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UNIT ROOTS IN WHITE NOISE
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University of Cambridge
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We show that the empirical distribution of the roots of the vector autoregression
(VAR) of order p fitted to T observations of a general stationary or nonstationary
process converges to the uniform distribution over the unit circle on the complex
plane, when both T and p tend to infinity so that (ln T )/p → 0 and p3/T → 0.
In particular, even if the process is a white noise, nearly all roots of the estimated
VAR will converge by absolute value to unity. For fixed p, we derive an asymp-
totic approximation to the expected empirical distribution of the estimated roots as
T → ∞. The approximation is concentrated in a circular region in the complex plane
for various data generating processes and sample sizes.

1. INTRODUCTION

The last two decades have witnessed the rapid development of econometric
methods dealing with detecting and analyzing nonstationary or highly persistent
features in time series; see, for example, Müller and Watson (2008) and the ref-
erences therein for a recent leading example. Researchers are often inclined to
interpret the presence of an estimated root with a near-unit absolute value as
evidence for nonstationarity in the data. Should they? Recent studies suggest con-
troversial answers. Johansen (2003) established

√
T asymptotic normality of the

estimated simple autoregressive roots, which suggests that a large estimated root
should indicate persistence. Granger and Jeon (2006) have found that the roots
of autoregressions (ARs) fitted to U.S. macroeconomic series when plotted on
the complex plane “lie in an indistinct ‘milky-way’ band or ‘halo,’ with modulus
around 0.8.” They speculate that such a strange pattern reflects overfitting rather
than the persistence of the underlying series. Nielsen and Nielsen (2008) point out
that the usual

√
T rate of convergence slows down to T 1/2k for the roots of kth or-

der. They use this fact to provide a partial explanation of the “halo phenomenon.”
In this paper, we shed light on these issues. We study the roots of the charac-

teristic polynomials of vector autoregressions (VAR) fitted either to stationary or
to nonstationary data. We show that the empirical distribution of the roots con-
verges to the uniform distribution over the unit circle when both the sample size
T and the order p of the fitted VAR tend to infinity so that (log T )/p → 0 and
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p3/T → 0. This convergence is independent from the covariance structure of the
process approximated by the VAR. In particular, even if the process is a white
noise, the absolute value of nearly all roots of the estimated VAR will converge to
unity.

A simple piece of intuition explaining such a strange behavior of the absolute
values of the roots is as follows. Imagine fitting a long AR yt + a1 yt−1 +
·· · + ap yt−p = ut to T observations of a white noise. Consider the estimated
characteristic polynomial z p + â1z p−1 + ·· ·+ âp = 0 and denote its roots as zi ,
i = 1, . . . , p. By Vieta’s theorem, ∑p

i=1 log |zi | = log
∣∣âp
∣∣ . But âp should converge

to zero at the rate T −1/2 as T → ∞. Hence, log
∣∣âp
∣∣ must be of order − 1

2 log T
for large T . On the other hand, with high probability, the estimated AR will be
invertible so that log |zi | < 0 for all i = 1, ..., p. Therefore, with p >> log T, the
sum ∑p

i=1 log |zi | can be of order − 1
2 log T only if the majority of log |zi | are close

to zero. In other words, most of the zeros zi must be close to 1 by absolute value.
Our analysis builds on three results in particular. First, and for the econometric

side, Saikkonen and Lütkepohl (1996) have analyzed the asymptotic properties of
VAR estimates when both the sample size T and the order p of the fitted VAR tend
to infinity. Adopting their proofs allows us to derive helpful asymptotic properties
in our context. Second and third, and for the algebraic side, we make use of the-
orems by Erdös and Turan (1950) and Hughes and Nikeghbali (2008), who have
provided bounds for the number of roots of a polynomial lying in a segment and in
an annulus of the complex plane, respectively. The hard work in proving the main
result then consists in “translating” the Saikkonen-Lütkepohl-inspired asymptotic
results into the conditions needed for Erdös and Turan (1950) and Hughes and
Nikeghbali (2008).

After obtaining our main result for p,T → ∞ in Section 2, discussing its em-
pirical implications in Section 3, and providing a proof in Section 4, we con-
sider the case of fixed p in Section 5. For such a case, we focus on the roots
of an AR(p) fitted to T observations of a univariate stationary AR(∞) process.
Letting T → ∞, we approximate the joint distribution of the coefficients of the
fitted AR(p) by the asymptotic Gaussian distribution given in Bhansali (1981).
Then, treating the approximation as the true distribution of the coefficients of the
AR(p), we derive an analytic formula for the density of the expected empirical
distribution of the corresponding characteristic roots. Our derivation is based on
the results of Hammersley (1956). A numerical analysis shows that the derived
asymptotic approximation of the density of the expected empirical distribution of
the characteristic roots is accurate and is concentrated in a circular region in the
complex plane for various data generating processes (DGPs) and sample sizes.
For example, for AR(8) fitted to 500 observations of a white noise process, the
characteristic roots are expected to lie in a halo-like region located around a circle
of radius 0.7 in the complex plane.

The asymptotic joint distribution of the estimated roots of an AR(p) with p = 2
has been fully characterized in Pantula and Fuller (1993) and Nielsen and Nielsen
(2008). In cases of fixed p > 2, the asymptotic joint distribution of the roots and
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the corresponding empirical distribution of the roots are so complex that their di-
rect analysis seems prohibitively difficult. Therefore, our fixed p analysis focuses
on the expected empirical distribution of the roots as opposed to the empirical
distribution of the roots. The obtained expected distribution provides us with an
asymptotic approximation to the expected number of the roots inside any Borel-
measurable set in the complex plane.

2. THE MAIN RESULT

Following Phillips (1991a) and Saikkonen and Lütkepohl (1996), we consider an
n-dimensional process yt = (y′

1t , y′
2t

)′ such that its n1-dimensional component
y1t and n2-dimensional component y2t satisfy

y1t = C1 y2t +u1t ,

�y2t = u2t ,
(1)

where n > 0,n1 ≥ 0, and n2 ≥ 0 and where ut = (u′
1t ,u′

2t

)′ is a zero mean strictly
stationary process.

Note that the triangular error correction model form of (1) is

�yt = −
[

In1 −C1

0 0

]
yt−1 + vt ,

where vt =
[

In1 C1

0 In2

]
ut . We assume that the process vt (and hence also ut ) has

a VAR(∞) representation:

∑∞
j=0 Gjvt− j = εt , G0 = In . (2)

Here {. . . ,ε−1,ε0,ε1, . . .} is a sequence of independent and identically distributed
(i.i.d.) random n ×1 vectors with mean Eεt = 0, positive definite covariance ma-
trix �ε, and finite fourth moments. Recall the definition of the Frobenius norm

for a matrix ‖A‖ =
√

∑i j | Ai j |2 = √
tr AA′. We assume that the n × n coeffi-

cient matrices Gj are such that ∑∞
j=1 j

∥∥Gj
∥∥ < ∞ and that G(z) ≡ In + G1z +

G2z2 +·· · satisfies det G (z) 
= 0 for |z| ≤ 1. Note that the preceding DGP spans a
wide range of processes from stationary invertible autoregressive moving average,
when n2 = 0, to general cointegrated processes.

Let Â1, . . . , Âp be the ordinary least squares (OLS) estimates of the coefficient
matrices of a VAR(p) fitted to T observations of yt . Consider the estimated char-
acteristic polynomial

P̂p,T (z) = det

(
Inz p −

p

∑
j=1

Âj z
p− j

)
. (3)
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Let us denote the number of the roots of P̂p,T (z) that belong to a subset � of
the complex plane as Np,T (�). For any 0 < δ < 1 and 0 ≤ θ < ϕ ≤ 2π, let
Cδ = {z ∈ C : 1− δ ≤ |z| ≤ (1− δ)−1} be an annulus in the complex plane that
contains the unit circle and let Dθ,ϕ = {z ∈ C : θ ≤ Arg(z) ≤ ϕ} be a sector in the
complex plane. Our result is as follows.

THEOREM 1. Let {yt } satisfy (1) and assume that p is chosen as a function
of T so that p3/T → 0, (log T )/p → 0, and

√
T (‖G p‖+‖G p+1‖+ . . .) → 0 as

T → ∞. Then, for any 0 < δ < 1 and any 0 ≤ θ < ϕ ≤ 2π , as T → ∞,

(i) (1/pn)Np,T (Dθ,ϕ)
p→ (ϕ − θ)/2π ,

(ii) (1/pn)Np,T (Cδ)
p→ 1.

Figure 1 illustrates the result. It shows the roots of P̂p,T (z) for T = 100, p =
12 (100 Monte Carlo [MC] replications) and for T = 1,000, p = 48 (33 MC

FIGURE 1. Characteristic roots of AR(p) fitted to T observations of white noise (top row)
and a random walk (bottom row). Left panel: 100 MC replications, T = 100, p = 12. Right
panel: 33 MC replications, T = 1,000, p = 48. The pictures show the roots computed in all
the replications so there are 12 × 100 = 1,200 roots in the left panel and 48 × 33 = 1,584
roots in the right panel.
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replications). The upper panel of the figure corresponds to yt that is a univariate
white noise; the lower panel of the figure corresponds to yt that is a univariate
random walk. As T and p become larger, nearly all roots stick to the unit circle
in a uniform way for both the white noise and the random walk.

We have provided some intuition in the Introduction for why the roots approach
unity in absolute value. To understand why they spread out uniformly toward the
unit circle in the complex plane, as p increases (relative to logT ), note that this
produces statistical chatter in the coefficients, which translates into chatter in the
roots, which in turn (because of the order constraint) translates into chatter in the
phase (argument) of the roots. For an alternative intuition, consider the flat spec-
trum of white noise, which is a constant across all frequencies. One can therefore
think of white noise as the superimposition of sin-waves sin(ωt + Xω), with ω uni-
formly distributed on [0,π ] and Xω uniform on [0,π ] and i.i.d. across ω. A finite
approximation to this superimposition is therefore the average of sin(ωj t + Xωj ),
j = 1, . . . , p/2, where again the ωj are drawn uniformly from [0,π ]. This finite
approximation is the sum of p/2 AR(2) processes, with the complex unit roots
ζj = exp

(±iωj
)
, and these roots are uniformly distributed along the unit circle. It

should therefore perhaps not be surprising, that the same is true for the roots of an
AR(p) fitted to a sample of white noise. Conversely, this intuition suggests that
a fairly uniform distribution of roots along the unit circle results can result in a
fairly flat spectral density. One needs to be careful about this inversion, however.
Although the root densities in the top and the bottom rows of Figure 1 look fairly
uniform at first glance, the spectral densities are very different, as a result of the
one “special” unit root for the random walk. Inspecting the differences between
these two rows further, one notices a hollow around the two points {1,−1} in the
white noise case, in contrast to the random walk case, and with the latter intu-
itively corresponding to the “pileup” of spectral density near zero. Investigating
this issue further would be fascinating.

In practice, the order p of the approximating VAR would be chosen by an
information criterion such as the Akaike information criterion (AIC) or Bayesian
information criterion (BIC). As is well known (see, e.g., Hannan and Diestler,
1988, Sect. 7.4), the rate of increase of the chosen p as T → ∞ depends on
how fast the difference between the smallest mean squared forecast error based
on a VAR(r ) approximation and the optimal mean squared forecast error decays
when r → ∞. The exponential decay would imply log(T ) rate for the chosen p,
whereas the polynomial decay would imply a rate faster than a positive power of
T for the chosen p.

For example, if the true DGP is a finite-order stationary vector autoregressive
moving average with a nondegenerate moving average (MA) part, then the dif-
ference between the VAR(r)-based and the optimal mean squared forecast errors
decays as an exponent of r, and p chosen by AIC and BIC is of order log T .
Therefore, in such a case, (log T )/p would not converge to zero as is required
by our theorem, and the convergence of the empirical distribution of the roots to
the uniform distribution over the unit circle would not take place. In contrast, if
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the true DGP has an MA representation with slowly decaying coefficients so that
the difference between the VAR(r )-based and the optimal mean squared forecast
errors decays as a power of r, then the order p chosen by AIC and BIC would
increase faster than a positive power of T , which would guarantee the condition
(log T )/p → 0 of the theorem.

Note that P̂p,T (z) is a polynomial with random coefficients. Shparo and Schur
(1962) prove an equivalent of Theorem 1 for polynomials with i.i.d. coefficients ξj

such that E max(0, log |ξj |)1+ε < ∞ for some positive ε. Shmerling and Hochberg
(2002) prove the theorem for polynomials with independent but not necessarily
identically distributed coefficients ξj with continuous densities that are uniformly
bounded in some neighborhood of the origin with finite means μj and standard
deviations σj that satisfy the condition

sup

{
lim sup

j→∞
∣∣μj
∣∣1/j

, lim sup
j→∞

σ
1/j
j

}
= 1.

Very recently, Hughes and Nikeghbali (2008) have proved an equivalent of The-
orem 1 for an array of polynomials ∑N

j=0 ξj N z j with not necessarily independent
and not necessarily identically distributed random coefficients ξj N such that

E

{
log

N

∑
j=0

|ξj N |− 1

2
log |ξ0N |− 1

2
log |ξN N |

}
= o(N ) as N → ∞.

They show that sufficient conditions for the preceding asymptotics to take
place are the existence of such 0 < ε ≤ 1 that ∑N

j=0 E
(∣∣ξj N

∣∣ε) = exp(o (N )),
Elog |ξ0N | = o(N ), and Elog |ξN N | = o(N ).

In contrast to the cases considered by Shparo and Schur (1962) and Shmerling
and Hochberg (2002), our polynomial P̂p,T (z) does not have independent coef-
ficients. Moreover checking the sufficient conditions spelled out by Hughes and
Nikeghbali (2008) is a very nontrivial task for the case of P̂p,T (z). We therefore
establish our Theorem 1 directly by exploiting inequalities satisfied by the roots
of deterministic polynomials that are described in Lemmas 2 and 3 in Section 4.

3. EMPIRICAL IMPLICATIONS

How much do our findings matter for empirical practice? This depends on the pre-
cise question being asked. Our results imply that caution is recommended when
finding a number of roots with absolute values near unity and drawing the conclu-
sion that the data are highly persistent. Likewise, Theorem 1 implies that inference
regarding the presence of unit roots and nonstationarity by looking at the largest
roots in an AR can be highly misleading: with enough lags, one is bound to detect
many roots near unity, even if the data are white noise. Although applied macro-
economists have sometimes proceeded in this manner, econometricians have long
warned against this practice. In particular, Phillips (1991b, p. 461) has analyzed
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the distribution of the latent (real) roots in a Bayesian context and shown that
the alternating behavior of the densities can compensate and therefore mislead
about the long-run coefficient. One can therefore understand our results here as
generalizing his findings and warning there. There may be deeper connections
to the deterioration of the properties of cointegration tests, when the lag length
is high (see Lütkepohl and Saikkonen, 1999), and the debate on “power = size”
for unrestricted unit root tests (see Campbell and Perron, 1991) that should prove
fascinating to explore further.

Our results do not imply that existing econometric procedures are misleading,
when applied correctly, however. For example, univariate stationary processes
that satisfy the conditions of Theorem 1 would satisfy the Berk (1974) condi-
tions for the consistency and asymptotic normality of the auto-regressive spectral
estimates. For another example, the critical coefficient in the “long” augmented
Dickey–Fuller regression would not behave in an unusual way because it is related
to the characteristic roots of the regression only through their sum.

Our results also do not imply that the calculation of impulse responses is mis-
leading. To illustrate that, Figure 2 shows the impulse responses calculated for
the 100 draws employed for each of the panels in Figure 1 and their resulting

FIGURE 2. 100 impulse responses, calculated for the estimated autoregressive coefficients.
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estimated autoregressive coefficients. The top row shows that the impulse
responses die out to zero fairly quickly, as they should. Moreover, they do so
faster, given the longer sample, despite the roots moving closer to the unit cir-
cle in Figure 1. Although there is sampling error, there is little doubt here about
the long-run impact of a shock. The impulse responses in the bottom row deviate
more from the true, constant impulse response function, but there too, one would
mostly conclude that the long-run response is very persistent and essentially given
by the impulse response of an AR(1) with a root near unity. For this example and
these simulations, at least, the many near-unit complex roots typically do not man-
ifest themselves in terms of large and highly persistent sinusoidal responses, as
one may have feared and as is sometimes observed in empirical research. There
are a few, rare exceptions to that rule, though.

4. PROVIDING A PROOF

4.1. Four Lemmas

To prove Theorem 1, we need some asymptotic properties of Â1, . . . , Âp. To
that end, we draw on the analysis of expressions (1) and (2) in Saikkonen and
Lütkepohl (1996), which needs to be adapted somewhat for our purposes. It is
easy to see that yt has the VAR representation yt = A1 yt−1 +·· ·+ Ap yt−p + et ,
where et = εt −∑∞

j=p Gjvt− j ,

A1 = H − G1,

Aj = Gj−1 H − Gj for j = 2,3, . . . , p −1,

Ap = G p−1 H,

(4)

and H ≡
(

0 C1

0 In2

)
.

LEMMA 1. Under the conditions of Theorem 1, we have

(i)
∥∥∥ Â − A

∥∥∥= Op

(√
p
T

)
, where Â ≡ [ Â1, . . . , Âp] and A ≡ [A1, . . . , Ap],

(ii) Pr
(
σn
(√

T
(

Âp − Ap
))

> δT
)→ 1 for any sequence δT such that δT → 0

as T → ∞.
Here σj (M) denote the singular values of a matrix M, enumerated per
j in nonincreasing order. Hence, σn(M) is the smallest singular value of
an n × n matrix M, which is the square root of the smallest eigenvalue of
M M ′.

A proof of Lemma 1 is given in the Appendix. It uses the same techniques as
proofs in Saikkonen and Lütkepohl (1996). These authors have shown that any
J linear combinations of Â − A are asymptotically normal for arbitrary values
of J . With some work, this can be shown to imply the second statement in the
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lemma. Furthermore, adapting their strategy delivers the first statement. Note that
the length of the vector vec

(
Â− A

)
is increasing with the sample size rather than

being fixed at some length N . For stationary DGPs, the lemma follows from the
proof of Theorem 1 and from Theorem 4 of Lewis and Reinsel (1985).

Additionally, we need the following lemmas.

LEMMA 2 (Erdös and Turan, 1950). Let ak, k = 0,1, . . . ,np, be arbitrary
complex numbers not all of which are equal to zero and let N (θ,ϕ) denote the
number of zeros of Fnp(z) = ∑np

k=0 ak zk that lie in the sector 0 ≤ θ ≤ arg z ≤ ϕ,
where arg z denotes the angular polar coordinate of the point z in the complex
plane. Then, for a0anp 
= 0,

∣∣∣∣N (θ,ϕ)− (ϕ − θ)np

2π

∣∣∣∣< 16

[
np log

∑np
k=0 |ak |∣∣a0anp
∣∣1/2

]1/2

. (5)

LEMMA 3 (Hughes and Nikeghbali, 2008). Let ak, k = 0,1, . . . ,np, be ar-
bitrary complex numbers not all of which are equal to zero and let N (δ) with
0 < δ < 1 denote the number of zeros of Fnp(z) = ∑np

k=0 ak zk that lie in an annu-
lus 1− δ ≤ |z| ≤ (1− δ)−1 . Then, for a0anp 
= 0,

np − N (δ) ≤ 2δ−1 log
∑np

k=0 |ak |∣∣a0anp
∣∣1/2 . (6)

LEMMA 4. Let U,V be two n ×n matrices. Then

|det V |1/n ≥ σn (V +U )−σ1 (U ) ≥ σn (V +U )−‖U‖ . (7)

Proof. According to a singular value analogue of Weyl’s inequalities for eigen-
values (see Horn and Johnson, 1991, Thm. 3.3.6), for any n × n matrices V and
U and for any integers i and j such that 1 ≤ i, j ≤ n and i + j ≤ n +1, we have

σi+ j−1(V +U ) ≤ σi (V )+σj (U ). (8)

Inequality (8) implies that σn(V + U ) ≤ σn(V )+ σ1(U ) and therefore σn(V ) ≥
σn(V +U )−σ1(U ). The latter inequality and the fact that |det V | = ∏n

i=1 σi (V ) ≥
[σn(V )]n implies the first inequality in (7). The second follows directly from
σ1(U ) ≤ ‖U‖. n

4.2. The Proof of Theorem 1

With these lemmas, we are ready to state our proof for Theorem 1.

Proof. Taking Fnp (z) ≡ ∑np
k=0 ak zk = det

(
z p In − ∑p

j=1 Âj z p− j
)
, we have

a0anp = det
(− Âp

)
. Taking V = √

T Âp and U = −√
T Ap in (7) and noting
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that σ1 (U ) = σ1 (−U ) ≤ ‖−U‖ , we get

∣∣∣det
(√

T Âp

)∣∣∣1/n ≥ σn

(√
T
(

Âp − Ap

))
−√

T
∥∥Ap

∥∥ .

The second term in the latter difference converges to zero by the assumption that√
T
(∥∥G p

∥∥+∥∥G p+1
∥∥+ . . .

)→ 0. The first term satisfies Lemma 1(ii) with, say,
δT = p−1/2 +√

T
∥∥Ap

∥∥. Therefore,

Pr
(∣∣a0anp

∣∣> (pT )−n/2
)

→ 1. (9)

By definition of the determinant, Fnp (z) = ∑
τ

(−1)|τ | P1τ(1) (z) . . . Pnτ(n) (z) ,

where the summation is over all permutations of 1,2, . . . ,n and Pi j (z) ≡ z p −
Â1,i j z p−1 −·· ·− Âp,i j . Such a representation implies that

pn

∑
k=0

|ak | ≤ ∑
τ

n

∏
i=1

(
1+

p

∑
j=1

∣∣∣ Âj,iτ(i)

∣∣∣
)

≤ ∑
τ

n

∏
i=1

(
1+√

p
∥∥∥ Â − A

∥∥∥+
p

∑
j=1

∥∥Aj
∥∥) ,

where the latter inequality uses the fact that for any vector v = (v1, . . . ,vp
)
,

∑p
j=1

∣∣v j
∣∣≤ √

p‖v‖ . But formulas (4) and the assumption that ∑∞
j=1 j

∥∥Gj
∥∥< ∞

imply that ∑p
j=1

∥∥Aj
∥∥ is uniformly bounded and by Lemma 1(i)

√
p
∥∥∥ Â − A

∥∥∥ =
p−1/2 Op

(√
p3/T

)
≤ op(1). Therefore, there exists a constant M such that

Pr

(
pn
∑

k=0
|ak | ≤ M

)
→ 1. Combining the latter convergence with (9), we obtain

Pr

(
∑np

k=0|ak |
|a0anp|1/2 < M (pT )n/4

)
→ 1. This fact and Lemmas 2 and 3 imply that

Pr

(∣∣∣∣N (θ,ϕ)

np
− (ϕ − θ)

2π

∣∣∣∣< 16

√
log M

np
+ log T + log p

4p

)
→ 1 and

Pr

(
1− N (δ)

np
≤ 2δ−1

(
log M

np
+ log T + log p

4p

))
→ 1,

which proves Theorem 1 because (log T )/p → 0 by assumption. n

5. FIXED P ANALYSIS

Figure 1 suggests that the empirical distribution of the roots of estimated ARs
converges to the uniform distribution on the unit circle in a very “regular” way.
For relatively small p, the roots plotted on the complex plane form a “halo” of
the “radius” smaller than one. As p increases, the “radius” converges to one in
accordance with our theorem. Such a suggestion is also supported by additional
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MC exercises (not reported here) and by the empirical analysis of Granger and
Jeon (2006). As was briefly mentioned in the Introduction, they observe a “halo”
formed by the roots of the ARs fitted to 215 different U.S. macroeconomic indi-
cators. Granger and Jeon (2006) report that, when determined by AIC criterion,
the average number of lags in these ARs is 8.5.

In this section, we provide an analysis of the empirical distribution of the roots
when p is fixed and small relative to the number of observations T . Precisely, we
consider univariate ARs fitted to stationary linear processes and derive an asymp-
totic approximation to the expected empirical distribution of the corresponding
roots as T → ∞ but p remains fixed. Our analysis supports the preceding specu-
lation that the convergence to the unit circle happens in the expanding-halos way.
It also reveals interesting root clumping regularities internal to each halo.

As is well known, the asymptotic distribution of the estimated autoregres-
sive coefficients is Gaussian. Because the characteristic roots of multiplicity one
are locally differentiable functions of the coefficients, we could have used the
delta method to find an asymptotic Gaussian distribution for the distinct roots.
However, this is not the way we proceed. One reason is that the roots are very
nonlinear functions of the autoregressive coefficients and, thus, the approxima-
tions based on the delta method work poorly in finite samples. Another reason is
that we do not want to restrict attention to the roots of multiplicity one. There-
fore, our approach is, first, to approximate the distribution of the autoregressive
coefficients by the Gaussian distribution based on usual large-T asymptotics and
then to derive the exact density of the expected empirical distribution of the roots
conditional on the autoregressive coefficients having such a Gaussian distribu-
tion.

To perform such an analysis we need two additional lemmas. Consider a poly-
nomial

P(z) = c0 + c1z + c2z2 +·· ·+ cp−1z p−1 + z p (10)

with random coefficients. Let � denote Borel sets in the complex plane
and let FP (�) ≡ 1/p{the number of zeros of P(z) in �} be the empirical dis-
tribution of the zeros of polynomial (10). For any matrix M, let M̃ be defined as

M̃ =
(

Re M − Im M

Im M Re M

)
.

LEMMA 5. Suppose that the coefficients c0, . . . ,cp−1 of the polynomial (10)
are real Gaussian random variables with joint distribution N (μ,�) with � > 0.
Suppose further that p > 1. Then the following conditions exist.

(i) There exists a function f (z) of complex variable z = x + iy, such that for
any Borel set � in the complex plane that does not intersect with the real
line, we have E[FP (�)] = ∫

z∈� f (z)dxdy. Such a function is given by
the following formula. Let us define two p + 1-dimensional row vectors
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z0 and z1, a 2p + 2-dimensional column vector γ, a 2p + 2-dimensional
square matrix V, and a 2× (p +1)matrix ξ as

z0 = (1, z, . . . , z p−1, z p), z1 = (0,1,2z, . . . , (p −1)z p−2, pz p−1),

γ = (μ′,1,0, . . . ,0)′, V =
(

� 0

0 0

)
, and

ξ = z̃1 − (z̃1V z̃′
0

)(
z̃0V z̃′

0

)−1
z̃0.

Then

f (z) =
exp
{
− 1

2 (z̃0γ )′
(
z̃0V z̃′

0

)−1
(z̃0γ )

}
2πp

√
det
{

z̃0V z̃′
0

} tr
{
ξ
(
V +γ γ ′)ξ ′} . (11)

(ii) There exists a function g(x) of real variable x, such that for any interval
(a,b) of real line, we have E[FP ((a,b))] = ∫ b

a g(x)dx . Such a function is
given by the following formula:

g(x) =
√

U00U11 −U 2
01 exp

{
− 1

2 A2
0/U00

}
√

2π pU00

×
[

r +
√

2

π

∫ ∞
r

(t − r)e−t2/2dt

]
, (12)

where

A0 = E[P(x)], A1 = E

[
d P(x)

dx

]
, U00 = Var(P(x)) ,

U01 = Cov

(
P(x),

d P(x)

dx

)
, U11 = Var

(
d P(x)

dx

)
, and

r = |U00 A1 −U01 A0|√
U00
(
U00U11 −U 2

01

) .
Lemma 5 is a straightforward extension of the results of Hammersley (1956).

He proves an equivalent of Lemma 5 for polynomials c0 + c1z + c2z2 +
·· · + cp−1z p−1 + cpz p with c0,c1, . . . ,cp−1,cp having a nondegenerate joint
normal distribution. In our case, cp is identically equal to one. Therefore,
c0,c1, . . . ,cp−1,cp have a degenerate joint normal distribution. We prove the ex-
tension of the Hammersley (1956) result to this particular degenerate case in the
Appendix.
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Lemma 5 can be used together with an asymptotic normality result for the esti-
mated autoregressive coefficients to approximate the expected empirical distribu-
tion of the roots of the estimated characteristic equation for finite p and relatively
large T . A useful asymptotic normality result is given by the following lemma.
Consider a univariate stationary process having AR(∞) representation

yt +a1 yt−1 +a2 yt−2 +a3 yt−3 +·· · = εt (13)

such that ∑∞
j=1

∣∣aj
∣∣ < ∞, a(z) = 1 + ∑∞

j=1 aj z j is bounded away from zero for

|z| ≤ 1, and εt are i.i.d. with Eεt = 0, Eε2
t = σ 2, and Eε4

t < ∞. Denote the p × p
matrix with s, t th element Eys yt as R (p) and the p-dimensional vector with sth
entry Ey0 yp+1−s as r(p).

LEMMA 6 (Bhansali, 1981). Suppose that an AR( p) model is fit to T obser-
vations of process (13) and let â(p) = (âp, . . . , â1

)′
denote the vector of OLS

estimates of the autoregressive coefficients. Then, as T → ∞,

√
T
(
â (p)− ā (p)

) d→N (0,�),

where ā (p) = −R (p)−1 r (p) and � is a positive definite covariance matrix.

Bhansali (1981) expresses the entries of matrix � in the form of an integral
that involves the spectral density of process (13) and two other functions that
can be computed from the autocovariances and the coefficients of (13). To save
space, we report the formula for � in the Appendix. For the special case when the
AR(∞) representation (13) reduces to an AR(m) with m ≤ p, the formula for �
considerably simplifies: � = σ 2 R(p)−1.

Taking the vector μ and the matrix � in Lemma 5 equal to ā(p) and (1/T )�,
respectively, we obtain an approximation to the expected empirical distribution
of the roots of the polynomial z p + â1z p−1 +·· ·+ âp. Such an approximation is
straightforward to analyze numerically.1 Subsequently, we conduct such an anal-
ysis for three special cases of the true DGP: a white noise, a relatively persistent
AR(1), and an MA of order one (MA(1)).

5.1. Numerical Analysis

Case I: white noise. For white noise, we have ā(p) = 0 and � = Ip. Taking
μ = 0, � = (1/T )Ip, p = 8, and T = 500 and using Lemma 5, we numerically
evaluate the density f (z) of the expected empirical distribution of the estimated
characteristic roots in the areas of the complex plane not intersecting with the real
line, and the density g(x) of that distribution on the real line. We take p = 8 and
T = 500 because 8 was a typical length of the AR fitted to the macroeconomic
data in the Granger and Jeon (2006) application and because 500 months is a
reasonable time span over which monthly U.S. macroeconomic data would be
available.
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The upper right panel of Figure 3 reports the plot of g(x). We see that the real
roots are expected to lie symmetrically around zero with a typical distance to zero
equal to about 0.7. Numerically evaluating the integral

∫∞
−∞ pg(x)dx, we find that

the expected number of the real roots equals 1.31. Hence, the expected number of
the complex roots equals 8−1.31 = 6.69.

The upper left panel of Figure 3 reports the contour plot of f (z). The outer
contour represented by a relatively fat line is chosen so that the expected number
of the roots inside this contour equals 95% of the expected total number of the
complex roots. We see that the complex roots are expected to lie in a halo-like
region in the complex plane (we show only the upper half of the complex plane
because the picture is symmetric around the real axis). Moreover, the roots are
more likely to occur at regularly spaced locations with the angular “distance”
between the closest locations equal to about π/8.

The lower left panel of Figure 3 shows the plot of ψ(r) ≡ ∫ 2π
0 r f (reiω)dω.

Note that r f (reiω) is the density of the expected empirical distribution of the
complex roots in polar coordinates. Therefore, ψ(r) can be interpreted as the

FIGURE 3. The density of the expected empirical distribution of the characteristic roots
of AR(8) fitted to 500 observations of a white noise process.
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marginal radial density of the expected empirical distribution of the complex
roots. We see that the “radius” of the halo where most of the complex roots are
expected to lie is close to 0.7. Note that the best AR(8) approximation of white
noise is AR(8) with zero coefficients. Hence, as T tends to infinity, the estimated
coefficients of AR(8) fitted to white noise data converge to zero, and the corre-
sponding roots must converge to zero too. Figure 3 shows that T = 500 is far
from being enough to “observe” the convergence. We computed the marginal ra-
dial densities and the corresponding 5th, 25th, 50th, 75th, and 95th quantiles for
different values of T from T = 102 to T = 106 and plot these quantiles against
log10 T in the right lower panel of Figure 3. The estimated complex roots are
expected to lie at a substantial distance from zero even when T equals one mil-
lion!

Case II: AR(1). Let us now consider the true DGP of the form yt = 0.9yt−1 +
εt . Figure 4 is an equivalent of Figure 3 for such a process. There are several
changes relative to Figure 3. First, the right-most locus of the concentration of

FIGURE 4. The density of the expected empirical distribution of the characteristic roots
of AR(8) fitted to 500 observations of an AR(1) DGP.
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f (z) shifted substantially toward the true 0.9 root on the real line. The remaining
loci spread evenly in the angular range which was emptied after the shift. The
density on the real line becomes concentrated around the true root. The modes at
around ±0.7 remain, but their magnitude substantially decreases. Moreover, the
symmetry of these modes is broken: the new 0.9 location “absorbs” more mass
from the +0.7 location than from the −0.7 location.

Case III: MA(1). Now we consider the true DGP of the form yt = εt +0.9εt−1.
It has an AR(∞) representation ∑∞

j=0(−0.9) j yt− j = εt . The corresponding results
are presented in Figure 5. As before, the outer fat line contour shows the region
in which the expected number of complex zeros equals 95% of the total number
of complex zeros. However, the remaining contour lines now correspond to much
higher levels (not reported) of the density than those on the previous two graphs.
Further, instead of seven loci of the density concentration, we have only four.
They are located in proximity to the roots of the best (in terms of minimizing
expected squared error of prediction) AR(8) approximation to our MA(1) DGP.
These true roots are shown as squares at the contour plot.

FIGURE 5. The density of the expected empirical distribution of the characteristic roots
of AR(8) fitted to 500 observations of an MA(1) DGP.
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At first sight, the fact that the true roots form a halo-like structure might
seem spurious. However, there is a reason for such behavior. Jentzsch (1914)
proved that if a deterministic series 1 + a1z + a2z2 + a3z3 + . . . converges for
all |z| < 1 but does not converge for some |z| < 1 + ε for any ε > 0, that is,
if it has the unit circle as the circle of convergence, then every point of the
unit circle is a cluster point of zeros of the partial sums Sp(z) = 1 + a1z +
a2z2 + ·· · + apz p, as p → ∞. Szegö (1922) generalized this result by show-
ing that there are indexes n1 < n2 < .. . such that the roots of Sni (z) be-
come uniformly dense in Cδ for arbitrarily small δ. In other words, a theo-
rem similar to our Theorem 1 holds for the roots of the partial sums of a very
large class of power series. Clearly, the power series ∑∞

j=0(−0.9) j z j has the
circle of radius 1/0.9 as the circle of convergence. Further, the characteristic
equation (with z replaced by z−1) for the AR(p) approximating our MA(1)
process is close to the partial sum ∑p

j=0 (−0.9) j z j , at least for relatively
large p. Hence, for relatively large p, we would expect the true zeros of
the best AR(p) approximations to our MA(1) to be distributed in a halo-like
fashion.

Minnesota prior. Our final numerical exercise is to compute the expected em-
pirical distribution of the roots of AR(8), which corresponds to the Minnesota
prior of Litterman (1986) about the autoregressive coefficients. The prior is fre-
quently used in economic research. It specifies the joint normal distribution for the
coefficients of yt = a1 yt−1 +·· ·+ ap yt−p + εt , so that the different coefficients
are independent, the coefficient a1 has mean one and the standard deviation λ, and
the coefficients aj with j > 1 have mean zero and standard deviations λ/j .2 The
usual choice for λ in economic forecasting applications is 0.2, and therefore, we
set λ = 0.2. Figure 6 is an equivalent of Figures 3–5 for the Minnesota prior. The
lower right panel is absent because the prior does not depend on T, whereas our
approximations to the expected empirical distributions of the roots in the previous
exercises do depend on T .

Note that a researcher who has the Minnesota prior about the coefficients of
AR(8) should expect the complex roots to form the halo-like patterns with “ra-
dius” equal to about 0.6. For that researcher, the halo is an a priori reasonable lo-
cation of the roots of an AR(8) describing economic data. That researcher would
therefore have to disagree with the Granger and Jeon (2006) speculation that
the halo-like pattern for the roots of the ARs fitted to the U.S. macroeconomic
data is due to the overfitting. Of course, it may well conversely be the case that
the Minnesota prior has disagreeable properties. It is perhaps helpful to com-
pare this prior to the standard deviation of the conditional maximum likelihood
estimator for an AR(8) and a sample of length T + 8, when the DGP is white
noise with unit variance: one obtains the same standard deviation for the esti-
mator aj with j > 1, if T = 25 j2. For a8, for example, one may then think of
the prior as similar to having observed a sample of T = 1,600 and having fitted
an AR(8) to a white noise process with an estimate of zero for a8: it therefore
appears to express considerable a priori confidence that the coefficient is indeed
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FIGURE 6. The density of the expected empirical distribution of the characteristic roots of
AR(8) with the coefficients distributed according to the Minnesota prior.

zero. Nonetheless, this a priori confidence is not sufficient to force the roots to
cluster near zero. It may be good to bear this in mind when applying this prior.

6. CONCLUSIONS

We have shown that the empirical distribution of the roots converges to the uni-
form distribution over the unit circle when both the sample size T and the order p
of a fitted VAR tend to infinity so that (log T )/p → 0 and p3/T → 0. In particular,
even if the process is a white noise, nearly all roots of the estimated VAR will con-
verge by absolute value to unity. Therefore, caution is recommended when finding
a number of roots with absolute values near unity and drawing the conclusion that
the data are highly persistent. Likewise, Theorem 1 implies that inference regard-
ing the presence of unit roots and nonstationarity by looking at the largest roots
in an AR can be highly misleading, echoing a warning in Phillips (1991b) against
such practice. Our fixed p analysis shows that the estimated roots are expected to
form a halo-like pattern on the complex plane even if the true roots are zero and
T is extremely large.

Our results do not imply that existing econometric procedures are misleading,
when applied correctly, however. Our results also do not imply that the calculation
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of impulse responses is misleading. Our results therefore help to interpret statistics
calculated from the data for inference regarding their persistence properties.

NOTES

1. We have also checked using MC simulations that, for the processes and parameter values con-
sidered in the Section 5.1, such an approximation is very accurate. We do not report our MC analysis
to save space.

2. The Minnesota prior was developed for VARs. In our numerical exercise, we are only interested
in the special case of the prior for univariate ARs.
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TECHNICAL APPENDIX

A.1. Proof of Lemma 1. Let us reparametrize regression yt = A1 yt−1 + ·· · +
Ap yt−p + et as �yt = ∑p−1

j=1 �j ut− j + �p,1u1,t−p + �0 y2,t−1 + et . Using equations
of model (1), it is straightforward to check that the regressors in the first regression

Xt =
[

y′
t−1, . . . , y′

t−p

]′
are linked to the regressors in the second regression Wt =

[u′
t−1, . . . ,u′

t−p+1,u′
1,t−p, y′

2,t−1]′ by an invertible linear transformation Xt = V Wt ,

where V = [S′, Z ′]′, Z = [0n2×n1 , In2 ,0n2×n(p−1)
]
,

S =
(

Ip−1 ⊗ R 0

0
[
In1 ,−C1

]
)

+
(

0 Ip−1 ⊗ Q

0 0

)
, (A.1)

R =
(

In1 −C1

0 In2

)
and Q =

(
0 0

0 −In2

)
.

Let us denote the OLS estimates of the parameters of the second regression as �̂j , �̂p,1,
and �̂0. Because the transformation V depends on the unknown parameter C1, these esti-
mators are infeasible. However, their asymptotic properties are relatively easy to analyze
and, once obtained, can be used to derive the asymptotic properties of Â1, . . . , Âp.

Let us denote
[
�1, . . . ,�p−1,�p,1

]
as � and the matrix of the corresponding OLS

estimates as �̂. We have Â − A =
(
�̂−�

)
S +
(
�̂0 −�0

)
Z . Now, �0 = 0 because

both sides of the second regression must be I (0). Further,
∥∥∥�̂0

∥∥∥ = Op

(
T −1

)
(see

Saikkonen, 1992, eqn. (A.14)). Therefore, to establish part (i) of Lemma 1, it is enough

to show that
∥∥∥(�̂−�

)
S
∥∥∥ = Op

(√
p/T

)
. Decomposition (A.1) implies that σ1 (S) ≤

σ1 (R)+σ1
([

In1 ,−C1
])+σ1 (Q) , and therefore, σ1 (S) remains bounded when p rises.

This fact implies that we only need to show that
∥∥∥�̂−�

∥∥∥= Op
(√

p/T
)
.

Let us define e1t = et − εt , Ut = [u′
t−1, . . . ,u′

t−p+1,u′
1,t−p]′, and �u = EUtU ′

t ,

N = T − p, and �̂w = N−1∑T
t=p+1Wt W ′

t and let us partition the inverse

�̂−1
w =

[
�̂

(1)
w , �̂

(2)
w

]
conformably with Wt =

[
U ′

t , y′
2,t−1

]′
. Consider the following
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decomposition: �̂ − � = F0 + F1 + F2 + F3, where F0 = N−1∑T
t=p+1εt U ′

t �
−1
u ,

F1 = N−1∑T
t=p+1e1t U

′
t �

−1
u , F2 = N−1∑T

t=p+1e1t W ′
t

(
�̂

(1)
w −

[
�−1

u ,0
]′)

, and F3 =

N−1∑T
t=p+1εt W ′

t

(
�̂

(1)
w −

[
�−1

u ,0
]′)

. As in Saikkonen (1992, eqn. (A.9)), it follows

that ‖F2‖ ,‖F3‖ = Op

(
p3/2/N

)
= op

(√
p/T

)
. Thus, it remains to show that ‖F0‖ and

‖F1‖ are Op
(√

p/T
)
.

First, let us establish the useful fact that c1 ≤ λmin (�u) ≤ λmax (�u) ≤ c2 for
some constants 0 < c1 ≤ c2 < ∞. Consider the spectral density matrix for ut :

fuu(λ) = (1/2π)RG(eiλ)�ε

(
RG(eiλ)

)∗
, where, by assumption, �ε is positive def-

inite, R is nonsingular, and det
(

G(eiλ)
)


= 0 for λ ∈ [0,2π]. Because det
(

G(eiλ)
)

is a continuous function of λ ∈ [0,2π ] and because
∥∥∥G(eiλ)

∥∥∥ < ∞ for λ ∈
[0,2π ], we have infλ∈[0,2π] σn ( fuu (λ)) = γ1 > 0 and supλ∈[0,2π ] σ1 ( fuu (λ)) =
γ2 < ∞. On the other hand, λmin (�u) ≥ 2π infλ∈[0,2π ] σn ( fuu (λ)) and λmax (�u) ≤
2π infλ∈[0,2π ] σn ( fuu (λ)) . Therefore, c1 ≤ λmin (�u) ≤ λmax (�u) ≤ c2, where c1 =
2πγ1 and c2 = 2πγ2. Now, for ‖F1‖ , we have

E‖F1‖ = N−1E
∥∥∥∑T

t=p+1e1t U
′
t �

−1
u

∥∥∥≤ E
∥∥∥e1t U

′
t �

−1
u

∥∥∥
= E
∥∥∥(�−1

u Ut ⊗ �
1/2
ε

)(
�

−1/2
ε e1t

)∥∥∥
≤
(

E
∥∥∥�−1

u Ut ⊗ �
1/2
ε

∥∥∥2
)1/2(

E
∥∥∥�−1/2

ε e1t

∥∥∥2
)1/2

.

The latter square root is o(T −1/2) (see Saikkonen, 1992, eqn. (A.12)). For the former,

we have E
∥∥∥�−1

u Ut ⊗ �
1/2
ε

∥∥∥2 = tr�−1
u tr�ε ≤ npλ−1

min (�u) tr�ε ≤ npc−1
1 tr�ε = O (p) .

Therefore, E‖F1‖ = O
(√

p/T
)

and ‖F1‖ = Op
(√

p/T
)
. For ‖F0‖, we have

E‖F0‖ = N−1E
∥∥∥∑T

t=p+1 εt U
′
t �

−1
u

∥∥∥≤ N−1c−1
1

(
E
∥∥∥∑T

t=p+1 εtU
′
t

∥∥∥2
)1/2

.

But E
∥∥∥∑T

t=p+1 εt U ′
t

∥∥∥2 = ∑T
t=p+1 E

(
ε′

tεt
)

E
(
U ′

t Ut
) ≤ pN (tr�ε)E

(
u′

t ut
) = O (pN ) .

Therefore, E‖F0‖ is O
(√

p/T
)
, which implies that ‖F0‖ is Op

(√
p/T

)
. Because both

‖F0‖ and ‖F1‖ are Op
(√

p/T
)
, part (i) of Lemma 1 holds.

Turning to the proof of part (ii), note from (A.1) that Âp − Ap =
(
�̂−�

)
�,

where � is a matrix whose elements are zero except for the lower n × n block, which

equals to �p ≡
(

0 −In2

In1 −C1

)
. Lemma A.3 of Saikkonen and Lütkepohl (1996) im-

plies that for any sequence of n2-dimensional vectors lp,
√

T σ−1
p l ′p vec

(
Âp − Ap

)
d→

N (0,1) , where σ 2
p = l ′p

(
� ′�−1

u � ⊗ �ε

)
lp. By Theorem 4.2.12 of Horn and

Johnson (1991), which describes the eigenvalues of a Kronecker product as prod-

ucts of the eigenvalues of the components of the product, λmin

(
� ′�−1

u � ⊗ �ε

)
≥
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λmin

(
� ′�−1

u �
)

λmin (�ε) and λmax

(
� ′�−1

u � ⊗ �ε

)
≤ λmax

(
� ′�−1

u �
)

λmax (�ε) .

On the other hand, λmin

(
� ′�−1

u �
)

≥ σ 2
n (�)λmin

(
�−1

u

)
= σ 2

n (R)λ−1
max (�u) ≥

σ 2
n (R)c−1

2 , where the middle equality follows from the fact that �p equals an orthog-

onal matrix times R. Similarly, λmax

(
� ′�−1

u �
)

λmax (�ε) ≤ σ 2
1 (�)λmax

(
�−1

u

)
=

σ 2
1 (R)λ−1

min (�u) ≤ σ 2
1 (R)c−1

1 . Summing up, σ 2
n (R)c−1

2 ≤ σ 2
p ≤ σ 2

1 (R)c−1
1 . But such

inequalities imply that for any measurable subset � of n2-dimensional euclidean space
such that Pr

(N (0, In2
) ∈ �

) 
= 0, there exist constants d1,d2 > 0 such that d1 <

Pr
(√

T vec
(

Âp−Ap

)
∈�
)

Pr
(N (0,In2

)∈�
) < d2 for large enough p. Now, had statement (ii) of Lemma 1

been false, there would have existed a sequence δT → 0 and ε > 0 such that for any T0

there exists T > T0 such that Pr
(
σn

(√
T
(

Âp − Ap

))
< δT

)
> ε. Given some δ > 0, let

�(δ) be the set of all vectors w ∈Rn2
such that the n ×n matrix W defined by vec W ≡ w

satisfies σn (W ) < δ. Choose δ small enough so that Pr
(N (0, In2

) ∈ �(δ)
)

< ε/(2d2) .
Then, for large enough T, we have δT < δ and therefore

Pr
(√

T σn

(
Âp − Ap

)
< δT

)
≤ Pr

(√
T σn

(
Âp − Ap

)
< δ
)

= Pr
(√

T vec
(

Âp − Ap

)
∈ �(δ)

)
< d2 Pr

(N (0, In2
) ∈ �(δ)

)
<

ε

2
.

We have a contradiction, and therefore statement (ii) of Lemma 1 is true. n

A.2. Proof of Lemma 5. Theorem 8.1 of Hammersley (1956) establishes an equiv-
alent of Lemma 5 for polynomials Pc(z) = ∑p

j=0cj z j ≡ ∑p
j=0

(
aj + ibj

)
z j , where

i = √−1 and the components of c ≡ (a0, . . . ,ap,b0, . . . ,bp)′ have a joint distribution with
continuous density w(s). Theorems 9.1 and 9.2 of Hammersley (1956) then use an ex-
tended Slutzky–Fréchet theorem (Theorem 3.1) to show that results for the real case when
b0 = ·· · = bp = 0 can be obtained as limits of the corresponding results for the complex
case. We need to modify Hammersley’s arguments to further allow for cp ≡ 1. In what
follows, we give details of such a modification after sketching those arguments that remain
unaltered.

Let � be a Borel measurable subset of R
2 and let D = {z = x + iy :

(x, y) ∈ �}. Consider a mapping ϕ : � × R
2p → R

2p+2 that sends s ≡
(x, y,a1, . . . ,ap,b1, . . . ,bp)′ to c ≡ (a0, . . . ,ap,b0, . . . ,bp)′, where a0 and b0 are the
unique real numbers such that Pc (x + iy) = 0. The region � × R

2p can be rep-
resented as a union of regions �j , j = 1, . . . , p such that ϕ is a j-to-1 map-
ping in �j . Precisely, s ∈ �j if and only if Pϕ(s)(z) has exactly j distinct roots

in D. Because the Jacobian of ϕ equals ∂a0
∂x

∂b0
∂y − ∂b0

∂x
∂a0
∂y =

∣∣∣P ′
ϕ(s)(z)

∣∣∣2 , where

z = x + iy, we can write 1
p
∫
�×R2p w(ϕ (s))

∣∣∣P ′
ϕ(s)(z)

∣∣∣2 ds = 1
p ∑p

j=1 j
∫
ϕ
(
�j
)w(c)dc.

But the latter sum equals the expected number of zeros of Pc(z) in D. Hence, if
1
p
∫
�×R2p w(ϕ (s))

∣∣∣P ′
ϕ(s)(z)

∣∣∣2 ds can be represented as
∫

z∈D f (z)dxdy, then f (z) is

the density of the expected empirical distribution of the roots of Pc(z). Note that
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1
p
∫
�×R2p w(ϕ (s))

∣∣∣P ′
ϕ(s)(z)

∣∣∣2 ds = ∫
�

[
1
p
∫

Pc(z)=0 w(c)
∣∣P ′

c(z)
∣∣2 dc

]
dxdy. Denoting

the joint density of q ≡ (Re Pc (z) ,Re P ′
c(z), Im Pc(z), Im P ′

c (z)
)′ as ψ (q), we can rewrite

the inner integral in the latter double integral as 1
p
∫
q1=q3=0 ψ (q)

(
q2

2 +q2
4

)
dq2dq4,

which provides us with a formula for f (z). When c is Gaussian with mean γ and co-
variance V, q is also Gaussian with parameters that are simple functions of γ, V , and z.
Using this fact and some clever elementary algebra, Hammersley (1956) derives formula
(11) from the preceding integral representation of f (z).

In the preceding derivation, matrix V must be nonsingular because c must have a
continuous density, by assumption. However, as pointed out by Hammersley (1956),
formula (11) remains valid for singular V as long as z̃0V z̃′

0 remains nonsingular. Indeed,
let c(k) ∼ N (γ,Vk), where Vk are nonsingular and such that limk→∞ Vk = V . Then,
as has been shown previously, the expected number of roots of Pc(k)(z) in D equals∫

z∈D fk(z)dxdy, where fk(z) is given by (11) with V replaced by Vk . Because c(k)
d→ c,

the extended Slutzky–Fréchet theorem implies that
∫

z∈D fk(z)dxdy converges to the
expected number of roots of Pc(z) in D. On the other hand, because z̃0Vk z̃′

0 converges
to a nonsingular matrix z̃0V z̃′

0, limk→∞ fk(z) exists and equals f (z). Therefore, the ex-
pected number of roots of Pc(z) in D is given by

∫
z∈D f (z)dxdy, where f (z) is as in (11).

Proof of part (i). Theorem 9.1 of Hammersley (1956) considers a special case of sin-
gular V when b0 = ·· · = bp = 0 and shows that z̃0V z̃′

0 remains nonsingular as long as
Im z > 0. Subsequently, we will show that z̃0V z̃′

0 remains nonsingular if, in addition to
b0 = ·· · = bp = 0, we have ap = 1, so that cp ≡ 1. As discussed earlier, the proof of the
nonsingularity of z̃0V z̃′

0 will suffice to establish (11) in Lemma(5i).

Let z = x + iy with y > 0 and let z0 =
(

1, z, . . . , z p−1, z p
)

as defined in

Lemma 5. Consider a (p +1) × (p + 1) matrix X with the element in the i th row and
j th column equal to zero if i > j and to ( j −1)!/(i −1)!( j − i)!x j−i if i ≤ j. The Tay-

lor expansion of z0 around (1, x, . . . , x p−1, x p) yields z0 =
(

1, iy, i2 y2, . . . , i p y p
)

X.

Therefore, z̃0 =
(

y0 X −y1 X

y1 X y0 X

)
, where y0 and y1 are the real and the imaginary parts of(

1, iy, i2 y2, . . . , i p y p
)

.

Now, let X1 be the submatrix of X that consists of the first p columns of X. Then,
the preceding formula for z̃0 and the definition of V in Lemma 5 imply that z̃0V z̃′

0 =(
y0 X1�X ′

1 y′
0 y0 X1�X ′

1 y′
1

y1 X1�X ′
1 y′

0 y1 X1�X ′
1 y′

1

)
. Note that the p + 1th row of matrix X1 consists of

zeros. Therefore, y0 X1 = ȳ0 X̄1 and y1 X1 = ȳ1 X̄1, where ȳ0 and ȳ1 are the real and the
imaginary parts of (1, iy, i2 y2, . . . , i p−1 y p−1) and X̄1 is the submatrix of X1 that consists
of the first p rows of X1. Hence, we have

z̃0V z̃′
0 =
⎛
⎝ ȳ0 X̄1� X̄ ′

1 ȳ′
0 ȳ0 X̄1� X̄ ′

1 ȳ′
1

ȳ1 X̄1� X̄ ′
1 ȳ′

0 ȳ1 X̄1� X̄ ′
1 ȳ′

1

⎞
⎠ . (A.2)

But X̄1 is an upper triangular matrix with all coefficients on the main diagonal equal
to one. Therefore

∣∣X̄1
∣∣ = 1 and X̄1� X̄ ′

1 is positive definite. Besides, because p > 1 and
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y > 0, neither ȳ0 nor ȳ1 is null and there exists a nonsingular p × p matrix Y with the first
row equal to ȳ0 and the second row equal to ȳ1. It remains to note that, according to (A.2),
z̃0V z̃′

0 is a minor on the main diagonal of the positive-definite matrix Y X̄1� X̄ ′
1Y ′ and is

therefore positive definite itself. �

Proof of part (ii). In Theorem 9.2, Hammersley (1956) studies the case of real
z, which corresponds to part (ii) of Lemma 5. In such a case, z̃0V z̃′

0 is singular,
and so (11) no longer holds. Hammersley (1956) proposes to derive the density of
the expected empirical distribution of the real roots of Pc(z) by evaluating the limit
g(x) ≡ limδ→+0

∫ δ−δ fδ(z)dy. Here fδ(z) is obtained from (11) by replacing each

of the zero diagonal elements of V by a small number δ16/7. The derivations on
pp. 107–109 of Hammersley (1956) show that g(x) satisfies (12) as long as the joint
distribution of Pc(x) and P ′

c(x) is a nondegenerate normal distribution for each fixed
real x . Let us check that this condition is satisfied under the assumptions of Lemma
5. Denote the row vector (1, x, x2, . . . , x p−1) as x0 and the row vector (0,1,2x, . . . ,
(p − 1)x p−2) as x1. Then, the covariance matrix of the vector (Pc(x), P ′

c(x))′ equals(
x ′

0�x0 x ′
0�x1

x ′
1�x0 x ′

1�x1

)
. Because, by assumption, p > 1, neither x0 nor x1 is null, and there

exists a nonsingular matrix Q with the first row equal to x0 and the second row equal to
x1. Hence, the covariance matrix of (Pc(x), P ′

c(x))′ is a minor on the main diagonal of the
positive definite matrix Q�Q′ and is therefore nondegenerate. n

A.3. Bhansali’s Formula for � in Lemma 6. Let f (λ) = 1
2π ∑∞

u=−∞ Eyt yt+ue−iuλ

be the spectral density of the process yt described in (13). Further, let Rinv
p (i, j) de-

note the i, j th element of matrix R(p)−1, let Ap(λ) = 1 + ∑p
j=1 aj z j , and let Hu(λ) =

∑p
j=1 Rinv

p (u, j)e−i jλ. Then, the element in the uth row and the vth column of matrix �
from the statement of Lemma 6 equals

�uv = 4π

∫ π

−π
Re
[

Ap (λ) Hp−u (λ)
]

Re
[

Ap (λ) Hp−v (λ)
]

f 2 (λ)dλ.

This is a slightly reformulated version of formula (3.10) in Bhansali (1981). The dif-
ference with that formula is that our H has indexes p − u and p − v, whereas Bhansali’s
H has indexes u and v. It is because we are interested in the asymptotic covariance ma-
trix of vector

(
âp, âp−1, . . . , â1

)′
, whereas Bhansali (1981) is interested in the asymptotic

covariance matrix of
(
â1, â2, . . . , âp

)′
.
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