almost all points in the parameter
space+ On the other hand, we have found examples showing that when~27! is
violated, the plug-in predictor can be better than the direct predictor in the sense
of ~7!+ However, to obtain a more conclusive result for the situation where~27!
does not hold, it is necessary to compare MSPEPh~k! and MSPEDh~k!, up to
terms of order 10n+ Because this comparison is quite complicated, we do not
pursue these details in this paper+ For a related result on an asymptotic expres-
sion for MSPEPh~k!, up to terms of order 10n, in the misspecified case, see
Kunitomo and Yamamoto~1985, Theorem 3!+
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3. EXTENSIONS TO STATIONARY AR MODELS AROUND
DETERMINISTIC TIME TRENDS

This section investigates performances of the plug-in and direct predictors in
stationary AR models around deterministic time trends+ Assume that observa-
tions x1, + + + , xn come from the following model:

xt 5 (
i50

q0

bi t
i 1 (

i51

p

ai xt2i 1 «t , t 5 + + + ,21,0,1, + + + , (29)

whereq0 is a nonnegative integer, bi ’s are unknown real numbers, andp, ai ’s
and«t are defined in model~1!+We also assume thatq0 in model~29! is known
to simplify the discussion+ With an argument similar to that used in Theo-
rem 3+1+1 of Brockwell and Davis~1987! and some algebraic manipulations, xt

can be expressed as

xt 5 (
i50

q0

bi
* t i 1 yt , (30)

wherebi
*’s are functions ofbi ’s andai ’s and

yt 5 (
i50

`

bi «t2i ,

with bi ’s defined in Section 1, is a stationary AR~ p! process satisfying model
~1!+ For example, if q0 5 1 ~linear time trend!, then

b0
* 5

b0

12 (
i51

p

ai

2 b1

(
i51

p

iai

S12 (
i51

p

aiD2

and

b1
* 5

b1

12 (
i51

p

ai

+

Under model~29!, the plug-in predictor ofxn1h, _xn1h~k!, has the following
representation:

_xn1h~k! 5 Ixn
' ~k! _an~h, k! 5 Ixn

' ~k! ZBn
h21~k! _an~1, k!, (31)
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where Ix t~k! 5 ~1, t 1 1, + + + , ~t 1 1!q0, xt , + + + , xt2k11!' is a ~q0 1 1 1 k!-
dimensional vector, _an~h, k! 5 ZBn

h21~k! _an~1, k!,

_an~1, k! 5 ~ Zb0, n, + + + , Zbq0, n, _a1, n~1, k!, + + + , _ak, n~1, k!!'

5S(
j5k

n21

Ix j ~k! Ix j
'~k!D21

(
j5k

n21

Ix j ~k!xj11,

and

ZBn~k! 5 S B1 ZB2, n~k!

0k3~q011! Ân~k! D
is a ~q0 1 1 1 k! 3 ~q0 1 1 1 k! matrix+ Here,

B1 5 1
1 C0

1 C0
2 J C0

q0

0 C1
1 C1

2 I

I L C2
2 I

I L L Cq021
q0

0 J J 0 Cq0

q0

2
is a ~q0 1 1! 3 ~q0 1 1! upper triangular matrix withCl

r 5 r!0~l!~r 2 l !!!,
0 # l # r,

ZB2, n~k! 5 1
Zb0, n 0 J 0

I I I

Zbq0, n 0 J 02
is a ~q0 1 1! 3 k matrix, 0k3~q011! is a k 3 ~q0 1 1! matrix of zeros, andÂn~k!
is the matrix ZAn~k! ~see Section 1! with [an~1, k! replaced by~ _a1, n~1, k!,
+ + + , _ak, n~1, k!!' + The corresponding direct predictor, ]xn1k~k!, is

]xn1h~k! 5 Ixn
' ~k! ]an~h, k!, (32)

where

]an~h, k! 5 S(
j5k

n2h

Ix j ~k! Ix j
'~k!D21

(
j5k

n2h

Ix j ~k!xj1h+

Corollary 1 establishes an asymptotic expression for the MSPE of_xn1h~k!,
k $ p, under non-Gaussian settings+
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COROLLARY 1+ Assume that in model (29)«1 satisfies (8) and for any
q . 0,

E~6«16q! , `+ (33)

Then, for k$ p and h$ 1,

nSMSPE EPh~k! 2 (
j50

h21

bj
2s2D 5 Cq0, h 1 f1, h~k! 1 O~n2102!, (34)

where

MSPE EPh~k! 5 E~xn1h 2 _xn1h~k!!2

and

Cq0, h 5 1q011
' Cq0

* 1q011S(
i50

h21

biD2

s2,

with 1q011 denoting a vector of 1’s of dimensional q0 1 1 and

Cq0

* 5 1
1

1

2
J

1

q0 1 1

1

2

1

3
J

1

q0 1 2

I I I

1

q0 1 1

1

q0 1 2
J

1

2q0 1 1

2
21

being a~q0 1 1! 3 ~q0 1 1! matrix.

Remark 4+ As observed in~34!, the~second-order! MSPE of the plug-in pre-
dictor is the sum of two terms+ By comparing~34! with ~10!, the first term,
Cq0, h, can be viewed as the loss due to forecasting the deterministic time trend,
(i50

q0 bi
* t i , in ~30!, and the second term, f1, h~k!, can be viewed as the loss due

to forecasting the stationary process, yt , in ~30!+ Equality ~34! considerably ex-
tends~2+5! of Fuller and Hasza~1981!, which provides an asymptotic expres-
sion for MSPE EPh~k! in the situation whereq0 5 0 ~constant time trend! and
«i ’s are independent Gaussian random variables, each with mean 0 and vari-
ances2+

Corollary 2 provides an asymptotic expression for the MSPE of]xn1h~k! with
k $ p+
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COROLLARY 2+ Let the assumptions of Corollary 1 hold. Then, for k$ p
and h$ 1,

nSMSPE EDh~k! 2 (
j50

h21

bj
2s2D 5 Cq0, h 1 f2, h~k! 1 O~n2102!, (35)

where

MSPE EDh~k! 5 E~xn1h 2 ]xn1h~k!!2+

The ~second-order! MSPE of the direct predictor is also the sum of two dif-
ferent losses due to forecasting two different components in model~30!,
and the loss due to forecasting the deterministic time trend is exactly the same
as that of the plug-in predictor+ To illustrate the preceding theoretical results,
assume thatq0 5 1 andh 5 2+ In this case, Cq0, h 5 4~1 1 a1!2s2+ Hence, for
k $ p,

lim
nr`

nSMSPE EP2~k! 2 (
j50

1

bj
2s2D 5 4~11 a1!2s2 1 f1,2~k!

5 4~11 a1!2s2

1 $~k 1 2!a1
2 1 k 2 1 1 ak

2%s2

and

lim
nr`

nSMSPE ED2~k! 2 (
j50

1

bj
2s2D 5 4~11 a1!2s2 1 f2,2~k!

5 4~11 a1!2s2 1 $~k 1 2!a1
2 1 k%s2+

In general, one has fork $ p andh $ 2,

lim
nr`

n~MSPE EDh~k! 2 MSPE EPh~k!! 5 f2, h~k! 2 f1, h~k! . 0+ (36)

Therefore, the plug-in predictor is still better than the direct predictor in the
sense of~36!+ In addition, by Corollaries 1 and 2 and Theorem 3, whenk $ p
andh $ 1, the strict parsimony principle still holds for the plug-in and direct
predictors in stationary AR models with deterministic time trends+

The following corollary~Corollary 3! compares the performances of_xn1h~k!
and ]xn1h~k! with k , p+ It shows that if~27! holds, then forh . 1 andk , p,
the direct predictor is better than the plug-in predictor, a conclusion that co-
incides with that of Theorem 4 for the zero mean process+ Like Theorem 4,
Corollary 3 also allowsp in model~29! to equal̀ + In this case, (i51

` 6ai 6 , `
is assumed instead ofap Þ 0+
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COROLLARY 3+ Assume that in model (29)1 # p # ` and«1 satisfies (8)
and (33). Then, for h$ 2 and 1 # k , p,

lim
nr`

~MSPE EPh~k! 2 MSPE EDh~k!! 5 ~aD~h, k! 2 a~h, k!!'R~k!

3 ~aD~h, k! 2 a~h, k!!+

Moreover, if (27) holds, then for h$ 2 and 1 # k , p,

lim
nr`

~MSPE EPh~k! 2 MSPE EDh~k!! . 0+

4. SOME AMBIGUITIES ASSOCIATED WITH PLUG-IN AND DIRECT
PREDICTORS IN NONSTATIONARY AR MODELS

Although the advantage of the plug-in predictor with respect to the direct pre-
dictor is guaranteed in the situation where the underlying process is stationary
andk $ p, this is not the case for the random walk model,

xt 5 xt21 1 «t , (37)

even if the assumed model is correctly specified+ Throughout this section, we
assume that$«t % is a sequence of independent Gaussian random variables, each
with mean 0 and variances2+

PROPOSITION 1+ Let observations x1, + + + , xn come from model (37) with the
initial condition x0 5 0. Then for h$ 1,

lim
nr`

n~MSPEPh~1! 2 hs2! 5 2h2s2

and

lim
nr`

n~MSPEDh~1! 2 hs2! 5 2h2s2+

Consequently,

lim
nr`

n~MSPEDh~1! 2 MSPEP2~h!! 5 0+

The proof of Proposition 1 is similar to that of Corollary 1 of Ing~2001!+We
omit the details+ In the rest of this section, we consider the following nonsta-
tionary AR~2! model:

xt 5 xt22 1 «t + (38)

Proposition 2, which follows, shows that under model~38! the plug-in two-step-
ahead predictor obtained from the AR~2! model and that obtained from the AR~3!
model have the same prediction efficiency+ ~Recall that in the stationary AR~2!

MULTISTEP PREDICTION 267

https://doi.org/10.1017/S0266466603192031 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466603192031


model, Remark 2 and~22! show that the plug-in two-step-ahead predictor ob-
tained from the AR~2! model is strictly better than that obtained from the AR~3!
model+!

PROPOSITION 2+ Let observations x1, + + + , xn come from model (38) with the
initial condition xi 5 0 for i 5 0,21. Then,

lim
nr`

n~MSPEP2~3! 2 s2! 5 4s2,

lim
nr`

n~MSPEP2~2! 2 s2! 5 4s2,

and

lim
nr`

n~MSPEP2~3! 2 MSPEP2~2!! 5 0+

Remark 5+ A complete verification of Proposition 2, which requires a rather
subtle argument, is not presented in this paper, but it is available from the au-
thor+We also note that the ambiguity encountered with plug-in predictors stated
in Proposition 2 does not exist for their corresponding direct predictors be-
cause it can be shown that

lim
nr`

n~MSPED2~3! 2 MSPED2~2!! 5 s2+

The main purpose of this section is to show that some stationary case results
on MSPEs of the plug-in and direct predictors can not be generalized to non-
stationary cases+ However, to gain a deeper understanding of these predictors’
performances in nonstationary cases, extensions of Proposition 1~or 2! to more
general nonstationary AR models are needed+ Further investigation into this
question would be interesting+
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APPENDIX A

In the following, we useC to denote a generic positive constant independent of the
sample sizen+ To verify Theorems 1 and 2, we begin with the following three lemmas,
Lemmas A+1, A+2, and A+3, which are immediate consequences of Lemma 1, Theo-
rem 2, and Lemma 4 of Ing and Wei~2002!, respectively+

LEMMA A +1+ Let the assumptions of Theorem 1 hold withuh in (9) replaced by 2.
Then, for any positive integer k and any q. 0,

E~7 ZRn
21~k!7q! # C

holds for sufficiently large n.

LEMMA A +2+ Let the assumptions of Theorem 1 hold withuh in (9) replaced by
max$2q1,4%, for some q1 . 0. Then, for any positive integer k and any0 , q , q1,

E~7 ZRn
21~k! 2 R21~k!7q! # Cn2q02

holds for sufficiently large n.

LEMMA A +3+ Assume that$xt % satisfies model (1) with E~ 6«16q! , ` for some
q $ 2. Then, for any positive integer k,

ES** 1

Mn (
j5k

n21

x j ~k!«j11**
qD # C

holds for n$ k 1 1, where for vectord 5 ~d1, + + + ,dk!
',7d72 5 (i51

k di
2.
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Proof of Theorem 1. In view of ~2! and~3!,

xn1h 2 [xn1h~k! 5 (
j50

h21

bj «n1h2j 1 xn
' ~k!Ah21~k!a~1, k! 2 xn

' ~k! ZAn
h21~k! [an~1, k!+ (A.1)

Some algebraic manipulations yield

xn
' ~k!Ah21~k!a~1, k! 2 xn

' ~k! ZAn
h21~k! [an~1, k! 5 Ph~k! 1 cn, (A.2)

wherePh~k! 5 2xn
' ~k!Lh~k!~ [an~1, k! 2 a~1, k!! andcn 5 0 for h 5 1 and

6cn6 # C (
l52

h

7 [an~1, k! 2 a~1, k!7 l 7xn~k!7 (A.3)

for h $ 2+ By Lemmas A+1 and A+3, Hölder’s inequality, and~9!, one has forh $ 2 and
all l 5 2, + + + , h,

E~7 [an~1, k! 2 a~1, k!72~l11! !

# E~7 ZRn
21~k!72~l11!q!10qES** 1

n 2 k (
j5k

n21

x j «j11**
2~l11!q0~q21!D~q21!0q

5 O~n2l21!, (A.4)

whereq $ {2~h 1 1!0d}1 1, and for real number a, {a} denotes the largest integer# a+
Moreover, becausext can be expressed as

xt 5 (
j50

`

bj «t2j ,

with bj satisfyingbj
2 # ne2bj for somen,b . 0, by Lemma 2 of Wei~1987!,

E~7xn~k!72~l11! ! # C (A.5)

for l # h+ Now by ~A+3!–~A+5! and Hölder’s inequality,

E~cn
2! 5 O~n22! (A.6)

for h $ 2+
To deal withPh~k!, first define

Ph
*~k! 5 2xn

*'~k!Lh~k!R21~k!
1

n 2 k (
j5k

gn

x j ~k!«j11, (A.7)

where

xn
*~k! 5 S (

j50

~10b! log n

bj «n2j , + + + , (
j50

~10b! log n

bj «n2k112jD'
andgn 5 n 2 ~20b! log n 2 2k 2 2+ If one can show that

E~nPh
*2

~k!! 5 tr~R~k!Lh~k!R21~k!Lh
' ~k!!s2 1 O~n2102! (A.8)
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and

E$n~Ph
2~k! 2 Ph

*2
~k!!% 5 O~n2102!, (A.9)

then the desired result~10! follows from ~A+1!, ~A+2!, ~A+6!, ~A+8!, ~A+9!, and the Cauchy–
Schwarz inequality+

To obtain~A+8!, first observe that

E~nPh
*2

~k!! 5 S11 OS log n

n
DD tr~R21~k!Lh

' ~k!R*~k!Lh~k!!s2, (A.10)

whereR*~k! 5 E~xn
*~k!xn

*'~k!!+ Simple algebra gives

tr~R21~k!Lh
' ~k!R*~k!Lh~k!! 5 tr~R21~k!Lh

' ~k!R~k!Lh~k!! 1 OS (
l5~10b! log n

`

bl
2D+ (A.11)

Because(l5~10b! log n
` bl

2 5 O~10n!, ~A+8! follows from this, ~A+10!, and~A+11!+
For the proof of~A+9!, write

M ~n 2 k!~Ph~k! 2 Ph
*~k!! 5 2~xn~k! 2 xn

*~k!!'Lh~k! ZR21~k!
1

M ~n 2 k!
(
j5k

n21

x j ~k!«j11

2 xn
*'~k!Lh~k!~ ZR21~k! 2 R21~k!!

1

M ~n 2 k!
(
j5k

n21

x j ~k!«j11

2 xn
*'~k!Lh~k!R21~k!

1

M ~n 2 k!
(

j5gn11

n21

x j ~k!«j11

[ ~ I ! 1 ~II ! 1 ~III !+ (A.12)

By Hölder’s inequality, Lemmas A+1 and A+2, an analogy with Lemma A+3, Lemma 2 of
Wei ~1987!, and~9!, the following equalities hold:

E$~ I !2% 5 OS1

n
D, (A.13)

E$~ II !2% 5 OS1

n
D, (A.14)

and

E$~ III !2% 5 OS log n

n
D+ (A.15)

These equalities and~A+8! further imply that

E$MnPh
*~k!~ I !% 5 O~n2102! (A.16)

and

E$MnPh
*~k!~ II !% 5 O~n2102!+ (A.17)
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In view of ~A+13!–~A+17!, ~A+9! is guaranteed if we can show that

E$MnPh
*~k!~ III !% 5 O~n2102!+ (A.18)

Rewrite~III ! as

2 xn
*'~k!Lh~k!R21~k!

1

M ~n 2 k!
(

j5gn11

vn21

x j ~k!«j11

2 xn
*'~k!Lh~k!R21~k!

1

M ~n 2 k!
(
j5vn

n21

x j
*~k!«j11

2 xn
*'~k!Lh~k!R21~k!

1

M ~n 2 k!
(
j5vn

n21

~x j ~k! 2 x j
*~k!!«j11

[ ~ IV ! 1 ~V ! 1 ~VI !, (A.19)

wherevn 5 n 2 ~10b! log n 2 k 2 1+ By an analogy with Lemma A+3 and Lemma 2 of
Wei ~1987!,

E** 1

M ~n 2 k!
(
j5vn

n21

~x j ~k! 2 x j
*~k!!«j11**

4

5 OS ~ log n!2

n4 D+
This and the Cauchy–Schwarz inequality yield

E~~VI !2! 5 OS log n

n2 D
and hence

E$MnPh
*~k!~VI !% 5 OSM log n

n
D+ (A.20)

By independence, one also has

E~MnPh
*~k!~ IV !! 5 E~MnPh

*~k!~V !! 5 0+ (A.21)

Consequently, ~A+18! follows from ~A+19!–~A+21!+ n

Proof of Theorem 2. Rearranging the order of summation, we have

xn1h 2 Yxn1h~k! 2 (
j50

h21

bj «n1h2j 5 2xn
' ~k! ZRn

21~h, k!
1

n 2 k 2 h 1 1 (
j5k

n2h

x j ~k! (
l50

h21

bl «j1h2l

5 Qh~k!, (A.22)

where

ZRn~h, k! 5
1

n 2 k 2 h 1 1 (
j5k

n2h

x j ~k!x j
'~k!
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and

Qh~k! 5 2xn
' ~k! ZRn

21~h, k!
1

n 2 k 2 h 1 1 (
j5k

n21S(
l50

h21

bl x j111l2h~k!D«j11+

Note that in this proof, x j ~k! is set to0k, provided j , k or j . n 2 h+ By arguments
similar to those used for verifying~A+8! and~A+9!,

E~nQh
2~k!! 5 trHR21~k!covS(

l50

h21

bl xk1l ~k!DJs2 1 O~n2102!+ (A.23)

Consequently, ~12! follows from ~A+22! and~A+23!+ n

Proof of Theorem 3. We first prove~18!+ By ~D+3! of Kunitomo and Yamamoto
~1985!,

R21~k 1 1! 5 SR21~k! 0k

0k
' 0D1

1

s2 ll ', (A.24)

wherel ' 5 ~ak, + + + ,a1,21! is a ~k 1 1!-dimensional vector+ Also observe that

Lh~k 1 1! 5 SLh~k! T *

0k
' bh21

D, (A.25)

whereT * 5 (j50
h22 bj Ah222j ~k!ek

* andek
*5 ~0, + + + ,0,1!' is ak-dimensional vector+ Equal-

ities ~A+24! and~A+25! yield

f1,h~k 1 1! 5 f1,h~k! 1 l 'Lh
' ~k 1 1!R~k 1 1!Lh~k 1 1! l+ (A.26)

Therefore, if ~19! ~bh21 Þ 0! holds, then ~18! follows from ~A+26!, Lh~k 1 1! l Þ 0k11,
and the positive definiteness ofR~k 1 1!+

On the other hand, assume that~20! ~l * Þ 0k11! holds+ Notice that forj $ 0,

Aj ~k 1 1! 5 R21~k 1 1!Ej ~k 1 1!, (A.27)

where

Ej ~k 1 1! 5 1
rj rj21 J rj2k

I I I

rk1j rk1j21 J rj
2 +

One also has

Ej ~k 1 1! l 5 2s2~bj2k, + + + ,bj !
'

for j $ 0+ These in turn imply that the second term on the right-hand side of~A+26!
equalss4l *

'
R21~k 1 1! l *, which is positive according to~20! and the positive definite-

ness ofR21~k 1 1!+ As a result, ~18! follows+
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To show~21!, first observe that

f2,h~k 1 1! 5 trSR21~k 1 1! (
l150

h21

(
l250

h21

bl1 bl2 E6 l12l26~k 1 1!Ds2

5 s2 (
l150

h21

(
l250

h21

bl1 bl2tr~A6 l12l26~k 1 1!!, (A.28)

where the second equality is ensured by~A+27!+ Because tr~Aj ~k 1 1!! 5 tr~Aj ~k!! for
j $ 1 ~see also Kunitomo and Yamamoto, 1985!, ~D+1!, this fact and~A+28! give

f2,h~k 1 1! 5 f2,h~k! 1 (
l50

h21

bl
2s2 . f2,h~k!,

as asserted+ n

The following technical lemma is needed for verifying Theorem 4+ Its proof can be
found in Ing and Wei~2002, Lemma 3!+

LEMMA A +4+ Assume that$xt % satisfies model (1) with E~6«162q! , ` for some
q $ 2. Then, for any pair of positive integers~h, k! with h $ 1 and k, p,

ES** 1

Mn (
j5k

n2h

x j ~k!$x j
'~ p!~a~h, p! 2 aD~h, k!!%**

qD # C

holds for sufficiently large n, whereaD~h, k!, defined in Theorem 4, is now viewed as a
p-dimensional vector with undefined entries set to 0.

Proof of Theorem 4. For k , p,

xn1h 2 Yxn1h~k! 5 (
j50

h21

bj «n1h2j 1 xn
' ~ p!~a~h, p! 2 aD~h, k!!

2 xn
' ~k!~ Yan~h, k! 2 aD~h, k!!, (A.29)

wherea~h, p! is defined in Section 1 andaD~h, k! in this proof is sometimes viewed as a
p-dimensional vector with undefined entries set to 0+ Express the last term on the right-
hand side of~A+29! as

xn
' ~k! ZRn

21~h, k!
1

n 2 h 2 k 2 1 (
j5k

n2h

x j ~k! H(
i50

h21

bi «j1h2i 1 x j
'~ p!~a~h, p! 2 aD~h, k!!J +

(A.30)

According to Hölder’s inequality, the expectation of the square of~A+30! is bounded by

SE**dn (
j5k

n2h

x j ~k! H(
i50

h21

bi «j1h2i 1 x j
'~ p!~a~h, p! 2 aD~h, k!!J**3q0~q21!D2~q21!03q

3 ~E7xn~k!76q0~q21! !~q21!03q~E7 ZRn
21~h, k!72q!10q, (A.31)
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wheredn 5 ~n 2 h 2 k 2 1!21 andq . 1 1 ~60d!+ By Lemma A+4 and an analogy with
Lemma A+3, the first component of~A+31! is of orderO~10n!, provided

E$6«1661d % , `+ (A.32)

Moreover, by Lemma 2 of Wei~1987! and Lemma A+1, the remaining components of
~A+31! are both of orderO~1! if ~A+32! holds+ Consequently, ~A+31! is of orderO~10n!
because~A+32! is guaranteed by the assumption thatE$6«164h121d% , ` for somed . 0+
This fact, the Cauchy–Schwarz inequality, and~A+29! further yield

E$~xn1h 2 Yxn1h~k!!2% 2 s2 (
j50

h21

bj
2 5 ~a~h, p! 2 aD~h, k!!'R~ p!~a~h, p! 2 aD~h, k!!

1 OS 1

Mn
D+ (A.33)

For MSPEPh~k!, we have

xn1h 2 [xn1h~k! 5 (
j50

h21

bj «n1h2j 1 xn
' ~ p!~a~h, p! 2 aD~h, k!! 1 xn

' ~k!~aD~h, k! 2 a~h, k!!

2 xn
' ~k!~ [an~h, k! 2 a~h, k!!+ (A.34)

By arguments similar to those used for proving~A+6! and~A+33!, the expectation of the
square of the last term on the right-hand side of~A+34! is of orderO~10n!+ This result
and the fact that the first three terms on the right-hand side of~A+34! are pairwise un-
correlated imply that

E~xn1h 2 [xn1h~k!!2 2 s2 (
j50

h21

bj
2 5 ~a~h, p! 2 aD~h, k!!'R~ p!~a~h, p! 2 aD~h, k!!

1 ~aD~h, k! 2 a~h, k!!'R~k!

3 ~aD~h, k! 2 a~h, k!! 1 OS 1

Mn
D+ (A.35)

In view of ~A+33! and~A+35!, ~26! follows+ To show~28!, first observe that fork , p,

a~h, k! 5 R21~k!~gh
*, + + + ,gk1h21

* !+

This identity, the definition ofaD~h, k!, condition~27!, and the positive definiteness of
R21~k! yield the desired property+ n

Remark A.1. By an argument similar to that used for verifying Theorem 3 of Ing
and Wei ~2002!, O~10Mn! in ~A+33! and ~A+35! can be weakened toO~10n! under a
slightly stronger moment condition+ However, because the main concern of Theorem 4
is with the terms of orderO~1!, pursuing this more delicate result does not seem necessary+
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APPENDIX B

The h-step prediction model corresponding to model~29! is

xt1h 5 Ix t
'~k!b~h, k! 1 (

i50

h21

bi «t1h2i

5 Ix t
'~k!Bh21~k!~b0, + + + ,bq0

,a1, + + + ,ak!' 1 (
i50

h21

bi «t1h2i , (B.1)

wherek $ p,

B~k! 5 S B1 B2~k!

0k3~q011! A~k!D,
B2~k! with k $ p is the matrix ZB2, n~k! with Zbi, n replaced bybi for i 5 0, + + + ,q0 ~note that
for k , p, the definition of B2~k! is slightly different; see the proof of Corollary 3,
which follows, for details!, and b~h, k! 5 Bh21~k!~b0, + + + ,bq0

,a1, + + + ,ak!' for k $ p+
Inspired by Chapter 16 of Hamilton~1994!, which deals with parameter estimation and
hypothesis testing problems under model~29! with q0 5 1, we consider a linear trans-
formation of Ix t~k!, G~k! Ix t~k!+ Here,

G~k! 5 SIq011 0~q011!3k

T~k! Ik
D

is a ~q0 1 1 1 k! 3 ~q0 1 1 1 k! matrix, and

T~k! 5 1
T1,0 J T1,q0

I I

Tk,0 J Tk,q0

2
is ak 3 ~q0 1 1! matrix with Ti, j 5 2(l5j

q0 ~2i ! l2jCl2j
l bl

* for i 5 1, + + + , k andj 5 0, + + +q0,
andbl

* being defined in~30!+ Observe thatG~k! Ix t~k! 5 Iyt~k! 5 ~1, t 1 1, + + + , ~t 1 1!q0,
yt , + + + , yt2k11!' , whereyt is defined in~30!, and that

~b0, + + + ,bq0
!' 5 ~b0

*, + + + ,bq0

* !' 1 T '~k!a~1, k! (B.2)

for k $ p+
Define the normalized sample covariance matrixERn~k! as

ERn~k! 5
1

n 2 k (
j51

n21

Vn~k!G~k! Ix j ~k! Ix j
'~k!G'~k!Vn

'~k!

5
1

n 2 k (
j51

n21

Vn~k! Iyj ~k! Iy j
'~k!Vn

'~k!,
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where

Vn~k! 5 S Dn 0~q011!3k

0k3~q011! Ik
D

with Dn 5 diag~1, ~n 1 1!21, + + + , ~n 1 1!2q0 ! being a diagonal matrix of dimension
q0 1 1+ The following two lemmas deal with moment properties ofERn

21~k!+

LEMMA B +1+ Let the assumptions of Corollary 1 hold. Then, for any positive inte-
ger k and any q. 0,

E~7 ERn
21~k!7q! # C

holds for sufficiently large n.

LEMMA B +2+ Let the assumptions of Corollary 1 hold. Then, for any positive inte-
ger k and any q. 0,

E~7 ERn
21~k! 2 ER21~k!7q! # Cn2q02

holds for sufficiently large n, where

ER~k! 5 S Cq0

*21
0~q011!3k

0k3~q011! R~k! D
with Cq0

* defined in Corollary 1 and R~k! defined in Section 1.

Lemmas B+1 and B+2 can be shown by arguments similar to those used for verifying
Lemma 1 and Theorem 2 of Ing and Wei~2002!, respectively+ We omit the details to
save space+ By analogy with Lemma A+3, Lemma B+3 is obtained as follows+

LEMMA B +3+ Assume that$xt % satisfies model (29) with E~6«16q! , ` for some
q $ 2. Then, for any positive integer k,

ES** 1

Mn (
j5k

n21

Vn~k! Iyj ~k!«j11**
qD # C

holds for n$ k 1 1.

Based on~B+2! and some tedious calculations, we obtain the following results, which
play important roles in proving Corollary 1+

LEMMA B +4+ For k $ p,

G'
21

~k!B~k!G'~k! 5 S B1 0~q011!3k

0k3~q011! A~k! D+
Hence, for k$ p and h$ 1,

G'
21

~k!Bh21~k!G'~k! 5 S B1
h21 0~q011!3k

0k3~q011! Ah21~k!D
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and

** ~G'~k!Vn
'~k!!21Bh21~k!G'~k!Vn

'~k! 2S Iq011 0~q011!3k

0k3~q011! Ah21~k!D** 5 OS1

n
D+

Proof of Corollary 1. By ~31!, ~B+1!, Lemma B+4, and some algebraic manipula-
tions, one has

E~xn1h 2 _xn1h~k!!2 5 (
i50

h21

bi
2s2 1 E~ EPh~k! 1 Icn!2, (B.3)

where EPh~k! 5 2 Ixn
' ~k! ELh~k!~ _an~1, k! 2 b~1, k!!, ELh~k! 5 (j50

h21 bj Bh212j ~k!, Icn 5 0 for
h 5 1, and

6 Icn6 # C (
l51

h21

7 _an~1, k! 2 b~1, k!7 l 7 ERn
21~k!7

3 ** 1

n 2 k (
j5k

n21

Vn~k! Iyj ~k!«j11**7Vn~k! Iyn~k!7 (B.4)

for h $ 2+ Because

7 _an~1, k! 2 b~1, k!7 # 7Vn
'~k!77G'~k!77 ERn

21~k!7** 1

n 2 k (
j5k

n21

Vn~k! Iyj ~k!«j11**
# C7 ERn

21~k!7** 1

n 2 k (
j5k

n21

Vn~k! Iyj ~k!«j11**,
by Lemmas B+1 and B+3, ~B+4!, and Hölder’s inequality,

E~ Icn
2! # C

1

n2 + (B.5)

According to Lemmas B+1–B+3 and arguments similar to those used for verifying~A+8!
and~A+9!, one has

nE~ EPh
2~k!! 5 tr~ ER0~k! ELh

* ~k! ER21~k! ELh
*'~k!!s2 1 O~n2102!, (B.6)

where

ER0~k! 5 E~Vn~k! Iyn~k! Iyn
' ~k!Vn

'~k!! 5S1q0111q011
' 0~q011!3k

0k3~q011! R~k! D
and ELh

* ~k! 5 ~G'~k!Vn
'~k!!21 ELh~k!G'~k!Vn

'~k!+ By Lemma B+4, it can be shown that

** ELh
* ~k! 2 1(

i50

h21

bi Iq011 0~q011!3k

0k3~q011! Lh~k! 2** 5 O~n21!+
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This fact, the definition of ER0~k!, and~B+6! yield

nE~ EPh
2~k!! 5 1q011

' Cq0

* 1q011S(
i50

h21

biD2

s2 1 f1,h~k! 1 O~n2102!+ (B.7)

Consequently, ~34! follows from ~B+3!, ~B+5!, and~B+7!+ n

Proof of Corollary 2. Equality ~35! can be shown by arguments similar to those
used for proving Theorem 2 and Corollary 1+ The details are omitted+ n

Proof of Corollary 3. For the plug-in predictor, one has fork , p,

xn1h 2 _xn1h~k! 2 (
i50

h21

bi «n1h2i 5 ~ Ixn
' ~ p!Bh21~ p!b~1, p! 2 Ixn

' ~k!Bh21~k!b~1, k!!

2 ~ Ixn
' ~k! ZBn

h21~k! _an~1, k! 2 Ixn
' ~k!Bh21~k!b~1, k!!,

(B.8)

where the definition ofB~k! with k , p and that withk $ p are the same, but the first
column ofB2~k!, the upper-right~q0 1 1! 3 k submatrix ofB~k!, in the case ofk , p
is ~b0

*, + + + ,bq0

* !' 1 T '~k!a~1, k! instead of~b0, + + + ,bq0
!' , and b~1, k! with k , p is a

~q0 1 1 1 k!-dimensional vector defined by~~b0
*, + + + ,bq0

* ! 1 a'~1, k!T~k!,a'~1, k!!' +
Because it can be shown that Lemma B+4 still holds withk , p, one has

Ixn
' ~ p!Bh21~ p!b~1, p! 2 Ixn

' ~k!Bh21~k!b~1, k! 5 yn
' ~ p!a~h, p! 2 yn

' ~k!a~h, k!, (B.9)

whereyj ~l ! 5 ~ yj , + + + , yj2l11!' + Moreover, by Lemmas A+4, B+1, and B+3 and an argu-
ment similar to that used for showing~B+5!,

E~ Ixn
' ~k! ZBn

h21~k! _an~1, k! 2 Ixn
' ~k!Bh21~k!b~1, k!!2 5 O~n21!+ (B.10)

As a result,

E~xn1h 2 _xn1h~k!!2 2 (
j50

h21

bj
2s2 5 ~a~h, p! 2 aD~h, k!!'R~ p!~a~h, p! 2 aD~h, k!!

1 ~aD~h, k! 2 a~h, k!!'R~k!~aD~h, k! 2 a~h, k!!

1 OS 1

Mn
D (B.11)

follows from ~B+8!–~B+10! and an analogy with~A+35!+
Similarly, it also can be shown that

E~xn1h 2 ]xn1h~k!!2 2 (
j50

h21

bj
2s2 5 ~a~h, p! 2 aD~h, k!!'R~ p!~a~h, p! 2 aD~h, k!!

1 OS 1

Mn
D+ (B.12)

Consequently, Corollary 3 follows from~B+11!, ~B+12!, and an argument similar to that
used for verifying~28!+ n
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