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ABSTRACT

This paper is devoted to the analytical solution of three-dimensional hyperbolic heat conduction equa-
tion in a finite solid medium with rectangular cross-section under time dependent and non-uniform inter-

nal heat source.

The closed form solution of both Fourier and non-Fourier profiles are introduced with

Eigen function expansion method. The solution is applied for simple simulation of absorption of a con-

tinues laser in biological tissue.

ble difference between the Fourier and Non-Fourier temperature profiles.

The results show the depth of laser absorption in tissue and considera-

In addition the solution can be

applied as a verification branch for other numerical solutions.

Keywords: Hyperbolic heat conduction, Source term, Laser interaction of biological tissue, Eigen func-

tion expansion method.

1. INTRODUCTION

In recent years Non-Fourier or hyperbolic heat con-
duction was in attention especially in cases of high
temperature gradients, very large heat fluxes or very
short time duration such as laser interaction of biologi-
cal tissue. Despite of the Fourier theory, the non-
Fourier or hyperbolic theory predicts that heat propa-
gate with wave behavior and finite speed. The hyper-
bolic equation is based on the constitutive relation of
heat flux vector g to temperature gradient in solids

which was firstly introduced by Cattaneo and Vernotte
[L,2]:

aq
+7,— =—-AVEH 1
q+7, at (1)

where @ is temperature, A is the thermal conductivity of
material and the constant 7y is called the thermal relax-
ation time which physically represents the time lag be-
tween heat flux and imposed temperature gradient on
material points. It is known that /a /7, denotes
the propagation speed of temperature wave which o
= A/pc is the thermal diffusivity and pcC is the material
heating capacity. The resulted three-dimensional hy-
perbolic heat conduction equation from Eq. (1) in Car-
tesian coordinate with internal generation term is:
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where Q is the source term. We derived pure analyti-
cal solutions for this equation in three-dimensional co-
ordinate considering no generation term with separation
of variables method [3]. The analytical solution for
this problem with separation of variables method is
difficult due to the presence of the generation term, so
the procedure most be improved. Due to the im-
portance of analytical solutions in verification of other
numerical ones, solving Eq. (2) in Cartesian coordinates
is under focus in the past few years. Lewandowska
and Malinowski [4] solved the hyperbolic heat conduc-
tion in the semi-infinite body with the heat source
which capacity linearly depends on temperature in an
analytical way using Laplace transform. They [5] also
found an analytical solution of the hyperbolic heat
conduction equation for the case of a finite medium
symmetrically heated on both sides using an internal
heat source with capacity dependent on coordinate and
time. Al-Khairy and Al-Ofey [6] presents an analyti-
cal solution of the hyperbolic heat conduction equation
for moving semi-infinite medium under the effect of
time dependent laser heat source using Laplace Method.
Most of the solutions are focused in laser interaction
simulation. Jaegwon Yoo et al. [7] studied the physi-
cal processes in ultra short laser irradiation of a material,
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and developed a thermal wave solution of the hyper-
bolic heat conduction equation in a finite medium on
the basis of the Green’s function formalism. Zhang et
al. [8] processed the analytical one-dimensional non-
Fourier conduction model with heat source term for
modeling high power ultra short laser pulse heating by
the method of Laplace transform. Torii and Yang [9]
numerically solved the case of a thin film subjected to a
symmetrical heating on both sides. Ahmadikia et al.
[10] solved one dimensional thermal wave and panes
bioheat transfer models using Laplace transform under
laser irradiation. Trujillo et al. [11] applied Laplace
scheme to obtain a general solution of hyperbolic tem-
perature profile in a one-dimensional model of non-
perfused homogeneous biological tissue under laser
heating. Zobier and Chaudhry [12] derive an analyti-
cal model for computation of temperature and heat flux
distribution in a semi-infinite solid under spatially de-
caying, time-dependent laser source, using Laplace
transform.

By reviewing the literature it can be seen that there is
not any analytical three-dimensional solution for hy-
perbolic heat conduction problem under time-dependent
heat source term and in addition most of the solutions
are derived with Laplace transform method, which usu-
ally needs numerical procedure for inverse Laplace.
All the analytical solutions are said to be exact but the
analytical solution here is the pure exact solution,
which do not use numerical procedure such as inverse
Laplace for simple separable functions. In addition
here there are introduced closed form solutions, for
both hyperbolic and parabolic problem which can be
used as a verification branch of other numerical ones.

In the presented paper here, following our past work
[3], the hyperbolic heat conduction Eq. (2) is solved in
three-dimensional Cartesian coordinates under the arbi-
trary time-dependent and non-uniform distributed heat
generation term. The method of solution is Eigen
function expansion procedure. For demonstration,
following the works [11], the solution, is used for sim-
ulation of a continues laser interaction in a cubical tu-
mor tissue. The innovations of the solution are:

e Using any numerical procedure such as inverse pro-
cedure in Laplace method for separable simple func-
tion.

e Ability to introduce closed form answers for para-
bolic and hyperbolic problems.

e Introduce a good foundation in order to verify the
other numerical solutions.

e Ability to estimate exact temperature in some sensi-
tive phenomena such as tumor thermal ablation un-
der laser in simple situation etc.

2. MATHEMATICAL MODEL

Let’s take into account an isotropic finite cubic tissue
with length L, which is under the time-dependent and
distributed in one dimension heat source term. The
governing hyperbolic heat conduction equation consid-
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ering the homogeneous properties is:
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where Q(X, Y, z, t) is the source term and it is considered
that Q(x, Y, z, t) is separable function of space and time.

QX ¥, ) =9(x ¥y, ) f () 4

And g is a separable function of X, V, z, so the Eq. (3)
cab be written as:

o°T oT o°T o'T o T 1
z-q—2+—=a —2+—2+_2 +_G(X’yazat)
ot ot ox~ oy- oz pC

(5)

where G(X, Yy, z, t) is separable function of space and
time as:

G(X. ¥, =g(x ¥, 2)-(f ) +zef ) /at)  (6)
The boundary conditions of tissue are considered as:

T(O, ys Zat)zTO
T(as ys Zat)zTO
T(x,0,z,t) =T,
T(X,b,z,t)=T,

{T(X’ ya 09 t) = TO

T(X,y,c,t)=T, @

Furthermore the initial conditions of the problem are
considered to be:

T(X> y7 Z, 0) = TO
al 8)
at X,Y,2,0

where, T, is the initial temperature of the tissue. For
normalization of the problem, it is introduced the fol-
lowing dimensionless parameters [13]:

T_TO s C.‘;::_a g:l’ w=—, FO:_Z
La, T L L

t
H=%,Ve=1/% )

where 6 is dimensionless temperature and &, & ® are
dimensionless coordinates. Fo0 is the dimensionless
number of time, and Ve is the dimensionless number of
relaxation time. Introducing the dimensionless pa-
rameters, Eq. (5) can be written as:

0=2

2 2 2 2
e 66F92 +§?6{2—;+2—f+2—ﬂ+e(5, ¢, , Fo)
0 0 & (4]
(10)

where G(¢, ¢, w, FO) is a separable function:
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G(&, &, m, Fo)=9(¢, &, a))[ f (Fo)+Ve’ M} (11)
oFo

Also, the boundary conditions can be shown as:

0, &, ®, F0) = 0

0(¢,0,w, FO)=0
0,1, w,Fo)=0

0(&,¢6,0,Fo)=0
0(&,¢,1,Fo)=0

{e(o, &, @, F0)=0

(12)

and the initial conditions will be:

0, e,0,0)=0
%
ot

o (13)

£.6.0,0

Solving the problem (10) ~ (13) in this state is done

analytically using the Eigen function expansion method.

Consequently, for the first step, the solution of the
problem will be considered as:

0, ¢, w, Fo)
= N SS Aok (FO)sin(mz&) sin(nze) sin(kzw)  (14)
k=1

m=1n=1

where, Ann(F0) is time dependent coefficient of the
solution and can be achieved by solving the second-
order differential equations as will be shown later. It
can be seen that solution (14) satisfies all the boundary
conditions of Eq. (12). The property of this solution is
that, it satisfy the below Eigenvalue Helmhotz problem
too [14]:

v29(§5 &, w, FO) = _ﬁ’zmnke(éﬂ &, , FO) (15)

where A =7zVm* +n> +k*> are the eigenvalues.

At the next step, the Fourier expansion of generation
function G(¢, & @, Fo) according to the Eigenfunction
used in Eq. (14) is needed as:

G(¢S, &, w, Fo)

ZGmnk (Fo)sin(mz&) sin(nze)sin(kzw)  (16)

m=1n=1 k=1

where the coefficients Gyn(F0) can be found from the
concept of orthogonality of Eigen functions as [14]:

Gmnk (FO)
= 8j 01 j 01 I; G(¢, ¢, @, Fo)sin(mz€) sin(nze) sin(kzw) d&-de-dw
17)

Implying the solution (14) and (16) into the Eq. (10),
lead to a liner second order non-homogeneous ordinary
differential equation, which can be shown as below,
considering the initial conditions (13):
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Lo OAwm(0) _
A (0)=0, T2 =0

(lzmnk ) Ann (FO) = Gy (FO)

(18)

Solution of this equation is obtained in two stages.
First the homogeneous problem is solved to get the
general solution Ap(Fo). Then the non-homogeneous
problem is solved with the aid of the set of general so-
lution to get the particular solution Ay(Fo). The final
solution is sum of the general and particular solution.
This method is the method of variation of parameters
for determining the particular solution of homogenous
equation [15]. Coefficient of the solution is deter-
mined using initial conditions. Thus the final solution
for Ve>1/2A,, canbe shown as:

- T'Fo I'Fo
— p2ve” 1
A (Fo)=e {U(Fo)sm(z\/ezj+v(F0)cos(2VeZH
(19)

where T'=./4Ve’A}, —1 and u(Fo) and v(Fo) are de-

termined as below:

2 _Fo
u(Fo) = NTE [ Gy (Fo) COS(ZFVF‘;

j dFo  (20)
e

Ve ¢ S T'Fo
V(Fo)=————| e?® G, (FO)si dFo 21
(Fo)=—"—] o )sm(z\/ezj 1)

So the solution of hyperbolic Eq. (10) is Eq. (14),
where Ann(F0) can be found from Egs. (19) ~ (21).
Accordingly, undergoing this procedure for parabolic
problem (Fourier conduction) the solution is Eq. (14),
where Annk(FO) can be found as:

Auy (Fo) =& ™[ [e#4™G,,, (Fo)dFo | (22)

3. DEMONSTRATION AND RESULTS

For the case study a cubic tumor tissue has been
considered with equal length of L which enclosed in
human body and all the surfaces remain at the same
initial temperature. The tissue is under a step laser
pulsed function from the top (z direction) as shown in
Fig. (1). The laser heating function can be considered
in simple situation as a heat source term with exponen-
tial variation in absorption depth and step function of
time pulse [16]:
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2, .2
X+y”

Qx, v, z,t) =(1-R)I, ,u.e_[ 207 ]e“”” f(t) (23)

where R, u and |, are light reflectance of surface, absorption coefficient of the material and laser intensity respec-
tively. A step time pulse function f (t) = H(t) — H(t — t;) with the duration t, = 10 is adopted here according to the
Ooi & Ang, [17]. Due to the position of origin of coordinates in cubic tissue as shown in Fig. 1, for application of
the Gaussian laser function in the central point of cube, coordinates X and y must be transformed to the centre. The
solution of this problem is Eq. (14) where Ayn(F0) is determined from the below procedure. The non-dimensional
term G(¢, &, o, Fo) of Eq. (11) becomes:

7[(5-1/2)2+(§-1/2)2

202

LA-R)lyu

G(&, &, @, Fo) = ]e(”“‘” [ (H(Fo)—H(Fo-T))+Ve’ (5(Fo) - 5(Fo-Tn) | (24)

Qo

Using the above source term, Eq (17) for this problem reduced to:
G (FO) =Wopg [ (H (F0) — H(Fo - IT)) + Ve’ (§(Fo) - 5(Fo—I1)) | (25)

where W is separable function as:

(e-1/2)* +(£-1/2)%

e

8kzL(1— R)Io,u —e (=)
Qo[ (L) + (k7)’ |

]sin(mﬁg) sin(nze) d&de (26)

mnk =

Thus the time dependent coefficient of Apnk(F0) in Egs. (18) ~ (21) is determined, as:

o | 2ren® (H(Fo)— H(Fo—II))+ H(Fo)| (I" —l)sin(r—Foj—ﬂ"cos(r—Foj +
2Ve? 2Ve?

Ve'Ww 2ve?
A (FO) ==L T —
+ o _ _
eVe H(IT- Fo)[(l‘z ~1)sin [%j —2@ cos (%D
e e @7
For parabolic problem (Fourier conduction) the solution is Eq. (14), where Apn(F0) can be found as:
Auye (FO) = g 7msFo {%(e’“ — H(IT— Fo)(e*™™ + /") 14+ H (~IT) + H(IT) e*m"" )} (28)
2'mnk
The resulted temperature profiles are calculated using below thermal properties for tissue and laser function:
Table 1 value of applied parameters [17].
Parameter k ¢ r b ‘ " l
WwWm™k | (kg kT (kgm™) (sec) (sec) (m™ (Wm?)
Value 0.58 4178 1050 10 16 1900 4.42 x 10°
68 Journal of Mechanics, Vol. 33, No. 1, February 2017

https://doi.org/10.1017/jmech.2016.42 Published online by Cambridge University Press



https://doi.org/10.1017/jmech.2016.42

The contours of non-Fourier temperature profiles of
vertical plain at the center of tissue are shown in Fig. 2.
It can be seen that there is a time lag for penetration of
temperature profiles to the body tissue compared with
Fourier one in Fig. 3. The penetration depth of the laser
pulse due to the time can be estimated with the exact
analytical solution as shown in Fig. 2. The results show
that the hyperbolic profiles predict slower penetration
rate of laser compared with Fourier one, which can be
important for some tumor ablation operation.

The contours of non-Fourier temperature profiles in
horizontal plain at the center of the tissue are shown in
Fig. 4. It can be seen that the laser concentration (in-
tensity) on the center of cubic tissue may lead to in-
crease of temperature there.

The temperature history of central point of tissue due
to time is plotted in Fig. 5 for various Ve number. The
results show the oscillatory behavior of hyperbolic pro-
files compared with Fourier one. The results show
that non-Fourier temperature profiles predict higher
maximum temperature compared with Fourier one and
the maximum amplitude is increased with increasing Ve
number which show the higher inertial effect of hyper-
bolic profiles. In addition, the wave behavior of hy-
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perbolic profiles, leads to oscillation in temperature
distribution and postpone reaching to stability.

The hyperbolic and parabolic temperature distribu-
tion in vertical line in centre of the tissue is shown in
Figs. 6 and 7 respectively for initial time of laser im-
plication. The penetration depth of temperature pro-
file due to laser absorption and it’s time lag can be de-
duced from the figures. It can be seen that the hyper-
bolic conduction predicts a time lag and or slower pen-
etration of temperature profiles in tissue depth com-
pared with Fourier one. The effect of laser intensity is
lp on the produced temperature profiles is shown in Fig.
8. It is shown that the maximum temperature is in-
creased by increasing the laser intensity.

The three-dimensional temperature plots of the mid-
dle horizontal and vertical plain in the cubic tissue are
shown in Figs. 9 and 10 respectively. The ability of
the procedure for driving the solution in all dimensions
can be seen from these figures. It can be seen that the
temperature distribution is concentrated around the ver-
tical axis and near to the top surface of the tissue (laser
impact plane) such as an elliptic (nap form) shape.
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Schematic of laser incidence to the top of the cube.
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Fig. 2 Hyperbolic temperature distribution in central vertical section of tissue (Ve = 0.3 and £ = 0.5) during
continuous laser irradiation.
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Fig.3 Parabolic temperature distribution in central vertical section of tissue (Ve = 0 and £= 0.5) during
continuous laser irradiation.
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Fig. 4 Hyperbolic temperature distribution in central horizontal section of tissue (Ve = 0.3 and @ = 0.5)
during continuous laser irradiation.
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Fig. 5 Temperature variation of middle point of cube due to Fo with t, = 10 and various Ve during continuous

laser irradiation.
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Fig. 6 Hyperbolic temperature variation in @ direction with Ve = 0.3 for various Fo during continuous laser
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Fig. 7 Parabolic temperature variation in @ direction with Ve = 0 for various Fo during continuous laser

irradiation.
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Fig. 8 Hyperbolic temperature variation in @ direction with Ve = 0.3 and Fo = 0.01 under various laser
intensity (lo) during continuous laser irradiation.

Fig. 10 Three dimensional temperature profile at £= 0.5 for Ve = 0.3 and Fo =0.1.

4. CONCLUSIONS

In this problem the three-dimensional hyperbolic and
parabolic heat conduction equations with time-
dependent, non-uniform distributed heat source is ana-
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lytically solved in a finite solid cube. The straight-
forward solution is introduced for hyperbolic and para-
bolic conduction using Eigen Function expansion
method. The solution is used for modeling of contin-
ues laser interaction of tumor tissue. The generation
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function is distributed in impacted surface and vertical
direction. The hyperbolic temperature profiles predict
a time lag for penetration depth of the laser pulse and
higher temperature amplitude compared with parabolic
one. The exact analytical solution can be used as ver-
ification branch for other numerical solutions and oper-
ations of biological tissue under laser treatment.

NOMENCLATURE
lo Laser Intensity
L Length of the cube
Fo Non-dimensional number of time

f(t)  Time function of heat source
H Heaviside function

R Surface light reflectance
)7 Material absorption coefficient
t time

Ve Vernotte number

X, ¥,z Spatial coordinate
q Heat flux vector

m, n, K Summation counter

Greek symbols
a Thermal diffusivity
Vel Mass density
A Laplace’s differential Operator

v Gradient operator

7 Thermal relaxation time

T Laser pulse duration

6 Dimensionless temperature
o Laser concentration

o Dirac Function

A Thermal conductivity

Amk  Eigen Values

&, & o non-dimensional space parameters for X, Y,
Z respectively
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