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Abstract. For a given topological dynamical system 7 : X — X over a compact set X with
a metric d, the variational principle states that

sup hy, (T) = h(T) = ha(T),
n

where h,,(T) is the Kolmogorov—Sinai entropy with the supremum taken over every 7 -
invariant probability measure, hy(T) is the Bowen entropy and 2(T) is the topological
entropy as defined by Adler, Konheim and McAndrew. In Patrdo [Entropy and its
variational principle for non-compact metric spaces. Ergod. Th. & Dynam. Sys. 30
(2010), 1529-1542], the concept of topological entropy was adapted for the case where
T is a proper map and X is locally compact separable and metrizable, and the variational
principle was extended to

sup by, (T) = h(T) = min ha(T),
n

where the minimum is taken over every distance compatible with the topology of X. In
the present work, we drop the properness assumption and extend the above result for
any continuous map 7. We also apply our results to extend some previous formulae for
the topological entropy of continuous endomorphisms of connected Lie groups that were
proved in Caldas and Patrdo [Dynamics of endomorphisms of Lie groups. Discrete Contin.
Dyn. Syst. 33 (2013). 1351-1363]. In particular, we prove that any linear transformation
T : V — V over a finite-dimensional vector space V has null topological entropy.

1. Introduction

In this paper, we extend the variational principle for entropies to continuous maps
T : X — X defined over a metrizable locally compact separable space X. We have adapted
the classical proof of the variational principle due to Misiurewicz (see [12, Theorem 8.6]).
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The original fopological entropy was defined by Adler et al (see [1]), by adapting the
measure theoretic definition, which we call Kolmogorov—Sinai entropy. In this work, this
will be called the AKM entropy. By assuming that the underlying space is equipped with
a distance function, Bowen and Dinaburg (see [3, 6]) have defined a different concept of
entropy, which we shall call Bowen entropy. In the case of a compact metrizable space, this
concept of entropy coincides with the AKM entropy. In particular, in the compact case, the
value of the Bowen entropy does not depend on the particular distance chosen. For a given
topological dynamical system 7 : X — X over a compact metric space (X, d), Dinaburg
and Bowen showed that

Sl/ip hyu(T) = h(T) = ha(T),

where the supremum is taken over every T -invariant probability measure. Probably for
this reason, Bowen himself also named his entropy fopological entropy. However, for
non-compact spaces, the Bowen concept of entropy gives different values for equivalent
distances over the same space, while the AKM entropy would always be infinite. Later,
Patrdo realized that, even though the value of the Bowen entropy depends on the function
of the particular distance chosen, by adapting the AKM entropy to what we are calling
topological entropy in this paper, a variational principle relating the measure theoretic
Kolmogorov-Sinai entropy, the topological entropy and the Bowen entropy could be
demonstrated, as long as the dynamical system 7 could be extended to a metrizable one
point compactification of X (see [10]).

Inspired by the work of Adler et al in [1] and the work of Patrao in [10], we extend the
definition of topological entropy for arbitrary topological spaces. Inspired by the work of
Bowen in [3], we simplify his definition of entropy s4(T) for non-compact sets. We call
it d-entropy and denote it with a superscript by 2% (7). Then we show, for the case where
X is locally compact metrizable and separable, that

sup i, (T) = h(T) = mdin ha(T) = mdin (1),
y7

where the minimum is attained for every metric d that can be extended to the one point
compactification of X (see Theorem 3.1). Notice that while the metric d might come
from the one point compactification, this does not mean that the dynamical system T
itself needs to have an extension to the one point compactification. In fact, T can be
any continuous system over a locally compact separable metrizable space X. This is a
substantial improvement compared with Patrao’s preview result in [10]. In achieving such
aresult, it was fundamental that we were able to restate the different definitions of entropy
using a unified approach that allowed easier comparisons between them.

We also apply our results to extend some previous formulae for the topological entropy
of continuous endomorphisms of connected Lie groups that were proved in [S]. In the
case of a connected semisimple Lie group, without assuming the endomorphism to be
surjective, we prove that its topological entropy always vanishes. In the case of a connected
compact Lie group, a linear connected reductive Lie group or a connected nilpotent Lie
group, we prove (without assuming the endomorphism to be surjective) that the topological
entropy coincides with the topological entropy of the endomorphism’s restriction to the
maximal connected and compact subgroup of the center of the maximal subgroup where
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the endomorphism is surjective. In particular, Proposition 4.5 implies that any linear
transformation 7 : V — V over a finite-dimensional vector space V has null topological
entropy. This extends the result of [10, Proposition 4.2].

The paper is organized in the following way. In §2, we recall some elementary
definitions related to the different types of entropy, extend those definitions to a broader
class of dynamical systems and prove some fundamental facts which are used in the
subsequent work. In §3, we prove our main result. Finally, in §4, we apply the main
result in order to determine the topological entropy for endomorphisms of some classes of
Lie groups.

2. Preliminaries

This section is devoted to recalling some elementary definitions related to different types
of entropy and to proving some fundamental facts which are used in the subsequent work.
We also extend the fopological entropy—originally defined for compact systems—to an
arbitrary topological dynamical system.

A topological dynamical system—or simply a dynamical system—T : X — X is a
continuous map 7" defined over a topological space X. A measurable dynamical system
T : X — X is a measurable map 7 defined over a measurable space X. If we embed
X with the Borel o-algebra, a topological dynamical system becomes also a measurable
dynamical system.

Recall that a family <7 of subsets of X is a cover of X, or simply a cover, when

X = U A.
Acd

If the sets in .o/ are disjoint, then we say that < is a partition of X. A subcover of <f is
a family # C &/ which is itself a cover of X. If Y C X and & is a cover of X, then we
denote by Y N o7 the cover of Y given by

YN ={ANY|Ae)

We denote by N (/) the least cardinality amongst the subcovers of «7. For Y C X, Ny (&)
is a shorthand for N(Y N ).

Given two covers .2/ and A of an arbitrary set X, we say that & is finer than 2 or that
o refines A—and write BB < o/ —when every element of <7 is a subset of some element
of 2. We also say that A is coarser than 7. The relation < is a preorder, and if we
identify the symmetric covers (i.e. covers &/ and £ such that & < B and & < f), we
have a lattice. As usual, o/ Vv % denotes the representative of the coarsest covers of X that
refines both <7 and 4, given by

AN AB={ANB|Aecd, BeB, AN B #}.
Given a dynamical system 7 : X — X and a cover &7, for each n € N we define
A"=dNT )V - vT D).

If we want to emphasise the dynamical system T, we write <77, instead.
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2.1. Compactification. The variational principle has been demonstrated for compact
dynamical systems. For our extended version, we shall treat the dynamical system
T : X — X as a subsystem of a compact metrizable one (Definition 2.1).

For a topological space X to be contained as a subspace in its one point compactification
X U {00}, and in order for this one point compactification to be metrizable, it is necessary
and sufficient that X is a metrizable locally compact separable space. This is a consequence
of the Urysohn metrization theorem (see, for example, [4, Theorems 9.10, 11.2 and 11.3]).

Definition 2.1. (Subsystem) We say that a (topological) dynamical system 7 : X — X
is a (topological) subsystem of S:Z — Z when X C Z has the induced topology and
T (x) = S(x) for every x € X. We also say that S extends T to Z. If, instead, T : X — X
and S : Z — Z are measurable dynamical systems and if X is a measurable subset of Z,
we say that T is a measurable subsystem of S.

LEMMA 2.2. Suppose that T : X — X is a measurable subsystem of S : Z — Z. If Z is
a covering of Z and ¢ = X N %, then

T=XNZ.
Proof. The case n =1 is trivial. Assume it is true for n. Since 77" (%) = X N S (%),
G =6 N T (%)

=XNZHNXNSTZZ))

=Xxnzyth O
LEMMA 2.3. Let X be a topological space with metrizable one point compactification
X* = X U {oo}. Then any topological dynamical system T : X — X can be regarded as a
subsystem of a dynamical system S : Z — Z, with Z compact metrizable and such that the
natural projection

m:Z— X*

x ifxelX,
x> m(x) =
oo ifxé€X,

is continuous.

Proof. Consider the compact and metrizable space
o
Z=1]x"
n=0

Identify X with a subset of Z by the injection

1 X—>Z
x> (T"x)72.

If we let 7, : Z — X* be the projection onto the nth coordinate, it is easy to see that ¢
is continuous, because w, ot = T" is continuous for every n € N. Also, restricted to its
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image, ¢ has continuous inverse 7y. So X is homeomorphic to ¢(X). If we identify X and
t(X), T is just the restriction to X of the shift

S: 77

(xn);o:() = (xn+l)zozo~
Now let Z be the closure of ((X) in Z. Since S is continuous and
S(X)) = «(T(X)) CuX),

by taking the closure,

S(Z)=S(X)) CSX)) CcuX)=Z.

Thatis, S : Z — Z is a dynamical system that can be regarded as an extension of 7.
To see that 7 is continuous, we shall demonstrate that, in fact, 7 = mg. It is evident that,
forx € X,
((x)) =x

is exactly the projection in the first coordinate. On the other hand, for a = (a;) jen € Z \
t(X), we just have to show that ag = co. But, in fact, since Z = 1(X), there exists x,, € X
such that ((x,) — a: that is, TV (x,) — aj. In particular, x, — ag. Now, if ap # oo, the
continuity of 7/ implies that

aj = lim T7(x,) =T/ (ap):
n—o0
that is, a = t(ag). O
The projection , on Lemma 2.3, induces the pseudometric

d(x, y) =d(m(x), 7(y))

over Z. We denote the restriction of this distance to X by the same letter d. Since 7 is
continuous, this pseudometric is such that the ‘open balls’ are, in fact, open. Let X¢ = Z \
X. Then, these balls are also such that they either contain X¢ or have empty intersection
with it.

A consequence of Lemma 2.3 is that X is open in Z. In fact, X¢ = 7~ (0c0) is closed.
It follows that X C Z is a Borel set and the Borel sets of X are Borel sets of Z. We may
restrict Borel measures over Z to the o-algebra of Borel sets of X. On the other hand,
if ¢ is a Borel measure over X, then we can extend it to Z by declaring «(X¢) =0, or,
equivalently, we might define £ (C) = pu(C N X) for every Borel set C C Z. We shall use
the same letter to denote the measure over Z and its restriction to X or any other Borel
subset. If we want to make the distinction clear, we may write w|y. According to the
following lemma, when 7 : X — X is a subsystem of S : Z — Z and p is an S-invariant
finite measure, then p is also T -invariant.

LEMMA 2.4. When T : X — X is a measurable subsystem of S : Z — Z and v is an S-
invariant finite measure, then | is also T -invariant.
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Proof. Take a measurable set A C X. Since p is S-invariant,
w(A) + u(X) = (AU X°)

= n(S~HA USTHXY)

<u(STH (AU X

= (T~ (A UX)

= (T~ (A) + w(X).
This means that

1(A) < w(T~1(A)).
But, on the other hand,
(T (A) < u(S71(A) = u(A). D

LEMMA 2.5. Suppose T : X — X is a measurable subsystem of S : Z — Z. Whenever u
is an S-invariant finite measure, for any Borel set A C X and any n € N,

w(XNS(A) =0.

Proof. Lemma 2.4 implies that y is also T -invariant. Since 77" (A) = X N S7"(A),
n(X N ST(A)) = u(T™"(A))
= u(A)
=n(S7"(A)
=X NST(A) + n(X NST(A).
Therefore (XN S™"(A)) =0. O

2.2. Kolmogorov-Sinai entropy. Consider the finite measure space (X, %, 1) and a
finite measurable partition €. The partition entropy of € is

H, (¢) = )1 .
() ngu( log

For the measurable dynamical system 7 : X — X, if u is a T-invariant finite measure,
then the partition entropy of T with respect to € is

1
hy(T, €)= lim —H,(¢")
n—-oon
and the Kolmogorov—Sinai entropy of T is
h,(T) = sup hu (T, 6).
€ finite
measurable partition
The most basic properties of the partition entropy are a consequence of the concavity of
the function |
f(x)=—xlogx =xlog —.
X
The following lemma states properties that are standard for probability measures (see [12]).
They are easily restated in terms of finite measures, but we shall not need them in this
general case.
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LEMMA 2.6. If u is a probability measure and € and 2 finite measurable partitions,
then:

(1) H(€VD)<HE)+ H., (D),

(2)  if un(C) = n(C) for every C € €, then H,,,(¢) — H,(€); and

(3) Hu(?) <log N(©).

LEMMA 2.7. If = ay + BV is a convex combination of finite measures and € is a finite
measurable partition, then

aHy (€) + BH,(€) < H,(F).

Proof. For each C € ¥, the concavity of x log (1/x) implies that

1 1
Ot()/(C)loz‘; >+/3<V(C)10g v(C))fM(C) 20y

Now one just has to sum up for all C € . a0

y(C)

LEMMA 2.8. If n is a finite measure over X with 0 <u(X)<1 and if Y CX is
measurable, then
H,(¥)<H,(YNE)+H,XY NE)

for any finite measurable partition €.

Proof. FixCe¥.Letp=pu(¥Y NC)andg=pn¥°NC).If p=0, then u(C) =g and

1 1
p(C) log ——— =gq log —
wu(C) q

1 1
=qlog — + plog —.
q p

A similar conclusion follows when ¢ = 0. Assume that p, g #0. Then, since p, g <

n(C),
n(C) log 1 =plo g;Jrq gL
w(C) u(C) n(C)
Splog—-l—qlog—.
p q
The lemma follows if we sum up for C € ¢ O

Notice that our definition of the Kolmogorov—Sinai entropy does not assume that p is
a probability measure. This will prove to be useful when X is metrizable locally compact
(but not necessarily compact). In this case, the set of probability measures is not compact
in the weak-* topology, while the set of finite measures with 0 < u(X) <1 is indeed
compact.

LEMMA 2.9. Given a measurable dynamical system T : X — X and a finite T -invariant
measure [, then, for a > 0,

heau(T) = ah, (T).
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Proof. We can assume that o # 0, since ho(7T) = 0.
For any measurable finite partition &,

1 1 « 1
- > ap(C) log == > u(C)log

g apu(C) fogrr au(C)
o 1 o 1
= 2 w©log ) + 0 log o
Ceen ®
Now we just have to take the limit for n — oo. O

The following lemma will be very important for reducing the proof of the variational
principle to the compact case.

LEMMA 2.10. Let S : Z — Z be a measurable dynamical system and let T : X — X be a
subsystem with X C Z measurable. If |u is an S-invariant measure and if

& ={Zo, ..., Zx}
is a measurable partition of Z such that Z1, . .., Zy C X, then w is T -invariant and
hu(S, Z) <h(T,%),
where € = X N Z.

Proof. According to Lemma 2.4, p is in fact T-invariant. According to Lemma 2.2,
Cr=XNZg.
Now Lemma 2.8 implies that
H(Z)) <H,XNZH+H, (X NZ)
= H, (6}) + H, (XN 27).
Dividing by n and taking the limit as n — oo will prove our claim as soon as we show that

the second term on the right-hand side is constant.
Since elements C € 2" are of the form

C=Cons i cHn---ns(C,-y),

with C; € 27, Lemma 2.5 implies that the only C € X N 2" with non-null measure is

n—1
C=X‘N ﬂ s~1(Zp).
Jj=0

In particular, since X¢ N 2 is a finite partition of X¢,
w(C) = u(X°).

Therefore
H,(XE N 29) = u(X°) log

u(X€)
is constant. O
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2.2.1. Conditional entropy. Given a probability measure u and two finite measurable
partitions ¢ and Z, the conditional entropy is an important tool for relating H,,(¢’) and
H, (2). For a measurable set C with 1(C) > 0, probability u conditioned to C, u(- |C),

is given by BNC)
i

u(C)
For our purposes, when £ (C) = 0, the conditional probability can be defined arbitrarily.

n(B|C) =

Definition 2.11. (Conditional entropy) Given a probability measure p and two finite
measurable partitions 4" and 2, the conditional entropy is defined as the expected value

Hy(216)="Y w(C)H,. (D).
Ce¥

Conditional entropy possesses the following properties.

LEMMA 2.12. Let T : X — X be a measurable dynamical system with T-invariant
probability measure p. If € and 9 are two measurable finite partitions, then

hy(T,€) <h, (T, 2)+ H, (¢ D).

Proof. This is item (iv) of [12, Theorem 4.12]. O

2.3. Topological entropy. A purely topological concept of entropy for a compact
system introduced by Adler et al in [1], analogous to the Kolmogorov—Sinai entropy,
is the fopological entropy. Dinaburg and Goodman proved (see [6, 7]) the variational
principle, which states that, for metrizable compact systems, the fopological entropy is
equal to the supremum of the Kolmogorov—Sinai entropies taken over all T-invariant
probability measures. In [10], Patrdo noticed that when the dynamical system admitted
a one point compactification, the variational principle still holds as long as we adapt the
original definition of topological entropy. In the present paper, we provide a definition
of topological entropy that extends the previous definitions and allows us to prove the
variational principle for metrizable separable locally compact systems.

Definition 2.13. (Cover entropy) Given a cover &7 of a set X, the cover entropy of <7 is
H(o/) =log N(&7).

Motivated by the definition presented in [10], we shall restrict our attention to open
covers of a certain type.

Definition 2.14. (Admissible cover) In a topological space X, an open cover .27 is said to
be admissible when at least one of its elements have compact complement. If every set has
compact complement, .27 is said to be strongly admissible, or s-admissible for short.

Remark 2.15. If X is a compactiﬁcation of X, then, for - any admissible cover &7 of X,
there exists an open cover o of X, such that & = X N /. In fact, we might 51mply take,
for 7, the family of all open sets A C X such that X N A € «/. Notice that < is sure
to cover X for the simple fact that there is a compact set K C X such that X \ K € <7
therefore X \ K belongs to /. Since K is covered by elements in o, o is a cover for X.
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Definition 2.16. (Topological entropy) For a dynamical system 7 : X — X and a cover
o, the topological entropy of T with respect to < is
1
T, )= lim —H(Z").
n—oo n
The topological entropy of T is

h(T) = sup T, o).
o7 admissible

Throughout this paper, the term AKM entropy refers to the original definition of entropy
given by Adler, Konheim and McAndrew, while the term topological entropy refers to our
modified definition.

Remark 2.17. Notice that, as in the case of the AKM entropy and the Kolmogorov—Sinai
entropy, the limit in Definition 2.16 exists thanks to the inequality

N(F v B) < N(Z)N(AB)
(see [12, Theorem 4.10]).

We now state some very basic properties satisfied by the topological entropy. Most of
the arguments are consequences of the following simple lemma.

LEMMA 2.18. Given a dynamical system T : X — X, let &/ and P be covers of X such
that B < <. Then, for all k € N and every subset Y C X:

(1) B <t

(2) Ny(#") < Ny(7*);

(3)  Np-iy)(T ™)) < Ny(); and

@) hT,B)<h(T, ).

When the space is compact, it is a simple fact that
h(T*) = kh(T).

For the non-compact case, only an inequality follows from a similar argument (see
Remark 2.20).

LEMMA 2.19. Consider the dynamical system T : X — X and let k € N. Then
h(T*) < kh(T).

Proof. Let of be an admissible cover of X. Notice that (4277{‘ "= ﬁf]'f". So

1 k 1 k
k- H (") = —H ()7
Taking the limit for n — oo,
kh(T, o) = h(T*, o7¥).

Since &/ < %715,
Tk, o) < (T*, o7*) = kh(T, o).

Now we just have to take the supremum for every admissible cover .« to conclude that

h(T*) < kh(T). O
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Remark 2.20. The fact that 6527715 is not necessarily an admissible cover obstructed our way
of showing that 4 (T*) = kh(T). In the case of Kolmogorov—Sinai entropy, for instance,
the supremum of £, (T, €) is taken for every finite measurable partition 4. In this case,
the demonstration of Lemma 2.19 is easily adapted to show that /1 M(Tk) =kh,(T). One
just has to notice that, since ‘ﬁf is a finite measurable partition,

khy (T, €) = h, (T*, €5 < h, (T5).

For locally compact separable metrizable systems, the equality 42(T*) = kh(T) will follow
from the variational principle (Corollary 3.4).

2.4. Bowen entropy. Bowen introduced, in [3], a definition of entropy that coincides
with AKM’s topological entropy when the dynamical system 7 : X — X is compact
metrizable. We shall present Bowen’s entropy in a different fashion, that is easier to
compare with the topological entropy.

Choose a distance d in X and, given ¢ > 0, denote the family of balls of radius ¢ by

Pa(e) ={Ba(x; ) | x € X}.
Also, for n € N, we define

dy(x, y)= max d(T’x, T'y).
0<j<n

In the literature, (n, €)-spanning sets are usually defined as sets E C X for which, given
any x € X, there exists y € E such that d,(x, y) < e. We adopt an equivalent definition,
but in terms of covers. We do so in a way that is easier to relate to the (n, £)-spanning sets
with our enhanced definition of topological entropy.

Definition 2.21. ((n, ¢)-spanning set) Let 7 : X — X be a dynamical system with a
distance d. For a given ¢ > 0and n e N, aset E C X is a (n, )-spanning set when

X = B4, (x: 0.

xeE

That is, the family {Bg, (x; €) | x € E} is a cover for X.

Definition 2.22. (d-entropy) Let T : X — X be a dynamical system and let d be a distance
for X. Given ¢ > 0 and n € N, define

1
h(T, &) = lim — log N(%Bg,(e))
n—00 n

and
h(T) = sup h*(T, ¢).

e>0

We denote the usual Bowen entropy by

1
hqg(T)y= sup limsup — log Nk (%, (€)).
>0 n—oo N
K: compact
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Remark 2.23. Again, as in the case of the topological entropy and the Kolmogorov—Sinai
entropy, the limit in Definition 2.22 exists thanks to the inequality

N(Ba, () < N(Ba, (©)N(Za,_, ()
for all ¢ € N such that 0 < g < n (see [12, Theorem 4.10]).

An alternative way to characterize the d-entropy (and Bowen’s entropy) is by means of
separated sets. Misiurewicz’s proof of the variational principle needs this characterization.

Let T : X — X be a dynamical system with distance d. Given ¢ >0 and n € N, we
say that a set S C X is (n, €)-separated when, for all pairs of distinct points x, y € S,
dy(x,y)>¢. For asubset Y C X and ¢ > 0, let us write s(n, &, Y) for the supremum
amongst the cardinalities of (n, ¢)-separated subsets of Y.

LEMMA 2.24. In a dynamical system T : X — X in which (X, d) is a metric space, given
asubsetY C X and e > 0, foralln € N,

Ny (B4, (e)) <s(n,e, Y) < Ny (‘@dn (%))

Proof. The first inequality arises from the following claim by the existence (through Zorn’s
lemma) of maximal (n, €)-separated sets.

Claim. If E CY is a maximal (n, €)-separated subset of Y, then
Br={YNBy (x;¢e)|xekE}
is a cover of Y.

If 2 is not a cover, then, taking y € ¥ \ Uer Bg, (x; &), the set E U {y} is (n, €)-
separated, which infringes the maximality of the set E.

For the second inequality, if S C Y is a (n, &)-separated set and if BB C B, (¢/2) is
a covering of Y, then for each s € S, there exists an e(s) € % such that s € e(s). This
mapping is injective. In fact, if e(s1) = e(s2), then d, (s1, s2) < &. Also, since § is (n, ¢€)-
separated, we must have s| = 5. O

The following proposition characterizes the d-entropy in terms of separated sets and
also shows that our formulation of Bowen’s entropy (Definition 2.22) is equivalent to that
of Bowen himself.

PROPOSITION 2.25. For a dynamical system T : X — X, where (X, d) is a metric space,

1
h'(T)=sup lim —logs(n, &, X)

£>0 n—-oo n

1

hqa(T)= sup lim —logs(n, ¢, K).

£>0 n—-oon
K : compact

Proof. The proof is immediate, from Lemma 2.24. Just take the log, divide by n, take the
limit for n — oo and take the supremum for ¢ > 0 in

N(%4,(e) <s(n, e, X) < N<<@dn (g))
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Also, for the Bowen entropy, do the same and also take the supremum over compact K C X
for

Nk (Ba,(2)) < s(n. e, K) < N (%,, (g)) O

When defining the d-entropy, we have used the families %, (¢). Notice that those
families are not the same as [%B;(¢)]". The following lemma shows that the families
[ABa(e)]" would work as well, making the d-entropy and the topological entropy much
easier to compare.

LEMMA 2.26. Let T : X — X be a dynamical system with distance d. Then

h(T) = sup h(T, Ba(e))

e>0

1
hg(T)= sup limsup — log Ng(%Ba(e)").
>0 n—oo N
K: compact

Proof. 1t is enough to show that

[Ba(e)]" < B, (8) < [%(g)} .

Indeed, this would imply that, for any ¥ C X,

1 1 1 n
~ log Ny (IZa(&)]") < — log Ny (%4, (£)) < — log NY([%(EH )
n n n 2

Therefore the claim for the first equality will follow if we make n — oo and take the
supremum for ¢ > 0 and Y = X. For the second equality, instead of taking ¥ = X, we also
have to take the supremum for every ¥ C X compact.
It is immediate that
B, (e) C [Ba ()",

since every ball in the distance d,, has the form
By(x; )N+ -NT~ DB, (T x: ¢).

Therefore [ZB4(e)]" < Py, (). On the other hand, a set A € [%B,(e/2)]" has the form

& &€
A= Bd(XO; 5) n-..nN T_("_I)Bd<xn1; 5)-

In particular, if A # @, by taking x € A, we have that, for j =0, ..., n —1,d(T/x, xj) <
e/2. So

Bd<xj; %) C Bd(zj; ).

Therefore
ACBy(x;e)N---NT~ " VBT x; &) € By, (e). O

The following lemma states the existence of the Lebesgue number in a form that is easy
to apply to the construction of refinements for a given cover.
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LEMMA 2.27. (Lebesgue number) Suppose that (X, d) is a metric space which admits a
compactification (X d ). Let 7/ =X N o, where < is an open cover of X. Then there
exists ¢ > 0 such that

o < By(e).
Proof. Let
={xeX|3JAed, Bj(x;e) C A}

be the set of all x € X such that the balls centered in x with radius ¢ are contained in some
element of .o7. Now we shall find ¢ > 0 such that X = C,.

Claim. X =

5>0

For each x € X, there is a A € % containing x. This means that there exists ¢ > 0 with
Bj(x; &) C A.

Claim. Cg Cint(Cgj2).

For x € C,, take A € o7 such that Bz(x; ¢) C A. Notice that

&
B;(x; E) C Cepa.

In fact, for y € By(x; €/2), Bj(y; €/2) C By(x; ¢): thatis, x € int(C¢/2).
Joining both claims gives

X = U int(C,).

e>0

Since X is compact, there exists ¢ > 0 such that X = C,. This means that o < PBy(e).
Taking the intersection with X,

JZ%:XQQ?<XQ<@5(S).
Now we just have to observe that, since
By(x; €)= XN Bj(x; ¢)

for any x € X,
Ba(e) C X NABy(e).

Therefore
g < By(e). O

Finally, we relate the topological entropy and the d-entropy.

PROPOSITION 2.28. Let T : X — X be a dynamical system and let X be a metrizable
compactification of X. If d is the restriction to X of a distance d in X, then

h(T) = sup h(T, X N ),
4

where the supremum is taken over all open covers </ of X.
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Proof. The family 9 = {Bj(x; €) | x € X} covers X and is such that Bi(e)=XN2I.
This implies that
h(T) < sup h(T,. XN ).
o/ open

Now Lemma 2.27 implies that, for any open cover of X s EQZ there exists ¢ > 0 such that
XN < By(e).

Also, this means that
WT, XN)<h(T, Bi(e)).

Taking the supremum in ¢ and applying the Lemma 2.26, we conclude that
h(T, X No7) <h%(T).
Taking the supremum for all open covers o,

sup h(T, X N<7) < h'(T). O
mpfv:open

When the dynamical system is compact, we know that the d-entropy does not depend
on the distance d. The following corollary to Proposition 2.28 extends this result.

COROLLARY 2.29. Let T : X — X be a dynamical system with X admitting a metrizable
compactification X. If d and c are the restriction to X of distances d and € in X, then

h(T) = h(T).

Starting with a technique similar to the one that we used in the demonstration of Lemma
2.27, we relate Bowen’s entropy and the topological entropy.

PROPOSITION 2.30. Let T : X — X be a dynamical system with a distance d. Then
h(T) < ha(T) < h*(T).

Proof. The Bowen entropy will be calculated according to Lemma 2.26. It is evident, from
the definitions, that h4(T) < h?(T).
Given an admissible cover <7, take a compact K C X such that K¢ € «7. Let

C.={xeK|JAed, By(x;2e) C A}

be the set of all x € K such that the ball centered at x with radius 2¢ is a subset of some
element in 7. Just as in the proof of Lemma 2.27, we can take & > 0 such that K = C,.

Claim. of < By(¢).

If B € $,;(¢) does not intersect K, then B C K¢ € 7. Also, if B does intersect K, then,
taking x € B N K from our choice of ¢, there is an A, € <7 such that

B CBy(x;28) CAy:

that is, .o/ < %By(¢e).
Therefore, defining
D = RBa(e) U{K"},
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it follows that &7 < 2. Let us partition X in Ko, ..., K,—1 and K with
K=K‘NnT Y K)N---nT~ " V(K e
and, form =0, ...,n—1,

Kn=KNTYKN---nT~ " D(kynT™(K).

Notice that, in fact, X = K U Um —o K, s0

n—1

N(Z") < Ng(2")+ Y Nk, (2").

m=0

Since K € 9",
Ng(9") =1.
Form =0, ..., n — 1, denote by %, the family of sets of the form
AoNT~ (A N---NT~"" D4,y

where A; = K for j=0,...,m —1,and A; € By(¢e) for j > m: that s,

By =KNT Y K)YN---NT " DEKYNT " (By(e)"™) C D"
If & C B,(¢)" ™ is a cover of K, then
KnT Y KN .nT~ "= D(KYNT™(F) C By
is a cover of K,,. In this way,
N, (") < Nk, (B)
< Nk(Za(e)"™™)
< Nk (ZBa(e)").
Therefore

N(&") < N(Z")
n—1
<Ng(Z")+ ) Nk, (7"

m=0
<1+ Z Nk, (2"

=@+ l)NK(%d(S) )-
Taking the log, dividing by n and making n — 0o, and using Lemma 2.26, we get that

h(T, &) < lim sup —(log(n + 1) + log Ng (ZBa(e)™))

n—oo

1
=lim sup log Nk (Ba(e)")

n—oo

< ha(T),
since (1/n) log(n 4+ 1) — 0. Taking the supremum in <7,
h(T) < hg(T). O
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Remark 2.31. When the families %, (&) are admissible covers, Lemma 2.26 warrants that
ha(T) < h(T).

Nonetheless, even when d is the restriction of a distance given in some compactification of
the system, %, (¢) might not be admissible. As an example, just take B, (%) in (0, 1) with
the Euclidean distance. No set in %’d(%) will ever have compact complement; therefore
@d(%) is not admissible.

3. Variational principle
The preparations made in §2 allow us to use Misiurewicz’s demonstration of the variational
principle almost verbatim. Misiurewicz’s original article is [9]. A didactic presentation can
be found in, for example, [12].

We are concerned about the supremum of the Kolmogorov—Sinai entropies over every
T -invariant Radon probability measure. If there is no such a probability measure, we agree
that

sup h, (T) =0.
"

According to Lemma 2.9, this is the same as taking the supremum over all T-invariant
Radon measures p with 0 < pu(X) < 1. In this case, there is always an invariant measure,
namely, u = 0.

The following theorem is our main result. The proof will be provided after a few
auxiliary results.

THEOREM 3.1. Let T : X — X be a metrizable locally compact separable dynamical
system. Then

sup hy (T) =h(T) = n}jin ha(T).

"

The infimum is attained when d is any distance that can be extended to the one point
compactification of X.

The following lemma is the part of the variational principle that is valid for every
topological dynamical system. The lemma remarkably generalizes [8, Proposition 1.4],
since the only hypothesis we impose to the system 7 : X — X is that T is continuous.
Notice how the concept of admissible cover allowed us to generalize [8, Proposition 1.4]
without even appealing to advanced results such as the ergodic decomposition, the
Shannon—McMillan—Breiman theorem or the Birkhoff ergodic theorem.

LEMMA 3.2. Let T : X — X be a dynamical system and let u be a T-invariant Radon

probability measure. Then
hu(T) < h(T).

If X is metrizable with distance d, then
hu(T) < h(T) < ha(T).

Proof. The last statement follows from Proposition 2.30. The first part, the details of
which we will present here, has actually been demonstrated by Misiurewicz. We start by
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noticing that, for every Radon measure, the measure of a set A can be approximated from
inside by a compact K C A.

Let u be any T'-invariant Radon probability measure. We shall show that, for any u-
invariant dynamical system S : X — X,

hy(S) < h(S)+ 2+ log 2. (1)

In particular, this is valid for 7" for any n € N. Then Lemma 2.19 implies that

1
hu(T) = ~hy (")

1 2+ 1log?2
< n(rmy 4 2082
n n

=h(T)+

2+ log?2
i_)h(]‘).
n

This will finish the demonstration.

In order to show the validity of equation (1) for any given S: X — X, take a finite
measurable partition € such that 4, (S) < h, (S, €) + 1. Choose, for each C € ¢, D¢ C
C such that

u(C\ D) < W-

Let D* = Jcew(C \ D). Then

1
D)y < ———.
WD) = e N@)
Now define a finite measurable partition & and a strongly admissible covering 27 by
2={Dc|C €€} U{D"}
o ={DcUD*|Ce%}.
Claim. H, (¢ |2) < 1.
First, notice that, for every C € ¢, u(C |D¢) = 1. So
Hy\(.pe) (@) =0.
Therefore, using Lemma 2.6,
<m(D*)log N(¢) < 1.

Claim. h, (S, ) <h(S, &) +log2.

Let us show that
N(9") <2"N(F").

Taking the logarithm, dividing by » and taking the limit for n — oo gives the claim.
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Let AC{l,...,k}" with#A = N(«/"), such that
Xx=J&ouKk,)n - NI (K UK, ).
reA
where A = (Ag, ..., Ay—1). Consider the mapping

f:Ax{0,1})' - 9",
that maps (A, x) to Yo N --- N Y,_1, where
sz T_J'K)\j iij'=1,
T7/Ko ifx;=0.

Since

X = U (K, UKo)N---NT~ DK,
LEA

=Jrmxo, 1,

and since 2" is a partition, the image of f contains every non-empty element of 2".
From the previous claims and Lemma 2.12,

U Ko)

n—1

hu(S) < h,(S,6)+1
<hu(S. 2)+2
<h(S, o) +2+1og2
<h(S)+2+log2,

which demonstrates equation (1) and concludes the proof. O

Remark 3.3. In Lemma 3.2, we have actually shown that

hu(T) < sup h(T, o) < h(T).
o7 s-admissible

Proof of Theorem 3.1. Using Lemma 3.2, we know that
sup h, (T) <h(T) < igfhd(T) < irt}fhd(T),
"
where the infimum is taken over every distance d compatible with the topology in X.
We just have to show that if r is the restriction to X of some distance in its one point

compactification, then
W' (T) < sup hy(T).
0

In fact, this implies that

W' (T) <sup h, (T) < h(T) < iIdlf ha(T) < igfh"(T) <h'(T).
m

Using Proposition 2.25, it remains to show that, for each fixed ¢ > 0 and each sequence
of (n, ¢)-separated sets E,,, there is a Radon measure p, which is T-invariant and has total
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measure lower then or equal to one, and that there is a finite measurable partition % such
that, for every n € N,
lim sup l log#E, <h,(T,?).
n—oo N
We shall take S : Z — Z, as in Lemma 2.3, find a probability measure p over the Borel
sets of Z and a partition 2, as in Lemma 2.10, and show that
lim sup 1 log#E, <h,(S, Z).
n—oo N
Then Lemma 2.10 will imply the desired conclusion.

The demonstration is very similar to that of [12, Theorem 8.6]; the main difference is
that we shall use the pseudometric 7 induced by r over Z (see the comment after Lemma
2.3). Let us first build up the Radon probability measure p and show that it is S-invariant.
Then Lemma 2.4 implies that p is T'- invariant Define

X

xEEn

where &, is the Dirac measure with support in x. Also define

1n—l
=- ZU,, oS/,
n
j=0

and notice that, restricted to X,

ln—l
= - Zan oT7 /.
n
Jj=0

In fact, since S/ (Z\ X) C Z \ X,
n—1

un(Z\ X) = }:mxs'@\xn—

Claim. There is a subsequence ny and a Radon probability measure p such that p,, —
and such that

lim — log #E,, =limsup — log #E),.

k—o00 ny n—oo N

Also, for any measurable C C Z with £ (0C) =0
lim jun, (C) = u(C).

In the weak-* topology, the set of Radon probability measures p over Z is easily seen
to be closed. The fact that Z is separable implies that the set of Radon measures is
separable. The Alaoglu theorem [11, Theorem 2.5.2] implies that it is compact and,
therefore, sequentially compact.
It is clear that there is a subsequence n such that

hm — log #E,, =lim sup log #E),.

k—o00 ny n—oo
From the sequential compactness, we can assume that ny is such that p,, converges to
some . The last assertion is a consequence of the portmanteau theorem and can be found
in [2], Theorem 2.1, item (V).
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Claim. The measure p is S-invariant.

It is clear that s, o S™! — o S™!. In fact, for any continuous ¢ : Z — R, since R is

continuous,
[ dtun 057 = [o0sdu,
— /(j) oSdu
= qu d(pos™h.
On the other hand,

1
/¢ d(,unk — MUny © S_l) = ’/ﬁba d(O’nk — Opy © S_n)

/<¢—¢osnk>donk

1
=
16— oosm

< ¢ — ¢ o S|l doy,
n

1
< — [2|¢plloc don,
n

1
= —2[|$lloc = 0.
ng

This implies that
p=1im g, =1lim gy, 0 S~ ' =po 7L

Now, we choose a measurable partition 2°. For each z € Z, there exists a ball B, =
B(z; ;) with &; < ¢/2 such that u(dB;) = 0. Such a B, exists because, since the border
of such balls are all disjoint, there is at most a countable number of reals ¢ > 0 such that
B(z; ¢) has border with non-null measure. Since Z is compact and the balls are open, there
is a finite number of such balls, By, . .., B, covering Z. We can assume that {By, . .., B,}
has no proper subcover. Let

Z;i=B;\(BiU---UBj;_y).

Then 2 ={Zy, ..., Z;} is a measurable partition. We can also assume that Z \ X C
By = Zy: that is, Z satisfies the conditions of Lemma 2.10.

Claim. Foreach C € ", u(aC) =0.

Notice that, since S is continuous, the border operator d possesses the following properties:
(1) 0A=0AS
2) 9(AIN---NA) COAIU---UJdAg; and
3) 457 '(A) cSs1@BA).
From items (1) and (2), each Z; = B; N B1°N---N B;_1¢ in 2 has border with null
measure. Also, from items (2) and (3), the same is true for the sets in 2.

In addition, each C € 2™ has diameter less then ¢ in the pseudometric 75, just as in the
compact case.
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Claim. log#E, = Hy, (Z™).

Let C € 2. If x, y € C, then there exist Cy, ..., Ch_1 € % such that T/x, T/y e Cj
for j =0, ..., n — 1. Since each element of % has diameter less than ¢, d, (x, y) < €. So
C can contain at most one element of E,: thatis, 0,,(C) = 0 or 6,,(C) = 1/#E,,. Therefore

H,, (Z") =log #E,,.

Passing from o, to u, is the same procedure as in the compact case, as we shall now
detail. Notice that, for any measurable finite partition &, Lemma 2.7 implies that

n—1 1
> Hoyos54(7) < Hy (2).
j=0
For n, g € N with 1 < g < n, take an integer m such that mqg > n > m(g — 1). Then,
forevery j =0,...,q — 1,

I < I ST (g
=i v ST (v S UtD () v ... v §TUTM=DD (grqy
Therefore, using Lemma 2.6,

Hy, (27) < Ho, (Z7) 4 Hy o400 (Z9) 4 - - -+ Hy o5 (Z9)
< Ho, (Z29) + Hy o509 (Z9) + - - - + H, o5-Gi+m-1g) (Z77)
<log#Z + H, ,s-+09(ZT) + -+ Hy os-(i+m-1g (Z7).

Summing upin j =0, ...,q — 1,
q log#E, = qH, (Z")

qg—1 m—1
<qlog#Z? + Z Z H, os—(j+ag (Z7)
j=0 a=0
n—1 mg—1
=qlog#Z1 + Y Hyos 0 (ZN+ Y Hyos0(Z9)
p=0 p=n

n—1
1
§2qlog#fq+ng —Hy 050 (Z7)
n
p=0

<2qlog#Z? +nH,, (Z7).
Since each element C € 27 has border with null measure,
lim gy, (C) = p(C).
k— 00
Therefore, dividing by gn and making k — oo,

1 1
lim sup — log #E, = lim — log #E,,
n—oo N k—o00 ni

1
<04+ - lim H,, (21
=< +qki>nolo s (Z7)

1
=~ H, (29
q 123
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for every ¢. Now one just has to take the limit with ¢ — oo to get

1
lim sup — log #E, < h, (S, Z). O
n—oo N
The inequality at Lemma 2.19 was used to demonstrate the variational principle. Now,
in its turn, the variational principle allows us to go a bit further.

COROLLARY 3.4. Consider the metrizable locally compact separable dynamical system
T:X — Xandletk e N. Then
h(T*) = kh(T).

Proof. Equality holds for the Kolmogorov—Sinai entropy (Remark 2.20). Therefore the
variational principle implies that it is valid for the topological entropy as well. ad

4. Application: Lie group endomorphisms
We finish by considering the entropy of continuous endomorphisms of Lie groups. We
extend some results of [S] to endomorphisms that are not necessarily surjective. For a given
Lie group G, its toral component 7 (G) is the maximal connected and compact subgroup of
the center of G. We aim to demonstrate that, in certain cases (compact, semisimple, linear
reducible and nilpotent), the entropy of an endomorphism of a Lie group G is the entropy
of the endomorphism restricted to the toral component 7 (H), where H is the maximal
subgroup of G where the restriction of the endomorphism is surjective.

In order to reduce the general case to the cases covered in [S], a key point is the
following lemma, which depends on the variational principle that we have developed.

LEMMA 4.1. Let G be a connected Lie group and let ¢ : G — G be a continuous
endomorphism. There exists a natural number n such that ¢ restricted to H = ¢"(G)
is surjective. In particular, H is the maximal subgroup of G where the restriction of the
endomorphism is surjective and

h(¢) = h(@|n).

Proof. For the first claim, we first consider the induced Lie algebra endomorphism
¢’ : g — g given by the differential of ¢ at the identity of G. Since ¢’ is a linear map, there
is a natural number 7 such that (¢)"g = (¢')"*'g. Putting H = ¢"(G), its Lie algebra is
given by h = (¢')"g. Therefore ¢(H) = H, since both are connected subgroups and the
Lie algebra of ¢ (H) is ¢'h = h. Thus ¢ restricted to H is surjective. If L is a subgroup
of G where the restriction of ¢ is surjective, then L = ¢" (L) C ¢"(G) = H, which shows
that H is the maximal subgroup of G where the restriction of ¢ is surjective.

For the second claim, notice that, as Lie groups, H and G satisfy the conditions of
Theorem 3.1. Also, since H is a countable union of compact subsets and compact sets of
H are also compact sets of G, H is a measurable subset of G. Every ¢-invariant measure
W is such that

w(H) = p(@™"(H))
= n(G).
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Therefore
h(¢) = Sllip h. (@)
= sup hy ()
n

=h(¢|n). 0

Using the conclusion and notation of Lemma 4.1, we show that the results in [S] imply
that, in the cases we are considering,

h(9) =h(Plu) = h(PlTm))-

PROPOSITION 4.2. Let G be a connected and compact Lie group and consider ¢ : G — G
to be a continuous endomorphism. Then

h(¢) = h(@|rm)),

where H is the maximal subgroup of G for which the restriction of ¢ is surjective.

Proof. By Lemma 4.1, H = ¢"(G). We know that H is a connected and compact Lie
group. Using Lemma 4.1 and applying [S, Theorem 6.2] for ¢ restricted to H, we get that

h(¢) = h(dlu) = h(Plrm))- O

In the proof of Proposition 4.2, it was evident that H = ¢"(G) is a compact group. It
is also evident that H is nilpotent when G is nilpotent. However, for the semisimple and
reductive cases, we need the following lemma.

LEMMA 4.3. Let G be a semisimple, a reductive, or a nilpotent Lie group. If ¢ : G - H
is a surjective Lie group endomorphism, then H is, respectively, semisimple, reductive or
nilpotent.

Proof. The nilpotent case is trivial. Let g denote the Lie algebra of G and let h) be the Lie
algebra of H.
If G is reductive, then
g=ads,

where a is the center of g, and
5=51D- - Dsp,

where 5; are simple ideals of g.
Claim. The Lie algebra ¢'(a) is in the center of §.
Since ¢’ is surjective,

[9, ¢’ (@] =1[¢"(9), ¢'(@)]=¢'([g, a]) = 0.

Claim. The Lie algebra ¢’ (s) is semisimple.
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Since

' (5)=¢'(51) + -+ ¢ (50),

we just have to show that, for each j =1, ..., n, ¢’(5j) is simple and, for each j, k =
1,...,n,either ¢'(s;) = ¢'(sx) or ¢'(s;) N ¢’ (sx) =0.

Let I C ¢'(s;) be a non-null ideal. Then J =s; N ¢'~1(I) is a non-null ideal of 5j.
Since 5; is simple, J = 5;: that is,

P'(s)=¢"(J)CICP(s).

Therefore ¢’ (s j) is simple whenever it is non-null.

Now let I = ¢'(s;) N ¢'(sx). Then I is an ideal of both ¢'(s;) and ¢'(s;). Therefore
either I =0 or ¢'(s;) = ¢’ (s¢).

Denoting by b the Lie algebra of ¢ (G), we know that

h=¢"(g) ='(0) + ¢'(s).

But, since the intersection of an abelian Lie algebra and a semisimple Lie algebra is zero,
the sum is, in fact, a direct sum. This proves that ¢ (G) is reductive. If G is semisimple,
then a = 0 and, therefore, h = ¢’(s) is semisimple. O

PROPOSITION 4.4. Let G be a connected semisimple Lie group and let ¢ : G — G be a
continuous endomorphism. Then

h(¢) =0.

Proof. Consider H = ¢"(G), given by Lemma 4.1. Then Lemma 4.3 implies that H is a
connected semisimple Lie group and that

h(#) = h(¢|n) =0,

where the last equality follows from [5, Theorem 5.2]. O

PROPOSITION 4.5. Let G be a connected linear reductive or a connected nilpotent Lie
group and let ¢ : G — G be a continuous endomorphism. Then

h(®) = h(®lTH)),

where H is the maximal subgroup of G in which the restriction of ¢ is surjective. In
particular, any linear transformation T : V. — V over a finite-dimensional vector space V
has null topological entropy.

Proof. By Lemma 4.1, H = ¢"(G). Then Lemma 4.3 implies that H is a connected linear
reductive or a connected nilpotent.

Using Lemma 4.1 and applying Theorem 4.1 (for the nilpotent case) of [S] or Corollary
2 (for the linear reductive case) of [5] for ¢ restricted to H, we get that

h(®) = h(@ln) = h(@lr ).

The last claim follows from the fact that (V, +), as well as H, is an abelian (a fortiori,
nilpotent) Lie group with trivial toral component. O
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