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SUMMARY
The formation of autonomous mobile robots to an arbitrary
geometric pattern in a distributed fashion is a fundamental
problem in formation control. This paper presents a new
asynchronous, memoryless (oblivious) algorithm to the
formation problem via distributed optimization techniques.
The optimization minimizes an appropriately defined
difference function between the current robot distribution and
the target geometric pattern. The optimization processes are
performed independently by individual robots in their local
coordinate systems. A movement strategy derived from the
results of the distributed optimizations guarantees that every
movement makes the current robot configuration approaches
the target geometric pattern until the final pattern is reached.

KEYWORDS: Swarm robotics; Mobile robots; Multi-robot
systems; Motion planning; Navigation.

1. Introduction
This paper studies the problem of coordinating a group of
autonomous mobile robots to form a prescribed geometric
pattern in a two-dimensional (2D) plane. The study
of cooperative behavior among a group of autonomous
agents has drawn increased attention of researchers in
many disciplines, including biology, robotics, and control
community.7,9–13,17 Swarm behaviors in certain living
beings have been observed for a long time. Examples
are bird flocks, fish schools, and animal herds. The
cooperative behavior is very important to the survival
of these species since it has certain advantages such as
avoiding predators and increasing the chance of finding
food. Usually, swarm behaviors in nature are understood
as a consequence of simultaneous mutual attraction and
repulsion.7,11 Similarly, cooperative behaviors are also
important for many engineering applications such as multi-
robot teams, autonomous air vehicles, and automated
highway systems.2,4,8 Formation problem formulation and
solutions may be characterized by their sensing requirements,
their method of behavior integration, and their commitment
to replanning.2 For example, Fax et al.5,9,10,13 studied
the conditions of geometric pattern formation using local
information alone, i.e. positions of neighbors.
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The formation problem we study in this paper can be
described by an example.16 Suppose a schoolteacher asks
his or her students to form a particular shape, say a fixed size
ellipse, in the ground to play a game. However, the teacher
does not designate the position and orientation of the ellipse;
hence the students don’t have a consensus on where and
what orientation the final ellipse should be. Furthermore, the
students are not permitted to talk to each other and the only
information they can use to form the ellipse is the observed
relative positions of other students.

This class of autonomous agent formation problem
was formulated and studied by Suzuki and Ramashita,16

Flocchini et al.3,6 The main feature of this form of
formation problem can be described by the so-called
hard task for “weak robots.”6 For this, it means that the
robots are anonymous, memoryless, asynchronous with only
local views, limited movement capabilities and without
communication capabilities, albeit they are required to
achieve a given target geometric pattern (TGP) from any
given initial robots configuration. Heuristic algorithms2,14,15

for the formation problem were proposed and the accuracy
of these was tested either by simulations or experiments.
Recent concerns on the computational complexity of
the coordination problem have motivated researchers to
approach the underlying problem from a computational
standpoint.1,3,16 For example, Cieliebak et al. proposed a
computationally tractable approach that solved the gathering
problem, i.e. forming to a point.

In this paper, we propose and formalize the following
formation ideas. Let us consider the example of ellipse
formation problem by the students. In determining a move
strategy, every student first relocates and rotates the target
ellipse (since they are not prefixed by the teacher) to compare
with the form of current positions he or she observed in
order to find the best matching location and orientation of
the target ellipse. From this optimal target ellipse location
and orientation, every student is able to obtain the next
position he/she should move to. The process of finding the
best matching position and orientation involves solving an
optimization problem of minimizing an appropriate cost
function defining the difference between the target and
current geometric forms. Although the comparing processes
are performed in a distributed fashion by the students
independently in their local coordinate systems, we show
that the results and the effects bear global consequence.
That is, different students will come up with the same “best
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matching” ellipse location and orientation. Consequently,
every movement based on the same best matching target
geometric form leads to a new better distribution for the
students, which is closer to the final ellipse to be formed.
Repeating the process finally achieves the target geometric
form.

Compared with most of the existing heuristic solutions
for similar problems, optimization-based formation ideas
provide a general, yet mathematically rigorous and justified
approaches for solving distributed formation problems.
The mathematical framework also allows an analysis of
the performance of the algorithm including the speed of
convergence.

This paper is organized as follows. After carefully defining
the formation problem in Section 2, we present a solution
in Section 3 via distributed optimization ideas. Section 4
proposes both synchronous and asynchronous algorithms
based on the ideas in Section 3. Section 5 presents simulations
for the proposed algorithms and Section 6 concludes the
paper.

2. Formation Problem Statement
Consider the problem of coordinating a group of
autonomous, mobile robots to form a specific geometric
pattern in a plane. A geometric pattern is a distribution of
the robots in the 2D plane such as a uniform distribution
on a circle. However, the location and orientation of the
geometric pattern are not fixed in advance. The formation is
performed by autonomous robots, which means there is no
central control scheme available and each robot moves based
on local measurements and computations.

The solution to this problem depends on a number of
problem specifications. In particular, the degree of common
knowledge, the capability of a single robot, and the geometric
pattern the robots are required to form have a prominent
impact on the structure and complexity of the solution.
The amount of available common knowledge is vital to
the solvability of the problem.6 For example, if there is a
common (global) coordinate system available to the group of
robots, then the problem is almost trivial since every robot
can be given the explicit target position in the geometric
pattern in terms of this coordinate system. It becomes more
difficult if all the robots can only view the world according
to their own local coordinate system. The capabilities of a
single robot such as the computational power, memory size,
and movement ability also affect the nature of the solution.
For example, it has been proved in ref. [16] that if the
robots have a limited memory size and can only make a
decision of movement based on the current view of the world
(oblivious), then it is impossible for two robots to gather at
one point in finite steps, while they can do it if the robots can
remember and utilize the past observations (nonoblivious).
The target geometric pattern is also important to the solution.
While simple solutions exist for forming simple symmetric
patterns like a circle, some geometric patterns may not even
be achievable.16

In this section we carefully formulate our autonomous
robots formation problem. That is, we clearly specify factors
such as common knowledge, the robot capabilities, and

properties of target geometric patterns. The aim is to
formulate a formation problem in which a group of “weak
robots” accomplish a “hard task.”

2.1. Weak robots
Let us study the behavior of a group of n robots in a
plane. A robot is defined as a mobile computational unit
equipped with sensors. It is viewed as a point in the
plane, and hence the problem of collision does not arise
as in refs. [3, 16]. We assume the robots are identical and
anonymous. This implies that a robot does not have an
identity to use in the computation. We also assume that there
is no active communication between the robots. Here active
communication means communicating via some channels
with protocols. In our problem setting, all of the robots are
silent and they only passively see the relative positions of
other robots. Here “passively see” means the sensing robot
acquires the position information without the involvement
of the robot being sensed. The locations of other robots
are expressed in terms of the observer’s local (Cartesian)
coordinate system Zi = (oi , xi , ui). Here oi is the location
of the origin, xi is the direction of the positive x axis, and ui

is the size of the unit distance. For simplicity, we assume that
all robots have a common sense of distance, i.e. ui = u, ∀i.
It is also assumed that all robots have a common sense of
orientation so that the positive yi-direction is 90 degrees
counterclockwise from the positive xi-direction as shown in
Fig. 1.

We assume that the robots have a limited memory capacity
such that they can remember only the current location
information of other robots. The robots always move in
straight lines and the maximum distance a robot can move in
one step is ε > 0.

2.2. Hard task
The task for robots is to form a particular TGP from an
arbitrary initial distribution. We assume the robots initially
occupy different points in the plane. The TGP is passed
to all robots at the beginning. Because there are no global
coordinate systems present, the location and orientation of
the final form cannot be specified. Instead, different robots
view the TGP in their local coordinate systems and may
have different understanding of the location and orientation
of the TGP as shown in Fig. 1. However, we do fix the
size of the TGP, which means it is not scalable as those
in refs. [6, 16]. Fixing the size is possible because we
have assumed a common unit of length for all the local
coordinate systems. Furthermore, we assume that the target
robot positions on the TGP are all distinct. The formation
process must be performed in a fully distributed fashion,
by which we mean each robot executes the same algorithm
independently to determine its movement. There is no central
scheme coordinating the collective behavior of the group
of robots. This is the reason that the robots are termed as
autonomous.

We assume that the formation process takes place in
discrete time sequence T = {t0, t1, t2, . . .}. At any time
instance tk , a robot can be in the state of either sleep or
awake. When a robot is in sleep state, it does nothing.
While when it is awake, it goes through a cycle of three
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actions: LOOK, THINK, and MOVE. The LOOK action
returns the robot with the locations of all other robots at
that moment via its sensors. This establishes the current
robot configuration (CRC). In the THINK action, the robot
executes the algorithm and makes a decision of the next
movement based on the established CRC. In the MOVE
action, the robot simply moves to the destination point along
the straight line connecting the current and destination points.
If the destination point is less than ε distance away, then it
reaches it directly. Otherwise, it travels ε distance toward the
destination along the line. In that case, the robot is not able to
remember the current computational result. At a later time,
it has to go through the cycle again and recalculate the new
destination position. Assume that for robot Ri , the activation
times are given by the sequence τi = (t i1, t

i
2, . . .), which is a

sequence of time instants when the robots are awake. By
asynchronous movement, we mean the activation sequences
of different robots are independent, while we call the
movement synchronous if every robot is active at every time
instant, that is, τi = T , i = 1, 2, . . . , N . For asynchronous
movement, we assume that every robot is activated infinitely
many times, but no additional assumptions are made on the
timing of activations. In the above notion of asynchronous
movement, it does require the robots to have some common
sense of time since all robots know the same time sequence T .

Since the robots have only a limited memory size,
they remember neither any past observations nor any
computational results. In calculating the next destination
position, the robot uses only the measured current locations
of all robots. An algorithm that makes use of only the current
robots configuration to determine its movement is called
oblivious. In the formation problem, we also require the
robots to achieve the target geometric pattern in finite time
steps. If a geometric pattern is reached asymptotically, then
it is usually referred to as the convergence problem.

Now we summarize the formation design problem as
follows: For a group of robots with limited memory size and
limited mobility, we seek an oblivious, distributed algorithm
such that each robot uses its observations to determine
its movement to form a given target geometric pattern
from any arbitrary initial configuration in the plane without
the presence of a global coordination scheme and direct
communication.

3. Optimization-Based Solutions
In this section, we present a systematic solution to the above
formation problem. The general ideas are schematically
shown in Figs. 1–4.

In step 1 (Fig. 1), the robots are assigned a task to form
an ellipse in the plane. The location and orientation of the
ellipse are not prefixed. Different robots view the current
robot position distribution differently in their local coordinate
systems and also have different understanding of the ellipse.

In step 2 (Fig. 2), any active robot (here robot R1) performs
optimization to find the best location of the ellipse. We will
prove in Theorem 3.1 that, for the cost function defined
below, the best location for the ellipse is at such a position
that the center of gravity of the current robot configuration
and the ellipse are at the same point. To help perform a

rotation optimization in step 3, move the origin of the local
coordinate system Z1 to the center of gravity.

In step 3 (Fig. 3), an optimization to find the best
orientation of the ellipse with respect to the current
configuration is performed. Rotating to the best orientation

R1
R2

x2

y2

o2x1

y1

o1

Fig. 1. Step 1: The target form (an ellipse) has been assigned. The
robots have different understanding of the assignment in terms of
the location and orientation of the ellipse in their own coordinate
systems. The stars represent the current robot positions and dots
represent the target positions of the robots.

R1
R2

x2

y2

x1

y1

o2

o1

Fig. 2. Step 2: Robot R1 finds the optimal location for the ellipse
with respect to the current configuration. It is proven that the best
ellipse location is at such a location that the center of gravity of the
TGP and the CRC is the same. Then do a translation to move the
origin of the local coordinate system Z1 to the center of gravity.

R1
R2

x2

y2

x1

y1

o1

o2

Fig. 3. Step 3: Do a rotation to find the best orientation of the
TGP, and at the best location and orientation, it returns with the
destinations for every robot.
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R1
R2

x1

y1

o1

Fig. 4. Step 4: The computations for all robots will come up with the
same destination points. The robots move a distance of ε along the
straight lines connecting the current and destination points, which
lead to a new form more similar to the TGP.

will produce robot R1 the destination of itself as well as all
other robots.

If another robot R2 is active as well and does the same as
R1, then we will prove in Theorem 3.3 that R2 will get the
same best matching location and orientation for the ellipse.
So R2 will come to the same destination points for all robots
as R1 does. That is how the distributed computation leads to
the common action strategy.

In step 4 (Fig. 4), all active robots move to their computed
destinations in the straight lines connecting their current and
destination points at a distance of ε.

Note that the location and orientation obtained are not
necessarily the final ellipse location and orientation that the
robots will eventually achieve. It may not be possible to
reach all the destinations in one step due to the mobility
limitations of the robots as well as the asynchronous nature
of the formation. However, any movement of the robots will
lead to a new robot configuration which is closer to the
target ellipse. Also, because of the oblivious characteristic
of the underlying formation, the robots need to go through
step 1 to step 4 recursively to obtain a new best matching
location and orientation of the ellipse with respect to the
updated robot distribution. We will prove in Theorem 4.1
that the process can achieve the formation in finite steps for
synchronous case and in Theorem 4.2 that it achieves the
final form asymptotically in the asynchronous case.

3.1. Measure of difference between CRC and TGP
The essential point of the aforementioned approach is to
guarantee that any movement of the robots puts the CRC
more closer to the TGP. Mathematically, it can be realized
as reducing some quantity indicating the difference between
the CRC and the TGP. We now define such a function in an
arbitrary local coordinate system.

Assume a robot Ri is active at some time instant t ∈ τi .
It observes and records all the current robot positions {zi,t

j =
[xj , yj ]

′t
i , j = 1, 2, . . . , n}, which establishes the CRC at

time t . Here j represents the robot Rj while the subscript
i indicates that the locations are expressed in the local
coordinate system Zi = (oi , xi , ui) of robot Ri . When the
local coordinate system and time instant are clear from the
context, we save the notation and denote the positions as
{zj = [xj , yj ]′, j = 1, 2, . . . , n}. Without loss of generality,
we can assume that the origin oi of Zi is at the center of

gravity (CoG) z̄ = [x̄, ȳ]′ of the CRC according to

z̄ = 1

n

n∑
j=1

zj . (1)

In such a coordinate system, the robot understands the TGP
by marking the coordinates of the target robot positions {γj =
[αj , βj ]′, j = 1, 2, . . . , n}. With no loss of generality, we
assume that the CoG of the TGP γ̄ = 1

n

∑n
j=1 γj is at the

origin oi , i.e. γ̄ = [ᾱ, β̄]′ = [0, 0]′.
Now a robot can order [R1,R2, . . . ,Rn] and

[P1, P2, . . . , Pn] as the current and target robot positions
according to the ascending order of the angles between the
positive x-axis and the half line that starts from the origin
and passes through the current (target) robot positions. If the
angle is the same for two robots, then it is ordered according
to the length of the segment between the origin and the robot
position. With this ordering at hand, the coordinates of the
current and target robot positions can be expressed in a more
compact form as row vectors

Z = [z1, z2, . . . , zn], � = [γ1, γ2, . . . , γn]. (2)

Under the ordering convention, we can also define a
notion of correspondence between the robot positions of
the CRC and the TGP. Denote δ = [δ1, δ2, . . . , δn], δj ∈
{1, 2, . . . , n} a permutation of [1, 2, . . . , n], and denote
the set of all permutations 	 = {δ isapermutation}. We
define that a permutation δ = [δ1, δ2, . . . , δn] designates
a correspondence between the current and target robot
positions as

Rj ↔ Pδj
, j = 1, 2, . . . , n.

Designate �δ = [γδ1, γδ2, . . . , γδn
] the vector of target robot

positions of ordering δ = [δ1, δ2, . . . , δn]. All permutations
	 designates all possible one-to-one correspondences
between the current and target robot positions under the CRC
and the TGP in the current local coordinate system.

Given a correspondence δ = [δ1, δ2, . . . , δn] and the
coordinates of the current and target robot positions in the
form of the vectors Z and �, respectively, we define a
difference function for the CRC and the TGP viewed by
a robot Ri in its coordinate system Zi as

Ji(δ) = ‖Z − �δ‖2

.=
n∑

j=1

‖zj − γδj
‖2

=
n∑

j=1

[(xj − αδj
)2 + (yj − βδj

)2].

(3)

Here Ji(δ) is the total Euclidean distances of all pairs (Rj ↔
Pδj

), j = 1, 2, . . . , n. It is obvious that Ji(δ) ≥ 0 and Ji(δ) =
0 iff xj = αδj

, yj = βδj
, j = 1, 2, . . . , n, i.e. iff the robots

achieve the TGP.
The robotRi can rotate the TGP such that the TGP matches

the CRC better, i.e. results in a smaller value of Ji . A rotation
operation of θ ∈ [−π, π) counterclockwise (a negative angle
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θ ∈ (−π, 0) means a rotation of −θ clockwise) transforms
the coordinates of the robot target positions � to

�(θ) = �(θ)�,

where the rotation matrix �(θ) is given by

�(θ) =
[

cos(θ) −sin(θ)

+ sin(θ) cos(θ)

]
.

Now the difference function after rotation is

Ji(δ, θ) = ‖Z − �δ(θ)‖2

= ‖Z − �(θ)�δ‖2.
(4)

Furthermore, the robot can translate the TGP to find a better
matching between the TGP and the CRC. If the CoG of the
TGP moves to ψ = [α, β]′, the translation can be defined by
the transform of the post-rotation target robot positions �(θ):

�(θ, ψ) = �(θ) + �,

where � = [ψ, ψ, . . . , ψ]. After the rotation and translation,
the difference function (3) becomes

Ji(δ, θ, ψ) = ‖Z − �δ(θ, ψ)‖2

= ‖Z − �(θ)�δ − �‖2.
(5)

3.2. Finding the best matching TGP
In our algorithm, the most important computation for a robot
to determine the next destination is to find the best matching
TGP position and orientation with respect to the CRC. This
involves solving an optimization problem over the difference
function defined above.

Assume the coordinates of the current and target robot
positions are given in terms of the coordinate system with
the origin located at the CoG of the CRC, we define the
best matching TGP with respect to the CRC in the triplet
(δ∗, θ∗, ψ∗) minimizing the difference function Ji(δ, θ, ψ)
in (5):

Ji(δ∗, θ∗, ψ∗) = min
δ∈	,θ∈[−π,π),ψ∈R2

Ji(δ, θ, ψ). (6)

The optimization problem (6) can be broken in two steps:

Step 1: First fix a particular δ ∈ 	 and minimize for the
orientation and location to find the best (θ∗, ψ∗)

Vi(δ) = ‖Z − �(θ∗)�δ − �∗‖2

= min
θ∈[−π,π),ψ∈R2

Ji,δ(θ, ψ)

= min
θ∈[−π,π),ψ∈R2

‖Z − �(θ)�δ − �‖2.

(7)

Step 1 optimization can be solved explicitly as shown in
the following theorem.

Theorem 3.1: Given the coordinates Z and � of the CRC
and TGP in the local coordinate system of robot Ri and a

given correspondence δ ∈ 	, the minimum of the difference
function Ji,δ is

(θ∗(δ), ψ∗(δ)) =
(

− arctan

(
Bδ

Aδ

)
, [0, 0]′

)
, (8)

where

Aδ =
n∑

j=1

(xjαδj
+ yjβδj

),

Bδ =
n∑

j=1

(xjβδj
− yjαδj

).

Proof: We find the minimum point for the difference
function

Ji,δ(θ, ψ) = ‖Z − �(θ)�δ − �‖2

=
n∑

j=1

{[(xj − (cos(θ)αδj
− sin(θ)βδj

) − α]2

+ [yj − (sin(θ)αδj
+ cos(θ)βδj

) − β]2}

by solving the following equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂Ji,δ

∂α
= −2

n∑
j=1

(xj − cos(θ)αδj
+ sin(θ)βδj

− α) = 0

∂Ji,δ

∂β
= −2

n∑
j=1

(yj − sin(θ)αδj
− cos(θ)βδj

− β) = 0

∂Ji,δ

∂θ
= 2

n∑
j=1

[−αδj
sin(θ) − βδj

cos(θ)]α

+ [−βδj
sin(θ) + αδj

cos(θ)]β + (xjαδj

+ yjβδj
) sin(θ) + (xjβδj

− yjαδj
) cos(θ) = 0

(9)

From the first two equations, we obtain ψ in terms of θ

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

α = 1

n

n∑
j=1

βδj
sin(θ) − 1

n

n∑
j=1

αδj
cos(θ) + 1

n

n∑
j=1

xj = 0

β = −1

n

n∑
j=1

αδj
sin(θ) − 1

n

n∑
j=1

βδj
cos(θ) + 1

n

n∑
j=1

yj = 0

(10)
It shows that the origin is the unique critical point of the
quadratic function Ji,δ(θ, ·) for given δ and θ . Hence the
minimum is ψ∗(δ) = [0, 0]′.

From the third equation of (9), we obtain the equation
solving the best rotation angle θ∗ to be

Aδ sin(θ) + Bδ cos(θ) = 0. (11)

Therefore, the unique solution in (−π, π) is

θ∗(δ) = − arctan

(
Bδ

Aδ

)
. (12)
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Step 2: Find the optimal correspondence δ∗ by minimizing
over δ ∈ 	

Vi = min
δ∈	

Vi(δ)

= min
δ∈	

‖Z − �(θ∗(δ))�δ‖.
(13)

Since 	 is a finite set, the optimal δ∗ can be found by
a simple compare and search method. The minimum is
δ∗. It can be seen that the minimum point of the two-
step optimization (δ∗, θ∗(δ∗), ψ∗(δ∗)) is the minimum of the
difference function Ji in (5).

Remark 3.2: Theorem 3.1 implies that the best location
for the TGP is that the CoG of the TGP should be located
at the CoG of the CRC. Hence from now on, we assume,
without loss of generality, that the CoG of the TGP is always
at the CoG of the CRC. The only computation for the robot
is to rotate the TGP at this convenient location according to
θ∗(δ) to find the best TGP orientation. This is equivalent to
optimizing the difference function Ji(δ, θ) in (4). We denote
the minimum to be (δ∗, θ∗(δ∗)).

3.3. Determining the move strategy
The solution to the optimization problem provides the
optimizing robot with the best matching TGP given in terms
of the post-rotation target robot positions and orientation
�̂ = �(θ∗(δ∗))� and the best correspondence δ∗ between the
current and target robot positions. Here �̂ and δ∗ determine
a move strategy

Zj → γ̂δ∗
j
, j = 1, 2, . . . , n, (14)

that is, the current robot Rj should move toward the point
of the target robot position γ̂δ∗

j
. This move strategy is based

on the local computation of the robot Ri and is independent
of the computation of all other active robots. The key aspect
that makes the optimizations useful to our robot formation
problem is that the simultaneous computations of all active
robots will be the same if expressed in a global coordinate
system. That means all the move strategies as (14) for
individual robots based on their local computations are the
same if looked from a global coordinate system. This idea of
distributed computation resulting in a global consequence is
fundamental to our autonomous robot formation solution as
stated in the following theorem.

Theorem 3.3: Assume that two robots Ri , i = a, b

are active and perform the above optimization processes
independently with unique minimum in their own local
coordinate systems Zi , i = a, b. Assume under an ordering
convention [R1,R2, . . . ,Rn] and [P1, P2, . . . , Pn], the
optimal correspondences are δ∗

i , i = a, b and under a third
global coordinate system Z , the post-rotation target robot
positions are �̂i = [γ̂ i

1 , γ̂ i
2 , . . . , γ̂ i

n], i = a, b, then it holds

δ∗
a = δ∗

b (15)

and

�̂a = �̂b. (16)

Proof: From Remark 3.2, we can assume the origins of
the two local coordinate systems to be the same at the CoG
of the CRC and the TGP. We can also assume without loss
of generality Zb to be the third global coordinate system Z .
We need to show that the coordinates of post-rotation target
robot positions expressed in Zb are the same.

Under the ordering system stated in Theorem 3.3, assume
that the coordinates of current robot positions are vectors
Zi, i = a, b. Since they are describing the same positions, it
must hold

Zb = �(φ)Za (17)

for some φ which designates the orientation difference
between Za and Zb. The pre-rotation coordinates of the
target robots positions in the TGP are designated by �i, i =
a, b. Since these are coordinates of the same TGP with
different orientation, there exists a ϕ such that

�b = �(ϕ)�a. (18)

Let us denote Ža and �̌a the coordinates of the current and
pre-rotation target positions, respectively, of the first robot
Ra expressed in Zb. Since it only involves a rotation from
Za to Zb, we have from (17)

Ža = �(φ)Za (19)

and

�̌a = �(φ)�a. (20)

We obtain from (17)–(20)

Ža = Zb (21)

and

�̌a = �(φ − ϕ)�b. (22)

We assume (δ∗
i , θ

∗
i (δ∗

i )), i = a, b are the unique minimum
of the optimization performed in Zi , i = a, b. The post-
rotation coordinates of the target robot positions are given
by

�∗
i = �(θ∗

i (δ∗
i ))�i, i = a, b (23)

in their own local coordinate systems. From (19) �∗
a is

expressed in Zb as

�̌∗
a = �(φ)�∗

a .

To prove (16), we need to show

�̌∗
a = �∗

b (24)

in our context of Z = Zb.
Define an optimization problem in Zb with the cost

J̌b(δ̌, θ̌) = ‖Ž − �(θ̌ )�̌δ̌‖2

with initial configuration Ža and �̌a . Let us denote the unique
minimum to be (δ̌∗

a, θ̌
∗
a (δ̌∗

a )). For a given δ̌, we get from (21)
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and (22)

θ̌∗(δ̌) = −arctan

⎛
⎜⎝

∑n
j=1

(
Ža

j

)′
�γ̌ a

δ̌j∑n
j=1

(
Ža

j

)′
γ̌ a

δ̌j

⎞
⎟⎠

= −arctan

⎛
⎜⎝

∑n
j=1

(
Zb

j

)′
��(φ − ϕ)γ b

δ̌j∑n
j=1

(
Zb

j

)′
�(φ − ϕ)γ b

δ̌j

⎞
⎟⎠

= −arctan

⎛
⎜⎝−

∑n
j=1

(
Zb

j

)′
�b

δ̌j
sin(ϕ − φ) − ∑n

j=1

(
Zb

j

)′
��b

δ̌j
cos(ϕ − φ)∑n

j=1

(
Zb

j

)′
�b

δ̌j
cos(ϕ − φ) + ∑n

j=1

(
Zb

j

)′
��b

δ̌j
sin(ϕ − φ)

⎞
⎟⎠

= −arctan

⎛
⎝−

tan
(
θ∗
b (δ̌)

)
+ tan(ϕ − φ)

1 − tan
(
θ∗
b (δ̌)

)
tan(ϕ − φ)

⎞
⎠

where

� =
[

0 1

−1 0

]
.

Hence we obtain

tan(θ̌∗(δ̌)) = tan(θ∗
b (δ̌) + (ϕ − φ)).

In addition,

δ̌∗ = δ∗
b , θ̌

∗(δ̌∗) = θ∗
b (δ∗

b ) + (ϕ − φ). (25)

On the other hand, from (19) and (20), we have

θ̌∗(δ̌) = −arctan

⎛
⎝

∑n
j=1

(
Ža

j

)′
�γ̌ a

δ̌j∑n
j=1

(
Ža

j

)′
γ̌ a

δ̌j

⎞
⎠

= −arctan

⎛
⎝

∑n
j=1

(
Za

j

)′
�′(φ)��(φ)γ a

δ̌j∑n
j=1

(
Za

j

)′
�′(φ)�(φ)γ a

δ̌j

⎞
⎠

= −arctan

⎛
⎝

∑n
j=1

(
Za

j

)′
�γ a

δ̌j∑n
j=1

(
Za

j

)′
γ a

δ̌j

⎞
⎠

= −arctan(−tan(θ∗
a (δ̌)))

= θ∗
a (δ̌).

Hence, it must hold

δ̌∗ = δ∗
a, θ̌

∗(δ∗) = θ∗
a (δ∗

a ). (26)

From (25) and (26), we get

δ∗
a = δ∗

b ,

which proves (15). Furthermore, we have

�̌∗
a = �(φ)�∗

a

= �(φ)�(θ∗
a (δ∗

a ))�a

= �(φ)�(θ∗
b (δ∗

b ) + (ϕ − φ))�−1(ϕ)�b

= �(θ∗
b (δ∗

b ))�b

= �∗
b

which is (24) and completes the proof.

Theorem 3.3 shows that the move destinations obtained
from local computations are the same in a global coordinate
system as claimed. We have the following result which says
that the optimal cost is the same for all robots obtained from
local computations.

Corollary 3.4: If the minimum for the optimizations
performed in local coordinate systems Zi , i = a, b for any
two robots Ri , i = a, b at time t is Vi , i = a, b, then

Va = Vb. (27)

Proof: From Theorem 3.3, we know that the optimal
correspondence δ∗

i , i = a, b and the post-rotation TGP
positions �̌i, i = a, b are the same under a common
coordinate system. It implies that the relative positions
between the CRC and the post-rotation TGP are the same
for robots Ri , i = a, b. According to the definition of the
difference function Ji , we know that Va = Vb. From now
on, we can omit the superscripts of Vi for different Ri and
write them as common V. We now show that any movement
according to the move strategy leads to a robot configuration
closer to the TGP.

Theorem 3.5: Assume the active robots move according
to the move strategy (14) obtained from the distributed
optimizations. If Vk, k = 1, 2, . . . are the minimum of the
difference function (5) calculated in the local coordinate
system of any active robot at time k, then

Vk ≥ Vk+1, ∀k ≥ 0. (28)

Proof: Let us takeVk as the value of the difference function
immediately after the move according to the move strategy
(14) at time k. Note that immediately after the move, the
local coordinate system, the correspondence, the CoG and
orientation of the TGP are the same as before the move. It
must hold

Vk ≥ Vk.

Now Vk+1 is the minimum value of the difference function
(5) minimized over all possible correspondences, CoG and
orientation of the TGP with respect to the CRC at time k + 1
which is the post-move robot configuration at time k. Hence,
it must hold

Vk ≥ Vk+1.

Hence, we get

Vk ≥ Vk+1, k = 1, 2, . . . ,

which completes the proofs.

4. Algorithms
We suggest two algorithms for the TGP formation problem
based on the above move strategy. The first algorithm
achieves the TGP in finite steps for synchronous robots. The
other one is a convergence algorithm for the asynchronous
robots.
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4.1. Formation algorithm for synchronous robots
Algorithm: FORM-TGP–BY-SYNCHRONOUS-ROBOTS

At every step t = t0, t1, t2, . . . , each robot Ri Do

(1) LOOK AND RECORD: Establish the CRC by recording
the current robot positions Z = [Z1, Z2, . . . , Zn] from
the sensor readings in the local coordinate system Zi .
At the same time, establish an understanding of the TGP
by denoting the coordinates for the target robot positions
� = [γ1, γ2, . . . , γn].

(2) THINK to obtain the best move strategy:
• Do translations such that the origin of the local

coordinate system is at the CoG of the CRC and the
TGP.

• Optimize the cost function (4) and obtain the minimum
(δ∗, θ∗(δ∗)) and the optimum cost Ji(δ∗, θ∗(δ∗)). Rotate
the TGP to the optimal orientation with coordinates
�∗ = �(θ∗(δ∗))� according to θ∗(δ∗). The best action
for a robot Ri is to move from the current position Zi

to γ ∗
δ∗
i
= �(δ∗)γδ∗

i
.

(3) If Ji(δ∗, θ∗(δ∗)) = 0, then STOP, return with TGP
achieved and output the coordinates of the robot positions
of the CRC and the TGP. Else make a MOVE to γ ∗

δ∗
i

along
the line connecting Zi and γ ∗

δ∗
i

and go back to step 1.

Theorem 4.1: For given initial robot configuration
described by the position vector Z and the TGP described
by the target robot position vector � in any local coordinate
systems, the Algorithm FORM-TGP–BY-SYNCHRONOUS-
ROBOTS achieves the TGP in finite steps N ; furthermore

N ≤ V0

ε
+ 1. (29)

Proof: From Theorem 3.3, we know the minimum value
V0 of the difference function (4) for the initial configuration
and TGP is independent of the local coordinate system. Let
us denote

dk(Zi, γ
∗
δ∗
i
), i = 1, 2, . . . , n

the distances between the current robot positions Zk
i

and their destination positions γ ∗
δ∗
i

at time k. Now if

maxi∈{1,2,···,n} dk(Zi, γ
∗
δ∗
i
) ≤ ε, then the robots achieve the

TGP at time k + 1 by directly moving to the destination po-
sitions. Hence, only maxi∈{1,2,...,n} dN−1(Zi, γ

∗
δ∗
i
) ≤ ε. While

for all 0 ≤ k ≤ N − 1, it holds maxi∈{1,2,···,n} dk(Zi, γ
∗
δ∗
i
) >ε,

i.e. there is at least one robot that moves a distance at least ε.
From Theorem 3.5 we know

Vk ≥ Vk+1 + ε, 0 ≤ k ≤ N − 1.

We obtain

V0 − ε ∗ (N − 1) ≥ VN−1 ≥ 0,

which is

N ≤ V0

ε
+ 1.

4.2. Convergence algorithm for asynchronous robots
From Theorem 3.5, we know that if all the active robots
move according to the move strategy (14), then the sequence
{V0, V1, . . .} is nonincreasing. Hence, there exists V∞ ≥ 0
such that

Vt → V∞, t → ∞.

If V∞ = 0, then the current configuration sequence
converges to the TGP. Unfortunately, a simple algorithm
based on the move strategy (14) like FORM-TGP–BY-
SYNCHRONOUS-ROBOTS does not necessary guarantee
V∞ = 0 for asynchronous autonomous robots. The reason is
that as time goes on, the decrease of values Vt may become
too small to reduce it to 0. However, we show that we are able
to revise the algorithm FORM-TGP–BY-SYNCHRONOUS-
ROBOTS to obtain a convergence algorithm for asynchronous
autonomous robots. The key idea is that if the amount of
decrease is too small, we hold it until the robot which has a
larger move distance becomes active.

Algorithm: CONVERGE-TGP–BY-ASYNCHRONOUS-
ROBOTS

Set a convergence sequence {ξl > 0, l = 1, 2 · · ·} and ξl ↓
0. When t = t0, set nt = 1. At every step t = t0, t1, t2, . . ., If
a robot Ri is active Do the following steps:

(1) LOOK AND RECORD: Establish the CRC by recording
the current robot positions Z = [Z1, Z2, . . . , Zn] from
the sensor readings in the local coordinate system Zi .
At the same time, establish an understanding of the TGP
(target geometric pattern) by denoting the coordinates for
the target robot positions � = [γ1, γ2, . . . , γn].

(2) THINK to obtain the best move strategy:
• Do translations such that the origin of Zi is at the CoG

of the CRC and the TGP.
• Optimize the cost function (4) and obtain the minimum

(δ∗, θ∗(δ∗)) and the optimum cost Vt = Ji(δ∗, θ∗(δ∗)).
Rotate the TGP to the optimal orientation with
coordinates �∗ = �(θ∗(δ∗))� according to θ∗(δ∗).
Calculate the distances between the current robot
positions and destination robot positions

(Zj (t), γ ∗
δ∗
j
(t)) = (xj (t) − α∗

δ∗
j
(t))2 + (yj (t) − β∗

δ∗
j
(t))2,

j = 1, 2, . . . , n.

(3) MOVE: If Vt = 0, then Stop, return with TGP achieved
and output the coordinates of the robot positions of the
CRC and the TGP.

Else
If maxj∈{1,2,···,n} d(Zj (t), γ ∗

δ∗
j
(t)) <ξnt

, Then Don’t Move,

Go to 1 for t + 1 and Set nt+1 = nt + 1.
Else if d(Zi(t), γ ∗

δ∗
i
(t)) <ξnt

, Then Don’t Move, Go to 1
for t + 1 and nt+1 = nt .
Else make a MOVE to γ ∗

δ∗
i

with distance λt =
min{ε, d(Zj (t), γ ∗

δ∗
j
(t))} along the line connecting Zi and

γ ∗
δ∗
i

and Go to 1 for t + 1 with nt+1 = nt .
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Fig. 5. Synchronous formation of an ellipse.

Theorem 4.2: The algorithm CONVERGE-TGP–BY-
ASYNCHRONOUS-ROBOTS is a convergence algorithm for
a group of n asynchronous autonomous robots.

Proof: Assume at time t , there are mt active robots. If
mt = 0, the algorithm does nothing, we can assume without
loss of generality mt > 0. We show if the robots execute the
algorithm, there exists some finite number pt ≥ 0 such that

max
j∈{1,2,···,n}

d(Zj (t + pt ), γ
∗
δ∗
j
(t + pt )) ≤ ξn(t+pt ) . (30)

If at time t , it holds maxj∈{1,2,...,n} d(Zj (t), γ ∗
δ∗
j
(t)) <ξnt

, then
obviously it can be taken as pt = 0. Otherwise there must be
a robot Ri such that d(Zi(t), γ ∗

δ∗
i
(t)) ≥ ξnt

. We show it must
hold

Vt+qt
≤ Vt − min{ε, ξnt

}
for some qt ≥ 1. If Ri is active at time t , it moves a distance
of

λt = min{ε, d(Zi(t), γ
∗
δ∗
i
(t))} ≥ min{ε, ξnt

},

hence take qt = 1 and

Vt+1 ≤ Vt − min{ε, ξnt
}.

Otherwise it implies d(Zj (t), γ ∗
δ∗
j
(t)) <ξnt

for any active
robotsRj . According to the algorithm, no active robot moves
at time t .

From the assumption of the autonomous movement of the
robots, every robot must be activated infinite times. There
must exist qt − 1 > 0 such that at least one robot Rk is
activated at time qt − 1 and d(Zk(t + qt − 1), γ ∗

δ∗
k
(t + qt −

1)) ≥ ξn(t+qt −1) = ξnt
. Now it moves a distance of

λt+qt−1 = min{ε, d(Zk(t + qt − 1), γ ∗
δ∗
k
(t + qt − 1))}

≥ min{ε, ξn(t+qt −1)}
= min{ε, ξnt

}.

Hence,

Vt+qt
≤ Vt+qt−1 − min{ε, ξn(t+qt −1)} = Vt − min{ε, ξnt

}.

From the algorithm, we know that before (30) is satisfied, nt

does not change. Vt will decrease by min{ε, ξnt
} for qt steps

until (30) holds.
Now the above argument shows that by executing the

algorithm, there exists a subsequence {tl, l = 1, 2, . . .} from
the sequence t = 1, 2, . . . such that

max
j∈{1,2,···,n}

d(Zj (tl), γ
∗
δ∗
j
(tl)) ≤ ξntl

.

Then

Vtl ≤ n ∗ ξntl
↓ 0, as l ↑ ∞.

Obviously it holds Vt ↓ 0 which proves that the TGP is
achieved asymptotically.

5. Numerical Simulations
We develop simulations based on the suggested synchronous
and asynchronous formation control algorithms. The
simulation results are shown in Figs. 5–7.

The aim is to ask a group of eight autonomous robots to
form an ellipse somewhere in the plane as shown in Figs. 5
and 6. It is assumed that the maximum distance a robot can
travel at one step is 0.2. Figure 5 shows the formation by
the synchronous algorithm. Figure 6 is the simulation result
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Fig. 6. Asynchronous formation of an ellipse.

using asynchronous algorithm from the same initial robot
configuration. In the simulation of asynchronous formation,
we set the probability to be 0.6 for any robot to be active
at any step. Although the formation trajectories and the final
ellipses are quite similar for synchronous and asynchronous
cases, a closer scrutiny reveals their difference as
expected.

Figure 7 shows the optimal costs (V1, V2, . . . , ) history
recorded in the formation process. As expected, both of them
decrease and the synchronous formation decreases faster. In
our simulation, the optimal cost decreases to 0 in 17 steps for
the synchronous formation, which implies that the formation
is achieved in 17 steps. However, for the asynchronous
formation, the optimal cost decreases to 0.2238 in 31 steps
and keeps decreasing.

6. Concluding Remarks
We have developed a new distributed solution to the
formation problem for autonomous robots. The key to the
solution is that every robot solves an optimization problem
independently at every step to find the best matching
orientation and correspondence between the CRC and the
TGP. Every movement based on the strategy from the
optimization results guarantees the CRC more similar with
the TGP until it is completely achieved.

We have divided the optimization process into two steps.
The first step is to find the best orientation of the TGP relative
to the CRC which can be solved explicitly. However, for the
second step, which is to find the best correspondence, we
have to search a finite set of n elements. Practically, it is only
possible for small n. How to narrow down the search range
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Fig. 7. Optimal costs for synchronous and asynchronous formations.
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to save computation is important and is an interesting topic
of future research.
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