@ CrossMark

INVITED ARTICLE

A mechanical reduced order model for elastomeric 3D printed
architectures

Todd H. Weisgraber,a) Thomas Metz, Christopher M. Spadaccini,b) and Eric B. Duoss
Materials Engineering Division, Lawrence Livermore National Laboratory, Livermore, California 94550, USA

Ward Small, Jeremy M. Lenhardt, Robert S. Maxwell, and Thomas S. Wilson
Materials Science Division, Lawrence Livermore National Laboratory, Livermore, California 94550, USA

(Received 4 October 2017; accepted 13 December 2017)

Direct ink writing of silicone elastomers enables printing with precise control of porosity and
mechanical properties of ordered cellular solids, suitable for shock absorption and stress
mitigation applications. With the ability to manipulate structure and feedstock stiffness, the design
space becomes challenging to parse to obtain a solution producing a desired mechanical response.
Here, we derive an analytical design approach for a specific architecture. Results from finite
element simulations and quasi-static mechanical tests of two different parallel strand architectures
were analyzed to understand the structure-property relationships under uniaxial compression.
Combining effective stiffness-density scaling with least squares optimization of the stress
responses yielded general response curves parameterized by resin modulus and strand spacing.
An analytical expression of these curves serves as a reduced order model, which, when optimized,
provides a rapid design capability for filament-based 3D printed structures. As a demonstration,
the optimal design of a face-centered tetragonal architecture is computed that satisfies prescribed
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minimum and maximum load constraints.

. INTRODUCTION

Additive manufacturing (AM), or 3D printing, provides
unprecedented spatial control over feature geometry and
material composition.l’2 In direct ink writing (DIW), a fila-
ment-based 3D printing process, a shear-thinning fluid is
extruded from a nozzle onto a substrate using a multiaxis
printing system, producing a 3D structure in a layer-by-layer
fashion.® With custom silicone elastomeric ink formulations,
we have developed a printing capability to fabricate cushions
for stress mitigation, vibration isolation, and impact absorp-
tion.* Direct ink writing can reliably manufacture ordered
architectures with highly uniform and reproducible geo-
metric, material, and mechanical properties which are far
superior to traditional stochastic foams, from both a design
and lifetime performance standpoint.” These ordered cellular
solids are a subset of mechanical metamaterials, typically
structures consisting of arrays of unit cells with unique
properties, including large strength to weight ratios™’ and
negative thermal expansion.® While many of these lattice
networks only consider static feedstock material properties,

Contributing Editor: Katia Bertoldi

Y Address all correspondence to this author.
e-mail: weisgraber2@llnl.gov

®This author was an editor of this journal during the review and
decision stage. For the JMR policy on review and publication of
manuscripts authored by editors, please refer to http://www.mrs.
org/editor-manuscripts/.

DOI: 10.1557/jmr.2017.483

J. Mater. Res., Vol. 33, No. 3, Feb 14, 2018

the introduction of soft materials with functional, dynamic
properties enable even more complex behaviors. Lattices
and foams comprised of two elastomers can exhibit negative
swelling,” and shape memory polymer architectures provide
programmable actuation and recovery.'™' In addition to
structural applications, engineered foams serve as bio-
scaffolding,'? separation membranes," and soft robots.'*
Demonstrations of these designer materials with tail-
orable microstructures have accelerated, coinciding with
the maturation of 3D printing technologies, and this
ability to control structure and material constituents
provides access to an expanding design space. What is
lacking, however, is a means to solve the inverse design
problem by efficiently interrogating this material-
structural-response phase space and produce an architec-
ture that meets a given set of performance requirements.
Topology optimization'® is a general approach to the
design of lightweight, porous mechanical structures but is
typically applied to static, linear elastic problems for
which the response and sensitivities are relatively in-
expensive to compute. However, elastomeric foams used
in cushion applications undergo large nonlinear deforma-
tions with numerous contacting surfaces, requiring much
costlier simulations at each optimization iteration. The
design problem can be simplified by considering specific
architectures'® or parameterizing lattice unit cells as a set
of interconnected struts.'”'® Further reductions in com-
putational cost can be achieved by substituting a reduced
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order model (ROM) for the mechanical forward model
simulation in the optimization. A ROM can be based on,
for example, structural mechanical theory'® or projecting
parametric simulation solutions onto a lower dimensional
space.”® We consider two specific DIW architectures and
derive a two-parameter reduced order model for the stress
response under compressive loading. With one parameter
describing the architecture and the other the ink material
properties, we develop a physical understanding of the
relationship of these variables to the stress response
which informs the formulation of the reduced order
model. We apply the ROM to a specific design problem
and demonstrate how a solution is readily achieved with
insignificant computational effort.

Il. METHODOLOGY

We consider the compressive deformation of two
wood pile architectures with uniform alignment and
spacing within a single layer, simple cubic (SC) and
face-centered tetragonal (FCT), depicted in Fig. 1. In the
SC structure, adjacent layers are oriented 90° with respect
to each other; the FCT structure has the same change of
orientation with the addition of a lateral shift equal to half
of the center-to-center spacing. To simplify our approach,
we make the following assumptions: (i) there are a suffi-
cient number of layers (=12) so that there is no thickness,
H, dependence on the response to a compressive load,
and (ii) the applied loading area on the cushion is much
larger than the strand diameter. With these two conditions
the stress response as a function of strain (¢ = 1 — h/H,
where i is the thickness at a prescribed loading), is
independent of filament diameter, d. Then, for a cushion
with uniform porosity, the only structural parameter is the
dimensionless pitch, s/d, where s is the center-to-center
spacing within a layer. In addition, we define a second
parameter, Ep., the Young’s modulus of the DIW
elastomeric ink. With our current formulations, we can

achieve about a factor of ten in modulus variability. In
deriving the reduced order model, we analyzed data from
both computational compression simulations and exper-
imental characterization.

A. Simulations

Finite element hexagonal meshes for the simulations
were generated using the automated scripting capabilities
of Cubit and then translated into an input file for the LLNL
implicit quasi-static solver NIKE3D.>! We modeled the
bulk elastomer as a Mooney—Rivlin material calibrated to
match the compressive response of a commercially avail-
able silicone paste (Dow Corning SE-1700). Poisson’s
ratio, v, was set to 0.48. We explored sensitivity of the
simulations to v between 0.47 and 0.495 and found
negligible variation in the stress response except at lock-
up, where there was a 15% variation in strain at a maxi-
mum simulated stress of 700 kPa. To apply boundary
conditions, thin plates with high stiffness were added to
the upper and lower surfaces of the FCT or SC mesh. The
nodes of the lower plate were held fixed whereas those of
the upper were allowed to move in the vertical direction.
We applied periodic boundary conditions to the lateral
cushion surfaces. To obtain the predicted stress response,
we incrementally applied a compressive displacement to
the top plate for each step and iterated until convergence.
With respect to contact interfaces, NIKE3D is fairly robust
and the simulations could achieve strains close to full
densification. We simulated the compressive stress re-
sponse for FCT and SC structures with 12 layers over
a range of dimensionless pitches, s/d = 1.4-3.2.

B. Ink formulation and mechanical tests

For the mechanical tests, 12-layer FCT and SC
structures were manufactured using direct ink writing,
capable of achieving ~10 pm spatial resolution with
feature sizes in the 40-500 pm range. Dow Corning

9 0 0 00 &
i 9 90 o
D ® :OuGx & @
D ® & 6 0 o
gy

(a)

EE B A A
D 0 0. 6 &
) 1D EPmEE G ¢

.- - XX

—-—v—-‘—’ﬂ—ri—vq—
(b)

FIG. 1. Renderings of 12-layer (a) simple cubic (SC) and (b) face-centered tetragonal (FCT) architectures with a dimensionless pitch s/d = 2.
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SE-1700 (Dow Corning, Midland, Michigan), a polydime-
thylsiloxane (PDMS) thermoset was dispensed through
a 250 pm nozzle at a flow rate consistent with a 15 mm/s
linear print speed and onto a silicon substrate mounted on
an Aerotech three-dimensional positioning system. After
printing, the structures were cured in a vacuum oven for
one hour at 150°C. Several designs were produced with
the pitch ranging from 475 to 575 pum.

In all the tests, we performed three loading—unloading
cycles up to a maximum 2 MPa stress at a strain rate of
1.27 mm/min on an Instron 5967 (Instron, Norwood,
Massachusetts). Each printed sample was placed between
a 28.68 mm diameter fixed lower platen and a 50 mm
diameter spherical seat upper platen. The third loading
curve was extracted for comparisons with simulations.
For each pitch, we manufactured multiple cushions and
tested the response at four locations on each sample. The
data presented in the next section represents the average
response over all locations and samples. We calculated
the as-built porosities of the printed cushions using their
measured masses, thicknesses, and lateral dimensions
(approximately 75 mm square). The thickness was de-
fined by the crosshead displacement at a stress of 2 kPa
during the first loading cycle.

To modify the elastic modulus, a custom DIW ink was
formulated. This material was formulated as a two-part
(A:B) thermal cure Pt-catalyzed siloxane (10:1) having
a combination of a vinyl terminated poly(dimethylsiloxane)-
co-(diphenylsiloxane), reinforcing fumed silica, thixotro-
pic additive, reaction inhibitor, vinyl MQ siloxane resin,
and  poly(dimethylsiloxane)-co-(methylhydrosiloxane)
as crosslinker. Curing profiles similar to the SE-1700
protocol were applied after printing resulting in a custom
cured elastomer having a hardness of Shore 62A. To
validate the reduced order model, we printed a larger
cushion (100 mm in diameter) and measured the response
on an Instron 5967 with a 203.2 mm diameter fixed lower
platen and a 200 mm diameter spherical seat upper platen.

lll. RESULTS AND DISCUSSION

The FCT stress response curves derived from the finite
element simulations are plotted in Fig. 2 for a range of
dimensionless pitches, s/d. With increasing pitch, the
architecture softens and the resulting higher porosity
shifts the lockup point to higher strains. Considering
the stress at 0.3 strain, a 2.3 increase in pitch reduces the
stress by a factor of 37. By examining the stress at very
small strains (1-2%) we extracted the architecture moduli
from the slopes in this regime and compared their
behavior to other open cell structures.”> Figure 3 is an
Ashby material plot for the stiffness-density relationship
for the FCT and SC architectures. Also depicted are the
regions occupied by solid elastomers and bend-
dominated open cell foams. The DIW structures are
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FIG. 2. Compressive stress responses from finite element simulations

of the FCT structure for a range of dimensionless pitches (s/d) indicated

by the legend. Representative renderings of two different porosities are

included and identify their respective stress response.
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FIG. 3. Ashby chart of stiffness-density relationship for three direct-
ink writing architectures: SC (green), FCT (blue), and stacked FCT
(orange).

somewhat softer than foams in this density range and
their stiffness curves intersect the elastomer region as the
density increases toward bulk values (for SE-1700, p =
1.13 g/cc). The density scaling for the FCT structures is
3.5 which is similar to the behavior of extremely
compressible carbon nanotube foams and aerogels.23
With a slope of 2.2, the SC architecture is closer to the
stiffness of bend-dominated lattices with a typical scaling
of 2. This difference between SC and FCT is likely due to
the stress distribution within the filament structure. In
simple cubic vertical stress columns aligned with the
loading direction are generated, passing through the inter-
layer contact areas, whereas the connectivity of the stress
within FCT has a more convoluted pathway to resist
compression, with a highly bend-dominant arrangement.”
Stacking the FCT architecture by aligning adjacent layers
and rotating 90° only every four layers decreases the
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thickness-to-height ratio of the pore walls and produces
a more traditional bend-dominated structure, depicted at
the top of the figure. For a given pitch, the porosity
remains the same but the increase in the number of
aligned layers produces a stiffer response than simple
cubic. The increase in the pore size relative to strand
diameter also decreased the slope to 1.9, indicating that
a lower power law relationship is achievable with these
parallel strand stacked architectures. Though we are
interested in the stress response over the entire compress-
ible range of strains, the scaling of modulus with density
will have implications in the development of the reduced
order model.

The results in Fig. 3 suggest an initial approach to scaling
the response curves. In the linear stress—strain regime ¢ =
E,e, where E, is the elastic modulus of the architecture and
is proportional to the nth power of the relative density and
the modulus of the bulk elastomer, E, ~ Epuxp’ . The
relative density can be determined by considering the unit
cell of an N layer ideal structure with no overlap. The total
volume, V,, of the repeating unit is V; = Ndsz, whereas the
volume of the structure within the unit cell is V, = %Ndzs.
Therefore, the relative density is given by,

Va mnd

=2="" 1
Prel Vt 4s ) ( )

and at least in the linear regime the stress scales as,

o (4 o

This analysis predicts the stress can be normalized by

(%)n, where n is architecture dependent as indicated by
Fig. 3.

That leaves the normalization of the strain axis. The
strain at which lock-up occurs is correlated with the
porosity, defined as,

nd

ity=d=1—py=1-—— 3
porosity = ¢ Prel R (3)

which is a reasonable candidate for a normalization
parameter. Again, considering an ideal structure, the total
volume of a unit cell in a state of strain € is

Vi(e) = hs* | (4)

where /4 is the thickness of the pad at the current strain. For
an incompressible material, V, remains constant and we can
derive the thickness at lockup by equating Eq. (4) and V,,

Nd>
4s

(5)

hlock =

Since g, = 1 — h/Nd, the strain at lockup is

nd
€lock = 1 - TS ) (6)

which is exactly equal to the porosity.

However, when normalizing the strain by porosity, the
simulation stress curves did not coincide at lockup, which
was likely caused by the finite amount of layer overlap
and errors in the computations with a significant amount
of contact. Using the least squares optimization method,
we determined the power of porosity, p, that minimized
the areas between the response curves when normalizing
stress by (d/s)" and strain by ¢”. We selected n = 4 to
correspond to the slope of the FCT stiffness in Fig. 3.
Upon closer examination of the data, the modulus scaled
as p° for low porosities and as p* for moderate and high
porosities. Since many of our applications require at least
moderate porosity, (>30%) we scaled the stress with
n = 4 in Fig. 4(a), which shows the curves in the
intermediate range of s/d values plotted on the normal-
ized axes with the optimal scaling, p = 0.5. Instead of
determining porosity from Eq. (3), we computed it
directly from the volume fraction of the mesh of each
FCT structure which accounts for the overlapping fila-
ments. Comparing these results with Fig. 2, there is very
good collapse of the stress response curves, especially at
the lower strains before lockup.

We can add a second design parameter and consider
the stiffness of the DIW feedstock. Since the architecture
modulus is directly proportional to the bulk ink modulus,
Epuk, We can rescale the stress by dividing by Epy as
shown in Fig. 4(b). The data from Fig. 4(a) are replotted
along with the stress responses from two additional
simulations of structures with a dimensionless pitch
s/d = 2, but with different moduli, one a factor of ten
higher, and the other a factor of ten lower than the
original modulus, Ej,.. Here, the modulus is expressed
as the linear elastic equivalent derived from the Mooney—
Rivlin constants C; and C,, Epaee = 4(C; + Co)(1 + V).
With this scaling, the response curves with different
moduli coincide extremely well.

We performed a similar analysis of the experimental
mechanical testing of FCT under compression with
dimensionless pitches between 1.7 and 2.1. Figure 5(a)
shows the stress responses of five structures averaged
over three cushions and four interrogation regions within
each cushion. The cushions with s/d = 2 and 2.1 have
a very similar response since the measured porosities
were identical due to an oversized strand diameter. In
Fig. 5(b), the curves are replotted on the scaled axes
identical to those in Fig. 4(a). To confirm the best scaling
for this data, we optimized the values of both the
exponents to minimize the area between the curves and
obtained values of n = 3.7 and p = 0.56 which are very
similar to the powers derived from the Ashby chart and
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FIG. 5. Compressive stress responses from mechanical tests of the FCT structure for a range of dimensionless pitches (s/d) indicated in the legend:

(a) unscaled data, (b) normalized data using the scaling from Fig. 4(a).

the optimal porosity scaling for the computational data.
Because of variability during the ink writing process the
values for s/d and porosity were determined from size and
mass measurements of the printed cushions. The collapse
of the experimental data is excellent and is an improve-
ment over the finite element results.

Likewise, the mechanical response for the simple
cubic structure can be scaled using the same approach.
Guided by Fig. 3, n should be close to 2.2, which is
confirmed by least squares optimization, producing
values of n = 2.4 and P = 0.63. Reflecting our
preference for whole number fractions, Fig. 6 shows
plots of the unscaled and scaled stress curves, using
n = 2 and P = 2/3 for the same range of s/d in Fig. 5,
and graphically demonstrates the scaling for SC is as
effective as the FCT normalization. The SC simulation
data is not shown since the NIKE3D implicit quasi-
static solver cannot capture the dynamic buckling
exhibited by this architecture at moderate compressions

J. Mater. Res., Vol. 33, No. 3, Feb 14, 2018

and produces a stiffer response than the mechanical
characterization. For the remainder of this analysis, we
focus on the behavior of the FCT architecture and
derive a general model to serve as the basis for a rapid
design capability.

To demonstrate that computations and experiments
yield comparable universal curves, both sets of scaled
responses are shown in Fig. 7. Though the simulations
slightly underestimate the experimental stress at lower
strains, the general agreement is quite good, especially
near the region of highest curvature where the slope
dramatically increases toward lockup. By taking the
average of all the rescaled computational and experimen-
tal data and fitting the resulting curve with an appropriate
function, we can derive an analytical expression for the
compressive mechanical behavior of the FCT architec-
ture. For this function, we selected the Hill-Ogden
hyperelastic foam model>**> defined by a strain energy
function,
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where A; = 1 — aj/d>” 2 are the rescaled principle stretches
and J = A A3 is a scaled volumetric deformation. The
parameters 3; are related to Poisson’s ratio, v; = %
and to ensure a single-valued ratio, we assumed they
were equal for all i. The scaled engineering stress was
defined as the gradient of the strain energy with respect to
the compression direction (j = 1):

[\

eng 5)4 L (E)“L:a_U
1 (d Evuik 24301 d/ Epuk 8>"1

where o is the true stress, and (j = 2, 3) are the lateral
directions. Upon taking the derivative,

, (8)

eng E)“L SN2 e g
I (d Epuik ; o A (O =r70 0
with A, = 1 — seng/d)”z. Note to be consistent with the
Ogden model for compression, the positive stress results
presented in the figures were set to negative values and as
defined, A; = 1. No constraints were applied to the value
of the volumetric deformation. Instead, J varied contin-
uously with compression and was parameterized by
through Poisson’s ratio. From the previous definitions
and assuming equal lateral strains A, = A3 = A",
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TABLE 1. Parameters for the reduced order model described by
Eq. (9).

Term M o p

1 —-1.22 —0.95 7.56
2 1.63 1.75 7.56
3 0.41 523 7.56

with €., = 0. Selecting N = 3 terms provided a good fit to
the scaled curve with the set of seven parameters {}1;, o, B}
listed in Table 1. This parameterization also produces zero
lateral principle stresses over the entire deformation range,
so the results are self-consistent for uniaxial compression.
With this analytical reduced order model, we can rapidly
iterate through a majority of the design space indicated in
Fig. 2. Moreover, including a variable modulus significantly
increases the design potential, the ability to meet a wide
range of prescribed requirements, and obtain optimal
performance for the desired application.
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To demonstrate how the reduced order model can be
applied to design using some of our custom ink for-
mulations, let’s assume we would like to determine an
FCT structure that satisfies a minimum loading require-
ment of 138 kPa at 36% strain and does not exceed
a maximum stress of 550 kPa at 50% strain. With our
reduced order model, we define an optimization problem
that yields a response curve whose points at the strain
requirements are equidistant from their respective
stresses. The cost function to minimize is expressed as

2

b= [(on—om)’ - (om - o)’ . ()
where o1 JmaxAr€ the specified loading requirements
and Gfr?iln Jmax is the stresses of the proposed solution at the
strain requirements. Additional terms are added as con-
straints so the stress response curve always exceeds the
minimum requirement and lies below the maximum at
those prescribed strains. The dividing rectangles
(DIRECT) derivative-free global optimization algo-
rithm?® sweeps through a specified s/d range and the
available moduli from our custom resins to produce
a solution. For these requirements, the ROM produced
a design with a pitch s/d = 2.25 and an ink modulus of
4.3 MPa. Figure 8 compares the stress response from the
ROM design curve, the mechanical test of the printed
design, and a finite element simulation of the as-built
architecture, incorporating the measured strand diameter,
pitch, and thickness. The maximum and minimum load
requirements are also indicated. The close correspon-
dence of all three curves serves as validation for the
capabilities of the ROM. With this model, we can rapidly
arrive at an optimal design for any type of loading
constraint, provided it is consistent with the assumptions

in the model, without costly simulations and/or experi-
mental testing. We can also incorporate the properties of
new resins once their response is characterized and
parametrized with a constitutive model.

IV. CONCLUSIONS

We have demonstrated that the stress response of the
face-centered tetragonal DIW architecture under com-
pression can be parameterized by two independent
variables, the relative pitch s/d and the Young’s
modulus of the elastomeric resin, provided the number
of layers exceeds a minimum value and the applied
load spans an area significantly larger than the size of
the filaments. With these two parameters, a single
design curve can be derived that can predict the stress
response over a significant fraction of this two-
dimensional parameter space. By fitting this curve with
an Ogden foam model, we produced an analytical
reduced order model that is easily implemented within
an optimization problem. We also demonstrated how to
apply this model to solve the inverse problem and
obtain a structural design that meets a given set of
loading requirements.

Our results indicate that a similar scaling also holds for
the simple cubic architecture under compression. One
limitation in this analysis is that the porosity is assumed
to be uniform throughout the structure. Removing this
constraint further enhances the ability to manipulate the
shape of the load response curve, so the behavior of
graded porosity DIW cushions is currently under in-
vestigation. One hypothesis is that the response from
a nonuniform porosity is comparable to the response of
a uniform structure with porosity equal to the average
porosity of the inhomogeneous structure. In the future,
we will also expand our analysis and incorporate addi-
tional parameters such as an arbitrary rotation angle
between layers and hybrid architectures within a single
cushion. Ultimately, we plan to derive a family of
universal response curves and corresponding models for
these stacked filament-based structures for both static and
dynamic loading.
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