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ABSTRACT 

This paper is devoted to the analytical solution of three-dimensional hyperbolic heat conduction equa-
tion in a finite solid medium with rectangular cross-section under time dependent and non-uniform inter-
nal heat source.  The closed form solution of both Fourier and non-Fourier profiles are introduced with 
Eigen function expansion method.  The solution is applied for simple simulation of absorption of a con-
tinues laser in biological tissue.  The results show the depth of laser absorption in tissue and considera-
ble difference between the Fourier and Non-Fourier temperature profiles.  In addition the solution can be 
applied as a verification branch for other numerical solutions. 

Keywords: Hyperbolic heat conduction, Source term, Laser interaction of biological tissue, Eigen func-
tion expansion method. 

1.  INTRODUCTION 

In recent years Non-Fourier or hyperbolic heat con-
duction was in attention especially in cases of high 
temperature gradients, very large heat fluxes or very 
short time duration such as laser interaction of biologi-
cal tissue.  Despite of the Fourier theory, the non- 
Fourier or hyperbolic theory predicts that heat propa-
gate with wave behavior and finite speed.  The hyper-
bolic equation is based on the constitutive relation of 
heat flux vector q  to temperature gradient in solids 

which was firstly introduced by Cattaneo and Vernotte 
[1,2]: 

 q
t

  
   


q

q  (1) 

where  is temperature,  is the thermal conductivity of 
material and the constant q is called the thermal relax-
ation time which physically represents the time lag be-
tween heat flux and imposed temperature gradient on 
material points.  It is known that / q   denotes 
the propagation speed of temperature wave which  
/c is the thermal diffusivity and c is the material 
heating capacity.  The resulted three-dimensional hy-
perbolic heat conduction equation from Eq. (1) in Car-
tesian coordinate with internal generation term is: 
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where Q is the source term.  We derived pure analyti-
cal solutions for this equation in three-dimensional co-
ordinate considering no generation term with separation 
of variables method [3].  The analytical solution for 
this problem with separation of variables method is 
difficult due to the presence of the generation term, so 
the procedure most be improved.  Due to the im-
portance of analytical solutions in verification of other 
numerical ones, solving Eq. (2) in Cartesian coordinates 
is under focus in the past few years.  Lewandowska 
and Malinowski [4] solved the hyperbolic heat conduc-
tion in the semi-infinite body with the heat source 
which capacity linearly depends on temperature in an 
analytical way using Laplace transform.  They [5] also 
found an analytical solution of the hyperbolic heat 
conduction equation for the case of a finite medium 
symmetrically heated on both sides using an internal 
heat source with capacity dependent on coordinate and 
time.  Al-Khairy and Al-Ofey [6] presents an analyti-
cal solution of the hyperbolic heat conduction equation 
for moving semi-infinite medium under the effect of 
time dependent laser heat source using Laplace Method.  
Most of the solutions are focused in laser interaction 
simulation.  Jaegwon Yoo et al. [7] studied the physi-
cal processes in ultra short laser irradiation of a material, 
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and developed a thermal wave solution of the hyper-
bolic heat conduction equation in a finite medium on 
the basis of the Green’s function formalism.  Zhang et 
al. [8] processed the analytical one-dimensional non- 
Fourier conduction model with heat source term for 
modeling high power ultra short laser pulse heating by 
the method of Laplace transform.  Torii and Yang [9] 
numerically solved the case of a thin film subjected to a 
symmetrical heating on both sides.  Ahmadikia et al. 
[10] solved one dimensional thermal wave and panes 
bioheat transfer models using Laplace transform under 
laser irradiation.  Trujillo et al. [11] applied Laplace 
scheme to obtain a general solution of hyperbolic tem-
perature profile in a one-dimensional model of non- 
perfused homogeneous biological tissue under laser 
heating.  Zobier and Chaudhry [12] derive an analyti-
cal model for computation of temperature and heat flux 
distribution in a semi-infinite solid under spatially de-
caying, time-dependent laser source, using Laplace 
transform. 

By reviewing the literature it can be seen that there is 
not any analytical three-dimensional solution for hy-
perbolic heat conduction problem under time-dependent 
heat source term and in addition most of the solutions 
are derived with Laplace transform method, which usu-
ally needs numerical procedure for inverse Laplace.  
All the analytical solutions are said to be exact but the 
analytical solution here is the pure exact solution, 
which do not use numerical procedure such as inverse 
Laplace for simple separable functions.  In addition 
here there are introduced closed form solutions, for 
both hyperbolic and parabolic problem which can be 
used as a verification branch of other numerical ones. 

In the presented paper here, following our past work 
[3], the hyperbolic heat conduction Eq. (2) is solved in 
three-dimensional Cartesian coordinates under the arbi-
trary time-dependent and non-uniform distributed heat 
generation term.  The method of solution is Eigen 
function expansion procedure.  For demonstration, 
following the works [11], the solution, is used for sim-
ulation of a continues laser interaction in a cubical tu-
mor tissue.  The innovations of the solution are: 

 Using any numerical procedure such as inverse pro-
cedure in Laplace method for separable simple func-
tion. 

 Ability to introduce closed form answers for para-
bolic and hyperbolic problems. 

 Introduce a good foundation in order to verify the 
other numerical solutions. 

 Ability to estimate exact temperature in some sensi-
tive phenomena such as tumor thermal ablation un-
der laser in simple situation etc. 

2.  MATHEMATICAL MODEL 

Let’s take into account an isotropic finite cubic tissue 
with length L, which is under the time-dependent and 
distributed in one dimension heat source term.  The 
governing hyperbolic heat conduction equation consid-

ering the homogeneous properties is: 
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where Q(x, y, z, t) is the source term and it is considered 
that Q(x, y, z, t) is separable function of space and time. 

 ( , , , ) ( , , ) ( )Q x y z t g x y z f t  (4) 

And g is a separable function of x, y, z, so the Eq. (3) 
cab be written as: 
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  (5) 

where G(x, y, z, t) is separable function of space and 
time as: 

  ( , , , ) ( , , ) ( ) ( ) /qG x y z t g x y z f t f t t      (6) 

The boundary conditions of tissue are considered as: 
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Furthermore the initial conditions of the problem are 
considered to be: 

 

0

, , ,0

( , , , 0)

0
x y z

T x y z T

T

t


   

 (8) 

where, T0 is the initial temperature of the tissue.  For 
normalization of the problem, it is introduced the fol-
lowing dimensionless parameters [13]: 
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where  is dimensionless temperature and , ,  are 
dimensionless coordinates.  Fo is the dimensionless 
number of time, and Ve is the dimensionless number of 
relaxation time.  Introducing the dimensionless pa-
rameters, Eq. (5) can be written as: 
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  (10) 

where G(, , , Fo) is a separable function: 
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Also, the boundary conditions can be shown as: 
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and the initial conditions will be: 
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Solving the problem (10) ~ (13) in this state is done 
analytically using the Eigen function expansion method.  
Consequently, for the first step, the solution of the 
problem will be considered as: 
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where, Amnk(Fo) is time dependent coefficient of the 
solution and can be achieved by solving the second- 
order differential equations as will be shown later.  It 
can be seen that solution (14) satisfies all the boundary 
conditions of Eq. (12).  The property of this solution is 
that, it satisfy the below Eigenvalue Helmhotz problem 
too [14]: 
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where 2 2 2
mnk m n k     are the eigenvalues. 

At the next step, the Fourier expansion of generation 
function G(, , , Fo) according to the Eigenfunction 
used in Eq. (14) is needed as: 
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where the coefficients Gmnk(Fo) can be found from the 
concept of orthogonality of Eigen functions as [14]: 
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Implying the solution (14) and (16) into the Eq. (10), 
lead to a liner second order non-homogeneous ordinary 
differential equation, which can be shown as below, 
considering the initial conditions (13): 
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Solution of this equation is obtained in two stages.  
First the homogeneous problem is solved to get the 
general solution Ah(Fo).  Then the non-homogeneous 
problem is solved with the aid of the set of general so-
lution to get the particular solution Ap(Fo).  The final 
solution is sum of the general and particular solution.  
This method is the method of variation of parameters 
for determining the particular solution of homogenous 
equation [15].  Coefficient of the solution is deter-
mined using initial conditions.  Thus the final solution 
for 1/ 2 mnkVe   can be shown as: 
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where 2 2Γ 4 1mnkVe    and u(Fo) and v(Fo) are de-
termined as below: 
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So the solution of hyperbolic Eq. (10) is Eq. (14), 
where Amnk(Fo) can be found from Eqs. (19) ~ (21).  
Accordingly, undergoing this procedure for parabolic 
problem (Fourier conduction) the solution is Eq. (14), 
where Amnk(Fo) can be found as: 
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3.  DEMONSTRATION AND RESULTS 

For the case study a cubic tumor tissue has been 
considered with equal length of L which enclosed in 
human body and all the surfaces remain at the same 
initial temperature.  The tissue is under a step laser 
pulsed function from the top (z direction) as shown in 
Fig. (1).  The laser heating function can be considered 
in simple situation as a heat source term with exponen-
tial variation in absorption depth and step function of 
time pulse [16]: 
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where R,  and I0 are light reflectance of surface, absorption coefficient of the material and laser intensity respec-
tively.  A step time pulse function f (t) H(t) H(t tp) with the duration tp  10 is adopted here according to the 
Ooi & Ang, [17].  Due to the position of origin of coordinates in cubic tissue as shown in Fig. 1, for application of 
the Gaussian laser function in the central point of cube, coordinates x and y must be transformed to the centre.  The 
solution of this problem is Eq. (14) where Amnk(Fo) is determined from the below procedure.  The non-dimensional 
term G(, , , Fo) of Eq. (11) becomes: 
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Using the above source term, Eq (17) for this problem reduced to: 
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where Wmnk is separable function as: 
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Thus the time dependent coefficient of Amnk(Fo) in Eqs. (18) ~ (21) is determined, as: 
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For parabolic problem (Fourier conduction) the solution is Eq. (14), where Amnk(Fo) can be found as: 
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The resulted temperature profiles are calculated using below thermal properties for tissue and laser function: 

Table 1  value of applied parameters [17]. 

Parameter 
k 

(Wm1 k1) 
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(Jkg1 k1) 

 

(kgm3) 
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(m1) 

I0 
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Value 0.58 4178 1050 10 16 1900 4.42  105 
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The contours of non-Fourier temperature profiles of 
vertical plain at the center of tissue are shown in Fig. 2.  
It can be seen that there is a time lag for penetration of 
temperature profiles to the body tissue compared with 
Fourier one in Fig. 3.  The penetration depth of the laser 
pulse due to the time can be estimated with the exact 
analytical solution as shown in Fig. 2.  The results show 
that the hyperbolic profiles predict slower penetration 
rate of laser compared with Fourier one, which can be 
important for some tumor ablation operation. 

The contours of non-Fourier temperature profiles in 
horizontal plain at the center of the tissue are shown in 
Fig. 4.  It can be seen that the laser concentration (in-
tensity) on the center of cubic tissue may lead to in-
crease of temperature there. 

The temperature history of central point of tissue due 
to time is plotted in Fig. 5 for various Ve number.  The 
results show the oscillatory behavior of hyperbolic pro-
files compared with Fourier one.  The results show 
that non-Fourier temperature profiles predict higher 
maximum temperature compared with Fourier one and 
the maximum amplitude is increased with increasing Ve 
number which show the higher inertial effect of hyper-
bolic profiles.  In addition, the wave behavior of hy-

perbolic profiles, leads to oscillation in temperature 
distribution and postpone reaching to stability. 

The hyperbolic and parabolic temperature distribu-
tion in vertical line in centre of the tissue is shown in 
Figs. 6 and 7 respectively for initial time of laser im-
plication.  The penetration depth of temperature pro-
file due to laser absorption and it’s time lag can be de-
duced from the figures.  It can be seen that the hyper-
bolic conduction predicts a time lag and or slower pen-
etration of temperature profiles in tissue depth com-
pared with Fourier one.  The effect of laser intensity is 
I0 on the produced temperature profiles is shown in Fig. 
8.  It is shown that the maximum temperature is in-
creased by increasing the laser intensity. 

The three-dimensional temperature plots of the mid-
dle horizontal and vertical plain in the cubic tissue are 
shown in Figs. 9 and 10 respectively.  The ability of 
the procedure for driving the solution in all dimensions 
can be seen from these figures.  It can be seen that the 
temperature distribution is concentrated around the ver-
tical axis and near to the top surface of the tissue (laser 
impact plane) such as an elliptic (nap form) shape. 

 
 

 

Fig. 1  Schematic of laser incidence to the top of the cube. 
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Before heating                                   Fo 0.05 

      

Fo 0.1                                       Fo 0.15 

   

Fo 0.2                                      Fo 0.25 

 

Fig. 2 Hyperbolic temperature distribution in central vertical section of tissue (Ve 0.3 and  0.5) during 
continuous laser irradiation. 
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Fo 0.05                                      Fo 0.1 

 

 

Fig. 3 Parabolic temperature distribution in central vertical section of tissue (Ve 0 and  0.5) during 
continuous laser irradiation. 
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Before heating                                     Fo 0.05 

    

Fo 0.1                                      Fo 0.15 

    

Fo 0.2                                      Fo 0.25 

 

Fig. 4 Hyperbolic temperature distribution in central horizontal section of tissue (Ve 0.3 and  0.5) 
during continuous laser irradiation. 
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Fig. 5 Temperature variation of middle point of cube due to Fo with tp  10 and various Ve during continuous 
laser irradiation. 

 

Fig. 6 Hyperbolic temperature variation in  direction with Ve  0.3 for various Fo during continuous laser 
irradiation. 

 

Fig. 7 Parabolic temperature variation in  direction with Ve  0 for various Fo during continuous laser 
irradiation. 

https://doi.org/10.1017/jmech.2016.42 Published online by Cambridge University Press

https://doi.org/10.1017/jmech.2016.42


74   Journal of Mechanics, Vol. 33, No. 1, February 2017 
 

 
Fig. 8 Hyperbolic temperature variation in  direction with Ve  0.3 and Fo  0.01 under various laser 

intensity (I0) during continuous laser irradiation. 

 

 

Fig. 9  Three dimensional temperature profile at   0.5 for Ve  0.3 and Fo  0.1. 

 

Fig. 10  Three dimensional temperature profile at   0.5 for Ve  0.3 and Fo  0.1. 

4.  CONCLUSIONS 

In this problem the three-dimensional hyperbolic and 
parabolic heat conduction equations with time-    
dependent, non-uniform distributed heat source is ana-

lytically solved in a finite solid cube.  The straight-
forward solution is introduced for hyperbolic and para-
bolic conduction using Eigen Function expansion 
method.  The solution is used for modeling of contin-
ues laser interaction of tumor tissue.  The generation 
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function is distributed in impacted surface and vertical 
direction.  The hyperbolic temperature profiles predict 
a time lag for penetration depth of the laser pulse and 
higher temperature amplitude compared with parabolic 
one.  The exact analytical solution can be used as ver-
ification branch for other numerical solutions and oper-
ations of biological tissue under laser treatment. 

NOMENCLATURE 

 I0 Laser Intensity 
 L Length of the cube 
 Fo Non-dimensional number of time 
 f (t) Time function of heat source 
 H Heaviside function 
 R Surface light reflectance 
  Material absorption coefficient 
 t time 
 Ve Vernotte number 
 x, y, z Spatial coordinate 
 q Heat flux vector 
 m, n, k Summation counter 

Greek symbols 

  Thermal diffusivity 
  Mass density 

  Laplace’s differential Operator 
  Gradient operator 
 q Thermal relaxation time 
 p Laser pulse duration  
  Dimensionless temperature 
  Laser concentration 
  Dirac Function 
  Thermal conductivity 
 mnk Eigen Values 
 , ,  non-dimensional space parameters for x, y, 

z respectively 

REFERENCES 

 1. Cattaneo, C., “A Form of Heat Conduction Equation 
Which Eliminates the Paradox of Instantaneous Propa-
gation,” CompteRendus, 247, pp. 431433 (1958). 

 2. Vernotte, P., “Les Paradoxes De La Théorie Contin-
ue De Léquation De La Chaleur,” Comptes Rendus 
Hebdomadaires Des Seances De Academie Des Sci-
ences, 246, pp. 31543155 (1958). 

 3. Talaee, M. R., Sarafrazi, V. and Bakhshandeh, S., 
“Exact Analytical Hyperbolic Temperature Profile in 
a Three-Dimensional Media Under Pulsed Surface 
Heat Flux,” Journal of Mechanics, doi:10.1017/ 
jmech.2015.97 (2015). 

 4. Lewandowska, M. and Malinowski, L., “An Analyt-
ical Solution of the Hyperbolic Heat Conduction 
Equation for the Case of a Finite Medium Symmet-
rically Heated on Both Sides,” International Com-
munications in Heat and Mass Transfer, 33, pp. 
6169 (2006). 

 5. Lewandowska, M. and Malinowski, L., “Hyperbolic 
Heat Conduction in the Semi-Infinite Body with the 

Heat Source Which Capacity Linearly Depends on 
Temperature,” Heat and Mass Transfer, 33, pp. 
389393 (1998). 

 6. Al-Khairy, R. T. and Al-Ofey, Z. M., “Analytical 
Solution of the Hyperbolic Heat Conduction Equa-
tion for Moving Semi-Infinite Medium Under the 
Effect of Time-Dependent Laser Heat Source,” 
Journal of Applied Mathematics, doi:10.1155/2009/ 
604695 (2009). 

 7. Yoo, J., Lim, C. H. and Kim, C., “Numerical Study 
of Thermal Wave Propagation in a Disc Slab Irradi-
ated by Ultrashort Laser Pulses,” Journal of the Ko-
rean Physical Society, 47, pp. 6367 (2005). 

 8. Zhang, D., Li, L., Li, Z., Guan, L. and Tan, X., 
“Non-Fourier Conduction Model with Thermal 
Source Term of Ultra Short High Power Pulsed La-
ser Ablation and Temperature Evolvement Before 
Melting,” Physica B: Condensed Matter, 364, pp. 
285293 (2005). 

 9. Torii, S. and Yang, W. J., “Heat Transfer Mecha-
nisms in Thin Film with Laser Heat Source,” Inter-
national Journal of Heat and Mass Transfer, 48, pp. 
537544 (2005). 

10. Ahmadikia, H., et al. “Analytical Solution of Non- 
Fourier and Fourier Bioheat Transfer Analysis Dur-
ing Laser Irradiation of Skin Tissue,” Journal of 
Mechanical Science and Technology, 26, pp. 
19371947 (2012). 

11. Trujillo, M., Rivera, M. J. and Lopez Molina, J. A., 
“Analytical Thermal-Optic Model for Laser Heating 
of Biological Tissue Using the Hyperbolic Heat 
Transfer Equation,” Mathematical Medicine and Bi-
ology, 26, pp. 187200 (2009). 

12. Zubair. S. M. and Chaudhry. M. A., “Heat Conduc-
tion in a Semi-Infinite Solid Due to Time Dependent 
Laser Source,” International Journal of Heat and 
Mass Transfer, 39, pp. 30673074 (1996). 

13. Talaee, M. R. and Atefi, G., “Non-Fourier Heat 
Conduction in a Finite Hollow Cylinder with Peri-
odic Surface Heat Flux,” Archive of Applied Me-
chanics, 81, pp. 17931806 (2011). 

14. Asmar, Nakhle H., Partial Differential Equations 
with Fourier Series and Boundary Value Problems, 
2nd Edition, Pearson Prentice Hall, New Jersey 
(2004). 

15. Simmons, G. Finlay, and John S. Robertson. Differ-
ential Equations: With Applications and Historical 
Notes, McGraw-Hill, New York (1972). 

16. Banerjee, A., Ogale, A. A., Das, C., Mitra, K. and 
Subramanian, C., “Temperature Distribution in Dif-
ferent Materials Due to Short Pulse Laser Irradia-
tion,” Heat Transfer Engineering, 26, pp. 4149 
(2005). 

17. Ooi, E.-H. and Ang, W.-T., “A Boundary Element 
Model of the Human Eye Undergoing Laser 
Thermokeratoplasty,” Computers in Biology and 
Medicine, 38, pp. 727737 (2008). 

 
 
 
 

(Manuscript received October 25, 2015, 
accepted for publication February 21, 2016.) 

https://doi.org/10.1017/jmech.2016.42 Published online by Cambridge University Press

https://doi.org/10.1017/jmech.2016.42

	空白頁面



