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Abstract. We show that then-center problem inR3 has positive topological entropy for
n ≥ 3. The proof is based on global regularization of singularities and the results of
Gromov and Paternain on the topological entropy of geodesic flows. Then-center problem
in S3 is also studied.

1. Introduction
LetP = {p1, . . . , pn} be a finite set inR3. Then-center problem is a Lagrangian system

q̈ = −∇V (q), q ∈ R3 \ P, (1.1)

with the Lagrangian

L(q, q̇) = 1
2|q̇|2 − V (q), V (q) = −

n∑
i=1

µi

|q − pi | + ϕ(q), µi > 0, (1.2)

whereϕ ∈ C∞(R3). Hence the potential energyV hasn Newtonian singularities. We
assume thatV < 0 everywhere and there existsR > 0 such that

V (q)+ 1
2〈q,∇V (q)〉 < 0, for |q| ≥ R. (1.3)

For the classicaln-center problemϕ = 0, and condition (1.3) is obviously satisfied. The
classical two-center problem is a completely integrable system as shown by Euler. For
Lagrange’s two-center problem,ϕ = −|q|2/2.

LetH(q, q̇) = 1
2|q̇|2 + V (q) be the energy integral. Fix an energy level

6E = {(q, q̇) ∈ (R3 \ P) × R3 | H(q, q̇) = E}, E ≥ 0.

By Lagrange’s equality and condition (1.3) for any solution of equation (1.1) of energy
E ≥ 0,

d2

dt2
|q|2 = 4(E − V − 1

2〈q,∇V (q)〉) > 0, for |q| ≥ R. (1.4)

Hence all trajectories on6E exiting theR-ball B escape to infinity, and non-trivial
dynamics occurs in6E ∩ {q ∈ B} only.
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THEOREM 1.1. For n ≥ 3 andE ≥ 0 the topological entropyhtop of then-center problem
on6E is positive.

Note that no natural definition of the topological entropy for incomplete flows with
singularities seems to exist. The topological entropy is well defined (independent of the
metric) for flows on compact metric spaces [6]. To define the topological entropy in our
case, we perform a reduction to a flow on a compact space.

By the Maupertuis principle [1], trajectories with energyE of the system (1.1) are
geodesics of the Maupertuis metricgE(q, q̇) = 2(E − V (q))|q̇|2 onR3 \ P . Let

6 = {(q, q̇) ∈ (R3 \ P)× R3 | gE(q, q̇) = 1}.
Then trajectories of (1.1) on6E are mapped to trajectories of the geodesic flowgs : 6 →
6 of the metricgE by the scaling(q, q̇) → (q, q ′), q ′ = q̇/

√
2(E − V ), together with the

time reparametrizationds = √
2(E − V ) dt. Instead of the system (1.1) on6E , we will

study the geodesic flowgs : 6 → 6, andhtop means the topological entropyhtop(6, g
t )

of this flow.
The manifold6 is non-compact and the flowgt : 6 → 6 is non-complete due to

collisions with the singularitiespi . Hence the topological entropyhtop(6, g
t ) is not well

defined. However, it is well known that collisions can be regularized, so thatgt is extended
to a smooth flowg̃t : 6̃ → 6̃ without singularities on a manifold̃6 ⊃ 6. Topologically,
6 is obtained from̃6 by removing two-dimensional spheresS2

i ⊂ 6̃ corresponding to
collisions withpi . The trajectories of the flow̃gt crossS2

i transversely. The construction
of 6̃ is described in §2. We define the topological entropy of the geodesic flowgt as the
topological entropy of the regularized flowhtop(6, g

t ) = htop(6̃, g̃
t ).

The manifold̃6 is non-compact at infinity. The flow̃gt is complete forE > 0, and also
for E = 0 provided that lim inf|q|→∞ |q|2V (q) < 0. However, the topological entropy
htop(6̃, g̃

t ) is well defined even if the flow̃gt is incomplete. Indeed, by Lagrange’s
inequality (1.4), the set3 ⊂ 6̃ of non-wandering points for the flow̃gt is contained
in 6̃ ∩ {q ∈ B}. Then the topological entropyhtop(6̃, g̃

t ) is defined as the topological
entropyhtop(3, g̃

t ) of the flow g̃t restricted to the compact invariant set3. Recall that
since3 is compact, the positiveness of the topological entropy is invariant under strictly
monotone time reparametrization [6]. Hence the positiveness of the topological entropy is
independent of the construction of the regularized flow. This means complicated behavior
of the solutions of (1.1) on6E ∩ {q ∈ B}.
Remarks.(1) It was proved in [2, 8] that then-center problem inR2 is non-integrable for
n ≥ 3, and has positive topological entropy. Ifϕ ≡ 0 and all the centers inR3 lie in one
plane, then then-center problem inR3 contains then-center problem inR2 as a subsystem
and, hence, this also has positive topological entropy. However, this argument does not
hold if the centers do not lie in a plane.

(2) Under the conditions of Theorem 1.1 the system (1.1) can be partly integrable.
For example, whenϕ = 0 and the centers lie on a line, there is an integral of angular
momentum.

(3) The conditionE ≥ 0 is necessary. For anyn it is possible to construct ann-center
problem satisfying all conditions of Theorem 1.1 that is integrable on6E for someE < 0.
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For example, one can takeV such that for large negativeE the set{V ≤ E} is a union of
ballsUi aroundpi andV |Ui = −1/|q − pi |.

(4) Theorem 1.1 holds also if the Lagrangian is replaced byL = T (q, q̇)−V (q), where
the Riemannian metricT (kinetic energy) is conformally Euclidean nearpi and tends to
the Euclidean metric at infinity, so that Lagrange’s inequality holds for large|q|. The proof
we give works also in this case.

There is another version of Theorem 1.1 which is formulated in terms of the number
of orbits with bounded action connecting two given points. Lagrange’s inequality implies
that any trajectory of energyE of the system (1.1) connecting two pointsp, q ∈ B \P lies
in B. For anyλ > 0 letNλ(p, q) be the number of such trajectoriesγ : [a, b] → B \ P
with the Maupertuis action∫

γ

√
gE dt =

∫ b

a

|γ̇ (t)|2 dt ≤ λ.

THEOREM 1.2. For n ≥ 3 andE ≥ 0 there existsc > 0 such thatNλ(p, q) ≥ ecλ for
almost allp, q ∈ B \ P .

Thus the number of trajectories connecting two generic points grows exponentially with
the action. Hence the geodesic entropy of the metricgE onB \ P is positive.

The definition of the geodesic entropyhgeodof a Riemannian metric on a manifoldM of
finite volume is as follows [14]. Take two generic pointsp, q ∈ M that are not conjugate
along any geodesic. For anyλ > 0 letNλ(p, q) be the number of geodesicsγ of length
L(γ ) ≤ λ connectingp andq. Then

hgeod= lim sup
λ→∞

1

λ
log

∫
M×M

Nλ(p, q) dµ(p) dµ(q), (1.5)

whereµ is the volume measure of the Riemannian metric.
For M a closed Riemannian manifold, Man´e [10] and Paternain and Paternain [14]

proved thathtop = hgeod. In general, such a result does not hold for non-compact
manifolds. Define the geodesic entropy for the Maupertuis metricgE on M = B \ P
by (1.5). We will see thathtop ≥ hgeod for M = B \ P due to a special behavior of the
metric at infinity.

Similar results hold for then-center problem on a sphereS3. Let S3 ⊂ R4 be the
standard sphere andP = {p1, . . . , pn} ⊂ S3 a finite set. Define the potential by (1.2)
with | · | the Euclidean metric inR4. We still assume thatV < 0 everywhere. Consider
a Lagrangian system onS3 \ P with the LagrangianL = T (q, q̇) − V (q), whereT is a
Riemannian metric onS3 that is conformally Euclidean nearpi , i.e.T = a(q)|q̇|2/2 for q
close topi .

THEOREM 1.3. For n ≥ 5 andE ≥ 0 the topological entropy of the system on6E and
the geodesic entropy of the Maupertuis metricgE onS3 \ P are both positive.

There exist counter examples for anyn ≤ 4. We will prove the following.

PROPOSITION1.1. For n ≤ 4 there exist aC∞ Riemannian metricT onS3 conformally
Euclidean in a neighborhood ofP and a C∞ potential V < 0 having Newtonian
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singularities atP such that then-center problem onS3 with L = T (q, q̇) − V (q) is
integrable on the energy level6E for some energyE > 0, and the topological entropy on
6E is zero.

The proof of Theorem 1.3 for evenn is similar but simpler than the proof of
Theorems 1.1 and 1.2. Since we are mostly interested in the physical case ofR3, we
will prove Theorem 1.3 for evenn only. The case of oddn is a little different and will be
treated elsewhere.

Theorems 1.1–1.3 will be deduced from a general result on regularization of Newtonian
singularities on a manifold which is a global version of the KS regularization [17]. Then
we will use the results of Gromov [5] and Paternain [13, 15] on the topological entropy of
geodesic flows on closed manifolds.

The paper is organized as follows. In §§2–4 the global regularization of Newtonian
singularities in a three-dimensional manifold is discussed. In §5 the topology of the
regularized configuration space is calculated. As a consequence, Proposition 1.1 is proved.
In §6 relations between the topological entropy of a geodesic flow, growth rate of the
number of geodesics and the topology of the manifold are recalled, following Gromov [5]
and Paternain [13, 15]. These general results are applied to then-center problem onS3,
and Theorem 1.3 is proved for evenn. Then-center problem inR3 is treated in §7, where
Theorems 1.1 and 1.2 are proved. To do this, we check that under certain assumptions the
results of Gromov [5] and Paternain [13, 15] can be extended to the non-compact case.

Remark.Similar results hold for ann-center problem in an arbitrary two-dimensional
manifoldQ [3, 7, 8]. Then the topological entropy is always positive forn greater than
twice the Euler characteristics ofQ. We are unable to treat ann-center problem in an
arbitrary three-dimensional manifoldQ, because we are using the methods of Gromov and
Paternain, and so have to assume thatQ is simply connected. Similar results hold if the
fundamental group ofQ is large enough. For example, using the theorem of Taimanov
[16] it is easy to show that then-center problem on a closed manifoldQ is non-integrable
if dimH1(Q,R) ≥ 5.

2. Global regularization
Let Q be a connected three-dimensional Riemannian manifold, possibly with boundary,
andP = {p1, . . . , pn} be a finite set inQ. Consider a Lagrangian system with the
configuration spaceQ \ P and the LagrangianL(q, q̇) = T (q, q̇)− V (q).

We assume that theC∞ Riemannian metricT onQ (kinetic energy) is conformally
Euclidean in a neighborhoodUi of any pointpi ∈ P . Hence there exist local coordinates
q : Ui → R3 such that the metric has a conformal form

T (q, q̇) = 1
2ai(q)|q̇|2, ai > 0, (2.1)

where| · | is the Euclidean metric onR3.
Let V be aC∞ function onQ \ P bounded above and having Newtonian singularities

at the pointspi ∈ P . Hence in the conformal coordinatesq : Ui → R3,

V (q) = −fi(q)|q| , fi > 0, (2.2)
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wherefi is aC∞ function in a neighborhood of zero. We assume thatV < 0 everywhere.
Let H = T (q, q̇) + V (q). Fix E ≥ 0. We will study the system on the energy level

6E = {H = E} ⊂ T (Q\P). Trajectories with energyE are geodesics of the Maupertuis–
Jacobi Riemannian metric [1] onQ \ P :

gE(q, q̇) = 4(E − V (q))T (q, q̇) = ‖q̇‖2
gE
. (2.3)

More precisely, the mapψ : 6E → 6, where

6 = T1(Q \ P) = {(q, q̇) ∈ T (Q \ P) | gE(q, q̇) = 1}
andψ(q, q̇) = (q, q̇/

√
2(E − V ) ), takes the trajectories of the Lagrangian system on

6E to the trajectories of the geodesic flowgt : 6 → 6 of the metricgE (with time
reparameterization).

We consider two cases:
• Q is non-compact or has a non-empty boundary;
• Q is a closed manifold (i.e. compact and without boundary). In this case we assume

thatn is even.
ForQ a closed manifold andn odd, the global regularization of singularities is more

complicated and will be discussed in another paper. We may assume thatQ is oriented. If
not, it is sufficient to pass to the two-sheet orienting covering. Then the number of centers
will be even automatically. The next theorem is a global version of the KS-regularization.

THEOREM 2.1. Let n ≥ 1. For closedQ let n be even. There exist a four-dimensional
manifoldM, a smooth group action8t : M → M, t mod 2π , of a circleS1 onM, a
smooth surjective mapφ : M → Q and aC∞ Riemannian metricG = 〈· , ·〉G onM such
that:
• φ ◦8t = φ;
• for any pointpi ∈ P the setφ−1(pi) consists of one pointsi ∈ M. Let S =

φ−1(P ) = {s1, . . . , sn};
• the group action is free onM \ S, and the mapφ|M\S : M \ S → Q \ P is a fiber

bundle with the structure groupS1;
• G is invariant under the group action8t ;
• let v(x) = (d/dt)|t=08t(x) be the Killing vector field generating the isometry group

8t . Then‖ẋ‖G = ‖φ′(x)ẋ‖gE for anyẋ ∈ TxM such that〈v(x), ẋ〉G = 0.

COROLLARY 2.1. LetF(x, ẋ) = 〈v(x), ẋ〉G be the momentum integral for the geodesic
flow of the metricG. Then the mapφ takes geodesics of the metricG onM \ S with zero
value of the momentumF into geodesics of the metricgE onQ \ P .

More precisely, let

T1M = {(x, ẋ) ∈ TM | ‖ẋ‖G = 1}, 0 = {(x, ẋ) ∈ T1M | F(x, ẋ) = 0}. (2.4)

Then0 is a six-dimensional manifold invariant under the geodesic flowGt : T1M → T1M

of the metricG. The flowsGt and8′
s commute on0. Let 0̂ = 0 ∩ T (M \ S). Then

φ′(0̂) = 6 andgt ◦ φ′ = φ′ ◦Gt on 0̂, whereφ′ : TM → TQ is the derivative ofφ, and
gt : 6 → 6 is the geodesic flow of the metricgE .
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In other words, the geodesic flow of the metricgE on Q \ P is obtained from the
geodesic flow of the metricG onM by means of a reduction with respect to the symmetry
group8t [1]. The geodesics ofG passing through one of the pointssi ∈ S are projected
to geodesics ofgE that collide withpi and are reflected in the opposite direction.

The regularized energy level̃6 is defined as a quotient space0/8′
t over the group

action8′
t : 0 → 0. Since the group action8′

t is free on0, 6̃ is a smooth manifold. There
is a natural embedding6 ⊂ 6̃ as0̂/8′

t , and

6̃ \6 = ∪ni=1T1piM/8
′
t = ∪ni=1S

2
i .

is a union of two-spheres. In factT1piM = S3 and8′
t acts onS3 as in the Hopf fibration.

The geodesic flowGt : 0 → 0 of the metricG defines a quotient flow̃gt : 6̃ → 6̃ such
thatg̃t |6 = gt . Henceg̃t is a regularization of the geodesic flowgt : 6 → 6.

Remarks.(1) There is an analog of Theorem 2.1 forQ a two-dimensional manifold that is
a global version of the Levi-Civita regularization [3]. ThenM is also a two-dimensional
manifold, and the mapφ : M → Q is a two-sheeted ramified covering (Z2 fibration) except
for the case whenQ is a closed oriented surface andn is odd. Indeed, an obvious Euler
characteristics argument shows that ifφ is a two-sheeted ramified covering over a closed
surface, then the numbern of branch points is even. Forn odd the procedure should be
iterated, and the regularizing mapφ : M → Q becomes a four-sheeted ramified covering.

Similarly, it will be shown in §4 that ifφ : M → Q is a singularS1 fibration
over a closed three-dimensional manifold satisfying the condition of Theorem 2.1, then
necessarilyn is even. Ifn is odd, then, as for the case of surfaces, the procedure should be
iterated, and the dimension of the regularizing manifold raises to five.

(2) There are several other ways to regularize double collisions. The most famous
is Moser’s regularization [12]. Locally, near the singularities, these regularizations give
isomorphic regularized flows̃gt : 6̃ → 6̃. However, other known regularizations do
not preserve the Lagrangian structure of the system (for example, Moser’s regularization
interchanges coordinates and momenta), and hence are not suitable for our purposes.

3. KS-regularization
For the proof of Theorem 2.1 we reformulate the KS-regularization [17] in a more
geometric way. Consider a one-center problem inR3 with the kinetic and potential energies
as in (2.1) and (2.2). Trajectories of energyE > 0 are geodesics of the Maupertuis metric

gE(q, q̇) = 2(E + f (q)/|q|)a(q)|q̇|2. (3.1)

The KS-regularization introduces newdependentcoordinatesx ∈ R4 such that the
singularity at zero disappears. Leth : R4 → R3 be a quadratic map (the Hopf map)
such that:
• |h(x)| = |x|2;
• h(eJ tx) = h(x) for any t ∈ R, whereJ : R4 → R4 is a skew-symmetric matrix

such thatJ 2 = −1;
• if 〈Jx, ẋ〉 = 0, then|h′(x)ẋ| = 2|x||ẋ|.

https://doi.org/10.1017/S0143385701001195 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001195


Regularization and topological entropy for the spatialn-center problem 389

There are several equivalent constructions of the Hopf map. IfR4 is identified with the
setH = {x = x0 + ix1 + jx2 + kx3} of quaternions, the maph : H → R3 = {x ∈ H |
x0 = 0} can be defined ash(x) = xix̄, andJx = xi.

Define aC∞ Riemannian metricG onR4 as

G(x, ẋ) = u(h(x))|ẋ|2, u(q) = 8(E|q| + f (q))a(q). (3.2)

This metric has an isometry groupx → eJ tx corresponding to the Killing vector field
v(x) = Jx. Hence the geodesic flow ofG has a first integral of momentum

F(x, ẋ) = 〈ẋ, v(x)〉G = u(x)〈ẋ, J x〉.
By the third property of the Hopf map and (3.1)–(3.2),

gE(h(x), h
′(x)ẋ) = G(x, ẋ), for F(x, ẋ) = 0.

This implies that geodesics of the Riemannian metricG corresponding to the zero level
{F = 0} of the integralF are projected by the maph to geodesics of the Riemannian metric
gE . The metricgE on R3 \ {0} is obtained from the metricG on R4 \ {0} by means of a
reduction with respect to the isometry groupeJ t : R4 → R4. SinceG has no singularity at
x = 0, the geodesic flow ofG on {F = 0} regularizes the geodesic flow ofgE . This yields
Theorem 2.1 for a one-center problem inR3.

In the next section we will use the connection form [9, 11] of the Hopf fibration
h : R4\{0} → R3\{0}. This fibration can be equipped with two structures of a fiber bundle
with the transformation groupS1 = R/(2πZ) acting asx → e±J tx respectively. The first
one is the standard Hopf fibration, and the second one its conjugate. The connection 1-form
onR4 \ {0} for the Hopf fibration is

λx = 〈Jx, dx〉
|x|2 . (3.3)

Indeed,λ is 8t -invariant andλx(Jx) ≡ 1. On the horizontal planeHx = {λx = 0}, the
differentialdλ equals

dλ|Hx = (J dx)∧ dx
|x|2 .

This form is the pull backh∗� of the closed 2-form

� = (q × dq)∧ dq
2|q|3 (3.4)

onR3 \ {0}, which is the curvature form of the Hopf fibration. The Chern class of the fiber
bundle is defined as the cohomology class[�/(2π)] ∈ H 2(R3 \ {0},R). Since�/2π is a
monopole 2-form: ∫

S2
� = 2π,

[�/(2π)] is a generator ofH 2(R3 \ {0},Z). The form−� is the curvature form of the
conjugate bundle corresponding to the group actione−J t .
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4. Proof of Theorem 2.1
First we assume thatQ is diffeomorphic to a closed ballB. Letq : Ui → R3 be conformal
coordinates in a neighborhoodUi of the centerpi ∈ B.

LEMMA 4.1. There exists a four-dimensional manifoldM, a group action8t : M → M

and a mapφ : M → B such that:
• φ and8t satisfy the conditions of Theorem 2.1;
• in a neighborhoodUi of any pointpi ∈ P , φ is the Hopf fibration. More precisely,

there exists a chartx : Vi = φ−1(Ui) → R4 such thatq ◦ φ|Vi ◦ x−1 = h and

x ◦8t |Vi ◦ x−1 = e(−1)iJ t ;
• for n even,∂M = S2 × S1 and the fibrationφ|∂M is trivial over the boundary

∂B = S2;
• for n odd,∂M = S3 andφ|∂M is isomorphic to the Hopf fibrationh : S3 → S2.

Proof. Fiber bundlesφ : N → B \P with the transformation groupS1 are classified up to
isomorphism by their Chern classesc(φ) ∈ H 2(B \P,Z) [11]. SinceH 2(B \P,Z) = Zn

has no torsion, the Chern class ofφ can be defined asc(φ) = [ω/(2π)] ∈ H 2(B \ P,R),
whereω is the curvature 2-form onB \ P for some connection of the fibrationφ [9, 11].
To construct a fibrationφ|M\S : M \ S → B \ P , we construct its curvature formω on
B \ P . It should be an integer 2-form, i.e.

∫
∂Ui

ω ∈ 2πZ for anyi.

By using the monopole 2-form (3.4) and conformal coordinatesq : Ui → R3, define a
closed 2-form�i = q∗� in Ui \ {pi}. 2

LEMMA 4.2. There exists a closed 2-formω onB \P such thatω|Ui\{pi} = (−1)i�i . For
n even,ω vanishes in a neighborhood of∂B. For n odd,

∫
∂B ω = 2π .

Proof. The form�i can be extended to a closed 2-form onB \ {pi} such that�i |Uj = 0
for i 6= j . Put

ω =
n∑
i=1

(−1)i�i. (4.1)

Forn odd, by Stokes theorem,
∫
∂B ω = 2π .

If n is even, then
∫
∂B ω = − ∑n

i=1 2π(−1)i = 0, and soω = dβ in a neighborhood
of the sphere∂B. Extendβ to a smooth 1-form onB vanishing on∪ni=1Ui and put
ω̃ = ω − dβ. Thenω̃ satisfies the condition of Lemma 4.2. 2

SinceS1-bundles are classified by their Chern classes [11], there exists a fiber bundle
φ : N → B \ P with the transformation group8t : N → N , t ∈ S1, having a connection
with the curvature formω. Its restriction toφ−1(Ui \ {pi}) is isomorphic to the restriction
of the Hopf fibrationh : R4\{0} → R3\{0} (or its conjugate) to a ballB4 = h−1(B3) with
B3 a ball around 0∈ R3. The restriction ofφ to ∂N is isomorphic to the Hopf fibration or
a trivial fibration depending on ifn is odd or even.

SetM = N∪S, S = {s1, . . . , sn}, and introduce a smooth structure onM by identifying
the setφ−1(Ui \ {pi}) ∪ {si} ⊂ M with B4. ThenM is a smooth manifold with boundary
S2 × S1 or S3 andφ : M → B is a smooth map which is isomorphic to the Hopf fibration
in a neighborhood of the pointsi . The extension of theS1-action8t to M defined by
8t(si) ≡ si is smooth. The remaining conditions in Lemma 4.1 follow immediately.2
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Now letQ be an arbitrary oriented 3-manifold. Take a closed ballB ⊂ Q containingP
in its interior and apply Lemma 4.1. Ifn is even,φ : M → B is a trivial fibration over∂B
and hence it can be extended to a smooth mapφ̃ : M̃ → Q which is a trivial fibration over
Q \ B.

Now let n be odd andQ non-closed. ThenH 3(Q,Z) = 0. Hence the Chern class
c ∈ H 2(B \ P,Z) of the fibrationφ : M \ S → B \ P is the restriction of a cohomology
classc̃ ∈ H 2(Q \ P,Z). Extend the fibrationφ to a fibrationφ̃ : M̃ \ S → Q \ S with the
Chern class̃c. The topological part of Theorem 2.1 is proved.

Remarks.(1) For evenn the construction of the regularizing manifoldM is unique. For
oddn and non-closedQ the topology ofM is non-unique, because the classc̃ was defined
up to an element ofH 2(Q,Z). If H 2(Q,Z) = 0, the construction above gives a unique
M. For non-closedQ one can take arbitrary signs in (4.1) yielding differentM, but we do
not use this possibility.

(2) For an odd number of centers in a closed manifold we can not constructM in a
similar way. Indeed, for a singularS1 fibration such thatφ|Ui is a Hopf fibration or its
conjugate, the curvature formω is a monopole form onUi \ {pi}. By Stokes theorem,

0 =
n∑
i=1

∫
∂Ui

ω = 2π
n∑
i=1

(±1).

Hencen is necessarily even. For an odd number of centers in a closed manifold the
regularizing procedure should be iterated and hence the regularizing manifold must be
five-dimensional.

Next we define a Riemannian metricG onM satisfying the conditions of Theorem 2.1.
This metric is similar to the Kaluga–Klein metric.

Let ω be a curvature 2-form of the fibrationφ satisfying Lemma 4.2. Choose some
connection 1-formλ onM \ S corresponding toω. Thenω|Ui\{pi} is the monopole 2-form
(3.4), and we can assume thatλ|Vi\{si} is the connection form (3.3) for the Hopf fibration.

Letw be a smooth positive function onQ such that in local coordinatesq : Ui → R3,
w|Ui = ui(q)|q|, whereui is the function (3.2) corresponding to the neighborhoodUi . Let
Hx = {ẋ ∈ TxM | λx(ẋ) = 0} be the horizontal space. Define a Riemannian metricG on
M \ S in such a way that

‖v(x)‖2
G = w(φ(x)), ‖ẋ⊥‖G = ‖φ′(x)ẋ‖gE , (4.2)

whereẋ⊥ ∈ Hx is the horizontal component oḟx. Hencev(x) ⊥ Hx in the metricG.
Locally in Vi \ {si}, φ = h is a Hopf map, and so

G(x, ẋ) = ui(h(x))|x|2λ2
x(ẋ)+ gE(x, h

′(x)ẋ⊥)

= ui(h(x))|x|2
( 〈Jx, ẋ〉

|x|2
)2

+ 2ai(h(x))

(
E + fi(h(x))

|x|2
)

4|x|2|ẋ⊥|2

= ui(h(x))|ẋ|2. (4.3)

HenceG can be extended to a smooth metric onM. Theorem 2.1 is proved.
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Remark.The Riemannian metricG is non-unique. Indeed, the connection formλ is non-
unique, and also the functionw on Q \ ∪Ui can be arbitrary (providedw is smooth
and positive). We will use this non-uniqueness in the proof of Theorem 1.1 to satisfy a
convexity condition for the setφ−1(B).

5. Topology of the regularized configuration space

Calculating the topology of the regularized manifoldM is a simple exercise in the four-
dimensional topology, but for the convenience of the reader we include all the details. We
are interested in the casesQ = R3 andQ = S3. ForQ = S3, we assume thatn is even.

One center inR3 or B3. Then the regularized manifold is obtained by the KS-
regularization, and soM = R4 orB4 respectively.

Two centers inS3. Take two closed ballsB3
1 andB3

2 in S3 such thatS3 is obtained by gluing
them together along the boundary, andB3

1,B3
2 contain the centersp1,p2 respectively. Then

the regularized manifold forB3
i is B4

i . Hence the regularized manifoldM for two centers
in S3 is obtained by gluing the ballsB4

1 andB4
2 along the boundaryS3. HenceM = S4.

Two centers inR3 or B3. EmbedQ = R3 in S3 as an open ballS3 \ B3. The regularized
manifold for two centers inS3 equalsS4. Since the mapφ : S4 → S3 is a trivial fibration
overB3 = S3\Q, the regularized manifoldM forQ = R3 is obtained fromS4 by deleting
the trivial fiber bundleB3 × S1:

M = S4 \ (B3 × S1) = S2 × R2.

ForQ = B3,M = S2 ×D2, whereD2 is a closed disk.

Four centers inS3. The sphereS3 is obtained by gluing together two ballsB3
1 andB3

2,
each containing two centersp1, p2 andp3, p4 with different signs of the curvature form in
(4.1). We proved that the regularized manifold for two centers inB3 is S2 ×D2. ThusM
is obtained by gluing together two copies ofS2 ×D2 along the boundaryS2 × S1. Hence
M = S2 × S2.

Now we prove a general result. Fix an oriented 3-manifoldQ. We assume that ifQ is
closed, thenn is even. For oddn andQ non-closed, we assume thatH 2(Q,Z) = 0. Then
the regularized manifoldM corresponding ton centers inQ is uniquely defined. It will be
denoted byMn.

PROPOSITION5.1. For n ≥ 1 the manifoldMn+2 is a connected sum ofMn andS2 × S2:

Mn+2 = Mn#(S2 × S2).

The connected sumM#N of two oriented manifoldsM,N of the same dimension is
defined as follows. Delete fromM a ballB1, and fromN a ballB2, and glueM \ B1

andN \ B2 together by an orientation reversing diffeomorphism of the spheres∂B1 and
∂B2. Being more careful, the topological manifoldM#N can be made a smooth manifold
which, up to a diffeomorphism, does not depend on the construction.
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Proof. Let us show that the manifoldMn+2 is obtained fromMn by surgery:Mn+2 =
s(Mn), where the operations is defined as follows. Take a simple contractible closed
curve inMn and its tubular neighborhood diffeomorphic toB3 × S1. DeleteB3 × S1 from
Mn and attach insteadS2 ×D2 along the boundary∂(S2 ×D2) = ∂(B3 × S1) = S2 × S1.
We claim that the obtained manifolds(Mn) is homeomorphic toMn+2.

Let {p1, . . . , pn+2} ⊂ Q be the singular set. Take a ballB3 containing the centers
pn+1, pn+2 with the opposite signs of the curvature formωn+2 in (4.1). It can be assumed
thatωn+2 vanishes in the neighborhood of the sphereS2 = ∂B3 ⊂ Q. The restriction of
the regularizing mapφn+2 : Mn+2 → Q to this sphere is a trivial fibration. By what we
have already shown,φ−1

n+2(B
3) = S2 ×D2.

Let ωn be a closed 2-form coinciding withωn+2 in Q \ B3 and vanishing inB3. Then
the fibrationφn corresponding toωn regularizes then-center problem with the singularity
set{p1, . . . , pn}. Hence the restrictions of the mapsφn : Mn → Q andφn+2 : Mn+2 → Q

are isomorphic fibrations overQ \ B3. However, the restriction ofφn to B3 is trivial, and
soφ−1

n (B3) = B3 × S1. This proves the claim.
Since surgery can be performed inside an embedded ballB4 ⊂ Mn, Proposition 5.1

follows from the equality

s(B4) = (S2 × S2) \ B4 = B4#(S2 × S2).

Equivalently,s(S4) = S2×S2. Incidentally, we already proved this well-known equality
when regularizing the four-center problem onS3. Proposition 5.1 is proved. 2

Hence forQ = S3 andk ≥ 2,

M2k = (S2 × S2)# · · · #(S2 × S2)︸ ︷︷ ︸
k−1

. (5.1)

ForQ = R3 andk ≥ 1,

M2k+1 = (S2 × S2)# · · · #(S2 × S2)︸ ︷︷ ︸
k

\B4, (5.2)

M2k = (S2 × S2)# · · · #(S2 × S2)︸ ︷︷ ︸
k−1

#(S2 × R2). (5.3)

Forn ≥ 1 centers inR3,Mn is homotopically equivalent toS2 ∨ · · · ∨ S2︸ ︷︷ ︸
n−1

.

COROLLARY 5.1. For an even numbern ≥ 2 of centers inS3,

H0(M,Z) = H4(M,Z) = Z, H1(M,Z) = H3(M,Z) = 0, H2(M,Z) = Zn−2.

For n ≥ 1 centers inR3,

H0(M,Z) = Z, H1(M,Z) = H3(M,Z) = H4(M,Z) = 0, H2(M,Z) = Zn−1.

Next we construct an integrable on an energy level four-center problem inS3.

https://doi.org/10.1017/S0143385701001195 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001195


394 S. V. Bolotin and P. Negrini

Proof of Proposition 1.1.For the four-center problem inS3, the regularized manifoldM4

is S2×S2. We need to construct a Riemannian metric onS2×S2 possessing aS1 isometry
group with four fixed points of the same type as in the Hopf fibration and such that the
geodesic flow is integrable. Letψt : S2 → S2, t mod 2π , be the rotation group with two
fixed pointsa1, a2. Take a metric of revolution onS2 which is Euclidean neara1,2. Then
define the isometry group8t : S2 × S2 → S2 × S2 as8t(x1, x2) = (ψt (x1), ψt (x2)). It
has four fixed points(ai, aj ). It is easy to see that(S2 × S2)/8t is homeomorphic toS3.
Near any fixed point, the group action8t is isomorphic to the group action of the Hopf
fibration, and the product metric onS2 × S2 is Euclidean near the fixed points. Hence
for the zero level of the momentum integral, the reduced metric onS3 with four points
deleted is the Maupertuis metric for a system onS3 with four Newtonian singularities. The
kinetic energy is conformally Euclidean near each singularity. Since the geodesic flow of
the Maupertuis metric is integrable, Proposition 1.1 is proved forn = 4.

Forn = 1,2 Proposition 1.1 is obvious. We skip the casen = 3, when the regularized
manifold isS5. 2

6. The topological entropy of the regularized flow
In this section we prove Theorem 1.3 using the results of Gromov [5] and Paternain [13, 15]
on the topological entropy of geodesic flows.

Suppose that the assumptions of Theorem 2.1 are satisfied. Then the mapφ′ : T1M →
T1Q takes trajectories of the geodesic flowGt of the metricG on the invariant manifold0
that belong to0̂ = 0 ∩ T (M \ S) to trajectories of the geodesic flowgt : 6 → 6 of the
metricg. The regularized energy level̃6 is the quotient of0 over the group8′

t : 0 → 0.
Let π : 0 → 6̃ be the natural projection.

The goal is to estimate the topological entropy for the flowgt : 6 → 6, or,
equivalently, for the regularized flow̃gt : 6̃ → 6̃, by using the geodesic flowGt : 0 → 0.
The difficulty in applying the results of Gromov and Paternain is that only a subsystem of
the geodesic flowGt : T1M → T1M corresponds to the flow̃gt : 6̃ → 6̃.

The Riemannian metricG onM defines a Riemannian metric onT1M in a standard
way. Denote byd the corresponding8′

t -invariant distance on0. The distancẽd on 6̃ is
the quotient of the metricd under the group action8′

t :

d̃(π(x), π(y)) = min
t
d(8′

t (x), y) ≤ d(x, y), x, y ∈ 0. (6.1)

In this section we assume thatQ is a closed manifold. Then0 is a closed manifold.
Recall the definition of the topological entropyhtop(K,G

t ) for a compact setK ⊂ 0 and
a flowGt : 0 → 0 [6]. Let

dT (x, y) = sup
0≤t≤T

d(Gt(x),Gt(y)).

A setA ⊂ K is said to(T , ε)-spanK if for any x ∈ K there existsy ∈ A such that
dT (x, y) ≤ ε. LetST (ε,K) be the minimal cardinality of an(T , ε)-spanning set. Then

htop(K,G
t ) = lim

ε→0
lim inf
T→∞

1

T
logST (ε,K). (6.2)
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The topological entropyhtop(K, g̃
t ) for the regularized flow̃gt : 6̃ → 6̃ and a compact

setK ⊂ 6̃ is defined similarly withd replaced byd̃. Then

htop(K, g̃
t ) = htop(π

−1(K),Gt ). (6.3)

Indeed, since8′
s is an isometry commuting withGt , by (6.1),

ST (ε,K) ≤ ST (ε, π
−1(K)) ≤ 2 max

x∈K diam(π−1(x)) ST (ε,K).

Fix a pointq ∈ Q \ P and letN = φ−1(q) be the fiber overq. We will estimate the
topological entropy of the set

K = N⊥ = {(x, ẋ) ∈ T1M | x ∈ N, ẋ ⊥ TxN} = π−1(T1qQ).

For anyx ∈ N the tangent spaceTxN is generated byv(x), and so(x, ẋ) ∈ N⊥ is
equivalent to〈ẋ, v(x)〉G = 0. HenceN⊥ ⊂ 0. Then (6.3) implies that

htop(N
⊥,Gt ) = htop(T1qQ, g̃

t ) ≤ htop(6̃, g̃
t ).

Since, by definition,htop(6, g
t ) = htop(6̃, g̃

t ), we obtain

htop(N
⊥,Gt ) ≤ htop(6, g

t ). (6.4)

Take a pointx ∈ M that is not focal forN and denote by

nN(x, λ) = #{geodesicsγ : [0,1] → M | L(γ ) ≤ λ, (γ (0), γ̇ (0)) ∈ N⊥, γ (1) = x}
the number of geodesics of length≤ λ leavingN orthogonally and terminating atx. For
a geodesic flow on a closed Riemannian manifoldM, Gromov [5] and Paternain [13, 15]
proved that

lim sup
λ→∞

1

λ
log

∫
M

nN(x, λ) dµ(x) ≤ htop(N
⊥,Gt), (6.5)

whereµ is the Riemannian volume onM.
Let Q = S3. ThenM is a simply connected closed manifold, and we can use the

following result of Gromov [5] and Paternain [13, 14]. Denote by�(N, x) the space of
curves inC0([0,1],M) connectingN with x. Let bi(�(N, x)) = dimHi(�(N, x),Q) be
its Betti number.

LEMMA 6.1. There exists a constantC > 0 such that for allk ∈ N,

k∑
i=1

bi(�(N, x)) ≤ nN(x,Ck). (6.6)

This result can be extended to the case ofM, a compact Riemannian manifold with
geodesically convex boundary. We will use this in the next section.

Integrating inequality (6.6) and using (6.5) yields

lim sup
k→∞

1

k
log

k∑
i=1

bi(�(N, x)) ≤ Chtop(N
⊥,Gt ). (6.7)
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Thushtop(N
⊥,Gt) = 0 only when the sum of Betti numbers

∑k
i=1 bi(�(N, x)) grows

sub-exponentially withk.
The homotopy type of the space�(N, x) is independent ofx ∈ M. Takex ∈ S and fix

a pointy ∈ N . The space�(N, x) is homeomorphic to�(y, x)× S1, where�(y, x) is
the space of curves connectingy with x (the loop space�(M) ofM).

Indeed, any curveγ ∈ �(N, x), γ : [0,1] → M, definest ∈ S1 by8t(y) = γ (0) and
ω ∈ �(y, x) byω(s) = 8−t γ (s). We used thatx is a fixed point for8t .

Hence

bi(�(N, x)) = bi(�(M))+ bi−1(�(M)). (6.8)

A simply connected spaceM is said to be rationally hyperbolic if the sum of Betti
numbers

∑k
i=1 bi(�(M)) grows exponentially withk, and in the opposite case it is said to

be rationally elliptic.
Then (6.4), (6.7) and (6.8) imply the following.

COROLLARY 6.1. If M is rationally hyperbolic, the topological entropyhtop(6, g
t ) is

positive.

If Hi(M,Z) = 0 for i > m, then rational ellipticity implies that [4]∑
k

2k dim(π2k(M)⊗ Q) ≤ m,
∑
k

(2k − 1) dim(π2k−1(M)⊗ Q) ≤ m. (6.9)

To prove Theorem 1.3 forn = 2k centers inS3, we must check that the regularized
manifold (5.1) is rationally hyperbolic fork ≥ 3. Since

dim(π2(M)⊗ Q) = dimH2(M,Q) = 2(k − 1),

this follows from (6.9). Forn even the statement of Theorem 1.3 about the topological
entropy is proved.

Now we prove the part of Theorem 1.3 related to the geodesic entropy. The next lemma
holds for arbitraryQ andn.

LEMMA 6.2. For almost all pairs of pointsq, p ∈ Q \ P , Nλ(q, p) = nN(x, λ), where
N = φ−1(q), x ∈ φ−1(p).

Proof. Any geodesic connectingq andp in Q \ P is lifted to a unique geodesic inM
starting orthogonally toN and terminating atx. The geodesics onM passing throughS do
not correspond to geodesics inQ \ P .

However, for almost allp, q ∈ Q \ P , the geodesics emerging fromN orthogonally
and passing throughx are projected into curves that do not pass throughP . Indeed, the set
A of points(y, x) ∈ M ×M such that there exists a geodesic of the metricG connecting
them and passing throughS is a union of five-dimensional immersed manifolds

{(expsi (vt),expsi (−vs)) | s, t ≥ 0, v ∈ TsiM, ‖v‖G = 1}.
Thus almost all points(q, p) ∈ Q×Q do not belong to(φ × φ)(A). 2

We already showed that under the assumptions of Theorem 1.3,nN(x, λ) grows
exponentially withλ. Hence Theorem 1.3 is proved for evenn.
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7. Non-compact case
Now letQ = R3. Then the regularized manifoldM is non-compact, and so to estimate
the topological entropy as in the previous section we must extend the results (6.5) and
(6.6) of Gromov and Paternain to non-compact Riemannian manifolds. In our case this
generalization is straightforward due to Lagrange’s inequality (1.4).

Take a closed ballB ⊂ R3 with radiusR centered at zero. By Lagrange’s inequality,
B is geodesically convex in the Maupertuis metric, i.e. for allp, q ∈ B \ P any geodesic
connectingp, q in Q \ P lies inB. The compact manifoldW = φ−1(B) with boundary is
homotopically equivalent toM.

LEMMA 7.1. It is possible to construct the regularizing metricG in Theorem 2.1 in such
a way thatW is geodesically convex with respect to the metricG.

Proof. Let X = φ−1(R3 \ B). If n is even, the mapφ : M → R3 is a trivial fibration
overR3 \ B. HenceX = (R3 \ B) × S1 with the coordinatesq ∈ R3 \ B, s mod 2π .
The connection formλ onX can be assumed to be trivial:λ = ds. Puttingw|R3\B = 1
in the construction ofG in (4.2), we get, as in (4.3),G(x, ẋ) = ṡ2 + gE(q, q̇). SinceB is
geodesically convex in the metricgE , convexity ofW = φ−1(B) in the metricG follows
immediately.

The case of oddn is less trivial. Then the fibrationφ : X → R3 \ B is isomorphic to
the restriction of the Hopf fibrationh : R4 \ {0} → R3 \ {0} to R3 \ B. Without loss of
generality we can assume thatφ|X = h and the connection 1-formλ onX is the standard
form (3.3). Letw(q) = 8(E−V (q))|q| onR3\B. Then by (4.2),G|X = U(x)|ẋ|2, where
U(x) = w(h(x)) onX.

Geodesics of the metricG|X are, up to a reparametrization, solutions of the equation
ẍ = ∇U(x) such that|ẋ|2 = 2U(x). Let us show that for any such solution

d2

dt2
|x|2 = 4(U(x)+ 1

2〈∇U(x), x〉) > 0.

Denoteu(q) = 8(E − V (q)). ThenU(x) = |x|2u(h(x)) and

U(x)+ 1
2〈∇U(x), x〉 = 2|x|2(u(h(x))+ 1

2〈∇u(h(x)), h(x)〉) > 0

for |x| ≥ √
R by condition (1.3). 2

Proof of Theorem 1.2.Let us estimate the numberNλ(q, p) of geodesics inB \ P of
length≤ λ connecting generic pointsp, q ∈ B \ P . SetN = φ−1(q) and take some point
x ∈ φ−1(p). Lemma 6.2 implies thatnN(x, λ) = Nλ(q, p) for almost allq, p ∈ B \ P ,
wherenN(x, λ) is the number of geodesics inW connectingN with x and orthogonal toN .

Lemma 6.1 holds also forM a simply connected compact manifold with geodesically
convex boundary. The proof is essentially the same as in [5, 14]. Hence (6.6) holds forM
replaced byW , where now�(N, x) is the space of curves inW joiningN with x. Because
M andW are homotopically equivalent, this space is equivalent to the similar space of
curves inM. By (6.8),nN(x,Ck) grows exponentially ink if M is rationally hyperbolic.

By Corollary 5.1 and (6.9),M is rationally hyperbolic forn ≥ 3. HenceNλ(p, q) grows
exponentially withλ. This yields Theorem 1.2. 2
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Proof of Theorem 1.1.Let 3 ⊂ 6̃ be the non-wandering set for the flow̃gt : 6̃ → 6̃.
Recall that the topological entropy forg̃t equalshtop(3, g̃

t ).

Let q : 6̃ → R3 be the natural projection. Sinceq(3) ⊂ B, the behavior of the flow
outsideq−1(B) does not change the entropy. Letf be a smooth non-negative function
such thatf (r) = 1 for r ≤ R andf (r) = 0 for r ≥ 2R. By the reparameterizations
dt = f (|q|) ds anddt = f (|q ◦ π |) ds, we replace the flows̃gt andGt by the flowsḡs

andḠs respectively. These flows are trivial for|q| ≥ 2R and|q ◦ π | ≥ 2R respectively
and coincide withg̃t andGt in q−1(B) andT1W . Henceḡt |3 = g̃t |3. Except the set of
equilibria for|q| ≥ 2R, the non-wandering set for̄gt equals3. ForḠt the non-wandering
set is contained inT1W , except the set of equilibria for|q ◦ π | ≥ 2R. Hence

htop(3, g̃
t ) = htop(3, ḡ

t ) = htop(6̃, ḡ
t ) ≥ htop(T1qQ, ḡ

t ) = htop(N
⊥, Ḡt ). (7.1)

To prove Theorem 1.1, we must extend inequality (6.5) to the non-compact case. The
difficulty is that the proofs in [13, 14] use Yomdin’s theorem [18] which holds only for
smooth flows on closed manifolds. However, the flowGt : 0 → 0 is replaced by a
smooth flowḠt : 0 → 0 with compact support. Then we can extendḠt to a smooth flow
on a closed manifold0 ⊃ 0 puttingḠt |0\0 = id and use Yomdin’s theorem.

Let us show that

htop(N
⊥, Ḡt ) ≥ lim sup

λ→∞
1

λ
log

∫
W

nN(x, λ) dµ(x). (7.2)

We use a modification of an argument in [14]. Consider the functionnN(x, λ) on the set
of pointsx ∈ W not focal forN . By convexity, any geodesic starting atN and terminating
atx is contained inW . Hence

Gt(N⊥) ∩ T1W = Ḡt (N⊥) ∩ T1W,

and so

Vol(Gt(N⊥) ∩ T1W) ≤ Vol(Ḡt (N⊥)). (7.3)

Then-dimensional volume is induced by the Riemannian metric on0 ⊂ T1M inherited
fromM. A calculation as in [14] yields

∫
W

nN(x, λ) dµ(x) ≤
∫ λ

0
Vol(Gt(N⊥) ∩ T1W) dt. (7.4)

Note that in [14] an equality holds, but this is not true in our case.

Now, by Yomdin’s theorem [18],

lim
λ→∞

1

λ
log Vol(Ḡλ(N⊥)) ≤ htop(N

⊥, Ḡt ). (7.5)

Equations (7.3)–(7.5) imply (7.2).

Theorem 1.1 follows from (6.6), (7.1) and (7.2). 2
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