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Abstract. A partially ordered set that is invariantly associated to a subshift is constructed.
A property of subshifts, also an invariant of topological conjugacy, is described. If this
property is present in a subshift then the constructed partially ordered set is a partially
ordered semigroup (with zero). In the description of these invariants the notion of context
is instrumental.

1. Introduction
Let 6 be a finite alphabet, and letS6 be the shift on the shift space6Z:

S6(xi)i∈Z= (xi+1)i∈Z, (xi)i∈Z ∈ 6Z.

In symbolic dynamics one studies subshifts(C, S), C a S6-invariant closed subset of6Z

andS the restriction ofS6 to C. An introduction to the theory of subshifts is in [8, 9]
(see also [1, 2]). In this paper we describe certain invariants of the topological conjugacy
of subshifts. Given a subshiftC ⊂ 6Z the context of an admissible blocka of C is the
set of all pairs(a−, a+) of blocks such thata−aa+ is C-admissible. Using the notion of
context, in §2 we associate to a subshiftC a partially ordered setMC that is an invariant
of topological conjugacy.

Again using the notion of context, in §3 we describe a property of subshifts that we refer
to as property(A). While in describing property(A) we make reference to a presentation
of the subshift, we establish that either all or no presentations of the subshift possess
this property. In a sense this property is of a geometrical and dynamical nature, not
only by the formulation of its defining description, but also by its invariance. We show
then for a subshiftC with property(A) that the partially ordered setMC is a partially
ordered semigroup (with zero), that is also invariantly associated toC. In §4 we give some
examples.
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502 W. Krieger

2. A partially ordered set associated to a subshift
We fix notation and terminology. Given a subshiftC ⊂ 6Zwe set

x[i,k] = (xj )i≤j≤k, x ∈ C, i, k ∈ Z, i ≤ k,

and
C[i,k] = {x[i,k] : x ∈ C}.

We also use similar notation for blocks,

b[i′,k′] = (bj )i′≤j≤k′, b ∈ C[i,k], i ≤ i ′ ≤ k′ ≤ k, i, k ∈ Z, i ≤ k,

and also if indices range in infinite intervals. For then-block system of a subshiftC ⊂ 6Z

we use notation like

x[1,n] = (x(i,i+n])i∈Z, x ∈ C,

C[1,n] = {x[1,n] : x ∈ C}, n ∈ N.

Unstable and stable sets are denoted byW−(x), W+(x), x ∈ C,

W−(x) =
⋃
I∈Z
{y ∈ C : yi = xi, i < I },

with the time symmetrical definition forW+(x). The context of aC-admissible block
a ∈ C[i,k], i, k ∈ Z, i ≤ k, is denoted by0(a):

0(a) = {(x−, x+) ∈ C(−∞,i) × C(k,∞) : (x−, a, x+) ∈ C}.
When comparing contexts, we feel free to identify blocks with the words they carry. With
the notation

0−(a) = {x− ∈ C(−∞,i) : (x−, a) ∈ C(−∞,k]},
for the left context of a block we set

ω+(a) =
⋃
n∈N

⋂
c−∈0−(a)

{b ∈ C(k,k+n] : (c−, a, b) ∈ C(−∞,k+n]},

a ∈ C[i,k], i, k ∈ Z, i ≤ k.

ω−(a) has the time symmetrical meaning.

We recall that for every homomorphismϕ : C → C of subshiftsC ⊂ 6Z, C ⊂ 6
Z

there is for someL ∈ Z+ a block mapping

8 : C[−L,L] → 6

such that
ϕ(x) = (8(x[i−L,i+L]))i∈Z.

We then say thatϕ is given by8, and we write

8(a) = (8(a[j−L,j+L])i+L≤j≤k−L), a ∈ C[i,k], i, k ∈ Z, k − i ≥ 2L,

and we also use similar notation if indices range in infinite intervals.
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LEMMA 2.1. Let C ⊂ 6
Z

, C ⊂ 6Z be subshifts and letϕ : C → C be a topological
conjugacy that is given by the 1-block map8 : 6 → 6, with ϕ−1 given for someL ∈ Z+
by the block map

8 : C[−L,L] → 6.

Letx ∈ C, x = ϕ(x) and, for somei ∈ Z, let

x(i,i+L+1] ∈ ω+(xi). (1)

Then

xi+1 ∈ ω+(x[i−2L,i]).

Proof. Let

y− ∈ C(−∞,i], y−[i−2L,i] = x[i−2L,i],

and let

y− = 8y−.

Then

y−[i−2L,i] = x[i−2L,i].

By (1),

(y−, x[i,i+L+1]) ∈ C(−∞,i+L+1].

By construction

(y−, xi+1) = 8(y−, x(i,i+L+1]). 2

For a subshiftC ⊂ 6Zwe set

Xn(C) =
⋂
i∈Z
{x ∈ C : xi ∈ ω+(x[i−n,i)) ∩ ω−(x(i,i+n])}, n ∈ N.

Xn(C), if not empty, is ann-step topological Markov shift and

Xn(C) ⊂ Xn+1(C), n ∈ N.

We set

XC =
⋃
n∈N

Xn(C).

We abbreviateX1(C) to X(C).

PROPOSITION2.2. Let C ⊂ 6Z, C ⊂ 6
Z

be subshifts and letϕ : C → C be a
topological conjugacy. Then

ϕ(XC) = XC.
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Proof. We consider the situation where the topological conjugacyϕ−1 : C → C is given
by the 1-block map8 : 6→ 6 with ϕ given for someL ∈ Z+ by the block map

8 : C[−L,L] → 6.

Set
Ĉ = C

[−L,L]
.

By Lemma 2.1

ϕ(X(C))[−L,L] ⊂ X(Ĉ).

One can conclude that

ϕ(Xn(C)) ⊂ Xn+2L+1(C), n ∈ N,

and therefore that

ϕ(XC) = XC. 2

We denote byPn(C) the set of periodic points inXn(C), n ∈ N, and we set

PC =
⋃
n∈N

Pn(C).

We abbreviateP1(C) to P(C). We introduce a reflexive and transitive relation≤ (C) into
the setPC (actually, into the set of orbits inPC). Foru, u′ ∈ PC , we mean byu ≥ (C)u′
that there exists a point inXC that is negatively asymptotic to the orbit ofu and positively
asymptotic to the orbit ofu′. We denote the resulting equivalence relation by= (C) and
the set of= (C)-equivalence classes byPC . The partial order that is induced by≤ (C) on
PC we also denote by≤ (C). The structure(PC,≤ (C)) is invariantly associated toC.
Here it is an auxiliary structure.

We denote byYn(C) the set of points inC that are negatively asymptotic to a point in
Pn(C) and also positively asymptotic to a point inPn(C), n ∈ N, and we set

YC =
⋃
n∈N

Yn(C).

We abbreviateY1(C) to Y (C).
Now consider a subshiftC ⊂ 6Z. Let H ∈ N. We introduce a reflexive and transitive

relation. (C,H) into the setY (C) (actually into the set of orbits inY (C)). For

u ∈ W−(q−) ∩W+(q+), v ∈ W−(r−) ∩W+(r+), q−, q+, r−, r+ ∈ P(C),

we define
u . (C,H)v

to mean:
q− ≥ (C)r−, q+ ≤ (C)r+,

and if
I−, I+, J−, J+ ∈ Z, I− < I+, J− < J+,
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and

u(−∞,I−] = q−(−∞,I−], u[I+,∞) = q+[I+,∞),

v(−∞,J−] = r(−∞,J−], v[J+,∞) = r+[J+,∞),

and if i−, i+ ∈ Z,

i− < I− − 2H, i+ > I+ + 2H,

j− < J− − 2H, j+ > J+ + 2H,

and
a ∈ C[i−,i+], b ∈ C[j−,j+],

are such that

a[I−−H,I++H ] = u[I−−H,I++H ],
b[J−−H,J++H ] = v[J−−H,J++H ],

ai−+h = bj−+h, ai+−h = bj+−h, 0 ≤ h ≤ H,

and

a[i−,I−−H ] ∈ X(C)[i−,I−−H ], a[I++H,i+] ∈ X(C)[I++H,i+],
b[j−,J−−H ] ∈ X(C)[j−,J−−H ], b[J++H,j+] ∈ X(C)[J++H,j+],

then the context ofa is contained in the context ofb. We introduce a reflexive and transitive
relation. (C) into YC (actually, into the set of orbits inYC ). Foru, v ∈ YC we mean by

u . (C)v

that there aren0 ∈ N andHn ∈ N, n ≥ n0, such that

u, v ∈ Yn0(C)

and
u[1,n] . (C[1,n],Hn)v

[1,n], n ≥ n0.

We denote the resulting equivalence relation by≈ (C).

PROPOSITION2.3. Let C ⊂ 6Z, C ⊂ 6
Z

be subshifts and letϕ : C → C be a
topological conjugacy. Letu, v ∈ YC , u . (C)v. Then

ϕ(u) . (C)ϕ(v).

Proof. We consider the situation where the conjugacyϕ−1 is given by a 1-block map

8 : 6 → 6

with ϕ given for someL ∈ Z+ by a block map

8 : C[−L,L] → 6,

and we set
Ĉ = C

[−L,L]
.
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Also letu, v ∈ Y (C),

u ∈ W−(q−) ∩W+(q+), v ∈ W−(r−) ∩W+(r+), q−, q+, r−, r+ ∈ P(C),

and set

û = ϕ(u)[−L,L], v̂ = ϕ(v)[−L,L],

q̂
− = ϕ(q−)[−L,L], q̂

+ = ϕ(q+)[−L,L], r̂
− = ϕ(r−)[−L,L], r̂

+ = ϕ(r+)[−L,L].

By Lemma 2.1

q̂
−
, q̂
+
, r̂
−
, r̂
+ ∈ X(Ĉ), û, v̂ ∈ Y (Ĉ).

Further, we set

Ĉ = C[−4L,4L], û = u[−4L,4L], v̂ = v[−4L,4L].

Let Ĥ ∈ N, and assume that

û . (Ĉ, Ĥ )̂v. (2)

We set
Ĥ = Ĥ + 2L

and we establish the proposition by showing that

û . (Ĉ, Ĥ )̂v.

For this, let
Î−, Î+, Ĵ−, Ĵ+ ∈ Z, Î− < Î+, Ĵ− < Ĵ+,

and

û
(−∞,̂I−] = q̂

−
(−∞,̂I−], û[̂I+,∞)

= q̂
+
[̂I+,∞)

,

v̂
(−∞,Ĵ−] = r̂

−
(−∞,Ĵ−], v̂[Ĵ+,∞)

= q̂
+
[Ĵ+,∞)

,

and let̂i−, î+ ∈ Z,

î− < Î− − 2Ĥ , î+ > Î+ + 2Ĥ ,

ĵ− < Ĵ+ − 2Ĥ , ĵ+ > Ĵ+ + 2Ĥ ,

and
â ∈ Ĉ [̂i− ,̂i+], b̂ ∈ Ĉ [̂j− ,̂j+],

be such that

â [̂I−−Ĥ ,̂I++Ĥ ] = û[̂I−−Ĥ ,̂I++Ĥ ],

b̂[Ĵ−−Ĥ ,Ĵ++Ĥ ] = v̂[Ĵ−−Ĥ ,Ĵ++Ĥ ],

â
î−+h
= b̂

ĵ−+h
, â

î+−h
= b̂

ĵ+−h
, 0 ≤ h ≤ Ĥ ,

https://doi.org/10.1017/S0143385700000249 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385700000249


Syntactically defined invariant of symbolic dynamics 507

and

â [̂i− ,̂I−−Ĥ ] ∈ X(Ĉ)[̂i− ,̂I−−Ĥ ], â [̂I++Ĥ ,̂i+] ∈ X(Ĉ)[̂I++Ĥ ,̂i+],

b̂[̂j−,Ĵ−−Ĥ ] ∈ X(Ĉ [̂j−,Ĵ−−Ĥ ], b̂[Ĵ++Ĥ ,̂j+] ∈ X(Ĉ)[Ĵ++Ĥ ,̂j+].

We have to show that the context ofâ is contained in the context of̂b. Denote the block
map that implements the conjugacy ofĈ ontoĈ by 8̂,

8̂((c[i−L,i+L])−3L≤i≤3L) = (8(cj ))−4L≤j≤4L, c ∈ C[−4L,4L],

and set
â = 8̂(̂a), b̂ = 8̂(̂b).

By (2) the context of̂a is contained in the context of̂b. Denote the 1-block map that

implements the conjugacy of̂C ontoĈ by 8̂:

8̂(c) = 8(c[−2L,2L]), c ∈ C[−4L,4L].

With
î− = î− + 2L, î+ = ĵ+ − 2L,

one has

0(̂a) = {(8̂(̂x −
(−∞,̂i−)

), 8̂(̂x +
(̂i+,∞)

)) : (̂x −, x̂ +) ∈ 0(̂a),

8̂(̂x −[̂i− ,̂i−)
) = â [̂i− ,̂i−)

, 8̂(̂x +
(̂i+ ,̂i+]

) = â
(̂i+ ,̂i+]

}
,

0(̂b) = {(8̂(̂x −
(−∞,̂i−)

), 8̂(̂x +
(̂i+,∞)

)) : (̂x −, x̂ +) ∈ 0(̂b),

8̂(̂x −[̂i− ,̂i−)
) = b̂[̂i− ,̂i−)

, 8̂(̂x +
(̂i+ ,̂i+]

) = b̂
(̂i+ ,̂i+]

}
,

and it is shown that the context of̂a is contained in that of̂b. 2

We denote the set of≈ (C)-equivalence classes byMC . The partial order that is
induced by. (C) on MC we also denote by. (C). The structure(MC,. (C)) is by
Proposition 2.3 invariantly associated toC.

3. A property of subshifts and an invariant of topological conjugacy
We say that a subshiftC ⊂ 6Z, such thatX(C) is not empty, has property(a,K), K ∈ Z+,
if the following holds: ifi−, i+, j−, j+ ∈ Z,

i− < i+ − 2K, j− < j+ − 2K,

and if

a ∈ X(C)[i−,i+], b ∈ X(C)[j−,j+],
ai−+k = bj−+k, ai+−k = bj+−k, 0 ≤ k ≤ K,

then the context ofa is equal to the context ofb. We say that a subshiftC ⊂ 6Z has
property(a) if there is aK ∈ Z+ such thatC has property(a, K). We say that a
subshiftC ⊂ 6Z has property(A) if there is ann0 ∈ N such that forn ≥ n0, C[1,n]
has property(a).
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PROPOSITION3.1. Let the subshiftC ⊂ 6
Z

have property(A). Then all subshifts
C ⊂ 6Z that are topologically conjugate toC also have property(A).

Proof. We consider the situation where a topological conjugacyϕ : C → C is given by
the 1-block map8 : 6→ 6 with ϕ−1 given for someL ∈ N by the block map

8 : C[−L,L] → 6.

We denote
Ĉ = C

[−L,L]
,

and have the toplogical conjugacŷϕ : Ĉ → C that is given by the 1-block map

8̂ : C[−L,L] → 6,

8̂(a) = 8(a0), a ∈ C[−L,L],

with ϕ̂ −1 given by the block map̂8 : C[−2L,2L] → C[−L,L],

8̂(a) = (8(a[l−L,l+L]))−L≤l≤L, a ∈ C[−2L,2L].

Let K̂ ∈ Z+, and assume that̂C has property(a, K̂). We set

K = K̂ + 4L,

and we establish the proposition by showing thatC has property(a, K). For this leti−,
i+, j−, j+ ∈ Z,

i− < i+ − 2K, j− < j+ − 2K,

and let
a ∈ X(C)[i−,i+], b ∈ X(C)[j−,j+],

be such that

ai−+k = bj−+k, ai+−k = bj+−k, 0≤ k ≤ K. (3)

We have to show that the context ofa is equal to the context ofb. For this let

(x−, x+) ∈ 0(a),

and let
y− ∈ X(C)(−∞,j−), y+ ∈ X(C)(j+,∞),

be given by
y−j−−h = x−i−−h, y+j++h = x+i++h, h ∈ N.

We have to show that

(y−, y+) ∈ 0(b). (4)

Let
â = 8̂(a), b̂ = 8̂(b).

By (3)

âi−+2L+k = b̂j−+2L+k, âi+−2L−k = b̂j+−2L−k, 0 ≤ k ≤ K̂,
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and by Lemma 2.1

â ∈ X(Ĉ)[i−+2L,i+−2L], b̂ ∈ X(Ĉ)[j−+2L,j+−2L],

and by property(a), â andb̂ have the same context. Let

x̂ = ϕ−1(x−, a, x+)[−L,L],

and define
ŷ
− ∈ Ĉ(−∞,j−+2L), ŷ

+ ∈ Ĉ(j+−2L,∞)

by
ŷ
−
j−+2L−h = x̂i−+2L−h, ŷ

+
j+−2L+h = x̂i+−2L+h, h ∈ N.

Then
(̂y
−
, ŷ
+
) ∈ 0(̂b)

and
8̂(̂y

−
) = y−, 8̂(̂b) = b, 8̂(̂y

+
) = y+,

and one sees that (4) holds. 2

We now consider a subshiftC with property(A). We make preparations to introduce
the structure of a semigroup (with zero) intoMC that is compatible with the partial order
of MC . For this, first letC be a subshift with property(a). Consider

u ∈ Y (C) ∩W+(q+), v ∈ Y (C) ∩W−(r−), q+, r− ∈ P(C).

We say thatx ∈ C is a 1-defining point for[u]≈C[v]≈C if the following structure is present:
C has property(a, K), K ∈ Z+, and there areI , J ∈ Z such that

u[I− K,∞) = q+[I− K,∞), v(−∞,J+K] = r−(−∞,J+ K],

and there areI0, J0 ∈ Z, J0 − I0 ≥ |6|, such that

x[I0,J0] ∈ X(C)[I0,J0],

and
xI0−k = uI−k, xJ0+k = vJ+k, k ∈ Z+.

For a subshiftC ⊂ 6Z, andn ∈ N, such thatC[1,n] has property(a), we say that
x ∈ C is ann-defining point for[u]≈(C)[v]≈(C) if x[1,n] is a 1-defining point inC[1,n] for
[u[1,n]]≈(C[1,n])[v[1,n]]≈(C[1,n]).

LEMMA 3.2. Let C ⊂ 6Z be a subshift and letn ∈ N be such thatC[1,n] has property
(a). Letu, v, ũ, ṽ ∈ Yn(C), be such thatu . (C)̃u, v . (C)̃v. Letx be ann-defining point
for [u]≈(C)[v]≈(C) and letx̃ be ann-defining point for[̃u]≈(C)[̃v]≈(C). Thenx . (C)̃x.

Proof. We need to formulate the proof only for the casen = 1. Let m0 ∈ N, and let
Hm ∈ N,m ≥ m0, be such that

u[1,m] . (C[1,m],Hm)̃u, v[1,m] . (C[1,m],Hm)̃v, m ≥ m0. (5)
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We proceed to prove that also

x . (C[1,m],Hm)̃x, m ≥ m0. (6)

Consider first the case thatv equals̃v, and let

u ∈ Y (C) ∩W+(q+), v ∈ Y (C) ∩W−(r−), ũ ∈ Y (C) ∩W+ (̃q+),

q+, r−, q̃+ ∈ P(C), q+ ≥ (C)r−, q̃+ ≥ (C)r−.

Using property(a), replace, if necessary,x by a 1-defining pointx ′ for [u]≈C[v]≈(C),

x ′[1,m] ≈ (C[1,m],Hm)x[1,m],
such that one hasI, J, I0, J0 ∈ Z, J0 − I0 ≥ |6|, such that

u[I−2Hm−m,∞) = q+[I−2Hm−m,∞), v(−∞,J+2Hm+m] = r−(−∞,J+2Hm+m],

x[I0,J0] ∈ X(C)[I0,J0],
xI0−k = uI−k, xJ0+k = vJ+k, k ∈ Z+,

(7)

and replace, if necessarỹx by a 1-defining point̃x ′ for [̃u]≈C [v]≈(C),

x ′[1,m] ≈ (C[1,m],Hm)̃x[1,m],
such that one has̃I , J̃ , Ĩ0, J̃0 ∈ Z, J̃0− Ĩ0 ≥ |6|, such that

ũ[Ĩ−2Hm−m,∞) = q̃+[I−2Hm−m,∞), v(−∞,J̃+2Hm+m] = r−[−∞,J̃+2Hm+m)
,

x̃ ′[Ĩ0,J̃0] ∈ X(C)[Ĩ0,J̃0],

x̃ ′I0−k = ũI−k, x̃ ′̃
J0+k
= ṽJ+k, k ∈ Z+.

(8)

It follows then from (5), (7) and (8) that

x ′[1,m] . (C[1,m],Hm)̃x ′[1,m].
Repeating the same argument, now replacingv by ṽ, yields (6). 2

LEMMA 3.3. Let C ⊂ 6Z be a subshift and letn, n′ ∈ N, n ≤ n′, be such thatC[1,n]
and C[1,n′] have property(a). Let u, v ∈ Yn(C). Let x be ann-defining point for
[u]≈(C)[v]≈(C), and letx ′ be ann′-defining point for[u]≈(C)[v]≈(C). Thenx ≈ (C)x ′.

Proof. We need to formulate the proof only for the casen = 1. Letu, v ∈ YC ,

u ∈ W+(q+), v ∈ W−(r−), q+, r− ∈ P(C).

In view of Lemma 3.2 we establish the lemma by showing that if there is a 1-defining point
at all for [u]≈(C)[v]≈(C) then there is also a 1-defining pointx for [u]≈(C)[v]≈(C) such that
x[1,n′] is also ann′-defining point for[u]≈(C)[v]≈(C). LetK ′ ∈ Z+ be such thatC[1,n′] has
property(a,K ′). Observe that if there is a 1-defining point for[u]≈(C)[v]≈(C) then there is
a 1-defining pointx for [u]≈(C)[v]≈(C) such that one hasI , J , I0, J0 ∈ Z, J0− I0 ≥ |6|,
such that

u[I−n′−K ′,∞) = q+[I−n′−K ′,∞)
, v(−∞,J+n′+K ′] = r−[−∞,J+n′+K ′],

x[I0,J0] ∈ X(C)[I0,J0],
xI0−k = uI−k, xJ0+k = vj+k, k ∈ Z+.

(9)

From (9) one sees thatx is also ann′-defining point for[u]≈(C)[v]≈(C). 2
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We continue to consider a subshift with property(A). Lemma 3.2 says that a binary
operation, in fact an associative binary operation, is defined onMC by setting foru, v ∈
YC , [u]≈(C)[v]≈(C) equal to[x]≈(C), x any defining point for[u]≈(C)[v]≈C , whenever such
a defining point exists, and by setting[u]≈(C)[v]≈(C) equal to zero otherwise. Moreover,
by Lemma 3.2 this binary operation is compatible with the partial order. (C). It is also
invariantly associated toC, which is the contents of the next proposition.

PROPOSITION3.4. Let C ⊂ 6Z, C ⊂ 6
Z

be subshifts with property(A) and let
ϕ : C → C be a topological conjugacy. Then

ϕ([u]≈(C))ϕ([v]≈(C)) = ϕ([u]≈(C)[v]≈(C)), u, v ∈ YC.

Proof. Assume thatC has property(a) and thatC
[1,n]

has property(a), n ∈ N. We also
consider the situation where for someL ∈ Z+, ϕ is given by a block map

8 : C[−L,L] → 6

andϕ−1 is given by a 1-block map8 : 6 → 6. We again set

Ĉ = C
[−L,L]

.

Let u, v ∈ YC ,
u ∈ W+(q+), v ∈ W−(r−), q+, r− ∈ P(C).

In view of Lemma 3.3 we establish the proposition by showing that if there is a
1-defining point at all for[u]≈(C)[v]≈(C) then there is also a 1-defining pointx for

[u]≈(C)[v]≈(C) such thatϕ(x) is a 1-defining point for[ϕ(u)]≈(C)[ϕ(v)]≈(C). Let K̂ ∈ N
be such that̂C has property(a, K̂). Observe that if there is a 1-defining point for
[u]≈(C)[v]≈(C) then there is a 1-defining pointx for [u]≈(C)[v]≈(C) such that one hasI , J ,
I0, J0 ∈ Z, J0− I0 ≥ |6|, such that

u[I−2L−K̂,∞)
= q+[I−2L−K̂,∞)

, v
(−∞,J+2L+K̂] = r−

(−∞,J+2L+K̂],

x[I0,J0] ∈ X(C)[I0,J0],
xI0−k = uI−k, xJ0+k = vJ+k, k ∈ Z+.

(10)

From (10) and from Lemma 2.1 it follows thatϕ(x) is a 1-defining point of
[ϕ(u)]≈(C)[ϕ(v)]≈(C). 2

We continue to consider a subshiftC with property(A). As a consequence of this
property, allu ∈ XC such thatu ∈ W−(q−) ∩W+(r+), q− ∈ q, r+ ∈ r, q, r ∈ PC are
≈ (C)-equivalent. We denote this≈ (C)-equivalence class byεq,r. (PC , ≤ (C)) maps
into (MC ,. (C)) by

p→ εp,p(p ∈ PC),

and the following relation holds:

εq,rεr,s = εq,s, q, r, s ∈ PC.
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For a subshiftC ⊂ 6Z set

X+n (C) =
⋂
i∈Z
{x ∈ C : xi ∈ ω+(x[i−n,i))}, n ∈ N.

X+n (C), if not empty, is ann-step topological Markovshift, and

X+n (C) ⊂ X+n+1(C), n ∈ N.

We set
X+C =

⋃
n∈N

Xn(C).

X−C is the time symmetrically defined object. For subshiftsC ⊂ 6Z, C ⊂ 6
Z

, C ⊂ 6
Z

and a topological conjugacyϕ : C → C one has as a consequence of Lemma 2.1 that

ϕ(X+C ) = X+
C

, ϕ(X−C ) = X−
C

.

For a subshiftC with property(A) denote the image ofX+C ∩ YC in MC by M+C and let
M−C be the time symmetrically defined object. The structure(MC , M+C , M−C ) is invariantly
associated to a subshiftC with property(A).

4. Examples
We first give some prototype examples of subshiftsC with property(A) and(PC,≤ (C))

trivial. We consider here a monoidM (with zero) that has generatorsαi(n), 1≤ i(n) ≤ In,
andβj(n), 1 ≤ j (n) ≤ Jn, 1 ≤ n ≤ N , N ∈ N. We define the monoidM by imposing
relations on these generators. We require here that

αin (n)βj (n′)(n
′) = βjn′ (n

′)αin (n), 1 ≤ n, n′ ≤ N, n 6= n′,

and that

αin(n)βjn(n) ∈ {0, 1} ∪ {αin(0)(n) : 1 ≤ in(0) ≤ In} ∪ {βjn(0)(n) : 1≤ jn(0) ≤ Jn},
1 ≤ in ≤ In, 1 ≤ jn ≤ Jn, 1≤ n ≤ N.

Further, we require that these relations are such that for everyin, 1 ≤ in ≤ In, there are
somejn(k), 1≤ jn(k) ≤ Jn, 1≤ k ≤ K, K ∈ N, such that

αin(n)

K∏
k=1

βjn(k)(n) = 1,

and also somejn(k), 1≤ jn(k) ≤ Jn, 1≤ k ≤ K, K ∈ N, such that

αin(n)

K∏
k=1

βjn(k)(n) = 0,

and we require that these relations are such that for allin, i
′
n, 1 ≤ in < i ′n ≤ In, there are

somejn(k), 1≤ jn(k) ≤ Jn, 1≤ k ≤ K, K ∈ N, such that

αin(n)

K∏
k=1

βjn(k)(n) ∈ {1} ∪ {αin(0)(n) : 1≤ in(0) ≤ In}, αi′n (n)

K∏
k=1

βjn(k)(n) = 0,
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or

αi′n (n)

K∏
k=1

βjn(k)(n) ∈ {1} ∪ {αin(0)(n) : 1≤ in(0) ≤ In}, αin (n)

K∏
k=1

βjn(k)(n) = 0,

1 ≤ n ≤ N.

Symmetrically, we require that these relations are such that for everyjn, 1 ≤ jn ≤ Jn,
there are somein(l), 1≤ jn(l) ≤ Jn, 1≤ l ≤ L, L ∈ N, such that( L∏

l=1

αin(l)(n)

)
βjn(n) = 1,

and somein(l), 1≤ jn(l) ≤ Jn, 1≤ l ≤ L, L ∈ N, such that( L∏
l=1

αin(l)(n)

)
βjn(n) = 0,

and we require that these relations are such that for alljn, j
′
n, 1≤ jn < j ′n ≤ Jn, there are

somein(l), 1≤ in(l) ≤ In, 1≤ l ≤ L, L ∈ N, such that( L∏
l=1

αin(l)(n)

)
βjn(n) ∈ {1} ∪ {βjn(0)(n) : 1≤ jn(0) ≤ Jn},

( L∏
l=1

αin(l)(n)

)
βj ′n (n) = 0,

or( L∏
l=1

αin(l)(n)

)
βj ′n(n) ∈ {1} ∪ {βjn(0)(n) : 1≤ jn(0) ≤ Jn},

( L∏
l=1

αin(l)(n)

)
βjn(n) = 0,

1≤ n ≤ N.

If hereN is one, then these relations give rise to a finite monadic string rewriting system
that is confluent. There are decision procedures for the properties that we require of these
relations. (For the theory of monadic string rewriting systems see [6, Chapter 4]).

We consider the biprefix codeCM that contains all

d =
R∏∗

r=1

δr ∈
( ⋃

1≤n≤N
({αi(n) : 1 ≤ i(n) ≤ In} ∪ {βj(n) : 1 ≤ j (n) ≤ Jn})

)∗
such that

R∏
r=1

δr = 1.

The conditions on the defining relations ofM ensure that the surjection ofM onto the
syntactic monoid (see, for example, [3]) of CM is actually an isomorphism. It follows that
CM determines a coded systemC [4] that has property(A) and that is such thatMC is
equal toM. Direct products can also be considered here.

Next, we give examples of subshifts with property(A) and arbitrary finite(P ,≤). We
will generate a partially ordered semigroup (with zero)M from a Markov code [7] with
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a finite alphabet6 by means of the operation of concatenation with one-symbol overlap.
Given wordsu, v ∈ 6+,

u = αaβ, v = γ bδ, α, β, γ, δ ∈ 6,

with one or both of the wordsa andb possibly empty, the concatenation with one-symbol
overlap ofu andv is defined precisely ifβ equalsγ , and is then given byαaβbδ. Certain
Markov codes with one-symbol overlap were already apparent in §2: given a subshift
C ⊂ 6Z the words of the blocksa ∈ C[0,I ], I ∈ N, such thataI ∈ ω+(a[0,I )),
a0 ∈ ω−(a[1,I ]), and that cannot be written as concatenations with one-symbol overlap
of such words, form a Markov code, and, in a certain sense, these Markov codes generalize
the first return codes [5].

Let a finite partially ordered set(P ,≤) be given. The alphabet6 of the Markov code to
be constructed will contain the symbolsεp, p ∈ P , and every word in the code will begin
and end with one of these symbols. LetK ≥ 2, and let relations

Lk ⊂ P × P , Rk ⊂ P ×P , 1 ≤ k ≤ K,

be given such that the following conditions are satisfied: for everyr ∈ P there is ans ∈ P

such that
(r, s) ∈

⋃
1≤k≤K

Lk,

and aq ∈ P such that
(q, r) ∈

⋃
1≤k≤K

Rk.

Forq, q′, r, r′ ∈ P , q′ ≥ q, r ≥ r′, if

(q, r) ∈ Lk,

then also
(q′, r′) ∈ Lk,

and forr, r′, q, q′ ∈ P , r′ ≥ r, q ≥ q′, if

(r, q) ∈ Rk,

then also
(r′, q′) ∈ Rk, 1 ≤ k ≤ K.

For all (q, r) ∈ Lk, there is aq′ ∈ P , q ≥ q′, such that

(r, q′) ∈ Rk,

and for all(r, q) ∈ Rk there is ar′ ∈ P , r′ ≥ r, such that

(r′, q) ∈ Lk, 1 ≤ k ≤ K.

We complete the alphabet of the code by adding symbols

λk, ρk, 1≤ k ≤ K.
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The words in the Markov code are then the words

εqεr, q, r ∈ P , q ≥ r,

and the words

εqλkεr, (q, r) ∈ Lk, εrρkεq, (r, q) ∈ Rk, 1≤ k ≤ K.

We turn the Markov code into a semigroup (with zero)M by setting the product of two
elements equal to zero if their concatenation with one symbol overlap is not defined, and
by imposing the relations

εrεsεt = εrεt, r, s, t ∈ P , r ≥ s ≥ t,

εrλkεsεt = εrλkεt, (r, s) ∈ Lk, t ∈ P , s ≥ t,

εrεsλkεt = εrλkεt, (s, t) ∈ Lk, r ∈ P , r ≥ s,

εrεsρkεt = εrρkεt, (s, t) ∈ Rk, r ∈ P , r ≥ s,

εrρkεsεt = εrρkεt, (r, s) ∈ Rk, t ∈ P , s ≥ t,

and

εqλkεsρkεr = εqεr, (q, s) ∈ Lk, (s, r) ∈ Rk, q ≥ r, 1 ≤ k ≤ K,

and by settingεqλkεsρk′εr, (q, s) ∈ Lk, (s, r) ∈ Rk′ , 1 ≤ k, k′ ≤ K, equal to zero in all
other cases. We complete the definition ofM by defining onM a partial order. that is
compatible with the algebraic structure by imposing the conditions

εqεr & εq′εr′, q, q′, r, r′ ∈ P , q′ ≥ q, r′ ≤ r,

and

εqλkεr & εq′εr′, (q, r) ∈ Lk,

εqρkεr & εq′εr′, (q, r) ∈ Rk,

q
′, r′ ∈ P , q

′ ≥ q, r
′ ≤ r, 1 ≤ k ≤ K.

We now describe a subshiftC with property(A). The admissible words of this subshift
are the subwords of any of the languagesTq,r, q, r ∈ P , q ≥ r, that are produced by
the grammar with terminal variablesεp, p ∈ P , ρk , λk, 1 ≤ k ≤ K, and non-terminal
productions

Tr,s→ εrTr,s,Tr,sεs, r, s ∈ P , r ≥ s,

Tq,t→ εqλkεrTr,sρkεt, εqλkTr,sεsρkεt, q, r, s, t ∈ P , q ≥ t, r ≥ s, 1 ≤ k ≤ K,

and with the terminal productions that delete the non-terminals. This subshiftC is not
necessarily a coded system. It is a coded system if and only if it is topologically transitive,
and a test for this to be the case can be given. The grammar that defines the subshiftC is
structured such that the invariantMC is identical toM as constructed.
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