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Abstract We show that the-center problem irR3 has positive topological entropy for

n > 3. The proof is based on global regularization of singularities and the results of
Gromov and Paternain on the topological entropy of geodesic flowsu-Cleater problem

in $% is also studied.

1. Introduction
Let P = {p1,..., p,} be afinite set iR3. Then-center problem is a Lagrangian system

§=-VV(g), qeR3\P, (1.1)

with the Lagrangian

n

L(g.¢) = 14> - V), V(g =-
.9 =3ldP-V@, V@ ;m—pn

i

+o(q), ni >0, (1.2)

wheregp € C®(R3). Hence the potential energy hasn Newtonian singularities. We
assume tha¥ < 0 everywhere and there exigts> 0 such that

V(g)+3(q,VV(g)) <0, forlg|>R. (1.3)

For the classicak-center problenp = 0, and condition (1.3) is obviously satisfied. The
classical two-center problem is a completely integrable system as shown by Euler. For
Lagrange’s two-center problem,= —|¢|%/2.

LetH(q,q) = %Ic}lz + V(g) be the energy integral. Fix an energy level

Y =1{,9) e ®R®\P)xR3| H(g,y) =E), E=0.

By Lagrange’s equality and condition (1.3) for any solution of equation (1.1) of energy
E >0,
d? 5 1
qul =4E—-V —3(q VV(g)) >0, foriq|>R. (1.4)

Hence all trajectories ortg exiting the R-ball B escape to infinity, and non-trivial
dynamics occurs ittg N {g € B} only.
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THEOREM1.1. Forn > 3andE > Othe topological entropyitop of then-center problem
on Xg is positive.

Note that no natural definition of the topological entropy for incomplete flows with
singularities seems to exist. The topological entropy is well defined (independent of the
metric) for flows on compact metric spacé&$.[ To define the topological entropy in our
case, we perform a reduction to a flow on a compact space.

By the Maupertuis principlel]], trajectories with energye of the system (1.1) are
geodesics of the Maupertuis metgig(q, §) = 2(E — V(g))|§|2 onR3\ P. Let

T =1{(g,4) € ®R3\ P) xR®| gr(q,q) = 1}.

Then trajectories of (1.1) oR g are mapped to trajectories of the geodesic fiow ¥ —
¥ of the metricgg by the scalindq, §) — (¢, q"), ¢’ = ¢/~/2(E — V), together with the
time reparametrizatiodls = +/2(E — V) dt. Instead of the system (1.1) dbiz, we will
study the geodesic flog* : ¥ — X, andhtp means the topological entropyop(X, g')
of this flow.

The manifoldX is non-compact and the flog/ : ¥ — ¥ is non-complete due to
collisions with the singularitiep;. Hence the topological entrofifop(X, g') is not well
defined. However, it is well known that collisions can be regularized, sgthaextended
to a smooth flowg’ : £ — ¥ without singularities on a manifold > . Topologically,
¥ is obtained froms by removing two-dimensional spheré% cs corresponding to
colﬂsions with p;. The trajectories of the flo§’ crossSl.2 transversely. The construction
of X is described in §2. We define the topological entropy of the geodesicsfl@s the
topological entropy of the regularized flowep(Z, g') = htop(i, ah.

The manifolds. is non-compact at infinity. The floy is complete folE > 0, and also
for E = 0 provided that liminf|— 171>V (q) < 0. However, the topological entropy
htop(f, 2" is well defined even if the flowg’ is incomplete. Indeed, by Lagrange’s
inequality (1.4), the seh C s of non-wandering points for the floy’ is contained
in £ N {g € B}. Then the topological entropytop(E, §') is defined as the topological
entropyhiop(A, ') of the flow g’ restricted to the compact invariant set Recall that
since A is compact, the positiveness of the topological entropy is invariant under strictly
monotone time reparametrizatiod].| Hence the positiveness of the topological entropy is
independent of the construction of the regularized flow. This means complicated behavior
of the solutions of (1.1) oixg N {g € B}.

Remarks.(1) It was proved in2, 8] that then-center problem ifR? is non-integrable for

n > 3, and has positive topological entropy.¢lf= 0 and all the centers iR? lie in one

plane, then the-center problem iR contains the:-center problem ifiR? as a subsystem

and, hence, this also has positive topological entropy. However, this argument does not
hold if the centers do not lie in a plane.

(2) Under the conditions of Theorem 1.1 the system (1.1) can be partly integrable.
For example, whep = 0 and the centers lie on a line, there is an integral of angular
momentum.

(3) The conditionE > 0 is necessary. For amyit is possible to construct ancenter
problem satisfying all conditions of Theorem 1.1 that is integrabl&grior someE < 0.
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For example, one can také such that for large negativé the set{V < E} is a union of
ballsU; aroundp; andV|y, = —1/|q — pil.

(4) Theorem 1.1 holds also if the Lagrangian is replacefl by T (¢, ¢) — V (¢), where
the Riemannian metri€ (kinetic energy) is conformally Euclidean negrand tends to
the Euclidean metric at infinity, so that Lagrange’s inequality holds for larg& he proof
we give works also in this case.

There is another version of Theorem 1.1 which is formulated in terms of the number
of orbits with bounded action connecting two given points. Lagrange’s inequality implies
that any trajectory of energy of the system (1.1) connecting two poinptsqg € B\ P lies
in B. For anyx > 0 let N, (p, g) be the number of such trajectorigs: [a,b] — B\ P
with the Maupertuis action

b
/\/g_Edr=/ Iy dt < A
y a

THEOREM1.2. Forn > 3and E > 0 there exists: > 0 such thatV; (p, ¢) > e* for
almostallp,q € B\ P.

Thus the number of trajectories connecting two generic points grows exponentially with
the action. Hence the geodesic entropy of the metfion B \ P is positive.

The definition of the geodesic entropyeoq0f a Riemannian metric on a manifold of
finite volume is as follows14]. Take two generic pointp, ¢ € M that are not conjugate
along any geodesic. For any> 0 let N, (p, ¢) be the number of geodesigsof length
L(y) < A connectingp andg. Then

. 1
hgeos = lim sup--log fM M) () du(o) (1.5)

A—00

wherepu is the volume measure of the Riemannian metric.

For M a closed Riemannian manifold, Marj10] and Paternain and Paternaib4]
proved thathip = hgeod IN general, such a result does not hold for non-compact
manifolds. Define the geodesic entropy for the Maupertuis mgigion M = B \ P
by (1.5). We will see thakip > hgeodfor M = B\ P due to a special behavior of the
metric at infinity.

Similar results hold for the:-center problem on a sphef®. Let S2 ¢ R* be the
standard sphere an®l = {p1,..., p,} C S° a finite set. Define the potential by (1.2)
with | - | the Euclidean metric iiR*. We still assume tha¥ < O everywhere. Consider
a Lagrangian system of? \ P with the Lagrangiar. = T(q,§) — V(q), whereT is a
Riemannian metric 082 that is conformally Euclidean negy, i.e.T = a(q)|§|?/2 forg
close top;.

THEOREM1.3. Forn > 5and E > 0 the topological entropy of the system &g and
the geodesic entropy of the Maupertuis megricon S° \ P are both positive.

There exist counter examples for any< 4. We will prove the following.

PROPOSITION1.1. For n < 4 there exist 80> Riemannian metri@ on $° conformally
Euclidean in a neighborhood of and a C* potential V < 0 having Newtonian
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singularities atP such that then-center problem ors® with L = T(q,4) — V(q) is
integrable on the energy lev&lg for some energ¥ > 0, and the topological entropy on
Y g is zero.

The proof of Theorem 1.3 for even is similar but simpler than the proof of
Theorems 1.1 and 1.2. Since we are mostly interested in the physical c&se vk
will prove Theorem 1.3 for even only. The case of odd is a little different and will be
treated elsewhere.

Theorems 1.1-1.3 will be deduced from a general result on regularization of Newtonian
singularities on a manifold which is a global version of the KS regularizafih [Then
we will use the results of Gromo®] and Paternainl3, 15 on the topological entropy of
geodesic flows on closed manifolds.

The paper is organized as follows. In 8§82—4 the global regularization of Newtonian
singularities in a three-dimensional manifold is discussed. In 85 the topology of the
regularized configuration space is calculated. As a consequence, Proposition 1.1 is proved.
In 86 relations between the topological entropy of a geodesic flow, growth rate of the
number of geodesics and the topology of the manifold are recalled, following Grdhov |
and Paternainl[3, 19. These general results are applied to theenter problem ors3,
and Theorem 1.3 is proved for evenThen-center problem ifR? is treated in §7, where
Theorems 1.1 and 1.2 are proved. To do this, we check that under certain assumptions the
results of Gromov%] and Paternainl3, 15 can be extended to the non-compact case.

Remark.Similar results hold for am-center problem in an arbitrary two-dimensional
manifold Q [3, 7, §. Then the topological entropy is always positive fogreater than
twice the Euler characteristics @f. We are unable to treat ancenter problem in an
arbitrary three-dimensional manifo{d, because we are using the methods of Gromov and
Paternain, and so have to assume thads simply connected. Similar results hold if the
fundamental group 0® is large enough. For example, using the theorem of Taimanov
[1€] it is easy to show that the-center problem on a closed manifallis non-integrable

if dim H1(Q,R) > 5.

2. Global regularization
Let O be a connected three-dimensional Riemannian manifold, possibly with boundary,
and P = {p1,..., p,} be a finite set inQ. Consider a Lagrangian system with the
configuration spac@ \ P and the Lagrangiah(q, ¢) = T(q,q) — V(q).

We assume that th€°° Riemannian metri@ on Q (kinetic energy) is conformally
Euclidean in a neighborhodd; of any pointp; € P. Hence there exist local coordinates
g : U — R3 such that the metric has a conformal form

T(q.4) = 3ai@Iq*, ai >0, (2.1)
where| - | is the Euclidean metric oR®.
Let V be aC® function onQ \ P bounded above and having Newtonian singularities
at the pointg; € P. Hence in the conformal coordinates U; — R3,
_Jil@)
lql

Vig) = fi >0, (2.2)
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where f; is aC® function in a neighborhood of zero. We assume that 0 everywhere.

LetH = T(q,q) + V(q). Fix E > 0. We will study the system on the energy level
Yr ={H = E} C T(Q\ P). Trajectories with energ¥ are geodesics of the Maupertuis—
Jacobi Riemannian metridJon Q \ P:

8E(q.4) = HE — V(@)T(q.4) = 413, (2.3)
More precisely, the map : ¥ — X, where

L=T(Q\P)={(q.9) €eT(Q\ P)|ge(q,q) =1}

andv(q,q) = (q,q/2(E —V)), takes the trajectories of the Lagrangian system on
g to the trajectories of the geodesic flggh : ¥ — X of the metricgg (with time
reparameterization).

We consider two cases:
. Q is non-compact or has a non-empty boundary;
. Q is a closed manifold (i.e. compact and without boundary). In this case we assume

thatn is even.

For Q a closed manifold and odd, the global regularization of singularities is more
complicated and will be discussed in another paper. We may assumg thatiented. If
not, it is sufficient to pass to the two-sheet orienting covering. Then the number of centers
will be even automatically. The next theorem is a global version of the KS-regularization.

THEOREM2.1. Letn > 1. For closedQ let n be even. There exist a four-dimensional

manifold M, a smooth group actiod; : M — M, t mod 2z, of a circle stonMm, a

smooth surjective map : M — Q and aC* Riemannian metriG = (-, -)¢ on M such

that:

i pod =¢;

° for any pointp; € P the setp1(p;) consists of one point; € M. LetS =
¢7HP) = {51, .-, snk;

. the group action is free oM \ S, and the ma@|sns : M\ S — Q \ P is a fiber
bundle with the structure groug?;

. G is invariant under the group actio®,;

° letv(x) = (d/dt)|;=0®;(x) be the Killing vector field generating the isometry group
®,. Then|lx|lg = ll¢'(x)x|lg, foranyx € T M such that{v(x), x)g = 0.

COROLLARY 2.1. Let F(x, x) = (v(x), x)g be the momentum integral for the geodesic
flow of the metriaG. Then the map takes geodesics of the metticon M \ S with zero
value of the momentuii into geodesics of the metrig: onQ \ P.

More precisely, let
M ={(x,x) eTM||lxllc =1}, T ={(x,x) €M | F(x,x) =0} (2.4)

Thenr is a six-dimensional manifold invariant under the geodesic t®w T'M — ThM
of the metricG. The flowsG’ and ®, commute orT". Letl =T'NTWM \ §). Then
¢'(I') = = andg’ 0 ¢/ = ¢/ o G' onI", whereg’ : TM — T Q is the derivative of, and
g' : T — Y isthe geodesic flow of the metrig:.
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In other words, the geodesic flow of the metgig on Q \ P is obtained from the
geodesic flow of the metri€ on M by means of a reduction with respect to the symmetry
group®, [1]. The geodesics ofi passing through one of the pointse S are projected
to geodesics of ¢ that collide withp; and are reflected in the opposite direction.

The regularized energy leval is defined as a quotient spatg®; over the group
action®, : ' — T. Since the group actio® is free onl", ¥ is a smooth manifold. There
is a natural embedding C s asl*/®/, and

S\E =U_ T1,M/®, = US>

is a union of two-spheres. In fagi , M = 53 and®; acts ons? as in the Hopf fibration.
The geodesic flovg’ : I' — T of the metricG defines a quotient flo§’ : ¥ — X such
thatg’ |z = g’. Henceg’ is a regularization of the geodesic flgh: ¥ — .

Remarks.(1) There is an analog of Theorem 2.1 fora two-dimensional manifold that is
a global version of the Levi-Civita regularizatioB][ Then M is also a two-dimensional
manifold, and the mag : M — Q is atwo-sheeted ramified coveririgy(fibration) except
for the case whem is a closed oriented surface ands odd. Indeed, an obvious Euler
characteristics argument shows thapifs a two-sheeted ramified covering over a closed
surface, then the numberof branch points is even. Farodd the procedure should be
iterated, and the regularizing map. M — Q becomes a four-sheeted ramified covering.

Similarly, it will be shown in 84 that ifp : M — Q is a singularS? fibration
over a closed three-dimensional manifold satisfying the condition of Theorem 2.1, then
necessarily: is even. Ifn is odd, then, as for the case of surfaces, the procedure should be
iterated, and the dimension of the regularizing manifold raises to five.

(2) There are several other ways to regularize double collisions. The most famous
is Moser’s regularization1?]. Locally, near the singularities, these regularizations give
isomorphic regularized flowg’ : $ — . However, other known regularizations do
not preserve the Lagrangian structure of the system (for example, Moser’s regularization
interchanges coordinates and momenta), and hence are not suitable for our purposes.

3. KS-regularization

For the proof of Theorem 2.1 we reformulate the KS-regularizatibfy [n a more
geometric way. Consider a one-center problef¥with the kinetic and potential energies
asin (2.1) and (2.2). Trajectories of enery> 0 are geodesics of the Maupertuis metric

ge(q, §) = 2(E + f(@)/1gDa(@)|gl?. 3.1)

The KS-regularization introduces neslependentcoordinatest € R* such that the

singularity at zero disappears. Let: R* — RS be a quadratic map (the Hopf map)

such that:

. |h(x)] = |x]?;

e  h(e!'x) = h(x) foranyr € R, whereJ : R* - R*is a skew-symmetric matrix
such that/? = —1;

o if (Jx,x) =0, then|h (x)x| = 2|x||x|.
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There are several equivalent constructions of the Hopf mag"? i$ identified with the
setH = {x = xo + ix1 + jx2 + kx3} of quaternions,the map: H — R3 = {x e H |
xo = 0} can be defined as(x) = xix, andJx = xi.

Define aC*® Riemannian metri onR* as

G(x, %) = uh(x)%1?,  u(q) = 8(Elql + f(@)a(q). (3.2)

This metric has an isometry group — ¢”x corresponding to the Killing vector field
v(x) = Jx. Hence the geodesic flow 6f has a first integral of momentum

F(x,x) = (x,v(x))g = u(x){x, Jx).
By the third property of the Hopf map and (3.1)—(3.2),
ge(h(x), ' (x)%) = G(x,x), for F(x,x)=0.

This implies that geodesics of the Riemannian mefricorresponding to the zero level
{F = 0} of the integralF" are projected by the mdjpto geodesics of the Riemannian metric
ge. The metricgz onR3 \ {0} is obtained from the metri¢ onR*\ {0} by means of a
reduction with respect to the isometry grae/p : R* — R*. SinceG has no singularity at
x = 0, the geodesic flow aff on{F = 0} regularizes the geodesic flow gf. This yields
Theorem 2.1 for a one-center probleniiA.

In the next section we will use the connection for@ [L] of the Hopf fibration
h : R*\ {0} — R3\{0}. This fibration can be equipped with two structures of a fiber bundle
with the transformation grou§' = R/(27Z) acting ast — e*/"x respectively. The first
one is the standard Hopf fibration, and the second one its conjugate. The connection 1-form
onR*\ {0} for the Hopf fibration is
hy = xdx) (3.3)

x|
Indeed,A is @;-invariant andi, (Jx) = 1. On the horizontal planfl, = {A, = 0}, the
differentiald 1 equals
(Jdx)Adx

dAlyg. =
1 2

This form is the pull back*< of the closed 2-form

_ (gxdq)ndq

2|q|3 (3.4)

onR3\ {0}, which is the curvature form of the Hopf fibration. The Chern class of the fiber

bundle is defined as the cohomology clé&s(27)] € H2(R3 \ {0}, R). SinceQ/2x is a
monopole 2-form:
/ Q = 27,
SZ

[Q/(27)] is a generator of{2(R3 \ {0}, Z). The form—g is the curvature form of the
conjugate bundle corresponding to the group actio.
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4. Proof of Theorem 2.1
First we assume tha is diffeomorphic to a closed ba#i. Letq : U; — R3 be conformal
coordinates in a neighborhodd of the centep; € B.

LEMMA 4.1. There exists a four-dimensional manifdlt], a group actiond; : M — M

and amapp : M — B such that:

. ¢ and @, satisfy the conditions of Theorem 2.1;

. in a neighborhoodJ; of any pointp; € P, ¢ is the Hopf fibration. More precisely,
there exists a chart : V; = ¢~1(U;) — R* such thatg o ¢|y, o x™1 = h and
xo®ly, ox = eI

e forn even,daM = S? x S and the fibrationg|yy is trivial over the boundary
3B = S?;

e fornodd,dM = S%ande|yy is isomorphic to the Hopf fibratioh : §3 — S2.

Proof. Fiber bundleg) : N — B\ P with the transformation grou§' are classified up to
isomorphism by their Chern classe®) € H2(B\ P, Z) [11]. SinceH?(B\ P, Z) = Z"
has no torsion, the Chern class¢gotan be defined as(¢) = [w/(27)] € H3(B \ P, R),
wherew is the curvature 2-form o® \ P for some connection of the fibratian[9, 11].
To construct a fibratiow|y\s : M\ S — B\ P, we construct its curvature form on
B\ P. It should be an integer 2-form, i-%ui w € 2 Z for anyi.

By using the monopole 2-form (3.4) and conformal coordinates/; — R3, define a
closed 2-form2; = ¢*Qin U; \ {pi}. |

LEMMA 4.2. There exists a closed 2-fomnon B \ P such thatw|y,\(;) = (—1)'Q;. For
n evenw vanishes in a neighborhood 8B. For» odd, [, , @ = 2.

Proof. The formg; can be extended to a closed 2-form8n {p;} such tha2;|y;, = 0
fori # j. Put

=) (-D'Q. (4.1)
i=1

Forn odd, by Stokes theorenf, , w = 27.

If n is even, thenf,, w = — 371 27(—1)' = 0, and saw = dg in a neighborhood
of the sphered B. Extendg to a smooth 1-form omB vanishing onU?_,U; and put
® = w — dB. Theno satisfies the condition of Lemma 4.2. |

SinceS!-bundles are classified by their Chern clasge®, [there exists a fiber bundle
¢ : N — B\ P with the transformation grou; : N — N, ¢ € S1, having a connection
with the curvature fornw. Its restriction top~1(U; \ {p;}) is isomorphic to the restriction
of the Hopf fibration: : R*\ {0} — R3\ {0} (or its conjugate) to a baB* = 1~1(B3) with
B2 a ball around G R3. The restriction of to d N is isomorphic to the Hopf fibration or
a trivial fibration depending on if is odd or even.

SetM = NUS, S = {s1, ..., sy}, and introduce a smooth structure &by identifying
the setp—1(U; \ {pi}) U {si} € M with B4 ThenM is a smooth manifold with boundary
52 x Stors®andg : M — B is a smooth map which is isomorphic to the Hopf fibration
in a neighborhood of the point. The extension of th&l-action ®, to M defined by
®,(s;) = s; is smooth. The remaining conditions in Lemma 4.1 follow immediately]
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Now let Q be an arbitrary oriented 3-manifold. Take a closed Bait Q containingP
in its interior and apply Lemma 4.1. ifis eveng : M — B is a trivial fibration oven B
and hence it can be extended to a smooth tfhapf/i — Q which is a trivial fibration over
Q\B.

Now let n be odd andQ non-closed. Ther3(Q,Z) = 0. Hence the Chern class
c € H3(B\ P, Z) of the fibrationg : M \ S — B\ P is the restriction of a cohomology
classt € H2(Q \ P, 7). Extend the fibratios to a fibrationg : M \ S — 0\ S with the
Chern clasg. The topological part of Theorem 2.1 is proved.

Remarks.(1) For evem the construction of the regularizing manifald is unique. For
oddn and non-close@ the topology ofM is non-unique, because the classas defined
up to an element of1%(Q, Z). If H?(Q,7Z) = 0, the construction above gives a unique
M. For non-closed one can take arbitrary signs in (4.1) yielding differant but we do
not use this possibility.

(2) For an odd number of centers in a closed manifold we can not congffucta
similar way. Indeed, for a singulaf® fibration such that|y, is a Hopf fibration or its
conjugate, the curvature forais a monopole form oW; \ {p;}. By Stokes theorem,

n n
0= Z/ w=2m Y (£1).
i=179Ui i=1
Hencen is necessarily even. For an odd number of centers in a closed manifold the
regularizing procedure should be iterated and hence the regularizing manifold must be
five-dimensional.

Next we define a Riemannian meticon M satisfying the conditions of Theorem 2.1.
This metric is similar to the Kaluga—Klein metric.

Let w be a curvature 2-form of the fibratigh satisfying Lemma 4.2. Choose some
connection 1-form. on M \ S corresponding te. Thenw|y;\p,) is the monopole 2-form
(3.4), and we can assume thai,\ 5, is the connection form (3.3) for the Hopf fibration.

Let w be a smooth positive function o such that in local coordinates: U; — RS,
wly, = ui(q)lq|, wherey; is the function (3.2) corresponding to the neighborhtipd_et
H, = {x € TyM | A, (x) = 0} be the horizontal space. Define a Riemannian métran
M \ S in such a way that

WIE =w@), il = 16" (®)kllg, (4.2)

wherex' e H, is the horizontal component af. Hencev(x) L H, in the metricG.
Locally in V; \ {s;}, ¢ = h is a Hopf map, and so

G(x, %) = ui (h())x|PA2 (%) + gg (x, ' (x)ih)

N2 _
— wi(h(x) [ (”x’ ”) + 20, (h(x)) (E 4 Ul(x”) Ax it 2

|x |2 x|
= u; (h(x))|x]°. (4.3)

HenceG can be extended to a smooth metricdn Theorem 2.1 is proved.
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Remark.The Riemannian metri¢ is non-unique. Indeed, the connection fokris non-
unique, and also the functiom on Q \ UU; can be arbitrary (provided is smooth

and positive). We will use this non-uniqueness in the proof of Theorem 1.1 to satisfy a
convexity condition for the set—1(B).

5. Topology of the regularized configuration space

Calculating the topology of the regularized manifallis a simple exercise in the four-
dimensional topology, but for the convenience of the reader we include all the details. We
are interested in the cas@s= R3 andQ = $3. For Q0 = $3, we assume thatis even.

One center inR® or B3. Then the regularized manifold is obtained by the KS-
regularization, and st/ = R* or B* respectively.

Two centers irs3. Take two closed ball83 andB3 in $* such thats® is obtained by gluing
them together along the boundary, a?iﬂ Bg’ contain the centergy, p2 respectively. Then
the regularized manifold foB,.?’ is B,'4- Hence the regularized manifold for two centers
in $% is obtained by gluing the ball} and B3 along the boundarg®. HenceM = $*.

Two centers iR3 or B3. EmbedQ = R2in 2 as an open bali® \ B3. The regularized
manifold for two centers ir§® equalss®. Since the mag : §* — $% is a trivial fibration

overB3 = §3\ Q, the regularized manifold/ for 0 = R3 is obtained frons* by deleting

the trivial fiber bundleB® x §1:

M =5\ (B% x s = 52 x R2.
ForQ = B3, M = §2 x D?, whereD? is a closed disk.

Four centers inS3. The spheres® is obtained by gluing together two baIBf and B3,
each containing two centeps, p2 andps, pa4 with different signs of the curvature form in
(4.1). We proved that the regularized manifold for two centerBdris $% x D2. ThusM

is obtained by gluing together two copies$¥ x D? along the boundar§? x S1. Hence
M = §? x §2.

Now we prove a general result. Fix an oriented 3-manifdldWe assume that i) is
closed, them is even. For od@ and Q non-closed, we assume thd€(Q, Z) = 0. Then
the regularized manifold? corresponding ta centers inQ is uniquely defined. It will be
denoted byV,,.

PROPOSITIONS.1. For n > 1the manifoldM,, > is a connected sum éf,, ands$? x §2:
Myy2 = Mu#(S? x §2).

The connected sum/#N of two oriented manifoldg/, N of the same dimension is
defined as follows. Delete fromd a ball B1, and fromN a ball B2, and glueM \ By
and N \ By together by an orientation reversing diffeomorphism of the sph&Bgsand
d B2. Being more careful, the topological manifaldi#N can be made a smooth manifold
which, up to a diffeomorphism, does not depend on the construction.
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Proof. Let us show that the manifoldt,,,» is obtained fromM,, by surgery: M, ;> =
s(M,), where the operatiom is defined as follows. Take a simple contractible closed
curve inM,, and its tubular neighborhood diffeomorphic&d x St. DeleteB® x S1 from
M,, and attach instea§f x D? along the boundar§(s? x D?) = 9(B3 x §1) = §2 x §*.
We claim that the obtained manifaldM,,) is homeomorphic ta/,, ;5.

Let {p1,..., pur2} C Q be the singular set. Take a baf containing the centers
Pn+1, Pn+2 With the opposite signs of the curvature fotp, 2 in (4.1). It can be assumed
thatw, 2 vanishes in the neighborhood of the sph@%e: 9B3 c Q. The restriction of
the regularizing mag, 2 : M,,12 — Q to this sphere is a trivial fibration. By what we
have already showmy, ,(B®) = $2 x D2,

Let w, be a closed 2-form coinciding with, > in Q \ B3 and vanishing inB3. Then
the fibrationg, corresponding ta, regularizes the-center problem with the singularity
set{p1, ..., pa}. Hence the restrictions of the mapys: M, — Q and¢, 12 : M2 — Q
are isomorphic fibrations oved \ B3. However, the restriction af, to B3 is trivial, and
so¢, 1(B%) = B® x S1. This proves the claim.

Since surgery can be performed inside an embeddedBfalt M,,, Proposition 5.1
follows from the equality

s(B%) = (52 x §2) \ B4 = B*#(5? x $?).

Equivalently,s(S*) = $2x $2. Incidentally, we already proved this well-known equality
when regularizing the four-center problem & Proposition 5.1 is proved. |

Hence forQ = $2 andk > 2,

Mo, = (8% x SH#---#(5? x §?). (5.1)
k—1
ForQ = R3andk > 1,
Mopi1 = (82 x S2)#---#(5% x §%)\B*, (5.2)
k
Moy = (82 x S?)#- - - #(S? x S2) #(5? x R?). (5.3)
k—1

Forn > 1 centers ifR3, M, is homotopically equivalent t§2 v/ - - - v/ §2,
—_—
n—1

COROLLARY 5.1. For an even number > 2 of centers ins3,
Ho(M,Z) = Hy(M,Z) =7, H1(M,Z)= H3(M,Z)=0, Hx(M,Z)=7""2.
For n > 1 centers inR3,

Ho(M,Z) =7, Hi(M,Z)= H3(M,Z)= Ha(M,Z) =0, Ho(M,Z)=7"""1

Next we construct an integrable on an energy level four-center probléfh in
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Proof of Proposition 1.1For the four-center problem i, the regularized manifold/,
is $2 x §2. We need to construct a Riemannian metricsérx S possessing &' isometry
group with four fixed points of the same type as in the Hopf fibration and such that the
geodesic flow is integrable. Let, : S — S2, r mod 2, be the rotation group with two
fixed pointsai, ap. Take a metric of revolution o062 which is Euclidean near; 2. Then
define the isometry group; : $2 x §2 — 52 x §2 as®; (x1, x2) = (V:(x1), ¥ (x2)). It
has four fixed pointga;, a;). Itis easy to see tha? x $2)/®, is homeomorphic ta>.
Near any fixed point, the group acti@p is isomorphic to the group action of the Hopf
fibration, and the product metric &8¢ x $2 is Euclidean near the fixed points. Hence
for the zero level of the momentum integral, the reduced metri§%with four points
deleted is the Maupertuis metric for a systemséwith four Newtonian singularities. The
kinetic energy is conformally Euclidean near each singularity. Since the geodesic flow of
the Maupertuis metric is integrable, Proposition 1.1 is proved fer4.

Forn = 1, 2 Proposition 1.1 is obvious. We skip the case- 3, when the regularized
manifold is S°. ]

6. The topological entropy of the regularized flow
In this section we prove Theorem 1.3 using the results of GroBjand Paternainl3, 19
on the topological entropy of geodesic flows.

Suppose that the assumptions of Theorem 2.1 are satisfied. Then th# ma@g/ —
T1 Q takes trajectories of the geodesic flai of the metricG on the invariant manifold
that belongtd” = ' N T(M \ ) to trajectories of the geodesic floyi : = — ¥ of the
metricg. The regularized energy leval is the quotient of” over the groupd) : I' — T'.
Letz : ' — £ be the natural projection.

The goal is to estimate the topological entropy for the flgw: ¥ — X, or,
equivalently, for the regularized flogé : £ — £, by using the geodesic flo@’ : I' — T.
The difficulty in applying the results of Gromov and Paternain is that only a subsystem of
the geodesic flovG’ : T1M — T1M corresponds to the flog/ : £ — £.

The Riemannian metriG on M defines a Riemannian metric daM in a standard
way. Denote byl the corresponding-invariant distance off. The distancel on T is
the quotient of the metrig¢ under the group actiod;:

d(m(x), w(y)) = mtind(CD;(x), y) <d(,y), x,yel. (6.1)

In this section we assume thétis a closed manifold. TheR is a closed manifold.
Recall the definition of the topological entropy,(K, G) for a compact sek C T and
aflowG’': T — I'[6]. Let

dr(x,y) = sup d(G'(x),G'(y)).

O<r<T

A setA C K is said to(7, ¢)-spanK if for any x € K there existsy € A such that
dr(x,y) <e. LetSr (e, K) be the minimal cardinality of affT’, £)-spanning set. Then

o1
hiop(K, G") = glinollTnlIQof 7 log St (e, K). (6.2)
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The topological entropkiop(K, &) for the regularized flovg’ : TS and a compact
setK C ¥ is defined similarly with/ replaced byl. Then

htop(K, &) = htop(m ~*(K), G"). (6.3)
Indeed, sinced, is an isometry commuting with’, by (6.1),
Sr(e, K) < Sr(e, = H(K)) < 2maxdiam(z—(x)) Sr (&, K).
Fix a pointg € Q \ P and letN = ¢~1(¢) be the fiber ovey. We will estimate the
topological entropy of the set
K=N"={(x,%) e iM |x € N, % L TN} = n (T, 0).

For anyx € N the tangent spacg, N is generated by(x), and so(x, x) € Nt is
equivalent to(x, v(x))g = 0. HenceN+ c I'. Then (6.3) implies that

htop(N™, G") = htop(T14 0, &) < hiop(E, &)
Since, by definitionfop(E, g') = htop(X, §'), we obtain
htop(N™", G") < hiop(E, g). (6.4)
Take a pointe € M that is not focal forV and denote by
ny(x, 1) = #{geodesicy : [0,1] - M | L(y) < A, (y(0), y(0) € N, y(1) = x}

the number of geodesics of length leaving N orthogonally and terminating at For
a geodesic flow on a closed Riemannian manifdldGromov p] and Paternainl3, 19
proved that

lim sup%log/ ny(x, &) dp(x) < hop(N*, G, (6.5)
M

A—00
wherepu is the Riemannian volume o
Let Q = $%. ThenM is a simply connected closed manifold, and we can use the
following result of Gromov ] and Paternain]3, 14. Denote byQ2 (N, x) the space of
curves inC9([0, 1], M) connectingV with x. Letb; (2(N, x)) = dim H; (2 (N, x), Q) be
its Betti number.

LEMMA 6.1. There exists a constant > 0 such that for allk € N,
k
D bi(Q(N, X)) < ny(x, Ck). (6.6)
i=1

This result can be extended to the caseVfa compact Riemannian manifold with
geodesically convex boundary. We will use this in the next section.
Integrating inequality (6.6) and using (6.5) yields

k
lim sup%logai(Q(N,x)) < Chtop(NL, GhH. (6.7)
i=1

k—o00
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Thushtop(Nl, G') = 0 only when the sum of Betti numbeEf.‘:1 bi(2(N, x)) grows
sub-exponentially witlt.

The homotopy type of the spa€e(N, x) is independent of € M. Takex € S and fix
apointy € N. The space& (N, x) is homeomorphic t®(y, x) x S, whereQ(y, x) is
the space of curves connectipgvith x (the loop spac& (M) of M).

Indeed, any curve € Q(N, x), y : [0, 1] — M, defineg € St by ®,(y) = y(0) and
w € Q(y,x)byw(s) = d_,y(s). We used that is a fixed point ford,.

Hence

bi(2(N, x)) = b (&2(M)) + bi—1(Q(M)). (6.8)

A simply connected spac¥ is said to be rationally hyperbolic if the sum of Betti
numberszf‘=l b; (2(M)) grows exponentially wittk, and in the opposite case it is said to
be rationally elliptic.

Then (6.4), (6.7) and (6.8) imply the following.

COROLLARY 6.1. If M is rationally hyperbolic, the topological entropyop(X, g') is
positive.

If H;(M,Z) = 0fori > m, then rational ellipticity implies that]
Y2k dima(M) ®Q) <m, 2k -Ddimra1 M ®Q) <m.  (6.9)
k k

To prove Theorem 1.3 far = 2k centers ins3, we must check that the regularized
manifold (5.1) is rationally hyperbolic far > 3. Since

dim(r2(M) ® Q) =dim H2(M, Q) = 2(k — 1),

this follows from (6.9). Fom even the statement of Theorem 1.3 about the topological
entropy is proved.

Now we prove the part of Theorem 1.3 related to the geodesic entropy. The next lemma
holds for arbitraryQ andn.

LEMMA 6.2. For almost all pairs of pointg, p € QO \ P, Ny(q, p) = ny(x, 1), where
N=0¢"g),x € p).

Proof. Any geodesic connecting and p in Q \ P is lifted to a unique geodesic i
starting orthogonally t&v and terminating at. The geodesics oW passing througl§ do
not correspond to geodesicsgh\ P.

However, for almost alp, g € Q \ P, the geodesics emerging frow orthogonally
and passing throughare projected into curves that do not pass throBgindeed, the set
A of points(y, x) € M x M such that there exists a geodesic of the mefriconnecting
them and passing throughis a union of five-dimensional immersed manifolds

{(exp, (v1), exp, (—vs)) | 5,1 > 0,v € T, M, |lvll¢g = 1}.
Thus almost all pointgg, p) € Q x Q do not belong td¢ x ¢)(A). O

We already showed that under the assumptions of Theoremn}.8¢, 1) grows
exponentially withx. Hence Theorem 1.3 is proved for even
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7. Non-compact case
Now let 0 = R3. Then the regularized manifoltf is non-compact, and so to estimate
the topological entropy as in the previous section we must extend the results (6.5) and
(6.6) of Gromov and Paternain to non-compact Riemannian manifolds. In our case this
generalization is straightforward due to Lagrange’s inequality (1.4).

Take a closed balB ¢ R3 with radiusR centered at zero. By Lagrange’s inequality,
B is geodesically convex in the Maupertuis metric, i.e. foraly € B\ P any geodesic
connectingp, ¢ in Q \ P lies in B. The compact manifolé = ¢~1(B) with boundary is
homotopically equivalent ta/.

LEMMA 7.1. Itis possible to construct the regularizing metricin Theorem 2.1 in such
a way thatW is geodesically convex with respect to the mettic

Proof. Let X = ¢ 1(R®\ B). If nis even, the map : M — R3 is a trivial fibration
overR3\ B. HenceX = (R3\ B) x S! with the coordinateg € R3\ B, s mod 2r.
The connection form. on X can be assumed to be trivial: = ds. Puttingw|gs 5 = 1
in the construction o6 in (4.2), we get, as in (4.357 (x, £) = §2 4+ g£(q. ). SinceB is
geodesically convex in the metrig:, convexity of W = ¢~1(B) in the metricG follows
immediately.

The case of odd is less trivial. Then the fibratiosp : X — R3\ B is isomorphic to
the restriction of the Hopf fibratioh : R* \ {0} — R3\ {0} to R3\ B. Without loss of
generality we can assume th@dty = 4 and the connection 1-fortnon X is the standard
form (3.3). Letw(q) = 8(E — V(¢))|g| onR3\ B. Then by (4.2)G|x = U(x)|x|%, where
U(x) = w(h(x)) on X.

Geodesics of the metriG|x are, up to a reparametrization, solutions of the equation
i = VU (x) such thatx|?2 = 2U (x). Let us show that for any such solution

2

sz = 4U(x) + 3(VU (x), x)) > 0.

Denoteu(q) = 8(E — V(g)). ThenU (x) = |x|?u(h(x)) and
Ux) + %(VU(X), x) = 2xPuh(x)) + %(Vu(h(X)), h(x))) >0
for |x| > +/R by condition (1.3). ]

Proof of Theorem 1.2Let us estimate the numbe¥, (¢, p) of geodesics inB \ P of
length< A connecting generic poings, ¢ € B \ P. SetN = ¢—1(g) and take some point
x € ¢~ 1(p). Lemma 6.2 implies thaty (x, A) = N, (q, p) for almost allg, p € B \ P,
wheren y (x, 1) is the number of geodesics W connectingV with x and orthogonal tov.
Lemma 6.1 holds also fa¥f a simply connected compact manifold with geodesically
convex boundary. The proof is essentially the same &5,ih4. Hence (6.6) holds foM
replaced byw, where now2 (N, x) is the space of curves i joining N with x. Because
M and W are homotopically equivalent, this space is equivalent to the similar space of
curves inM. By (6.8),ny (x, Ck) grows exponentially itk if M is rationally hyperbolic.
By Corollary 5.1 and (6.9)M is rationally hyperbolic for > 3. HenceN, (p, ¢) grows
exponentially withi. This yields Theorem 1.2. |

https://doi.org/10.1017/50143385701001195 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001195

398 S. V. Bolotin and P. Negrini

Proof of Theorem 1.1Let A C £ be the non-wandering set for the flgt : & — .
Recall that the topological entropy fgf equalshiop(A, §°).

Letg : ¥ — RS be the natural projection. SinggA) C B, the behavior of the flow
outsideq ~1(B) does not change the entropy. Lgtbe a smooth non-negative function
such thatf(r) = 1 forr < Randf(r) = 0 forr > 2R. By the reparameterizations
dt = f(lq|)ds anddt = f(lq o 7|) ds, we replace the flowg’ andG’ by the flowsg*
andG* respectively. These flows are trivial faf| > 2R and|q o | > 2R respectively
and coincide withg’ andG" in ¢—1(B) andT1W. Henceg’|x = &'|a. Except the set of
equilibria for|g| > 2R, the non-wandering set f@ equalsA. For G’ the non-wandering
set is contained iy W, except the set of equilibria fog o 7| > 2R. Hence

htop(A, gt) = htop(A’ gt) = htop(i’ gt) = htop(qu Q’ gt) = htop(NJ', Gt) (7-1)

To prove Theorem 1.1, we must extend inequality (6.5) to the non-compact case. The
difficulty is that the proofs in13, 14 use Yomdin's theorem1[8] which holds only for
smooth flows on closed manifolds. However, the fl6iv: I' — T is replaced by a
smooth flowG’ : ' — T with compact support. Then we can exteitto a smooth flow
on a closed manifold O T putting G’|F\r = id and use Yomdin's theorem.

Let us show that

- 1
hiop(N*, G') > lim sup-- Iog/ ny(x, A) du(x). (7.2)
w

A—00

We use a modification of an argument if]. Consider the functiony (x, 1) on the set
of pointsx € W not focal forN. By convexity, any geodesic starting#tand terminating
atx is contained inW. Hence

G'(NHNTWW = GI(NH N Taw,
and so
Vol(G'(N1) N TaW) < Vol(G'(N™1)). (7.3)

The n-dimensional volume is induced by the Riemannian metridoa 71M inherited
from M. A calculation as in14] yields

A
/nN(x,k)du(x)S/ VOI(G'(N+) N TaW) dt. (7.4)
w 0

Note that in L4] an equality holds, but this is not true in our case.
Now, by Yomdin’s theorem18],

1 _ i}
lim =logVol(G*(N1)) < hiop(N*, G'). (7.5)
A—00 A

Equations (7.3)—(7.5) imply (7.2).
Theorem 1.1 follows from (6.6), (7.1) and (7.2). |
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