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1. Introduction. The first result of this paper was proved in January 1975 in order
to engage the interest of Professor J. E. Littlewood, who was in hospital at the time.
This theorem is of some independent interest and we present it here with some related
results.

The classical Littlewood—Khintchine inequality (see (5) and (6)) states that there is
a constant A4 such that for every real sequence (a;)} we have

(Z) <af],

where 7,(t) is the k-th Rademacher function: r,(t) = signsin 2¥at. Denote by A, the
minimal value of 4 that will do in (1). The constant 4, was determined only recently
by Szarek(7) (for a slightly weaker result see Hall(4)): 4, turned out to be ,/2 and
a, = a, = 1 (n = 2) is essentially the only extremal sequence.

Burkholder(1) (see also (2)) proved the following martingale inequality related to
(1). There is a constant C such that for every martingale f = (f;,fs,...) and every A > 0

we have C
P(S(f) > 2) < 5 |l @

where S(f) is the square function of f and | f||, = sup || f,[, is the L, norm of f.
n

Z @ 7x()| dts (1)

Inequality (2), called Burkholder’s weak L, inequality is easily seen to extend (1).
Indeed, if m
Ifm= 2 dirilt),
k=1
then f = (f,,fs, --.,f,) is a martingale for which

n %
stf)= (L at) =2
say. Therefore by (2)

n 3 1l n
(2 o) = APS() > ) < 0 [ | $ aprat| @t = oy,
k=1 0 lk=1
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Let C, be the minimal constant that will do in (2). By the remark above /2 = 4, < C,
and in (2) Burkholder proved that C, < 3. One of the aims of this paper is to improve
these bounds on C,,. We shall also investigate the best constant in an inequality more
general than (1) and less general than (2).

Given s > 0 and & > 0 denote by L(s, k) the infimum of the L, norm of a martingale
f= (fufz...) in which |f)| =k and S(f) = (h2+s?)}. As usual, we put f, =0 and
d,, = fa—fniif n > 1, s0 the conditions are

[d] =% and X df =
k=2

Clearly L(s, k) is positively homogeneous and » < L(s, h) < s+ h. Furthermore, if » >
then L(s, k) = h, as shown by a martingale f = (f},f,,...) in which |d,| = &, |d,| = s
anddy;=d,=...=0.

QOur aim is to estimate L(s, k). In order to prove that L(s, k) > F(s, k) for some
function F, it is sufficient to consider martingales f = (f,fs, .-, fs) 00 I = [0,1] in
which each d; is a step function d; = ¢! x, (1) + ey ;. Here ¢{, ef? are constants and
I®, I® are disjoint intervals such that each d;, j < ¢,is constant on I U I®. Of course,
e&"[] M| +eP|IP| = 0. We call these martingales step martingales. Denote by L, (s, k)
the infimum of the L, norm of a step martingale f = (f,,f,, ..., f,) in which |f;] =&
and S(f) = (k¥ +s?)}. If n < 2 then there need not be a step martingale satisfying
these conditions. If » = 3 then an essentially unique step martingale satisfies the
conditions and shows that Ly(s, h) = 3{h+ s+ |h—s|}. Clearly

Ly(s,h) > Ly(s,h) > ... 2 k

and L(s, k) = lim L, (s, k). The main advantage of considering step martingales is that
one may apply;_’i:duction on 7. Thus, in order to prove

L(s, k) = F(s,h)
for some function F, we apply induction on n to prove
' Ly(s. 1) > Fls,h)
for n > 3. To start the induction we have to check that

Ly(s,h) = s +h+|s—h|} = F(s,h).

What do we need for the proof of the induction step? Supposen > 4 and

Ly, (s, k) = F(s, h).

Let f= (f1,fo....f,) be a step martingale with |[f,| = # and S(f) = (s +A2)}. Let
d, = e; X1, — €2 X1,» Where ¢; > 0, and assume, as we may, that d, = h on L, U I,. Then

on I, we have

fao=h+e, and Z3d2 = 82—k,
k=
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and on I, "
fo=h—e, and 3 di=s2—¢}
k=3

Since f' = (fy,f3, --.,f,) restricted to I, (¢ = 1, 2) is a martingale,
[ Ml 11 Lo (et b= (= 1)

Furthermore, as d, is zero outside I, U I,

[ Maldw> 1= LU L] Lot
I-1yulg

Consequently the induction step follows if we show that

2
F(s,h) < Z || L —1( 2—ed}, |h—(— l)ieil)+ |1 =1L U L] L, _y(s, k).

Since e,|1;| = ¢,| L], by the induction hypothesis this inequality holds if

F(s,h) < é

i=1€1+¢€

L, ((s*=e)t, |h—(—1)ig)),

where j€{1, 2}, j % 4. In turn, by the induction hypothesis this inequality holds if

F(s,h) < F((s2—e)t, |h—(—1)e,)). (3)

1=1 1+e

Depending on how much work we are willing to put into proving (3) and our ability
and luck in choosing a function F(s, k), we can get various lower bounds for L(s, &).
The estimate proved in 1975 can be obtained without any effort.

THEOREM 1. If 0 < h < s then L(s, k) > 4(s+ h?/s), otherwise L(s, k) = h.

Proof. Put Hs+h?/s) if 0<h<
h if 0<s<h

F(s,h) = {

In the proof of inequality (3) we may and shall assume that 0 < & < s and ¢ = 1. The
minimum of the right hand side of (3) is attained at e, and e, for which

—(— 1)ig.\2
F((a—eph, o= 1r) = -t B )

(To see this simply take the derivatives of the functions on the right hand side with
respect to e; and e,, assuming that one of the functions is given by the second formula.)
Thus (3) holds if and only if

(L+5%) (e, + ) (1 — D)} (1 — )t < ep(1~eF + (htey)?) (1— )t
+ey(l—ed+ (h—ey)?) (1 —€d)},
that is Ah2—Bh+A4 >0

13-2
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where 4 > 0 and B are functions of ¢; and e,. Hence if (3) fails for some % then it fails
for & = 1 as well. However for s = 1 and /& = 1 inequality (3) holds trivially since

1= (= 1),

2
F(1,1)=1¢<

€2 €
(1+e)+——|1—¢ <
1+ € ! e1+e2| ol i=1

COROLLARY 2. If f = (fy,fa --.) 8 any martingale then

PS(f) = 1) < 2 f|ly

Proof. The inequality follows from IL(1,0) > } by routine manipulations. Let
f= (fu.fe---,fn) be a step martingale with P(S(f) > 1) = p = ¢| f]}, > 0. Suppose
0 <p<1. Let I, L, ..., I, be maximal intervals on which each f; is constant and
S(f) < 1. For each I, continue f by a copy of itself, suitably shrunk to I;. Denote by
g the new martingale. Clearly P(S(¢9) > 1) > p+ (1 —p)p and

lglly < [fl+ @ =2 f]s
$0 P(S(g) = 1) > p(2-p) —CIIfll 2-p) = c|g|l,-

Continuing in this way we find a martingale A& for which P(S(k) > 1) is as near to 1
as we like and P(S(h) = 1) > c||k||;. From this it is easily seen that for every ¢ > 0
there is a martingale & with S(k) = 1 and 1 > (c—¢)||A|,. Hence by Theorem 1 we
have c —e < 2, implying the result.

By applying the above corollary to f/A instead of f, we obtain that C, < 2

We now give a lower bound for C;, by constructing an appropriate martingale. For
simplicity we define the differences d,,d,, ... only on [0, 1] and extend them to [0, 1]
by d,(t) = —d,(1—1). Let t;, = 21 -12,/3,

dl(t) =-3/3, 0<2<1,

)43 if 0<2t <,
d,(t) = ( Hr1(3-4/3)/2 if 7l <28 <Y
0 if f2<2tg1

for n > 2. With f, = X%_,d, the martingale f = (f,,f,, ...) is such that | f|, = % and
the modulus of the step function limf,(¢) is exactly (1 —S2(f)(t))}. Hence there is a

n—roo
martingale g with S(g) = 1 and |jg||, = | f|l, = %. This shows that C; > 3.

It is possible to find considerably better examples than the one we have just given,
but these martingales are not easily described. In particular, by making rather crude
use of a computer, one can construct a martingale that shows C; > 1-61.

To conclude this section we remark that it seems likely that

L(s,h) > sexp{(h*—s?)/2s%} if 0<h<s.
This would imply, in particular, C, < \Je ~ 1-6487.

3. Haar martingales. We saw in the introduction that a sequence of constants can
be viewed as a martingale in which the k-th difference d, is a scalar multiple of the
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k-th Rademacher function or, equivalently, |d,| is constant. On the other hand, as
far as inequalities are concerned, step martingales are the most general martingales
we need to consider. Recall that in a step martingale d, takes only two non-zero
values. A martingale will be said to be a Haar martingale if |d,,| takes only one non-zero
value. To justify this terminology we note that an inequality holds for all Haar
martingales if and only if it holds for all martingales in which d, is the k-th Haar
function on [0, 1]. By (2) there is a minimal B, > 0 such that

P(S(f) = A) < Bo/A||f]l

whenever A > 0 and fis a Haar martingale. By definition 4, < B, < C,. In this section
we prove an analog of Theorem 1 for Haar martingales and estimate B,,. '
Given s > 0 and % > 0 denote by H(s, #) the infimum of the L, norm of a Haar
martingale f = (f},f;, ...) in which |f}| = & and S(f) = (s + h?)}. By imitating the
proof of Theorem 1 it is easily proved that H(s, k) > (2s+h%/s)/3 if 0 < h < s, s0
< 8. We do not include the details here since we shall prove a stronger result.

For z > 0 put )
Ylz) = e*Ptx f et*2dt,
0

and define G(s, ) = {S?/’(h/s)/'ﬁ(l) l-f 0<hss,

h if 0<s<h

Note that wf(x) _ f-"e_tﬁm dt, 1//”(:1,') - e—1'/2’
0

and V() = 2’ () + ¢ (). 4)

THEOREM 3. H(s, k) = G(s, k).
Proof. We proceed as in the proof of Theorem 1. Without loss of generality
O0<hgs=1.

Since the martingales under consideration are Haar martingales, we have to prove
(3) in the case when e, = ¢, = ¢, thatis

G(1,h) < HG(1 -}, h+e)+ G(1L—e2)}, |h—¢]). (3"
Elementary though tedious manipulations show that in the proof of (3’) we may
assume that both functions on the right are given by the first formula. For instance, if

|h—e| = (1-€2)},

then 0<h<e—(1—6?),
and (3') becomes P(k) < er(1).
This holds if it holds at & = h(e) = e— (1 —€%)}, and since (d/de) Y(h(e)) < (1), it
suffices to check it at € = 3,/2 and % = 0, in which case it is trivial. Therefore (3')
can be written in the following form:

v < S )+ v (5)
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x+eé<1 and x2=.|_x_il_

where xry = (1——62—) (1 —62)%.

Assume first 0 < € < 2. Inequality (5) does hold at ¢ = 0 so it suffices to show that
the partial derivative of the right hand side of (5) with respect to € is non-negative.
By (4) this holds if

—e(1—e2)"Ha ' (2,) + ¥ (@) + 2, Y () + Y7 (25)}
1+ex —1+ex

—e2\ Ly " 4 P e
+HL- e @) o+ ) g | > O
which, in turn, is equivalent to
’ ’ € " ”
V(@) ¥ (z,) 2 e Y () + ¥ (2,)},
that is fZl e t2dt > Na, — x,) {e~2H2 4 o—2i2),
Zs

This inequality does hold since 0 <z, < x; < 1 so ¢~/ is concave in the interval
[, 4]

The case x < € can be dealt with exactly the same way, so the proof of Theorem 3
is complete.

Analogously to Corollary 2 we have the following consequence of Theorem 3.

COROLLARY 4.

1
B, < e} +f e~t'2dt ~ 1-4622.
0

Once again, with the aid of a computer one can find a Haar martingale that shows
B, > 1-44. In particular, we see that 4, < B, < C,,.

I am very grateful to Mr Jonathan Partington for his help with the computer
search.
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Added in proof. Using a different approach Burkholder has proved Corollary 2.
(A sharp inequality for martingale transforms, Annals of Probability 7 (1979)
858-863.) He also conjectured that C, = .2 which we know to be false since
C, > 1-61.
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