Econometric Theoryl9, 2003 254-279 Printed in the United States of America
DOI: 10.1017S0266466603192031

MULTISTEP PREDICTION IN
AUTOREGRESSIVE PROCESSES

CHING-KANG ING

National Taipei University

In this papertwo competing types of multistep predictor., plug-in and direct
predictorsare considered in autoregress{¥dR) processesVhen a working model
AR(K) is used for theh-step prediction witth > 1, the plug-in predictor is ob-
tained from repeatedly using the fittédy least squargsAR (k) model with an
unknown future value replaced by their own forecaatsd the direct predictor is
obtained by estimating thie-step prediction model’s coefficients directly by lin-
ear least square®nder rather mild conditionsasymptotic expressions for the
mean-squared prediction errdi§ISPES of these two predictors are obtained in
stationary casedn addition we also extend these results to models with deter-
ministic time trendsBased on these expressiopsrformances of the plug-in and
direct predictors are comparefinally, two examples are given to illustrate that
some stationary case results on these MSPEs can not be generalized to the non-
stationary case

1. INTRODUCTION

Assume that observations,..., X, are generated from the following stationary
autoregressivéAR) process

p
X =2 aX_+e, t=..-101..., (1)

i=1

where 1= p < oo is some unknown positive integex, # 0, {&;} is a sequence
of (unobservableindependent and identically distributéd.d.) random noises
each with mean 0 and variane€, and the polynomialh(z) =1 —a;z— --- —
a,zP # 0, for |z| = 1. These assumptions ensure ttege Brockwell and Davjs
1987 Theorem 3L.1) x, has a one-sided infinite moving-average representation

oo
Xy = 2 b &,
i=0
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whereby + b,z + b,z? + --- = A(2), by = 1, and b? = ve #* for some

v, B > 0. When a working model ARK) is used for multistep predictiora
natural predictor ok,.,, h = 1, can be obtained as follow§irst, the param-
eters in the working model are estimated by least squaiteen the predictar
Xn+n(K), is given by repeatedly using the fitted model with an unknown future
value replaced by their own forecasts the following X,.n(k) will be re-
ferred to as the plug-in predictdsee also Kunitomo and Yamamotb985
Bhansalj 1997). More specifically let &,(1, k) = (&1, n(L K),..., & n(1,k))" de-

note the least-squares estimators of the AR parameters in the working,model
wherea, (1, k) satisfies

n—1 n—1
_Ek X; (K)x] ()&, (1, k) = Ek X; (K) X1
i= i=

with Xx;(K) = (X;,..., Xj—k+1)’ for j = k. Then for h = 1, the plug-in predictor is
given by

%an(K) = X4 (K AL (k) & (L, K), )

where with |, and0,,, respectivelydenoting an identity matrix and a vector of
zeros of dimensiom,

An(k) = (anu, K) ‘ @)
k—1

andA%(k) = .

Whenk = p and{x;} is a Gaussian procedscan be shown thak.g., Brock-
well and Davis 1987 Chs 8 and 10 a,(1, k) is asymptotically equivalent to
the maximum likelihood estimatofMLE) of (a,,...,ax)’ with a; = 0 for
i > p. (Note that fork = p, the coefficient vectofay,...,a,)’ equalsa(l,k) =
RTH(K) (y1,-.., 7', whereR(k) = E{[x(k) — E(x¢(k))][x¢(k) — E(x:(k)]'}
andy; = E{[x — E(x)][X—; — E(x—j)]}.) Therefore by the invariance prop-
erty of the MLE the plug-in estimator

a,(h, k) = A (k) an(1, k),
is asymptotically equivalent to the MLE of
a(h,k) = (ay(h,k),...,a(h, k)" = A" *(k)a(1, k),

wherek = p, A°(k) = I, and
E)
1)
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Observe thaga(h, k) with k = p is also the coefficient vector of thestep pre-
diction formula corresponding to modgl), namely

k h—1
XH—h = 2 a](h) k)XH—l—j + E bJ 8l+h—j . (3)
=1 =

These facts suggest that whex} is Gaussianx,. (k) with k = p may per-
form well compared to the other predictors of the same AR ordewever
because it is difficult for the practitioner to know whethee p, or {x;} is
Gaussianthe advantage of,,, (k) can not be guaranteebh this situation the
direct predictorsuggested by Findleg1984), is also frequently used as an al-
ternative The direct predictgrX, n(k), is obtained through a linear least-
squares regression &f,, on Xy, ..., X_k+1, I.€,

Xn+n(K) = xp(K)a,(h, k), (4)
where
n—h
ay(hk)=arg min > (Xh—CX — -+ = GXjy1)?
(Cqy.nns cER j=k

Viewing the preceding two predictqrs is natural to ask which one is better
Whenh =1, it is obvious that these two predictors are identi@&alt for h = 2,
this question has not been completely resolRecently Bhansali(1997) has
assumed that the process used in estimation and that for prediction are indepen-
dent (we call this independent-realization predictipand has compared the
mean-squared prediction errofISPE9 of the plug-in and direct predictors
under non-Gaussian setting$e shows that the plug-in predictor has a smaller
MSPE providedk = p and the terms of ordew,(1/n) are ignoredAlthough
independent-realization prediction is considered in most related liter@gre
Shibata 198Q Bhansalj 1996, it is not a natural assumption for time series
analysis because when new observations of a time series become available
they are not independent of the previous datthough it would seem to be
more convincing to have a theoretical comparison between these two multistep
predictors obtained without this unnatural assumptionthe author’s knowl-
edge no conclusive results have been given in the existing literature

To compare the performances of the plug-in and direct predictorSec-
tion 2, we consider the followingsame-realizationmultistep MSPEs

MSPEP,(K) = E(Xy1n — Xn+n(K))? %)
and
MSPED;, (k) = E(Xq1n — X1:n(K))? (6)

for h = 1. Under rather mild conditionsexpressions for MSP®,(k) and
MSPED,(k), up to terms of order /h, are obtained in the situation where
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k = p (see Theorems 1 and @hich follows). These expressions show that
forh= 2,

lim n{MSPBED, (k) — MSPE>,(k)} > 0, (7)
a conclusion that coincides with that of Bhanddl®97) for the independent-
realization settingln addition we also show in Section 2 that whérn= p is
fixed, the advantage of the plug-in predictor with respect to the direct predictor
increases with.

Theorem 3 in Section 2 considers the difference between NPRREand
MSPEP,(k + 1) and that between MSRE (k) and MSPB(k + 1) for k = p.
Whenk = p, it is shown in Theorem 3 that

lim n[MSPEP,(k + 1) — MSPEP,(K)] > 0

n—oo

and

lim nN[MSPED,(k + 1) — MSPED,,(k)] > 0.

n—oo

Therefore the (strict) parsimony principle(Findley and Wei 2002 Sect 3),
which asserts that if two competing models are both correctly spegifiet
the larger estimated model has a larger limitisgcond-orderMSPE, still holds
for multistep predictiondlt is also worth noting that although these differences
are of order In, and are often ignored by the practitiontirey play important
roles in order selection problentsee the discussion following Theorem 3 for
more details At the end of Section ,2attention is focused on the misspecified
case In contrast to the result obtained (i), if k < p, then except on a zero-
volume subset of the parameter space

lim (MSPEP, (k) — MSPED,(k)) > 0;
n—oo
see Theorem 4 in Section 2 for more details

In Section 3 asymptotic expressions for the MSPEs of the plug-in and direct
predictors are obtained in the situation where a deterministic time trend is in-
cluded in model(1) (see Corollaries 1 and)2Various comparisons of these
MSPEs are also performed at the end of Sectioim $ection 4 two examples
are presented illustrating some interesting phenomena associated with the plug-in
and direct predictors with nonstationary AR moddike first example shows
that the left-hand side df7) (with k = 1 andh = 2) will converge to 0 in the
random walk caseTherefore the advantage of the plug-in predictor vanishes
even wherk = p. The second example shows that the strict parsimony princi-
ple mentioned previously does not hold for the plug-in predictor in certain non-
stationary AR(2) models Proofs for the results in Sections 2 and 3 are deferred
to Appendixes A and Brespectively
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2. ASYMPTOTIC EXPRESSIONS FOR MSPEP,(k) AND MSPED; (k)
IN STATIONARY AR MODEL

In the discussion that followsve shall frequently use the following condition
on the distribution function of,, F(-). For some positive numbets 7, andM,

|[F(x) — F(y)| =M|x -yl (8)

provided|x — y| < n. Condition (8) is fulfilled by any distribution function
with bounded densitySome distribution functions with unbounded density also
satisfy (8). For more details on this conditiprsee Findley and We{2002
Sect 4). When data are generated from modbBl, Theorems 1 and 2 deal with
asymptotic expressions for MSPEk) and MSPB,(k) whenk = p, respec-
tively. Their proofs are given in Appendix.A

THEOREM 1 Assume that observations, x. ., X, are generated from model
(1) with g, satisfying (8) and

E(l&1|") < oo, 9)

wheref, = max{8,2(h + 1)} + & for somed > 0. Then, for k= p and h= 1,
h—-1
j=0

where with Ly(k) = =55 by A" (k),
fLn(k) = tr(R(k) Ly (k) R™H (k) Liy(K)) o2
Remark 1 Condition(8) is used to ensure that for amy> 0,
EIR,*(k)[9 = O(1) (11)

holds forn sufficiently large where

n—1

N 1
Ra(k) = —— E}(Xj(k)xj’(k)
i<

and|G|| = sup=1/|Gz| for matrix G (see Lemma AL in Appendix A for more
detaily. Equality (11) was first proven by Fuller and Haszh981) for station-

ary Gaussian processdsor various generalizations of their residee Bhan-

sali and Papangelad 991, Papangelo1994), Ing and Wei(2002, and Findley

and Wei(2002. By directly assuming thatl1l) holds Kunitomo and Yama-
moto (1985 Corollary 6 have established10) with 6, in (9) replaced by
max{32,16h}. Obviously their assumptions are more stringent than those used
in Theorem 1
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THEOREM 2 Let the assumptions of Theorem 1 hold within (9) re-
placed by8 + 8, for somed > 0. Then, for k= p and h= 1,

h—1
n(MSPEDh(k) -3 b,-202> = f, n(k) + O(n~Y2), (12)
j=0

where

h—1
f27h(k) = '[I’[R_l(k)COV< E blxk+](k)>:|0'2,
j=0

and for random vector, cov(z) = E[(z — E(2))(z — E(2))'].

A comparison between the first terms on the right-hand sidé@fand(12),
f1 n(k) andf, (k), respectivelyis given as Proposition.3 by Bhansali1997),
which shows that fok = p = 1 andh = 2,

fn(K) > f p(K). (13)

This result and Theorems 1 and 2 together imply that when the model is cor-
rectly specifiedthe plug-in predictor has an advantage over the direct predic-
tor, provided the terms of orde®(n~%?) are ignored For example assume
h=2andk=p=1 Then

f2(k) = {k+ (k+ 2)af}o? (14)
and

fio(k) ={(k+2aZ+k—-1+aZlo? (15)
(Recall thata, = 0 for k > p and that/a,| < 1 in the stationary caseHence
fork=p,

N(MSPED,(k) — MSPEP,(k)) = (1—a2)c? + O(n"¥?), (16)

Moreover letk = p = 1 be fixed Then it can be shown theb (k) — fy (k) is

a nondecreasing function of Therefore the advantage of the plug-in predic-
tor with respect to the direct predictor becomes more significahtinsreases
To see thisobserve that

fnea(K) = tr(RK) Ly (K RTHK) Ly (K) o2
= tr(Ly(WR™H (K LL (K A () R(K) A(K)) o2

h-1
+ 2tr<bh Sh A“‘j(k)> o2 + b2ke?
i=o
= fin(k) — e Ly(R (k) Lj (k) geo?

h—1
j=0
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where the third equality follows from\'(k)R(k)A(k) = R(k) — o 2e, €}, with
k-dimensional vectog, = (1,0,_,)’. In addition one also has

h—1

o nra(K) = Ton(K) + 2tr<bh > b, Ahj(k)> o2 + beko?
j=0

As a result
fone1(K) = fLpea(k) = o n(k) — fn(k) + e Ly(K R (K) Ly (K) gcor?, (17)

which gives the asserted property

The following result establishes that the second-order terms of NPSRE
and MSPD, (k) are strictly increasing functions &fin the correctly specified
case

THEOREM 3

(i) Assume h= 1 and k= p. Then,

frn(k+1) > f; p(k), (18)
provided

b, #0 (19)
or

I # O 1, (20)
where with the convention that b= 0 for j < O, I* = (S obn 1w ibi,

...,E?;ol b,_,_ib) is a(k + 1)-dimensional vector.
(i) Assume h= 1 and k= p. Then,

h—1
fon(k+1) =1, (k) + > bfo?> 2 n(K). (21)
i=o

Remark 2 When 1= h = 5, it can be shown that eithéi9) or (20) holds
for all k = p. In addition if h — 1 =< k, then the(k + 2 — h)th entry of* is
b2 = 1. In these caseg18) holds without extra constraints on the parameter
space In general (19) (with h = 2) and (20) only exclude at most a zero-
volume subset in the parameter space

Under the assumptions of Theorem 1 g@60) (or (19)), we conclude from
(10) and(18) that forh = 1 andk = p,

lim n{MSPEP,(k + 1) — MSPEP,(k)} > 0. (22)

n—oo
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Similarly, when the assumptions of Theorem 2 hdlt) and(21) also yield

h—1
lim n{MSPED,(k+ 1) — MSPED,(k)} = >, b?c2>0 (23)
n—oo 1=0
forh=1 andk = p.

Kunitomo and Yamamot¢1985 Theorem 4 obtain thatf; h(k + 1) = f; (k)
whenk = p andh = 2 (see alsdA.26)). However from the order selection
point of view Kunitomo and Yamamoto’s result is not sharp enaugh see
this, first consider the following multistep generalizations of accumulated pre-
diction errors(APES based on sequential plug-in and direct predictors

n—h
APER, (k) = 2 (Xi+h — Kirn(k))?
and

n—h
APED,, (K) = > (Xisn — % :n(k)?

respectively wherem is the smallest positive number such tlgth, k) and
3;(h, k) are well defined for ali = m. Note that the APE withth = 1 was first
proposed by Rissanef1986 for the purpose of use for determinirny For

h = 1, Hemerly and Davig1989, under certain conditiongrove thatk, =
arg miny=x APER, 1(k) = arg minx=x APED,, (k) is a strongly consistent
estimator ofp in the sense that

P(lm ko =p) =2

Herg K is a prescribed upper bound pfUnder the conditions similar to those
used in Hemerly and Davi€l 989, Ing (2002 further shows that foh > 1

1
P< lim — {APEPR, ,(k+1) — APER, ,(k)} = f h(k+1) —f; h(k)) =1
n—w o< logn ’ ’ ’ ’

(24)
and

1
P< lim ———— {APED,, (k + 1) — APED,, n(K)} = fo n(k+ 1) — f, h(k)) =1,
noseo o2 logn ’ ’ ’ ’

(25)
ask = p. As is clear from(24) (or (25)), without the strict inequality(18) (or
(22)), it does not seem possible faf ), = arg min .« APER, (k) (or k", =
arg min <<k APED,, n(k)) with h = 2 to be strongly consistenfor more de-
tails on the statistical properties of ARE,(k) and APED, ,(k), see Ing(2002.
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The following theorem compares MSPEk) and MSPB,,(k) in the situa-
tion wherek < p.

THEOREM 4 Assume that observationg, x ., X, are generated from model
(1) with 1 = p = oo. (Here, p= oo means tha{x;} is truly an AR (c0) process.
In this case,>Z;]a;| < oo is assumed instead of,a 0.) Also assume that
g, satisfies (8) and He,|*""?"%) < oo, for somes > 0. Then, for h= 2 and
l=k<np,

lim (MSPEP, (k) — MSPED,(K))

n—oo

= (ap(h,k) —a(h, k))'R(k)(ap (h, k) — a(h, k)), (26)
whereap(h,k) = R7Y(K) (vh, ..., vnek—1)’ and a(h, k) is defined in Section 1.
Moreover, if
YsF Vs (27)
for at least one positive integer s satisfyingshs =< k + h — 1, then for h= 2
andl=k < p,

lim (MSPEP,(k) — MSPED,(k)) > 0, (28)

n—oo
wherey;" = y; for 1=j =k andy] = ap(L,K)'(yj"1,...,yj) forj =k + 1

Remark 3 Because is allowed to be infinite Theorem 4 covers the causal
and invertible autoregressive moving averé§BMA ) process as a special case
When (27) is violated ymaxin k+1s- - -» Yk+h—1 Must be functions ofy,..., yk.
Therefore (27) only excludes at most a zero-volume subset in the parameter
space In particular (27) holds automatically in the situation whepe= k +
h—1andh=k+ 1 (eg., h=2andk=p— 1), because if27) is violated in
this situationthenay, = --- = a, = 0, which contradicts the assumption that
a, # 0.

Theorem 4 and Remark 3 assert that in the misspecified taselirect pre-
dictor is superior to the plug-in predictor for almost all points in the parameter
space On the other handve have found examples showing that whed) is
violated the plug-in predictor can be better than the direct predictor in the sense
of (7). However to obtain a more conclusive result for the situation whHed
does not holdit is necessary to compare MSPEk) and MSPD,,(k), up to
terms of order In. Because this comparison is quite complicateé do not
pursue these details in this papeor a related result on an asymptotic expres-
sion for MSPE>,(k), up to terms of order /h, in the misspecified caseee
Kunitomo and Yamamot¢1985 Theorem 3.
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3. EXTENSIONS TO STATIONARY AR MODELS AROUND
DETERMINISTIC TIME TRENDS

This section investigates performances of the plug-in and direct predictors in
stationary AR models around deterministic time trenrlssume that observa-
tions x4, ..., X, come from the following model

Yo p
XIZZBitiJ’_EaiXt*i—i_St’ t:...,_l,o,l,..., (29)
i=0 i=1

whereqq is a nonnegative integeB;’s are unknown real numberandp, a;’s
ande, are defined in modgll). We also assume thag in model(29) is known

to simplify the discussionWith an argument similar to that used in Theo-
rem 31.1 of Brockwell and Davig1987) and some algebraic manipulatiomxs
can be expressed as

Yo

X = Bt +y, (30)
i=0

wherep;’s are functions of3;’s anda;’s and

Ye= > bie,
i=0

with b;’s defined in Section ,lis a stationary ARp) process satisfying model
(1). For exampleif qo = 1 (linear time treng, then

p

ia;
. Bo '221
Bo = b B1 o N
1_2al (1—Ea,>
i=1 i=1
and
pi=—2

Under model(29), the plug-in predictor ok, n, X,.n(k), has the following
representatian

Xn+n(K) = X, (K)an(h, k) = x4(K) B (K)&n (L, k), (31)
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where %,(k) = (1t + 1,...,('5 + D% Xyeeny X—ys1) 1S @ (g + 1 + k)-
dimensional vectora,(h, k) = B~ *(k)a,(1, k),

an(LK) = (Bo.ns--+s Bag. s 81.n(LK), ..., 8y n(LK))'

—1n-1

n—-1
- (zk x,—(k)x,f(k)) S %K%
1= j=

and

6o (B By, n(K)
" - Ok><(qo+l) An(k)

isa(gy+1+ k)X (go+ 1+ k) matrix Here

1 ¢t ¢ ... Cc
0 Cct c? :
B,=|: ™ c? :
Caoa
o .. ... O Cg‘g
isa(gy + 1) X (go + 1) upper triangular matrix withlC/" = r!/(I'(r — 1)!),
O=l=r,
Bon O ... O
é2,r1(k) =
Bgpn O ... O

isa(gy+1) X If matrix, Oy (g,+1) IS ak X (go + 1) matrix of zerosandA, (k)
is the matrix A,(k) (see Section 1 with &,(1,k) replaced by(a; (1,k),
..., n(1,k))". The corresponding direct predictdt, «(k), is

Xn+h(k) = X;‘I(k)an(h’ k)5 (32)

where

—1n—h

n—h
a,(h, k) = <2kxj(k)x;(k)> ,Ekij(k)Xm
i= =

Corollary 1 establishes an asymptotic expression for the MSPE, ,¢fk),
k = p, under non-Gaussian settings
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COROLLARY 1. Assume that in model (29), satisfies (8) and for any
q>0,

E(le1]9) < oo. (33)

Then, for k= p and h= 1,

h—-1

n(MSPEﬁh(k) -> bjza2> = Cyo.n + fLn(k) + O(n7Y2), (34)
j=0

where

MSPEP,(K) = E(Xpih — Xn4n(K))?

and

h—1 2
CQOyh = 1&0+1C;01QO+1<_§:O b') 0-2’
=

with 1, ., denoting a vector of 1's of dimensiona} ¢ 1 and

1 1 1 -1
2 o+ 1
1 1 1
Co = 2 3 o + 2
1 1 1
Qo+l g+2 7 209,+1

being a(gy + 1) X (gp + 1) matrix.

Remark 4 As observed if(34), the (second-orderMSPE of the plug-in pre-
dictor is the sum of two term$By comparing(34) with (10), the first term
Cqo.n» Can be viewed as the loss due to forecasting the deterministic time trend

B t", in (30), and the second ternfy ,(k), can be viewed as the loss due
to forecasting the stationary procegs in (30). Equality (34) considerably ex-
tends(2.5) of Fuller and Hasz&1981), which provides an asymptotic expres-
sion for MSPEP, (k) in the situation wherel, = 0 (constant time trendand
g;'s are independent Gaussian random varigbéesh with mean 0 and vari-
anceo 2.

Corollary 2 provides an asymptotic expression for the MSPE, of (k) with
k= p.
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COROLLARY 2. Let the assumptions of Corollary 1 hold. Then, foekp
and h=1,

h—1
n(MSPEﬁh(k) -y bj202> = Cgo.n + fon(k) + O(n7Y2), (35)
j=0

where
MSPED;,(K) = E(Xqin — Xnsn(K)2

The (second-orderMSPE of the direct predictor is also the sum of two dif-
ferent losses due to forecasting two different components in m@®|
and the loss due to forecasting the deterministic time trend is exactly the same
as that of the plug-in predictofo illustrate the preceding theoretical resplts
assume thatj, = 1 andh = 2. In this caseC,, , = 4(1 + a;)?c2. Hence for
k=np,

n—oo

1
lim n (MSPEI52(k) -> bj202> = 4(1+ a;)?c? + fy (k)
j=0

=41+ a;)%c?
+{(k+2a?+k—1+a}o?

and

n—oo ]:0

1
lim n (MSPEﬁZ(k) -> ijch> = 4(1+ a;)?0? + (k)

=41+ a))%0?+ {(k+ 2)aZ+ k}o2
In general one has fok = p andh = 2,

lim n(MSPBED,,(k) — MSPEP, (K)) = f, ,(k) — f, (k) > 0. (36)
n—oo
Therefore the plug-in predictor is still better than the direct predictor in the
sense 0136). In addition by Corollaries 1 and 2 and Theorem8henk = p
andh = 1, the strict parsimony principle still holds for the plug-in and direct
predictors in stationary AR models with deterministic time trends

The following corollary(Corollary 3 compares the performancesyqf. ,,(k)
andX, (k) with k < p. It shows that if(27) holds then forh > 1 andk < p,
the direct predictor is better than the plug-in prediceoiconclusion that co-
incides with that of Theorem 4 for the zero mean procédse Theorem 4
Corollary 3 also allowp in model(29) to equaloo. In this caseX~;|a;| < oo
is assumed instead af, # 0.
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COROLLARY 3. Assume that in model (29)=< p = oo and ¢, satisfies (8)
and (33). Then, for k= 2 and1 =k < p,

lim (MSPEB, (k) — MSPED, (k) = (ap(h, k) — a(h, k))'R(K)

n—oo

X (ap(h,k) —a(h,k)).
Moreover, if (27) holds, then for & 2 and1 = k < p,

lim (MSPEP, (k) — MSPED,,(k)) > 0.

n—oo

4. SOME AMBIGUITIES ASSOCIATED WITH PLUG-IN AND DIRECT
PREDICTORS IN NONSTATIONARY AR MODELS

Although the advantage of the plug-in predictor with respect to the direct pre-
dictor is guaranteed in the situation where the underlying process is stationary
andk = p, this is not the case for the random walk madel

Xy = Xi—1 1 &, (37)

even if the assumed model is correctly specifiedroughout this sectigrwe
assume thae,} is a sequence of independent Gaussian random varjaaels
with mean 0 and variance?.

PROPOSITION 1 Let observations ..., x, come from model (37) with the
initial condition x, = 0. Then for h=1,

lim n(MSPEP,(1) — ho?) = 2h%¢?

n—oo

and

lim n(MSPED,(1) — ho2) = 2h2s2

n—oo

Consequently,
lim n(MSPED,(1) — MSPEP,(h)) = 0.
n—oo

The proof of Proposition 1 is similar to that of Corollary 1 of 1(2001). We
omit the detailsIn the rest of this sectigrwe consider the following nonsta-
tionary AR(2) model

Xi = Xi_o T+ & (38)

Proposition 2which follows shows that under modé&38) the plug-in two-step-
ahead predictor obtained from the A& model and that obtained from the AR
model have the same prediction efficientRecall that in the stationary AR)
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mode] Remark 2 and22) show that the plug-in two-step-ahead predictor ob-
tained from the AR2) model is strictly better than that obtained from the @R
model)

PROPOSITION 2 Let observations ..., X, come from model (38) with the
initial condition x = 0 fori = 0,—1. Then,

lim n(MSPEP,(3) — 02) = 402,

lim n(MSPEP,(2) — 02) = 402,
Nn—oo
and

lim n(MSPEP,(3) — MSPEP,(2)) = 0.
n—oo
Remark 5 A complete verification of Proposition, vhich requires a rather
subtle argumentis not presented in this papdaut it is available from the au-
thor. We also note that the ambiguity encountered with plug-in predictors stated
in Proposition 2 does not exist for their corresponding direct predictors be-
cause it can be shown that

lim n(MSPED,(3) — MSPED,(2)) = o2

n—oo

The main purpose of this section is to show that some stationary case results
on MSPEs of the plug-in and direct predictors can not be generalized to non-
stationary casesiowever to gain a deeper understanding of these predictors’
performances in nonstationary casestensions of Proposition (br 2) to more
general nonstationary AR models are neededrther investigation into this
question would be interesting
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APPENDIX A

In the following we useC to denote a generic positive constant independent of the
sample sizen. To verify Theorems 1 and,2ve begin with the following three lemmas
Lemmas Al, A.2, and A3, which are immediate consequences of Lemmarieo-
rem 2 and Lemma 4 of Ing and W&R002), respectively

LEMMA A .1. Let the assumptions of Theorem 1 hold within (9) replaced by 2.
Then, for any positive integer k and any>q0,

E(R, X (k)% =C

holds for sufficiently large n.

LEMMA A .2. Let the assumptions of Theorem 1 hold within (9) replaced by
max{2qy,4}, for some g > 0. Then, for any positive integer k and afy< q < q,

E(|R, (k) — R1(k)|%) = Cn~%2

holds for sufficiently large n.

LEMMA A .3. Assume tha{x,} satisfies model (1) with E&1]|9) < oo for some
g = 2. Then, for any positive integer k,

q
><C

holds for n= k + 1, where for vectod = (dy,...,dy)’,[d]? = S5, d2

1 n—1
T[ES.
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Proof of Theorem 1. In view of (2) and(3),

h—1
Xnin = Znen(K) = 2 Benin + Xp(WAH(A(LK) — xp(K AL 1 a,(LK). (A1)

j=0
Some algebraic manipulations yield
Xh(k) A2 (K)a(1, k) — X (k) AR (k) &, (1, k) = Py (k) + c,, (A.2)

wherePy(k) = —x, (k)L (k) (a,(1, k) — a(1,k)) andc, = 0 forh =1 and
h
[cnl = C%I\én(l, k) —a(L k)" [x, (k) (A3)

for h= 2. By Lemmas Al and A3, Holder’s inequalityand(9), one has foh = 2 and
alll =2,...,h,

E(lan(1Lk) — a1, k)[>*?)

R 1 n—1
=E&( R;l(k>||2<'+1>q>1/f*E<‘ TR 2 X
j=k

2(I+1a/(a-1) >(ql)/q

— O(nflfl)’ (A.4)

whereq = |2(h + 1)/8| + 1, and for real number,da| denotes the largest integer a.
Moreover because; can be expressed as

[ee]
X =2 bej,
j=o

with by satisfyingb? = ve~Fl for somer, 8 > 0, by Lemma 2 of Wei(1987),
E(Ixa(k)[*"*P)=C (A.5)

for I = h. Now by (A.3)—(A.5) and Holder’s inequality

E(c?) = O(n7?) (A.6)
forh= 2.
To deal withP(k), first define
, 1 In
Pr(k) = =x5 (K Lp(WR™*(K) Tk > X (K)gj1, (A7)
i=k
where

(1/B)logn (1/B)logn !
X::(k) = 2 bl Sn,j,..., 2 bj 8n7k+17j
i=0 i=0

andg, = n — (2/B8)logn — 2k — 2. If one can show that

E(P;"(K) = tr(RKLy(WR (KL (k) o2 + O(n~*/2) (A.8)
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and
E{n(PZ(k) — P’ (k))} = O(n~V2), (A.9)

then the desired resuft0) follows from (A.1), (A.2), (A.6), (A.8), (A.9), and the Cauchy—
Schwarz inequality
To obtain(A.8), first observe that

. logn _
E(nP: (k) = <1+ O<T)>tr(R L)Ly (KR* (K Ly (K) o2 (A.10)

whereR*(k) = E(x%(k)x% (k)). Simple algebra gives

[}

tr(Rl(k)L’h(k)R"(k)Lh(k))=tr(R1(k)L’h(k)R(k)Lh(k))+O< > b|2>- (A11)

1=(1/B)logn

BecauseX | (151090 DZ = O(1/n), (A.8) follows from this (A.10), and (A.11).
For the proof of(A.9), write

V(=K (Pr(K) = Pr(k) = = (xa(k) = X3(K)'Ln(KR (k) T 2 X0ee
, . 1 n—1
— XML KR = R0 s 3 % (Wee
1 n—1
— x¥(KLp(KR (k) — (K&,
Xn( )Lh( )R ( ) \/mj:§+lxj( ) j+1
=(1)+ () + (). (A.12)

By Hdlder’s inequalityLemmas Al and A2, an analogy with Lemma &, Lemma 2 of
Wei (1987, and(9), the following equalities hold

1
E{(H? = O(;), (A.13)
1
E{(1)?} = O<H>’ (A.14)
and
E{(11)2) = o('o%) (A.15)
These equalities an@\.8) further imply that
E{VnP;(k)(1)} = O(n~"?) (A.16)
and
E{VnP;(k) (I} = O(n~V2). (A.17)
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In view of (A.13)—-(A.17), (A.9) is guaranteed if we can show that
E{VnP;(K)(ll1)} = O(n~*2). (A.18)

Rewrite(lll') as

vy—1

= x5 (LR (k) —— \/—) > X (K
i=gnt

n—1

, 1
= x¥ (K Lpy(KR™1(K) ﬁ _2 X (K) g1
- 1=vn

= x5 (WLy(KWR (k) — . E (X (k) = X} (K) ej41
FJ o ] ]
= (IV) + (V) + (VI), (A.19)
wherev, = n — (1/8)logn — k — 1. By an analogy with Lemma 8 and Lemma 2 of
Wei (1987),

This and the Cauchy—Schwarz inequality yield

E((VI1)?) = O(%)

and hence
E{VnP:(k)(VI)} = O<@>. (A.20)
By independenceone also has
E(VnP;(k)(IV)) = E(VnP;(k)(V)) = 0. (A.21)
Consequently(A.18) follows from (A.19)—(A.21). |
Proof of Theorem 2. Rearranging the order of summatjome have
1 R n—h h—1

Xn+h — Xnn(K) = j;o bjeninj = —Xp(KRy(h, k) n_k_hi1 jgk X;(K) |§o by -

= Qn(k), (A.22)
where
N 1 n—h
R (h,k) = T k—h+1 JZ x; (K)xj (k)
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and
R 1 n—1/h-1
Qn(k) = =xp(K) R, *(h, k) Tk_h+1 2}( < ;6 b Xj+l+|h(k)> £ 41-
S\

Note that in this proqgfx;(k) is set to0x, providedj < k orj > n — h. By arguments
similar to those used for verifyingA.8) and(A.9),

h—1
E(nQ3(k) = tr{Rl(k)cov< > b,xk+,(k)>}¢r2 +0(nY?), (A.23)
1=0
Consequently(12) follows from (A.22) and(A.23). |
Proof of Theorem 3. We first prove(18). By (D.3) of Kunitomo and Yamamoto
(1989,
R (k) 0O 1
RY(k+1) = + =1, (A.24)
0, 0) o
wherel’ = (ay,...,a;,—1) is a(k + 1)-dimensional vectorAlso observe that
( | Lhk) T~
Ly(k+1) = , (A.25)
Ok b

whereT * = 2}‘;02 by A"%71(k)ej ande; = (0,...,0,1)" is ak-dimensional vectoiEqual-
ities (A.24) and (A.25) yield

fon(k+1) = fLu(K) + Lk + DR(K+ DLy(k+ DI (A.26)

Therefore if (19) (b,—1 # 0) holds then(18) follows from (A.26), Lp(k + 1)I # Oy 1,
and the positive definiteness Bfk + 1).
On the other handassume thaf20) (I* # Ox.1) holds Notice that forj = 0,

Al(k+1) = R*l(k+1)Ej(k+l), (A.27)
where

I fj—1 M-k
E(k+1) = :

One also has
E](k"l‘ 1)' = _Uz(bj_k,..., b)’
for j = 0. These in turn imply that the second term on the right-hand sideA6)

equalso?1*R™1(k + 1)I*, which is positive according t620) and the positive definite-
ness ofR™1(k + 1). As a result (18) follows.
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To show(21), first observe that

h—1 h—1
fon(k+1) =tr< “Yk+1) > 2 b by, By, (k+ 1))

1,=01,=0
h—1 h—1

=023 X b btr(All(k + 1)), (A.28)
1,=01,=0

where the second equality is ensured(By27). Because tfAi(k + 1)) = tr(Ai(k)) for
j = 1 (see also Kunitomo and Yamamott985, (D.1), this fact and(A.28) give

h—1

fon(k+1) =f (k) + X bfo? > 1f, ,(K),
i—o

as asserted |

The following technical lemma is needed for verifying Theorenitg proof can be
found in Ing and We(2002 Lemma 3.

LEMMA A .4. Assume tha{x,} satisfies model (1) with Ee,|?9) < oo for some
g = 2. Then, for any pair of positive integefh, k) with h= 1 and k< p,

(I

holds for sufficiently large n, wher, (h, k), defined in Theorem 4, is now viewed as a
p-dimensional vector with undefined entries set to 0.

q
x (K {x;(p)(a(h,p) — ap(h, k))}H ) =C

Proof of Theorem 4. Fork < p,

h—1
Xoih — %nen(K) = X b ensnoj + Xn(p)(alh, p) — ap(h, k)
=)

= Xp(k) (&, (h, k) = ap(h, k)), (A.29)

wherea(h, p) is defined in Section 1 anap (h, k) in this proof is sometimes viewed as a
p-dimensional vector with undefined entries set t&8press the last term on the right-
hand side ofA.29) as

R 1 n—h h—1

Xn(K)Ry*(h, k) Pr—— Ek X; (k) { 20 bigjni +Xj(p)(alh, p) — ap(h, k))}-
i= i=

(A.30)

According to Holder’s inequalitythe expectation of the square @.30) is bounded by

§

h—1

dy E X (k){E bi & n-i + xj(p)(alh, p) — ap(h, k))}

3a/(q—1) )2(11 1/3q

X (E[[xn (k)| 69/ @~ D)@ D/3a(E| R (h, k) [9) ¥, (A.31)
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whered, = (n —h—k—1)"1 andq > 1+ (6/5). By Lemma A4 and an analogy with
Lemma A3, the first component ofA.31) is of orderO(1/n), provided

E{|&,]5%°} < c0. (A.32)

Moreover by Lemma 2 of Wei(1987) and Lemma Al, the remaining components of
(A.31) are both of orde©O(1) if (A.32) holds Consequently(A.31) is of orderO(1/n)
becausé&A.32) is guaranteed by the assumption tBdte,|*" "2} < oo for somes > 0.
This fact the Cauchy—Schwarz inequalignd (A.29) further yield

h—1

E{(Xnsn = Xnsn(K)?} — 0? 20 b? = (a(h, p) — ap(h,k)'R(p)(a(h, p) — ap(h,k))
i<

1
+ O(ﬁ)- (A.33)

For MSPEP,(k), we have

h—1
Xneh = Rnen(K) = 2, Bjenin-j + x0(p)(@lh, p) = ap(h, k) + X (k) (ap (h, k) — a(h, k))

j=0

— Xp(K) (&, (h, k) — a(h, k)). (A.34)
By arguments similar to those used for provii#g6) and(A.33), the expectation of the
square of the last term on the right-hand sid€Af34) is of orderO(1/n). This result

and the fact that the first three terms on the right-hand sidé\@&4) are pairwise un-
correlated imply that

h—1
E(Xnen — Xnsn(K)? = 0® 3 b7 = (a(h, p) — ap(h,k)'R(p)(a(h, p) — ap(h, k)

j=o0

+ (ap(h, k) — a(h,k))'R(k)

X (ap(h, k) —a(h,k)) + O(%) (A.35)

In view of (A.33) and(A.35), (26) follows. To show(28), first observe that fok < p,
a(h5 k) = Ril(k)(‘ylﬁa [EEE] ‘ylf+h71)-

This identity the definition ofap(h, k), condition(27), and the positive definiteness of
R™(k) yield the desired property u

Remark A.1. By an argument similar to that used for verifying Theorem 3 of Ing
and Wei (2002, O(1/+/n) in (A.33) and (A.35) can be weakened t®(1/n) under a
slightly stronger moment conditiotlowever because the main concern of Theorem 4
is with the terms of orde®(1), pursuing this more delicate result does not seem necessary

https://doi.org/10.1017/50266466603192031 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466603192031

276 CHING-KANG ING

APPENDIX B

The h-step prediction model corresponding to mo@29) is
h—1

Xern = X{(K)b(h,K) + D by gni
i—o0

h—1

= X{(k)Bhil(k)(ﬁm"'5Bq0’al""5ak)’ + ZO bi Etth—i» (Bl)

wherek = p,

s B B

Ocx(gorny  AK) )7
B,(k) with k = p is the matrixB,, (k) with i, replaced byg; fori = 0,...,q (note that
for k < p, the definition of B,(k) is slightly different see the proof of Corollary,3
which follows for detaily, andb(h,k) = B"*(k)(Bo,...,Bq,a1,.-.,a)" for k = p.
Inspired by Chapter 16 of Hamiltof1994), which deals with parameter estimation and

hypothesis testing problems under mo@9) with ¢, = 1, we consider a linear trans-
formation of %(k), G(k)%(k). Herg

|q0+1 O(q0+l)><k
G(k) =
0 (T(k) I

isa(qgo+ 1+ k)X (go+ 1+ k) matrix, and

TLO Tl,qo
T(k) = :
Tk,o quo
is ak X (go + 1) matrix with T, j = =3, (=i)'7IC/_; g fori = 1,...,kandj = 0,...qq,

and B, being defined in30). Observe thaG(k)X;(k) = ¥;(k) = (L, t + 1,...,(t + 1)%,
Vir---» Yi-kr1) > Wherey, is defined in(30), and that

(Bos--+5Bg,)" = (Bo---,Bg,)" + T'(K)a(L, k) (B.2)

fork=p.
Define the normalized sample covariance maRjxk) as

n—1

_ 1
Ra(k) = —— EIVn(k)G(k)XJ(k)XJ’(k)G’(k)Vr{(k)
i<

1 n—1
=~ 2 Va3, (05 () V (k),
j=1

https://doi.org/10.1017/50266466603192031 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466603192031

MULTISTEP PREDICTION 277

where

Dn O(qo+ 1)<k
Vi(K) =
<Ok><(q0+l) e

with D, = diag(L,(n + 1)7%...,(n + 1)~%) being a diagonal matrix of dimension
Qo + 1. The following two lemmas deal with moment propertiesRyf* (k).

LEMMA B.1. Let the assumptions of Corollary 1 hold. Then, for any positive inte-
ger k and any g~ 0,

E(IR* W) =C
holds for sufficiently large n.

LEMMA B.2. Let the assumptions of Corollary 1 hold. Then, for any positive inte-
ger k and any ¢~ 0,

E(|R, (k) — R"(k)|9) = Cn~%2

holds for sufficiently large n, where

ﬁ( k) _ C(;Coi O(Qo+l)><k
Ok (go+1) R(k)

with Cg defined in Corollary 1 and K) defined in Section 1.

Lemmas Bl and B2 can be shown by arguments similar to those used for verifying
Lemma 1 and Theorem 2 of Ing and W&002, respectivelyWe omit the details to
save spaceBy analogy with Lemma A3, Lemma B3 is obtained as follows

LEMMA B.3. Assume tha{x.} satisfies model (29) with Ee4|9) < oo for some
g = 2. Then, for any positive integer Kk,

q
)50

Based or(B.2) and some tedious calculatigivee obtain the following resulfsvhich
play important roles in proving Corollary. 1

LEMMA B .4. For k = p,

. B, Ogo+1)xk
G’ (kB(k)G'(k) = 0 Ak |
kx(go+1)

1 n—1
E< H ﬁ 2 Vh(K) 95 (K) 41

i=k

holds for n= k + 1.

Hence, for k= p and h= 1,

. _— BI™"  Ogor1xk
G "(KB"HK)G' (k) = b1
Ocx(gorn AT 1K)
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and

< Iq0+1 0(q0+1)><k>
(G' (V4 (k) B 1K) G (k)i (k) —

1
- o(-).
Oks(qo+1) A (k) n

Proof of Corollary 1. By (31), (B.1), Lemma B4, and some algebraic manipula-
tions one has

h—1

E(Xnn = ¥nin(K)? = 3 b20® + E(Py(K) + €,)3 (B.3)

whereP,(k) = —%1,(K) Ly (K) (8,(1, k) — b(1,k)), Cn(k) = =0 byB" 171 (k), ¢, = 0 for
h=1, and

h—1
Gl =C ; lan(L k) — b(L W' [R (K]

X IVa(K) (K] (B.4)

1 0t
kK zkvn<k>y,»<k>aj+l

for h = 2. Because

_ 1 n—1
[84(L, k) = b(L K| = [Va (KIIG" (RIR; * (K] H —x ZkVn(k)yj(k)sj+1
i=

n—1

_ 1
= C|Ry* (K| ” —x _Ekvn(k)yj(k)strl
o

’

by Lemmas BL and B3, (B.4), and Hélder’s inequality
1
E(?) =C pet (B.5)

According to Lemmas B—B.3 and arguments similar to those used for verifyiAgB)
and(A.9), one has

nE(PF (k) = tr(Ro(k) Ci(k R *(K) L (K)o ® + O(n~*?), (B.6)

where

1 +11’0+1 0 o+1) %
Iio(k) = E(Vn(k)yn(k)y:,‘(k)vn/(k)) _ ( Yo q (do+1) k)

Ok (qo+ 1) R(k)
andCi(k) = (G'(k)V, (k) *L,(K)G' (k)V. (k). By Lemma B4, it can be shown that
h—1
3 bilges Ougpra
% (k) — go Grt Hartxal — oY),
Ok (go+ 1) Ln(k)
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This fact the definition ofRy(k), and(B.6) yield

h—

1 2
NE(PZ(K)) = 1/qo+1c:01q0+1< bi) 0%+ fy (k) + O(nV2), (B.7)
i=0

Consequently(34) follows from (B.3), (B.5), and(B.7). u

Proof of Corollary 2. Equality (35) can be shown by arguments similar to those
used for proving Theorem 2 and CorollaryThe details are omitted |

Proof of Corollary 3. For the plug-in predictgrone has fok < p,

h—1
Xn+h ~ Xnen(K) — ZO biensn-i = (Xp(P)B"H(P)b(L, p) — %, (k)B"*(K)b(1, k)
= (Xp (KB (K ay(L, k) — %(K)B" 1 (K)b(L,K)),
(B.8)

where the definition oB(k) with k < p and that withk = p are the samebut the first
column of B,(k), the upper-rightqo + 1) X k submatrix ofB(k), in the case ok < p
is (B5---,Bg,)" + T'(Kla(L k) instead of(By,...,B,)", andb(L k) with k < pis a
(g0 + 1 + k)-dimensional vector defined b{(Bs,...,8) + & (LK T(k),a'(1k))".
Because it can be shown that Lemmat Btill holds withk < p, one has

%,(P)B"H(p)b(1, p) — xn(KB" *(k)b(1, k) = yp(p)a(h, p) — yh(k)a(h, k), (B.9)

wherey;(l) = (Vj,...,¥j-1+1)". Moreover by Lemmas A4, B.1, and B3 and an argu-
ment similar to that used for showin@.5),

E(xh(K)BR 1 (K)an(1, k) — Xp(k)B"1(k)b(1, k)2 = O(n~1). (B.10)
As a resulf
h—1
E(Xnen — Xnn(K)? = X b0 ? = (a(h, p) — ap(h, k))'R(p)(a(h, p) — ap(h, k)
j=0
+ (ap(h,k) — a(h, k))'R(k)(ap (h, k) — a(h, k))

1
+ O(ﬁ) (B.11)

follows from (B.8)—(B.10) and an analogy witlfA.35).
Similarly, it also can be shown that

h—1
E(Xn+n = Xnin(K)? = 20 b?o? = (a(h, p) — ap(h,k)'R(p)(a(h, p) — ap(h,k))
o

1
+ 0| —). B.12
( «/ﬁ> (812
ConsequentlyCorollary 3 follows from(B.11), (B.12), and an argument similar to that
used for verifying(28). |
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