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Abstract. Phase-field methods with a degenerate mobility have been widely used to
simulate surface diffusion motion. However, apart from the motion induced by surface
diffusion, adverse effects such as shrinkage, coarsening and false merging have been
observed in the results obtained from the current phase-field methods, which largely
affect the accuracy and numerical stability of these methods. In this paper, a flux-
corrected phase-field method is proposed to improve the performance of phase-field
methods for simulating surface diffusion. The three effects were numerically studied
for the proposed method and compared with those observed in the two existing meth-
ods, the original phase-field method and the profile-corrected phase-field method. Re-
sults show that compared to the original phase-field method, the shrinkage effect in the
profile-corrected phase-field method has been significantly reduced. However, coars-
ening and false merging effects still present and can be significant in some cases. The
flux-corrected phase field performs the best in terms of eliminating the shrinkage and
coarsening effects. The false merging effect still exists when the diffuse regions of dif-
ferent interfaces overlap with each other. But it has been much reduced as compared
to that in the other two methods.

AMS subject classifications: 82C24

Key words: Phase-field method, surface diffusion, bulk diffusion, profile correction, flux correc-
tion.

1 Introduction

Phase-field method is a very useful tool for simulating interfacial phenomena and has
been widely used in the modeling of binary alloys [1–3], solidification [4–6], microstruc-

∗Corresponding author. Email addresses: mewye@ust.hk (W. Ye), yzhangbx@connect.ust.hk (Y. Zhang)

http://www.global-sci.com/ 422 c©2017 Global-Science Press

https://doi.org/10.4208/cicp.OA-2016-0150 Published online by Cambridge University Press

https://doi.org/10.4208/cicp.OA-2016-0150


Y. Zhang and W. Ye / Commun. Comput. Phys., 22 (2017), pp. 422-440 423

ture evolutions [7,8] and two-phase flows [9–11]. The major advantages of the phase-field
method are its conservation nature and its ability of capturing topological changes nat-
urally. A relatively recent application of the phase-field method is in the simulation of
surface diffusion [12–18]. Although it has been proven in [19] that the sharp-interface
limit of the Cahn-Hilliard equation with degenerate mobility M(φ)=1−φ2 describes the
interface motion induced by pure surface diffusion only if the potential is chosen to be
logarithmic or double-obstacle form, in practice, a smooth polynomial double-well po-
tential is often used [12–18] in order to avoid singularity. Unfortunately, as remarked by
Cahn and Taylor [20], using a biquadratic potential might not drive the phase-field vari-
able φ close enough towards ±1 to sufficiently suppress bulk diffusion, a phenomenon
which is caused by the normal gradient of the chemical potential and governed by a
equation similar to that of quasi-stationary porous medium diffusion [21–23]. As a con-
sequence, some adverse effects have been observed.

Yue et al. [24] pointed out that if a double-well potential was used, the phase-field
variable inside/outside of a circular drop would be deviated away from its original value,
±1, and in the meantime the radius of the circular drop would reduce in order to min-
imize the total energy. This shrinkage effect leads to a volume loss even though mass
conservation is satisfied. Another effect caused by using double-well potentials in the
phase-field method is the coarsening effect [21–23]. In the presence of the coarsening
effect, larger solid domains will grow at the expense of nearby smaller ones. Such a phe-
nomenon should not occur in a motion purely induced by surface diffusion. Different
from the shrinkage effect, coarsening effect exists even in the sharp interface limit. In the
sharp-interface limit, the interface velocity consists of two terms as shown in (1.1) [21–23].
One comes from the tangential flux, which contributes to the evolution of the interface
driven by surface diffusion. The other one comes from a normal flux, which helps to
maintain a diffuse interface with a finite thickness, but at the same time, brings the shrink-
age and coarsening effects.

vn =
2

3
∆sκ+

1

4
µ∇nµ. (1.1)

In order to minimize the shrinkage effect, a profile-corrected phase-field method was
proposed in [25] by adding a penalty flux. The function of this additional flux is to en-
force a hyperbolic tangent profile of the phase-field variable in order to reduce the vol-
ume loss. The overall effect, however, depends on the competition between the original
normal flux and the additional penalty flux in shaping the interface profile. In the initial
stage of the simulation, the penalty flux is very small and the evolution is dominated
by the original normal flux, which deviates the profile from its initial hyperbolic tangent
form, resulting in a volume loss in most cases. Only when the deviation is sufficiently
large, the effect of the penalty flux becomes stronger and it competes with the original
normal flux to restore the profile back to the hyperbolic tangent form. The final profile,
and thus the volume loss, is determined by the net effect of the two fluxes. In addition,
as in the original phase-field method, the cause of the coarsening effect, that is, the bulk
diffusion motion brought by the normal flux, still presents in the profile-corrected phase-
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field method. Hence the coarsening effect still exists. These two observations motivate
us to propose a new method entitled flux-corrected phase-field method. In this method,
instead of adding the penalty flux, we replace the original normal flux by the penalty
flux so to remove the source of the coarsening effect. Apart from the two adverse effects,
we have also observed that the performance of both the original phase-field method and
the profile-corrected phase-field method deteriorates in cases with adjacent interfaces,
similar to what has been observed in the level set method [26–30]. When two interfaces
are close by, the diffuse regions of the interfaces overlap with each other, which lead to
false merging of the interfaces. In this paper, this phenomenon will be discussed and the
performances of the three methods: the original phase-field method, the profile-corrected
phase-field method and the flux-corrected phase-field method, in the simulation of prob-
lems with adjacent interfaces will be presented and compared.

This paper is organized as follows. In Section 2, we describe the original phase-field
method, the profile-corrected phase-field method and our proposed flux-corrected phase
field. It is followed by a brief description of the numerical scheme. In Section 3, we first
present the studies of the shrinkage, coarsening and false merging effects in the three
methods, then compare the accuracies of the three methods through three benchmark
examples for surface diffusion. The study of the parameter A in both profile-corrected
and flux-corrected phase-field methods is also presented in this section. The paper is
concluded with a summary section.

2 Methodologies

In this section, the original phase-field method is introduced first, followed by the profile-
corrected phase-field method [25] and the flux-corrected phase-field method. The numer-
ical scheme is presented last.

2.1 Original phase-field method

The Cahn-Hilliard equation with degenerate mobility is the most commonly used phase-
field model to describe interface evolution caused by surface diffusion [12–16, 31]. The
phase-field variable φ is governed by

∂φ

∂t
=−∇·−→J , (2.1)

−→
J =−M(φ)∇µ, (2.2)

µ=−ε2
∆φ+ f

′
(φ), (2.3)

f (φ)=
1

4
(1−φ2)2, (2.4)

M(φ)= |1−φ2|, (2.5)
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where
−→
J is the flux; M(φ) is the degenerate mobility; µ is the chemical potential; ε is

the interfacial tension which determines the width of the interface; and φ is the bulk free
energy. In this model, the interface is located at the contour of φ=0, and φ retains to ±1
in the two pure phases. Due to the use of the double-well potential, (2.4), two artificial
effects have been observed in the results obtained from this model: the shrinkage effect
[24, 25] and the coarsening effect [21–23]. The shrinkage effect is caused by the deviation
of φ from ±1 in the bulk phases, and this effect will eventually lead to volume loss even
though mass is conserved. Coarsening effect arising from bulk diffusion couples disjoint
solid domains with each other such that larger solid domains grow at the expense of
smaller ones [22].

2.2 Profile-corrected phase-field method

To conserve the volume enclosed by the interface as required in surface diffusion, a
profile-corrected phase-field method was proposed [25]. The basic idea of the method
is to maintain the hyperbolic tangent property of the interface profile. This was done by
adding a penalty flux into the original flux as shown in

∂φ

∂t
=−∇·−→J −∇·−→JP , (2.6)

−→
JP =−λM(φ)

(

∇φ− 1

Aε
(1−φ2)

∇φ

|∇φ|
)

, (2.7)

where
−→
J is the original flux in the phase-field method shown in (2.2);

−→
JP is the penalty

flux used to maintain the φ profile at the interface to be tanh( d
Aε ); λ is a parameter con-

trolling the magnitude of the penalty flux; A is a parameter that controls the slope of the
profile; d is the corresponding signed distance function of the interface. A common choice
of A is

√
2 due to the fact that tanh( d√

2ε
) is the steady interface profile for flat surfaces [25].

Here, we should notice that the added penalty flux will not alternate the sharp-interface
limit, as the leading order solution of original phase-field equation is hyperbolic tangent
form, which will give zero penalty flux. Also, in the sharp-interface limit, the volume
loss of the original phase-field method tends to zero and the profile-corrected phase-field
method will be expected to obtain the same results with the original phase-field method.

2.3 Flux-corrected phase-field method

The structure of the interface plays an important role in volume conservation [24,25] and
thus affects the accuracy of the phase filed method in simulating surface diffusion. The
interfacial profile in the original phase filed method is controlled by the mixing energy:

E(φ)=
∫

Ω

(

f (φ)+
ε2

2
|∇φ|2

)

dx. (2.8)
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The competition between the phobic effect arising from the bulk energy f (φ), which pro-
duces the classical sharp-interface, and the philic effect from the gradient term which dif-
fuses φ away from the interface into bulk regions, determines the finite thickness of the
diffuse interface profile [32]. The profile generated by this mixing energy unfortunately
cannot preserve the hyperbolic tangent form, which leads to volume loss [25]. In the
profile-corrected phase-field method, a penalty normal flux is added in order to restore
such a form. In this method, two sources exist in shaping the interface profile: the original

flux
−→
J and the penalty flux

−→
JP . It is the original normal flux which contributes mostly in

diffusing the interface in the normal direction and competes with the penalty flux. This
competition affects the accuracy and the stability of the numerical scheme. In addition,
as discussed in [21–23], the original normal flux also brings in nonlinear bulk diffusion,
an unwanted effect in simulating surface diffusion. Hence in the proposed flux-corrected
phase-field method, the original normal flux is removed and replaced with the penalty
flux. The equations are listed as follows:

∂φ

∂t
=−∇·−→JM, (2.9)

−→
JM =

−→
J −−→

Jn +
−→
JP , (2.10)

−→
JP =−λM(φ)

(

∇φ− 1

Aε
(1−φ2)

∇φ

|∇φ|
)

, (2.11)

where
−→
Jn =(

−→
J ·−→n )−→n is the normal component of the flux.

2.4 Numerical scheme

In this work, we adopt an efficient and accurate semi-implicit numerical scheme to dis-
cretize phase-field equations [14]:

φn+1−φn

∆t
=Bε2

∆
2(φn−φn+1)+S∆(φn+1−φn)−∇·−→Jn

R , (2.12)

where B and S are two positive stabilizing parameters. B is chosen to be 1.0. S is 0.5 in
the original phase-field method and the profile-corrected phase-field method, and S=0.0
for the flux-corrected phase-field method. The different choice of S for the flux-corrected
phase-field method is due to the following reason. We realize that the stabilization term
S∆(φn+1−φn) is mainly used to filter out the oscillations caused by the normal flux. In
our approach, the normal flux is removed and hence there is no need to keep this term.
Indeed, our numerical investigation shows that S=0.0 gives the best performance. How-
ever for the original and profile-corrected phase-field methods, since the normal flux
exists, the S term has to be there. If we set S = 0.0, the numerical scheme will be less

stable. For the original phase-field method,
−→
Jn
R =

−→
Jn =−M(φn)∇(−ε2

∆φ+φ3−φ). For the

profile-corrected phase-field method,
−→
Jn
R =

−→
Jn −λM(φn)(∇φn− 1

Aε (1−(φn)2) ∇φn

|∇φn| ). For
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the flux-corrected phase-field method,
−→
Jn
R =

−→
Jn −(

−→
Jn · ∇φn

|∇φn|)
∇φn

|∇φn|−λM(φn)(∇φn− 1
Aε (1−

(φn)2) ∇φn

|∇φn| ).

For the spatial discretization, we applied the standard cosine pseudospectral method
and performed real-even symmetry discrete Fourier transform (DFT) in both x and y
directions. Interested readers can refer to FFTW [33] for more information about the
implementation of DFT.

3 Results and discussions

The performance of the flux-corrected phase-field method was first evaluated by examin-
ing the three effects, namely the shrinkage, the coarsening and the false merging effects.
The accuracy of the method was then checked and compared with that of the original
phase-field and profile-corrected phase-field methods using examples involving the evo-
lution of an ellipse, a lobed-star and a 3D complex shapes under surface diffusion. For
benchmark solutions, the front tracking method [34] and the level-set method [35] were
employed to obtain the sharp interface limit of the solutions. Under surface diffusion,
the evolution of the interface is governed by

dX

dt
=Vnn, (3.1)

where X = (x(s,t),y(s,t)) represents a point on the interface, s is a parameter of the in-

terface, t is time, Vn =
∂2κ
∂s2 is the normal velocity, κ is the curvature and n is the outward

normal vector. In the front tracking method, Vn is calculated by the finite difference
method and (3.1) is updated using the explicit Euler scheme. The mesh size is adjusted
so that the minimum and the maximum distances between adjacent points are 0.025 and
0.1 respectively. For simplicity, a constant time step of 1.0×10−12 is chosen for all cases
in the simulations using the front tracking method. This time step is sufficiently small to
ensure stability.

3.1 Shrinkage effect

The shrinkage effect of Cahn-Hilliard equation with a double-well potential has been
pointed out and studied on a circular drop under surface diffusion [24]. During the evo-
lution, the initial circular drop tends to lower its energy by shrinking its radius, in the
meantime, the bulk φ shifted slightly away from its initial value to satisfy mass conser-
vation. According to the analysis in [24], the shrinkage of the radius of the circular drop
is proportional to the interfacial thickness:

δr=−
√

2V

24π

ε

r2
0

, (3.2)
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where δr is the change of the radius; V is the total simulation volume; r0 is the initial
radius and ε indicates the interfacial thickness.

To investigate the shrinkage effect in the three method, the same problem was con-
sidered in this work. The evolution of a circle with an initial radius of r0 = 1.0 located
in the center of the domain [0,4]×[0,4] was simulated using the three methods. Fig. 1
plots the shrinkage of the radius as a function of ε. The theoretical prediction of the final
shrinkage of the circle, (3.2), is also plotted for comparison. The results obtained from the
original phase-field method match quite well with the theoretical predictions, exhibit-
ing a shrinkage that is proportional to the interfacial thickness. In the profile-corrected
phase-field method, due to the added penalty flux, the shift of φ in the bulk region is
limited. Hence the shrinkage of the circle is reduced particularly near the sharp interface
limit, as demonstrated in Fig. 1. For a circle shape, because of symmetry, only normal flux
exists and there is no tangent flux, hence there should be no shrinkage effect in the results
obtained from the flux-corrected phase-field method, which indeed is illustrated in the
figure. Those small values that are on the order of 10−5 are in fact not the shrinkages of
the radius. They are the numerical errors in the calculation of the radius, which can be
justified in Fig. 2, where the change of the radius as a function of time simulated by the
flux-corrected phase-field method with ε= 0.1 is plotted. The constant profile indicates
no shrinkage during evolution.
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Figure 1: Shrinkage of the radius of a circle as a function of under surface diffusion. λ= 0.2 for both the
profile-corrected and the flux-corrected phase-field methods. Mesh size is 512×512 for ε=0.2,0.1,0.05,0.02 and
1024×1024 for ε= 0.01. The missing data point at ε= 0.01 of the profile-corrected phase field method is due
to the fact that the corresponding result is unstable under such small epsilon.
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Figure 2: Change of the radius as a function of time under surface diffusion simulated by the flux-corrected
phase-field method with ε=0.1.

3.2 Coarsening effect

To investigate the coarsening effect, we consider two circles with different radius r1 and
r2 located at a distance of d away, as shown in Fig. 3. In the simulation, r1 =0.3, r2 =0.1,
d=0.5, h=1.0, ε=0.01, λ=1.0 and A=

√
2. The mesh size was chosen to be 128×256 and

Figure 3: Schematic illustration of the simulation domain of the two circles.
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Figure 4: The sum and the difference of areas of two half circles as functions of time. A1 is the area of the half
large circle and A2 is the area of the half small circle. The blue dash-dot line indicates the initial total area.

the time step was 1.0×10−6. The areas of the two half circles A1 and A2 were calculated.
The sum and the difference of the two areas, A1+A2 and A1−A2, are plotted in Fig. 4
as functions of time. A1+A2 gives the total area, which reflects the shrinkage effect, and
A1−A2 reflects the coarsening effect. From the results shown in Fig. 4, it is very clear
that there are strong shrinkage and coarsening effects in the results obtained from the
original phase-field method, and the smaller circle disappears at t=2.0×10−4, indicated
by the interception of ”A1+A2” & ”A1−A2” curves. Compared to the original phase-
field method, the coarsening effect is much reduced in the profile-corrected phase-field
method, which is reflected in the fact that the smaller circle disappears at a much later
time 4.0×10−2. However, the coarsen effect still presents and is quite strong. For the
flux-corrected phase-field method, results show almost no shrinkage effect and very little
coarsening effect, indicating the effectiveness in removing the source of both effects in the
flux-corrected phase-field method.

3.3 False merging effect

The problem used to study the false merging effect is the same as that of Section 3.2,
but with different parameters. In order to separate the false merging effect from the
coarsening effect, two circles with the same radius, r1 = r2 =0.3, were considered. Other
parameters are d=0.8, h=1.0, λ=1.0 and A=

√
2. The mesh size used in the simulation
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Figure 5: Area of one half circle as a function of time. (a) ε=0.01, the blue dash-dot line indicates the initial
area; (b) ε=0.05.

was 205×256 and the time step was 1.0×10−6. Fig. 5 shows the area of one half circle
as a function of time for cases with ε = 0.01 and ε = 0.05. When ε is small, that is, ε =
0.01, the two circles are far away from each other, and the evolution of each circle is
independent of each other indicated by either the reduced or constant area over time
shown in Fig. 5(a). Fig. 5(a) also shows a strong shrinkage effect in the original phase-
field method. This effect has been significantly suppressed in the profile-corrected phase-
field method. Other than the initial drop, the area of the circle remains almost unchanged
over the time. The flux-corrected method shows no any shrinkage effect over the entire
simulation time. With a thick interface, for example, ε= 0.05, the diffuse regions of the
two circles overlap, and the two circles start to influence each other, leading to a merging
eventually, which is indicated by a sudden increase in the area as shown in Fig. 5(b).
Since both the normal flux and the added penalty flux contribute to the merging, the
merging took place much earlier in the profile-corrected phase-field method than that
in the original method where only normal flux exists. For the flux-corrected phase-field
method, the normal flux was removed. Hence the merging occurs at a much later time,
but unfortunately still exists due to the penalty flux.

3.4 Ellipse & 4-lobed-star shapes

In the previous sections, the performances of the three methods were compared with
regarding to the three adverse effects. Results have shown that the newly proposed
method, the flux-corrected phase-field method, performs the best. In this section, the
accuracy of the three methods is further examined and compared. Non-circular shapes
such as ellipse and 4-lobed star were chosen as the benchmark problems and results ob-
tained from the front tracking method were used as reference solutions.
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(a) (b)

Figure 6: (a) Initial shape of the 4-lobed star; (b) Evolution of the 4-lobed star at t= 0, 1×10−5, 2×10−5,

1×10−4.

The initial shape of the ellipse is defined as follows

(x−0.5)2

a2
+
(y−0.5)2

b2
=1 (3.3)

with a=0.3 and b=0.2.
The initial shape of the 4-lobed star illustrated in Fig. 6(a) is given by

r= r0+∆r·cos(nθ),

x(θ)= r·cosθ,

y(θ)= r·sinθ

(3.4)

with r0=0.2, ∆r=0.1, and n=4.
The simulation domain was [0,1]×[0,1] and the mesh size was 128×128. The inter-

facial tension was set as ε = m∆x
2A·tanh−1(0.9)

, where m = 16 is the number of grids across

the diffuse region of the interface. The time steps used for the ellipse and 4-lobed star
are 1×10−6 and 1×10−7 separately, which are much larger than the time in the explicit
method, required by the fourth-order CFL restriction (in the order of 1×10−9). And this
is actually achieved by the adopting of the stabilizing terms and semi-implicit scheme in
(2.12). The evolutions of both shapes were simulated using three methods. The evolved
shapes of the 4-lobed star at different time instances were illustrated in Fig. 6(b). Fig. 7
and Fig. 8 plot the changes of some major parameters such as the area, the major axis
and the minor axis of the two shapes over time obtained from various methods. In both
examples, the flux-corrected phase-field method conserved the volume the best. For the
ellipse shape, both the profile-corrected and the flux-corrected phase-field methods were
able to simulate the major and the minor axes accurately with the flux-corrected method
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Figure 7: Comparison of some major parameters of the ellipse evolved over time under surface diffusion: (a)

change in the area over time; (b) changes in the major and minor axes over time. Time step is 1.0×10−6;
λ=2.0; A=1.0.
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Figure 8: Comparison of some major parameters of the 4-lobed star evolved over time under surface diffusion.
(a) change of area over time; (b) change of a over time. Time step is 1.0×10−7; λ=1.0; A=1.0.

performed slightly better. However, for more complex shapes such as the 4-lobed star
shape, the accuracy of the profile-corrected phase-field method deteriorated particularly
at the initial stage. This is caused by the strong bulk diffusion, resulting in a false addi-
tional velocity proportional to κ∇nκ at the interface, due to the large gradient of curvature
along the interface. The flux-corrected phase-field method still performed well since the
source of the bulk diffusion, the original normal flux, was removed. In both examples,
the accuracy of the original phase-field method was unsatisfactory.
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3.5 Effect of A parameter

An important parameter in both the profile-corrected method and the flux-corrected
method is A, which controls the slope of the profile. Due to the competition between the
original normal flux and the penalty flux in the profile-corrected phase-field method, the
choice of A will affect the accuracy and the stability of the scheme. For flat surfaces, the
original normal flux leads to a hyperbolic tangent profile tanh( d√

2ε
). By setting A=

√
2,

the competition between the original normal flux and the penalty flux is minimized, and
this is the main reason why A was chosen to be

√
2 in pervious work. However, for gen-

eral curved interfaces, the diffused interfacial profile caused by the original normal flux
is no longer tanh( d√

2ε
), and is generally difficult to predict its accurate form. Based on

the assumption that the profile should not deviate too much from tanh( d√
2ε
), a common

practice is to still set A=
√

2 or in some cases A=1. Such a choice seems to work quite well
in the examples shown in the previous sections. It is likely not the optimal choice, and
a systematic selection method for A for general problems is yet to come. On the other
hand, due to the removable of the competition, the performance of the flux-corrected
phase-field method should not depend too much on the value of A.

The influence of the choice of A on the accuracy of the profile- corrected phase-field
method and flux-corrected phase-field method was investigated on the ellipse example
of Section 3.4. The simulation domain was chosen to be [0,1]×[0,1] and the mesh size
was 128×128. ε= m∆x

2A·tanh−1(0.9)
with m= 16 being the number of grids across the diffuse

region of the interface. For the choice of λ, numerical studies indicate that, a constant
of λ0 works well for the profile-corrected phase field, and λ=λ0/A2 works well for the
flux-corrected phase-field method. λ0 was chosen to be 2.0 in both cases.

Fig. 9 shows the evolution of the ellipse shape under surface diffusion simulated with
different values of A. Results obtained from the profile-corrected method are presented
in Fig. 9(a), from which it is very clear that the accuracy depends on the choice of A. With
A= 1.0 the method performed the best. When A is larger than 2.0 or too smaller than
0.5, the error becomes significant, and when A is equal to 4.0, the scheme ever becomes
unstable. The accuracy of the flux-corrected method shows a much reduced dependence
on the value of A, which is demonstrated in Fig. 9(b), where the time evolution of the
major and the minor axes of the ellipse are plotted for different choices of A ranging
from 0.5 to 4. All curves match with the reference result very well.

To further demonstrate the competition effect in the profile-corrected phase-field
method, we choose a different profile to approximate the diffusive region of the inter-
face:

φ=
2

π
arctan

( d

Aε

)

. (3.5)

The corresponding penalty flux is

−→
JP =−λM(φ)

(

∇φ− 1

Aε

2

π
cos2

(π

2
φ
) ∇φ

|∇φ|

)

. (3.6)
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(a) (b)

Figure 9: Simulated evolution of an ellipse shape under surface diffusion with different choice of A. (a):
profile-corrected phase-field method; (b): flux-corrected phase-field method.

In this case, the competition in the profile-corrected phase-field method should be very
strong, because the original normal flux tends to approach a hyperbolic tangent-like pro-
file, while the penalty flux leads to a profile of a different type. Fig. 10 shows the com-
parison of the ellipse evolution under surface diffusion when the penalty flux of (3.6) is
adopted. The agreement between the results from the flux-corrected phase-field method
and the reference result is almost perfect, while those from the profile-corrected phase-

time

a
&
b

0 0.0002 0.0004 0.0006 0.0008 0.001
0.2

0.22

0.24

0.26

0.28

0.3

front tracking

profile-corrected phase field method

flux-corrected phase field method

Figure 10: Comparison of ellipse evolution under surface diffusion simulated with the penalty flux of (3.6).

A=1.0; Mesh size is 128×128; Time step is 1.0×10−6; ε= 16∆x
2A·tan(0.9π/2)

.
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field method deviates significantly from the reference solutions. This further indicates
that in the profile-corrected method, the penalty flux needs to be carefully selected in
order to reduce the strong competition between itself and the original normal flux, and
thus to reduce errors, while in the flux-corrected method, the performance is much less
dependent on the choice of the penalty flux, indicating the robustness of the method.

3.6 3D complex shape

In this section, the results of the evolution of a 3D object with complex shape under
surface diffusion are presented. The initial shape is defined implicitly by the following
equation,

f =((x2+y2−C2)2+(z−1)2(z+1)2)((y2+z2−C2)2

+(x−1)2(x+1)2)((x2+z2−C2)2+(y−1)2(y+1)2)−1=0. (3.7)

The simulation domain was [0,4]×[0,4]×[0,4] and the mesh size is 64×64×64. The
time step is chosen to be ∆t= 1×10−4. The same problem has been investigated in [35]
and [36] using the level-set method. For this case, the evolution of the shape involves
complex topological changes, which likely induce strong coarsening effects in phase-
field methods. Here, it serves a good benchmark problem for testing the performance of
phase-field methods. Results obtained by the level-set method [35] are used as reference
solutions, which are free of any coarsening effect. It has been shown in [35] and [36], after
the complex topological change, the initial complex 3D object eventually evolves into a
hollow sphere. The simulated evolution of this complex shape under surface diffusion
by the original phase field, the profile-corrected phase field and the flux-corrected phase
field are shown in Fig. 11. From Fig. 11, it is clear that the strong coarsening effect, orig-
inating form the large curvature gradient along the interface, makes the original phase
field evolve much faster than the actual motion induced by surface diffusion [35]. The
final shape, that is, a solid sphere predicted by the original phase field is simply incorrect.
Although the profile-corrected phase field method slows down the process, giving a bet-
ter evolution than the original phase field method, the final topology predicted is also a
solid sphere, which is incorrect. On the other the flux-corrected phase field method gives
the best performance. Not only does it accurately capture the entire evolution process,
but also gives the correct topology of the final structure. Fig. 12 plots the cross-sections
of the final shape obtained by the three phase-field methods as well as the reference so-
lutions, which further illustrates the good performance of the flux-corrected phase-field
method.

4 Summary

In this paper, a flux-corrected phase-field method is proposed to improve the perfor-
mance of phase-field methods in the simulation of surface diffusion. Studies of three
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Figure 11: The evolution of a complex 3D shape under surface diffusion. Results obtained from the original,
the profile-corrected and the flux-corrected phase field methods are presented in the first, the second and the
third columns respectively.

Figure 12: Comparison of the final cross-sections obtained by three phase field methods. The reference solutions
are obtained by the level set method [35], which is free from any coarsening effect.

https://doi.org/10.4208/cicp.OA-2016-0150 Published online by Cambridge University Press

https://doi.org/10.4208/cicp.OA-2016-0150


438 Y. Zhang and W. Ye / Commun. Comput. Phys., 22 (2017), pp. 422-440

effects commonly observed in the phase-field methods, namely the shrinkage, the coars-
ening and the false merging effects, have been conducted, and results show that even
though the introduced penalty flux in the profile-corrected phase-field method is able
to reduce volume loss significantly, due to the competition between the original normal
flux and the penalty flux, volume loss can still be observed particularly during the initial
stage. In addition, coarsening effect still presents and is quite strong due to the origi-
nal normal flux, which causes nonlinear bulk diffusion. In the flux-corrected phase-field
method, by removing the original normal flux and replacing it with the penalty flux,
the non-linear bulk diffusion and the competition between the original normal flux and
the penalty flux in the profile-corrected phase-field method are eliminated, resulting in a
much improved performance in all three aspects. The accuracy of the proposed method
is further demonstrated on three benchmark problems: the evolution of an ellipse, a 4-
lobed star and a 3D complex shapes. Results have shown that among the three methods,
the flux-corrected phase-field method is the most accurate in capturing the evolution of
the shapes and performs the best in reducing shrinkage, coarsening and false merging
effects. In addition, results also show that the flux-corrected phase-field method is not
sensitive to the choice of the interfacial profile, due to the removal of the competition in
the profile-corrected phase-field method, and hence is more robust.
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