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Abstract

Introduced recently in mathematical finance by Bayer er al. (2016), the rough Bergomi
model has proved particularly efficient to calibrate option markets. We investigate some of
its probabilistic properties, in particular proving a pathwise large deviations principle for
asmall-noise version of the model. The exponential function (continuous but superlinear)
as well as the drift appearing in the volatility process fall beyond the scope of existing
results, and a dedicated analysis is needed.
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1. Introduction

The extension of the Black—Scholes model, in which volatility is assumed to be constant, to
the case where the volatility is stochastic has proved successful in explaining certain phenomena
observed in option price data, in particular the implied volatility smile. The main shortcoming
of such stochastic volatility models, however, is that they are unable to capture the true steepness
of the implied volatility smile close to maturity. While choosing to add jumps to stock price
models, for example modelling the stock price process as an exponential Lévy process, does
indeed produce steeper implied volatility smiles [17], the question of the presence of jumps in
stock price processes remains controversial [4], [12].

As an alternative to exponential Lévy and classical stochastic volatility models, one may
choose a fractional Brownian motion, or a process with similar fine properties, to drive the
volatility process, rather than a standard Brownian motion. Since volatility is neither directly
observable nor tradable, the issue of arbitrage that is sometimes associated to fractional Brow-
nian motion does not arise in this case. A fractional Brownian motion is a centred Gaussian
process whose covariance structure depends on a Hurst parameter H € (0, 1). If H € (0, %)
then the fractional Brownian motion has negatively correlated increments and ‘rough’ sample
paths, and if H € (%, 1) then it has positively correlated increments and ‘smooth’ sample paths
when compared to a standard Brownian motion, which is recovered by taking H = % There
has been a resurgent interest in fractional Brownian motion and related processes within the
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Pathwise large deviations for the rough Bergomi model 1079

mathematical finance community in recent years. In particular, Gatheral et al. [24] carried
out an empirical study that suggests that the log volatility behaves at short time scales in a
manner similar to a fractional Brownian motion with Hurst parameter H =~ 0.1. This finding
was corroborated by Bennedsen et al. [7], who studied over a thousand individual US equities
and found that the Hurst parameter H lies in (0, %) for each equity. In addition, such so-
called ‘rough’ volatility models are able to capture the observed steepness of small-time
implied volatility smiles and the term structure of at-the-money skew much better than classical
stochastic volatility models.

Following [24], Bayer et al. [5] proposed the so-called rough Bergomi model, which they
used to price options on integrated volatility and on the underlying itself. The advantage of
their model is that it captures the rough behaviour of log volatility, in accordance with [7]
and [24], as well as fits that observed implied volatility smiles better than traditional Markovian
stochastic volatility models, most notably in the close-to-maturity case. In [3], [21], and [22] the
authors studied the short-time behaviour of rough volatility models. Despite recent advances
in simulation methods for the rough Bergomi model [8], [27], it is necessary to seek a more
profound analytical understanding of the properties of this model. Specifically, in the present
paper we prove pathwise large deviations for this model, which allow us to characterise its
small-time behaviour. Related results have been recently obtained by Bayer et al. [6], and
large deviations theory is now a common tool for such analysis in standard stochastic volatility
models [14], [18], [20], [26], [28], and for their rough counterparts [6], [19].

In Section 2 we present the correlated rough Bergomi model, together with its main proper-
ties, and lay out the main results of the paper; specifically a small-time large deviations principle
for a rescaled version of the normalised process. In Section 3 we present several elements from
the theory of Gaussian measures and large deviations that are required to prove the main results
of the paper. In Section 4 we give the proofs of the main results, and in Section 5 we elucidate
the analogous large deviations result for the uncorrelated rough Bergomi model.

Notation. The notation L? := L?(7", R) denotes the space of real-valued square-integrable
functions on some index set 7, and €4 = C(T,RY) the space of R4-valued continuous
functions on 7. We fix 7 = [0, 1] for the rest of this paper, although our results can be easily
adapted for the general interval [0, T]. We further denote by BV the space of paths of finite
variation on 7, and R := [0, 00). For two paths x and y belonging to € = C!, we denote
by z} the two- dlmensmnal path (x, y)T. Now, I(z}) (¢) represents the integral (whenever well
defined) fo Jx(s)dy(s); the expressmn I(zx ) is used whenever the integral is taken over the
whole time period [0, 1], and x - y := fox(s) dy(s).

2. Model and main results

We assume a given filtered probability space (€2, 4, (¥7):>0, IP), where the filtration sat-
isfies the usual conditions, and all stochastic processes here will be assumed to live on this
probability space.

2.1. Rough Bergomi model and main properties

Bayer et al. [5] introduced a non-Markovian generalisation of Bergomi’s ‘second generation’
stochastic volatility model, which they called the ‘rough Bergomi’ model. Let Z be the process
defined pathwise as

t
Z; ::/ Ky (s, t)dW, forany ¢t > 0, 2.1
0
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where o € (—%, 0), W is a standard Brownian motion, and where the kernel K : Ry x Ry —
Ry reads

Ko(s, 1) =n/2a + 1(t —s)* forall0<s <t

for some strictly positive constant 1. Note that, for any t > 0, the map s — K, (s, f) belongs
to L2, so that the stochastic integral (2.1) is well defined. The rough Bergomi model, where X
is the log stock price process and v is the volatility process, is then defined as

1! !
X, = __/ vg ds +/ V Vs dBy, Xo =0,
2 0 0

1.2 20+1
vy = vg exp(Z, — 50t a+ ),

2.2)
vy > 0,

where the Brownian motion B is defined as B := pW ++/1 — p2W for p € [—1, 1] and some
standard Brownian motion W=+ independent of W. The filtration (¥;);>0 can here be taken as
the one generated by the two-dimensional Brownian motion (W, w3y,

Proposition 2.1. The two-dimensional Gaussian process (Z, B) is centred with covariance

Sstructure
Zt Zt 2t2a+1 Qta+1
cov ; = a+1 ,
B[ B[ Qt t
SNt
E(Z;Z)) Z/ Ko(u, s)Ko(u,t)du
0

SNt
(s A (s V)Y, F, (1, —o,2+a, v t> foranys,t >0,
s

_?Qa+ 1)
T a1

with o := pn+/2a + 1/(a+1) and , F| the Gauss hypergeometric function; see [35, Chapter 5,
Section 9].

Proof. Without loss of generality, assume first that s < ¢. This then implies that

s | o
E(ZsZt) = ;72(2a + 1)/ ([ — u)a(s _ M)Ot du = tasl+a/ (1 _ U)(Y(l _ %) dv’
0 0

where the second equality follows from a change of variables. Using Euler’s integral represen-
tation of the Gauss hypergeometric function , F, it follows that

§ 1 s
t—uw)(s —uw*du = F|—a,l; 2; — |,
/0( u)*(s —u)* du e 1< o o+ t)

from which the proposition follows. (]

Proposition 2.1 implies, in particular, that the process Z is not stationary, and that the
following corollary holds.

Corollary 2.1. The process Z is (o 4 1/2) self-similar: for any a > 0, the processes (Z41)1>0
and (a"‘"’l/zZr),Zo are equal in distribution.

Note then that the parameter « determines both the local and long-term behaviour of Z.
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Remark 2.1. The process Z in (2.1) is the Holmgren—Riemann-Liouville fractional Brow-
nian motion introduced by Lévy [32], modulo some constant scaling, rather than the more
commonly known fractional Brownian motion characterised by Mandelbrot and Van Ness [33,
Definition 2.1] as

wH =

- H-1/2 H-1/2 H-1)2
F(H+1/2)</ ((t —s) —(—3) )dW ~|—/(l s) dW)

where W is a standard Brownian motion, and I" the standard gamma function. The Mandelbrot—
Van Ness representation of W/ requires the knowledge of W from —oo to ¢; in comparison
we need to know only W from 0 to ¢ to compute the value of Z. Also both Z and W# are
self-similar, but W# has stationary increments whereas the increments of Z are nonstationary.

Proposition 2.2. The process logv has a modification whose trajectories are almost surely
locally y-Holder continuous for all y € (0, ¢ + %).

Proof. We first prove that Z has a modification whose trajectories are y-Holder continuous
forall y € (0, x + %). First,

t s
Imwf—aﬁ>s#@a+1(/’v—m“dw+f|a—ma—@—uwﬁw)
K 0
S
=02t — s/ + 2 Qo + 1)/ |t — u)® — (s — u)*|? du.
0

Following the change of variables s — u = (¢ — s)y, the integral becomes

s/(t—s)
V—HM“A 5 + D¥ = y*2dy,

and, hence, fos/([_s) [(y+1D)*—y* |2 dyisfinitesince o € (— 5, 0). Therefore, there exists K > 0
such that E(|Z, — Z,|?) < K|t —s|***! forany s, 1 > 0. Applylng the Kolmogorov continuity
theorem [30, Theorem 3.22] then yields that the Gaussian process Z has a modification whose
trajectories are locally y-Holder continuous where y € (0, o + %), thus proving the claim.
Now, for the process log v, we have

[logv; — logvg| = |Z _ 1 2 (201 (Z . ln2s2a+1)|

S |Zt _ Zb| + Erl |t20[+1 _s20l+1|

S C|t _ S|]/ + %rl2|t20{+l _S20[+1|’

where C is a strictly positive constant, and y € (0, o + 2) Since the map ¢ — 2%t is also
locally y-Holder continuous for all y € (0, 2« + 1] and, in particular, forall y € (0, o + 2) it
follows that the process log v has a modification with locally y-Holder continuous trajectories
forall y € (0, x + %). O

As a comparison, the fractional Brownian motion has sample paths that are y-Holder
continuous for any y € (0, H) [9, Theorem 1.6.1], so that the rough Bergomi model also
captures this roughness by identification « = H — é, in partlcular these trajectories are

rougher than those of the standard Brownian motion, for which H = 5
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2.2. Main results

For any functions ¢1, ¢2: Ry x Ry — R, introduce the L? operators I%! and I;f’; defined as

I“’lf'—/‘ (u, ) f(u)du and I?'f := (I‘/’lf) (2.3)
= ) oru, o = I(pzf . .

Whenever the function ¢ is constant, say equal to ¢, we write 1< without ambiguity. We also
define the space J&le = {I(le f: f € L?} that is clearly a Hilbert space, once endowed with
the inner product (I(p(pzl f, Ile f2>}€‘ﬂl = (f1, f2)12, where ¢y, @2 are such that I(le is injective,

making the inner product well defiried. For ¢, ¢ > 0, now define the rescaled processes
Xf = Sﬁth, Zf = Sﬂ/zzt ; Zst» Uf = 51+ﬂv0 CXp(Zf - %nz(et)ﬂ)’ (2 4)
B = ¢P/2B,,

where 8 :=2a + 1 € (0, 1). Note, in particular, that, for any ¢, ¢ > 0, Z; and Z,, are equal in
law, and so are vy and glth Vgr, Which, in turn, implies that the following representation holds
for any r > 0:

X¢=ePX,,

b et 1 et
:Eﬂ(/ \/v_quv—E/‘ vsds>
0 0

b /3 t e t
=¢ A Ves dBgg — 5 [ Ves ds
0 0

t 1 t
2/ Velt2By, dB _E/ Py, ds
0 0
b t 1 t
=/ \/v_;“dBf——/ vé ds. (2.5)
0 2 Jo

We now state the main result of this section, namely a pathwise large deviations principle for
the sequence of rescaled processes (X¢).>0. We recall first some facts about large deviations
on a real, separable Banach space (&, || - ||g), following [13] as our guide.

Definition 2.1. A function A: & — [0, +00] is said to be a rate function if it is lower semi-
continuous, i.e. if, for all xg € &,

liminf A(x) > A(x0).
X—>X()

Definition 2.2. A family of probability measures (i, )¢>0 on (&, B(8)) is said to satisfy a large
deviations principle (LDP) as ¢ — 0 with speed ¢~ ! and rate function A if, for any B € B(8),

xeB° x€eB

— inf A(x) < limﬁ)nfelog He(B) <limsupelogus(B) < — inf A(x),
£ £l0

where B and B° denote the respective closure and the interior of B.

Correspondingly, a stochastic process (Y¢).>0 is said to satisfy an LDP as ¢ — 0 if the
family of probability measures (P(Y; € -)).>0 satisfies an LDP as ¢ — 0. Unless otherwise
stated, all LDPs here are as ¢ — 0, so we drop this mention for simplicity. To state our results,
we now define the operator M : C> — C(7 x Ry, Ry x R) as

(mx)(t, ¢)

(e/\/(z’;)(t, g) == ( o)

) forallt € 7, ¢ > 0, (2.6)
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where the operator m: € — C(7 x R4, Ry) is defined by
(mx)(t, &) := voe' TP exp(x (1) — 1n*(enP), 2.7
as well as the functions A*, A: €2 — R defined by

. 1 2 — .
A*(z’y‘) = §|Iz§,||}€;<a and A(z;‘,}) = 1nf{A*(Z§§). z;‘} = Mz)}‘g )

Theorem 2.1. The sequence (X®).>0 satisfies an LDP on C with speed e~P and rate function
A¥X: € — [0, +00] defined as A (¢) == inf{A(z}): ¢ = /X -y, y e BVNEC}.

Corollary 2.2. The rescaled log stock price process (1P X )i=0 satisfies an LDP on R with
speed =B and rate function Af(u) = inf{AX(<p): o) =u}, ueR.

Proof. Since X{ and eP X, are equal in law, (PX e)e>0 satisfies an LDP with speed e B
and rate function A{( by Theorem 2.1 together with the contraction principle (Proposition 3.2
below). Substituting ¢ with # completes the proof. ]

Remark 2.2. Recently, Forde and Zhang [19] derived pathwise large deviations for rough
volatility models, with application (by scaling) to small-time asymptotics of the corresponding
implied volatility. The model they considered is of the following form, for the log stock price
process:

dX, = —So(¥)*dt + o (¥, dB;, Y, =wH,

where B is a standard Brownian motion and W# is a (possibly correlated) fractional Brownian
motion. In order to prove an LDP, they considered a small-noise version of the stochastic
differential equation above; namely,

dX¢ = —tdeo(Y)? dt + Jeo (Y;) dB,, ve=ellwh,

It is, of course, tempting to apply their results to the rough Bergomi model. Unfortunately,
the following intricacies make this impossible: first, they assumed the function o to have at
most linear growth, whereas it is of exponential growth in rough Bergomi; second, their scaling
assumption, allowing them to translate small-noise into small-time estimates, crucially relies
on the volatility process Y being driftless [19, Equation (4.4)], which does not hold in rough
Bergomi.

Theorem 2.1 and Corollary 2.2 have several potential applications within mathematical
finance, two of which we now outline. One application is to establish the small-time behaviour
of implied volatility under the rough Bergomi model. This would require, however, first showing
that the stock price process in the rough Bergomi model is a true martingale, which is far from
trivial and beyond the scope of the present paper. Another potential application is to variance
reduction of Monte Carlo pricing of path-dependent options, following the importance sampling
approach employed in [34], [36], and [37].

There is a degree of flexibility when defining the rescaled process X¢. For example, we
may define X! = &%“X,v;, where y = a/(%a + %). In this case, define (Z¢, B®) =
e’ @*1/2(zZ, B), and v¢ = £’ v., so that X° satisfies an LDP with speed =27 ©@+1/2)
and rate function identical to that in Theorem 2.1. This essentially falls into the category of
moderate deviations, within the context of [25] for the original process X, which is scaled by
1/(h(t)+/1), where h(t) € [1, t~'/?] for small enough ¢.

Remark 2.3. The structure of the Hilbert space Jé’f “in Corollarz 3.2 below precisely deter-
mines the rate function AX. In the uncorrelated case p = 0, H,“ (and its inner product) is
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degenerate, and clearly A* does not make sense. This case needs to be treated separately and
we do so in Section 5.

From (2.3), every zfé € J{’f “ has the representation z; =1 f“ f forsome f € L2. Therefore,
the rate function in Theorem 2.1 can be written as

1 1
AX(fp)Zfi?{z{z/(; £7(u) du: QDZI(M(Ifaf))}.

With this formulation, it is easy to see that AX(0) = 0: denoting z% ‘= Mz} and using that
X > 0, it follows that if I(X, y) = 0 then y = 0, which, in turn, implies that f = 0, and, hence,
AX (0) = 0. Furthermore, since clearly AX cannot take negative values, its minimum value is
attained at the origin.

3. Gaussian measures on Banach spaces and large deviations

In this section we gather several elements from the theory of Gaussian measures and large
deviations in order to prove Theorem 2.1. This proof requires a certain number of steps, in
particular the precise characterisation of the reproducing kernel Hilbert spaces associated to
the different processes under consideration.

3.1. Gaussian measures on Banach spaces

A centred process (Z;):cy is called Gaussian if, for all » € N and any #1,...,¢, € T,
the random variables Z;,, ..., Z; are jointly Gaussian; any such process is then completely
characterised by its covariance function. We recall some basic facts, needed later, on Gaussian
measures on Banach spaces, mostly following Carmona and Tehranchi [10, Chapter 3]. Let
(&, ||-ll¢) be areal, separable Banach space, and &* its topological dual (i.e. the space of all linear
functionals on &), with duality relationship (-, -) gx¢. The bilinear functional (-, -)gxg: §*xE —
R is such that if (x*, x)g+g¢ = O for all x* € &* (respectively, x € &) then x = 0 (respectively,
x* = 0); see [2, p. 195]. We further let B (&) denote the Borel o -algebra of &.

Definition 3.1. (Carmona and Tehranchi [10, Definition 3.1].) A measure p on (&, B(8)) is
(centred) Gaussian if every f* € &*, when viewed as a random variable via the dual pairing
f = {f* f)eg,is a (centred) real Gaussian random variable on (&, B(8), u).

In the following proposition [10, Proposition 3.1] we characterise Gaussian measures on
Banach spaces.

Proposition 3.1. Any (centred) Gaussian measure |1 on § is the law of some (centred) Gaussian
process with continuous paths, indexed by some compact metric space.

Note that every real-valued, centred Gaussian process taking values in & induces some
measure on C, the space of continuous functions from 7 to R. By Proposition 3.1, one can
construct a centred Gaussian probability measure  on & by constructing the corresponding
Gaussian process. The above argument may be extended to a d-dimensional centred Gaussian
process, thereby inducing a Gaussian measure on & = C?. For a Gaussian measure (4 on &,
we introduce the bounded, linear operator I': §* — & as

()= /g(f*, flere fudf),

and note, in particular, that (f*, f)e+g f is an &-valued random variable on (€, B(E), ).
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Definition 3.2. (Carmona and Tehranchi [ 10, Definition 3.3].) The reproducing kernel Hilbert
space (RKHS) H{,, of p is defined as the completion of I'(&*) with the inner product

NG R NEILTS 1=/g(f*,f)s*e(g*,fm*eu(df).

For the inclusion map ¢: H,, — &, the space ¢(J{,) is dense in &; it follows then for
the adjoint map *: &* — 3(}, that (*(€*) is dense in J(};. Recall also that 3(, and 3},
are isometrically isomorphic, which we denote by fH; >~ H, (by the Riesz representation
theorem, as R is the underlying field). Now, for a centred Gaussian random variable f* on &,
by Definition 3.1, it follows that

E(f*, fgee) = /s (* Peelf*, Nersn@f) = 1 15¢, = 1150

This yields the following equivalent form of Definition 3.2 for the RKHS of u; see [15, p. 88].

Definition 3.3. A real, separable Hilbert space J{,, such that J{,, C & is the RKHS of u if the
following two conditions hold:

o there exists an embedding / : }(, — &, i.e. an injective continuous map whose image is
dense in &;

e any f* € &* is a centred Gaussian random variable on & with variance || I* f* ”127{* .
"

Remark 3.1. The embedding I need not necessarily be the inclusion map.

Remark 3.2. Given a triplet (&, H,,, ), consider the inclusion map /*: &* — L%(&, 1) (we
think of &* as a dense subset in 3{* >~ J, by ¢*). Since I* preserves the Hilbert space
structure of L2(&, ), it can be extended to an isometric embedding I*: J—C* — L%(&, ) such

that || 7* Pl =177z

We now explicitly characterise the RKHS of the measures induced by (Z;);c7 (introduced
in (2.1)) on C, and by ((Z;, Bt)):c7 On C2. In fact, we first prove a more general result, using
the operators in (2.3). We introduce the following assumption on the function ¢ defining the
operator I¢.

Assumption 3.1. There exists ¢ € L*(T, R) such that Js1¢()lds > 0 for some & > 0 and
o, 1) =¢@ — ) foranyt € T

Theorem 3.1. Let ¢ satisfy Assumption 3.1, which makes I injective on L?. The RKHS of the
measure induced by the process fd(p(u, AW, on C is given by H? = {I¢f: f e L2}, with
inner product (1% f1, I? f2) g0 = (f1, f2)12-

Proof. See Section 4. (]
Corollary 3.1. The RKHS of the Gaussian measure induced (on C) by (Z;)eq in(2.1) is FoKe

We need to extend Theorem 3.1 (and Corollary 3.1) to find the RKHS of the Gaussian measure
on the space €2 induced by the two-dimensional process ((Z;, B;))ieg, where Z and B are
defined in (2.1) and (2.2), respectively.
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Theorem 3.2. Let ¢1, ¢ satisfy Assumption 3.1, which makes I(le injective on L2. Introduce
the R?-valued process ¥ v? as Yl = fo'go,' (s, -)dWSi fori = 1,2, where W' and W?
are two standard Brownian motions with correlation p € [—1,1] \ {0}. Then the RKHS
of the measure induced by (Y',Y?) on G2 is Jfgfz' = {I:lef: f € L2}, with inner product
(15, f1. 1) D)y = (frs e

Proof. See Section 4. ([l
Corollary 3.2. The RKHS of the measure induced (on Gz) by the process ((Zy, By))ie7 is Jff“.

3.2. Large deviations for Gaussian measures

We now concentrate on large deviations for Gaussian measures. As before, & denotes a real,
separable Banach space with norm || - ||¢, and we introduce a centred Gaussian measure @ on
(€, B(&)) such that, for any y € &*,

] 1
\/;a el(y,%)@*é’u(dx) = exp<—§Cu(y, 1/)>’

where C,: % x &% — [0, +00) is a bilinear, symmetric map. We define AI*L: & —> Ras
A;(x) = sup{(y, x)g+¢ — %Cﬂ(y, y): y € §*} on €. The following lemma was proved in
[15, Lemma 3.4.2].

Lemma 3.1. The following three statements hold for the measure .
(1) there exists a > 0 such that fg exp(ot||x||é)u(dx) is finite;
(ii) Forally € 8%, Cp(y, %) = [¢(y. X)2e(dx) < [[%ll3: [¢llxlZ1(dx) € (0, +00);
(iii) AZ defines a rate function on & and satisfies AZ (ay) = azAZ (y) foralla e R.

The reader may recognise statement (i) in Lemma 3.1 above as Fernique’s theorem [16].
For an &-valued Gaussian random variable X with distribution u, define X¢ = el/2x , with
law . Then the following theorem holds; see [15, Theorem 3.4.5].

Theorem 3.3. The sequence of probability measures (lg)e>0 satisfies an LDP on & with
speed ¢~ ' and rate function A;.

Remark 3.3. Theorem 3.3 implies, in particular, that the standard Brownian motion (W;);>¢
satisfies an LDP on R with speed 7!, since W, and /7 W) are equal in law.

Corollary 3.3. For any t € T, let v; be the law of Z; defined in (2.1). Then the sequence
(v)1=0 satisfies an LDP on R with speed t =P and rate function A:;(x) = x2/2n?* for x € R.

Proof. Here, & = R and (u, v)gr¢ = uv. Since Z; and P27, are equal in law, and
JgeVP(Z) € dx) = exp(—%yznz), taking Cj (x, y) = xyn?, the proof follows from Theo-
rem 3.3 and Remark 4.1. O

The following two results will be essential for establishing an LDP for the rough Bergomi
model. The first one, the contraction principle, states that continuous mappings preserve large
deviations principles, while the second one is a universal LDP result for general Gaussian
measures on Banach spaces.
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Proposition 3.2. (Contraction principle; [13, Theorem 4.2.1].) Let & and € be two Hausdorff
topological spaces and let f: & — & be a continuous mapping. Let (Ve)e>0 and (Vg)e>0
be two families of probability measures on (&, B(€)) and (€, B(8)), respectively, such that

Ve = ve o [ for each ¢ > 0. If (ve)e>0 satisfies an LDP on € with rate function A then
(Ve)e>0 satisfies an LDP on & with rate function

A(y) = inf{A(x): y = f(x)}.

Theorem 3.4. (Deuschel and Stroock [15, Theorem 3.4.12].) Let B be a d-dimensional
Gaussian process, inducing a measure u on (C4, B(C?)) with RKHS Hy. Then (gp)g>0
satisfies an LDP with speed ¢~ and rate function

1 .
Hixlfe  ifx € 90

400 otherwise.

In order to deal with the stochastic differential equation (2.5), we have to consider the
stochastic integral fo\/v_f dB?. Assuming that the sequence (\/v—;? , B?) converges weakly as
& — 0 yields, under some conditions, a weak convergence for the stochastic integral [29], [31].
However, in order to state a large deviations principle, we need a stronger result, proved by
Garcia [23]. Before stating it (Theorem 3.5 below), though, we introduce the following class
of sequences of stochastic processes.

Definition 3.4. (Garcia [23, Definition 1.1].) Let U denote the space of simple, real-valued,
adapted processes Z such that sup,. |Z;| < 1. A sequence of semi-martingales (¥?)¢>0 is said
to be uniformly exponentially tight (UET) if, for every c, t > 0, there exists K. ; > 0 such that

N
/ Zuf dY; > KQ[)) < —c.
0

Theorem 3.5. (Garcia [23, Theorem 1.2].) Let (X®)c>0 be a sequence of adapted, cadlag
stochastic processes, and (Y ?) >0 a sequence of uniformly exponentially tight semi-martingales.
If the sequence ((X°,Y?))e>0 satisfies an LDP with rate function A then the sequence of
stochastic integrals (X° - Y®)g>0 satisfies an LDP with rate function A(¢) = inf {A(z)y“):
p=x-y,y €BV}L

lim sup € log( sup ]P’(sup
el 0 ZeU s<t

4. Proofs of the main results

Proof of Theorem 3.1. Let Assumption 3.1 hold for a given function ¢ € L. The oper-
ator I in (2.3) is surjective on #%. Let fi, f» € L? be such that I% f| = I?f,. Then
fotgo(u, Hlfiw) — fw)]du = O for any t+ € J. Titchmarsh’s convolution theorem [38,
Theorem VII] then implies that fj = f, almost everywhere, so that I? is a bijection. The
linearity of I% implies that (1% f1, I¢ f2) s¢¢ == (f1, f2)12 defines an inner product on #¥ and,
hence, (H#?, (-, -) ) is areal inner product space. In order for #¥ to satisfy Definition 3.3, we
first need to show that it is a separable Hilbert space. Let { f;,},en be a sequence of functions
in L? such that {I% f,},en converges to I¢f in #¥. Therefore, || 1% f, — 1% fullze =
|fo — fulli2 — Oasn,m — oo. Since L?isa complete (Hilbert) space, there exists a
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function f: € L2 such that the sequence { f;; }neN converges to f Assume, for a contradiction,
that f # f, then, since I¥ is a bijection, the triangle inequality yields

0 < I29f =17 fllgee <12 f = I% fullges + 122 F = 17 full eo,

which converges to 0 as n — oo. Therefore, f = f, 1% f € #?, and #¥ is complete; hence,
a real Hilbert space. Since L2 is separable with countable orthonormal basis {¢,},cn, then
{Z%¢u}nen is an orthonormal basis for #%, which is then separable.

We now find a dense embedding /: #¥ — C as in Definition 3.3. Since #¢ C C, take
the embedding to be the inclusion map / = ¢. By [11, Lemma 2.1], the conditions on ¢ in
Assumption 3.1 imply that #¢ is dense in C. Finally, for f* € C*, the measure p induced
by the process fo'cp(u, -)dW; is a Gaussian probability measure on (€, B(€)), and f* is a
centred, real Gaussian random variable on (&, B(&), w) by Definition 3.1 . In turn, Remark 3.2
implies that I*, the dual of I, admits an isometric embedding 7* such that || 1* f* ”%Jf‘ﬂ)* =
||f*||i2(€w = [¢(f"?du = V(f*); hence, #? is the RKHS of 1. O

Proof of Theorem 3.2. We proceed in a similar manner to the proof of Theorem 3.1. Let
©1, @2 satisfy Assumption 3.1. Clearly, the operator I((,f)z' in (2.3) is surjective on J(’(fz' c e
By Titchmarsh’s convolution theorem [38, Theorem VII], if I;,f)z' fi= If; fronT then f1 = f»
and IJ) is a bijection. Furthermore, (1)) f1, I, f2) see1 = (f1, a2 is a well-defined inner

product and, following the proof of Theorem 3.1, (]szl , (5 ! ) is a real, separable Hilbert
2

space. To find a dense embedding I : }(’gzl — €2, take I as the inclusion map ¢; then the
conditions on ¢1, ¢ in Assumption 3.1 imply that J(;f;‘ is dense in @2 by [11, Lemma 2.1].
Finally, f* € (C?)* is a real, centred Gaussian random variable on (G2, B(C?), W), where i

denotes the measure induced by (Y'!, ¥?), and V(f*) = [p2(f*)*dua = ||f*||iz(@2 u) =

lo* f* ||f}€<p1 yor SO that by Definition 3.3, Jt‘(le is the RKHS of the measure induced by (Y, Y?)
P2

on C. (|

Proof of Theorem 2.1. Let (Z%, B®) be as in (2.4). From Theorem 3.4 and Corollary 3.2, the
sequence ((Z°, B®)).>0 satisfies an LDP with speed &~# and rate function (with Jt’f ¢ given in

Corollary 3.2)

1 2 : Ky
gllzfllﬂfa ifzy € #Hp*,
+00 otherwise.

A*(zy) = {

Pathwise, we may view the map ¢t — (Z7, Bf )T as an element of G2 and write

()~ (5) oo

We first verify that the operator M in (2.6) is continuous with respect to the C (7" x R4, Ry x
R) norm || - ||oc. For any (f, g)" € @2, introduce a small perturbation (87, 8%) € G%. Then

(i) -Gl

= sup {|{m(f +8/ ), &) — M), &)l + 185 (1)1}

teT,e>0
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< sup {v(l)H} exp(—%nz(st)ﬁ)|ef(t)||e‘sf(t) — 1|} + sup |88 (1)]

teT,e>0 teT

< Csuple® © 1]+ sup |85(1)|
teT teT

for some strictly positive constant C. The right-hand side clearly tends to 0 as (8/,82) — 0
with respect to the sup norm on G2 and, hence, M is a continuous operator. The contraction
principle (Proposition 3.2) therefore implies that the sequence ((v®, B?)).>0 satisfies an LDP
on C(T x Ry, Ry x R), with speed ¢ # and rate function A. Since M is clearly a bijection,
the rate function A may then be expressed as A(zy!) = A*(M~!(z3])) for any (x1, y1) € C2.
In the second step we will apply Theorem 3.5 to prove that the sequence of stochastic integrals
T8, B®)()es0 = (fo'\/v_;“dBf)gzo satisfies an LDP. Since B® = ¢**+1/2p by (2.5), we can
write the stochastic integral (v, B®)(-) = I(¢2*v®, /e B)(-), which holds almost surely, and,
therefore (see [23, Example 2.1]), the sequence of (semi)-martingales (/€ B)¢>o is UET in the
sense of Definition 3.4. Since the sequence (v &2%v¢ )e>0 consists of cadlag, (¥;)-adapted
processes, Theorem 3.5 implies that the sequence of stochastic integrals (I(v®, B®)(-))e>0

satisfies an LDP with speed £ # and rate function

AY () = inf{A(z}), z=1(x, y) and y € BV N C}.

The final step is to prove the LDP for X* = [ /v dBf — % oVs ds. To do this we show
that the sequences (X®).>0 and (I(v®, B?)).>0 are exponentially equivalent. For any § > 0, it
follows that

1 1
IP’( sup | X8 —1(v%, B)(1)| > 8) < IP’(/ vl ds > 8) < ]P(/ exp(Z:)ds > bg),
] 0 0

tel0,1

where b, = 8/voe' P Using the fact that fol exp(Z;5) ds < exp(sup,[g. 1) Z;) almost surely,
it follows that

1
logb
IP’(/ exp(Z:)ds > bg> < IP’( sup Z7 > logbg) = IP’( sup Z; > %)
0 1€[0,1] 1€[0,1] e/

The process (Z;):<[o,1] 1s almost surely bounded (see [1, Theorem 1.5.4]), and so we may apply
the Borell-TIS inequality; a consequence of which (see [1, Theorem 2.1.1] and the discussion
below) implies that

logh 1 (logh 2
]P’( sup Z; > i;) < exp(——(izg —]E( sup Z,)) )
t€l0,1] &b/ 2\ &f/ 1€[0,1]

This then implies that

! logbs)?> logh 1 2
eﬁlogIP’(/ exp(Zy)ds > bg> < eﬁ{—M—F i ;E( sup Z,) — —]E( sup Z,) }
0 2 b/ 1€[0,1] 1€[0,1]

Note that £#/2 log b, converges to 0 as ¢ — 0, which, in turn, implies that

lim sup £#/2 long]E< sup Z,) =0.
el0 te€l0,1]
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Similarly, lim sup, o e E(sup, (.1} Z/)* = 0. Furthermore, it follows that

. B ( (log bs)z >
limsupe = —09,
£l0 28'3

and, therefore,

lim sup &? 1ogIE”( sup [XE —1(v, B)(1)| > 5) —o0,
€40 1€[0,1]
which is precisely the definition of exponential equivalence [13, Definition 4.2.10]. Then,
by [13, Theorem 4.2.13], the sequence (X*).>¢ satisfies an LDP with speed ¢~ P and rate
function AX. O

Proof of Theorem 3.3. Let X == (X!, ..., X") be an n-dimensional random vector taking
values on &”, where each X¥ has distribution s, so that the average (1 /n)ZZlek has
distribution pt1,,. Lemma 3.1 implies that fg exp(cx||x|| )i1/n(dx) is finite for some o > 0, and
[15, Theorem 3.3.11] yields an LDP for the sequence (,u1 /n)n>1, With rate function AZ Define
now n(e) = |1/e]Vv1and{(e) := en(e) for e > 0, noting that £(¢) € [1 —e, 1) fore € (0, 2)
and in [2, 1] for ¢ € [2, 1]; for a Gaussian random variable X with distribution ft1/,(), it
follows that £(e)'/2X has distribution . For a closed subset B of &, we define the dilated set
B:={¢12x: forall¢ e [1, 11, x € B}, so that

L(e
lim sup € log s (B) = lim sup % log 1 /n(e) (€(e) ™ 1/2B)
£l0 el0

1
< lim sup — log M]/n(s)(B)
el n(e)

1
= lim sup log ,ul/n(B)

ntoo

< —inf A* (x).

xeB

The large deviations upper bound then follows from the obvious equalities

f A% f £ A* 1?2 inf ¢ !inf A*(x) = inf A* (x).
;23 ) = e[ll% 1];23 i x) = te [11r>2,1] ;23 () ;relB )

Now, for any x in any open set C C &, we can find an open neighbourhood O, such that
0, C 6(8)_1/ 2C forall 0 < ¢ < gy with &g € (0, %]. The large deviations lower bound then
follows from

.. R4 ~1/2
liminf ¢ 1 C) = liminf —= 1 ¢ 2c
H;%n elog ue (C) 1T¢bn ) 0g (1/n(e) (£(e) )

1
> liminf — log w1/, (Ox)
nftoo N

v

— inf A*
yler ()

v

— A (x). O

Remark 4.1. The proof of Theorem 3.3 still holds for the case where 72X ~ u, with
speed 1 ~#, and the proof can be easily adapted to confirm this case.
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5. Large deviations for the uncorrelated rough Bergomi model

We now treat the special case of (2.2), where the Brownian motions W and B are independent
(p = 0). Following arguments similar to Corollary 3.2, and mimicking (2.3), we introduce
the L2 operator 1 as

1K f
'p

so that the RKHS (on €?) of the measure induced by (Z, B) is

H ={I°(f1, f): f1, freL?),

°0f1, f2) :=( ) for any fi, f» € L?,

with inner product

(I°Cf, £2), 101, 82)) 5 = (fi. )12 + (fo. g2 forany fi, fo, g1, 82 € L%

Similarly to Theorem 2.1, [15, Theorem 3.4.12] yields an LDP on C2 for ((Z8, B?)):>0 with
speed ¢ ~# and rate function

1 .
sIzslge if (o)™ e H,
400 otherwise.

A(z;) = {

This, in turn, yields an LDP for ((v%, B?))e>01n (2.4) on 2 with speed ¢~P and rate function
A(zy) = inf {A(Z’VC:) tzy = MZ*,}, where the operator M is defined in (2.6). In the same vein
as Theorem 2.A1, Theorem 3.5 yields an LDP for ( fo \/E dBf)¢>0 on C with speed ¢ and
rate function AX, defined as

AX(p) == inf{A(z): 9 =x-y, y e BVNC)
= inf{A(z;:): o=x"-Y, z; = ,MZ;‘:, x*, y* € #H)
=inf{AG}): ¢ =x -y, 25 = MU (fi. ). fi. f» € L%}
_ it {lufl a4 S1pl2: g = / m((IK“fl)(S))fz(S)dS}
f1.fel? 2 L 2 L 0

with m introduced in (2.7). Following an argument identical to the one presented in the proof of
Theorem 2.1, we conclude that (X¢),-¢ satisfies an LDP with speed ¢~ P and rate function AX.
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