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Abstract A partially ordered set that is invariantly associated to a subshift is constructed.
A property of subshifts, also an invariant of topological conjugacy, is described. If this
property is present in a subshift then the constructed partially ordered set is a partially
ordered semigroup (with zero). In the description of these invariants the notion of context
is instrumental.

1. Introduction
Let = be a finite alphabet, and I8¢ be the shift on the shift space?’:

Sy (4i)iez = (itiez, (xi)iez € T2

In symbolic dynamics one studies subshiits ), C a Sx-invariant closed subset afZ
and S the restriction ofSy to C. An introduction to the theory of subshifts is i8,[9]
(see alsol, 2). In this paper we describe certain invariants of the topological conjugacy
of subshifts. Given a subshiff c % the context of an admissible bloekof C is the
set of all pairs(a—, a™) of blocks such that~aa™ is C-admissible. Using the notion of
context, in 82 we associate to a subshifa partially ordered seM ¢ that is an invariant
of topological conjugacy.

Again using the notion of context, in 83 we describe a property of subshifts that we refer
to as propertyA). While in describing propertyA) we make reference to a presentation
of the subshift, we establish that either all or no presentations of the subshift possess
this property. In a sense this property is of a geometrical and dynamical nature, not
only by the formulation of its defining description, but also by its invariance. We show
then for a subshifC with property(A) that the partially ordered se¥(¢ is a partially
ordered semigroup (with zero), that is also invariantly associatéd to 84 we give some
examples.
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2. A partially ordered set associated to a subshift
We fix notation and terminology. Given a subsldific ©% we set

Xk = (xj)i<j<k, x€C,i,keZ,i <k,

and
Cli.k) = {x[ix) : x € CL.

We also use similar notation for blocks,

birgy = bji<j<krs beChk,i<i' <k <k,ikeZi<k,
and also if indices range in infinite intervals. For thelock system of a subshif c %
we use notation like

Kbl = (XG,itn)icz, x €C,

cltl = (x:x e €}, neN.

Unstable and stable sets are denotedioy(x), Wt(x), x € C,

e =JlyeCy=xi <1
I1eZ

with the time symmetrical definition foW " (x). The context of aC-admissible block
a € Cl i, keZ,i <k,is denoted by (a):

Ia)={(x",x"H e C(—o0,i) X Cl,00) - (x7,a,xT) eC}.

When comparing contexts, we feel free to identify blocks with the words they carry. With
the notation
I'(@) ={x" € C—eo,i) : (x7,a) € C—oo,k1}s

for the left context of a block we set

ot@=]) () {b€Cuiin:(c . a,b)eClooiin)
neN c—el'(a)

acCik,ikeZ,i <k.

™ (a) has the time symmetrical meaning.

We recall that for every homomorphism: ¢ — C of subshiftsC ¢ £%, C c 57
there is for some. € Z a block mapping

(O3 C[—L,L] — E

such that
o(x) = (P(xfi-L,i+L1)iez-
We then say thap is given by®, and we write

®(a) = (P(agj—L,j+L)i+L<j<k-L), a € Cux,i,keZ, k—i>?2L,

and we also use similar notation if indices range in infinite intervals.
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LEMMA 2.1. LetC c 7, € c %7 be subshifts and lgt : C — C be a topological
conjugacy that is given by the 1-block m&p T — X, with ¢~ given for somd. € Z,
by the block map

(O C[—L,L] —> E

Letx € C, x = ¢(¥) and, for somé ¢ Z, let

X(ii+L+1] € @1 (x). 1)
Then

Xir1 € o (Xji—2r.i))-
Proof. Let

Y € Clesils Vji—ppi) = Xli-2L.il:
and let
y =@y

Then

Vii—2L.i] = Xli—2L.i]-
By (1),

O xi+L+1) € Cl—oo,itL+1)-

By construction
O, X)) = (Y, XG,i+L+1)- g
For a subshifC c £% we set

X,y (C) = m{x €C:xi €0 (Xjj—ni) N® (X(itn)}, neN.
i€?Z
X, (C), if not empty, is am-step topological Markov shift and

Xn(C) C Xp412(C), neN.

We set
X¢c = U X, ().

neN
We abbreviateX1(C) to X (C).

PROPOSITION2.2. Let C c £%, C C fZ be subshifts and lep : C — C be a
topological conjugacy. Then

p(Xc) = Xz
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Proof. We consider the situation where the topological conjugacy: C — C is given

by the 1-block mapb : ¥ — X with ¢ given for somel € Z, by the block map
®:C—r,1]— >,

Set L
=c

al

By Lemma 2.1 R
p(X (OB ¢ x(0).

One can conclude that
(p(Xn(C)) C Xn+2L+l(6), neN,
and therefore that

p(Xc) = Xz O

We denote byP, (C) the set of periodic points i, (C), n € N, and we set

Pc = Pu(O).
neN
We abbreviateP1(C) to P(C). We introduce a reflexive and transitive relatign(C) into
the setP¢ (actually, into the set of orbits i?¢). Foru,u’ € Pc, we mean byt > (C)u’
that there exists a point iKi¢ that is negatively asymptotic to the orbitofind positively
asymptotic to the orbit of’. We denote the resulting equivalence relationsbyC) and
the set of= (C)-equivalence classes Iy¢. The partial order that is induced by (C) on
Pc we also denote by (C). The structurgéPc, < (C)) is invariantly associated t6.
Here it is an auxiliary structure.
We denote byy, (C) the set of points irC that are negatively asymptotic to a point in
P, (C) and also positively asymptotic to a pointi) (C), n € N, and we set

ve = J (0.
neN

We abbreviatg’1(C) to Y (C).
Now consider a subshiff ¢ ©%. Let H € N. We introduce a reflexive and transitive
relation< (C, H) into the setr (C) (actually into the set of orbits iff (C)). For

ueW @ HNWhrg"h, veWw ¢HNWTe), ¢ .q",.r ,rt e P(O),

we define
u<(C,H)v
to mean:
g~ =Or", q" <O,
and if

I I, J_,JyeZ, I-<I., J_<I4,
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and
U(—00,1-] = q(—oo |» Ulls,00) = q[J;+,OO)’
V(=00,J-]1 = F'(=00,J-1>  V[J4,00) = rE_I+,m)’
andifi_,iy € Z,
i_<I_—2H, iy>1I,+2H,
jo<J_—2H, ji>J,+2H,

and
a€Cl_iy, beCpyj,

are such that
arl_—H,I,+H) = U[I_—H,I.+H]

bly_—H,J,+H) = V[J_—H J, +H]
ai_yh=bj_1p, ai,_p=>bj,p, 0<h<H,

and
aji_,—H) € XO)i_,i_—H},  ar+H,is) € XON+H.ip]»
bij_,s_—m) € X(O)j_y_—H1,  buy+a,jp) € X(O)1,+H, )41

then the context af is contained in the context éf We introduce a reflexive and transitive
relation< (C) into Y¢ (actually, into the set of orbits ifi¢). Foru, v € Y¢ we mean by

u< (Cw
that there areg € N andH, € N, n > ng, such that
u,v € Y, (C)

and
ytnl < T gyl > g,

We denote the resulting equivalence relatiorrbyC).

PROPOSITION2.3. Let C ¢ 3%, C c S” be subshifts and lep : C — C be a
topological conjugacy. Let, v € Yc,u < (C)v. Then

p) < (C)p(v).
Proof. We consider the situation where the conjug@cy is given by a 1-block map
P:¥ > %
with ¢ given for somel. € Z. by a block map
®:Cp— %,

and we set L
—c

Al
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Also letu, v € Y(C),
ueW @ HNWrg"h, vew ¢HNWTe), ¢ .q".r ,rt e P(O),
and set

i=pw M T =pwhH,
7 == =t - =- [~ ~+ _
7 =) G =e@hHEE T =) PR T = gL

By Lemma 2.1
7.7.7 T ex©), @ver(.
Further, we set
C = Cl-aLaLl o [-4LA4L] 5 _  [-4L4L]
LetH e N, and assume that
7 < (C, H)v. )
We set R
H=H+2L
and we establish the proposition by showing that
7 < (CH).
For this, let N N A
7,,74,,77,74, EZ, 7, <7+, 77 <7+,
and
. —F -~ & =gt
(—o0 1.1~ Y—oo 11 14000 = 9T1.000°
= =— = =+
Vicoo T 1 = Neoo T Y00 = 974 .00)°
andleti_,i, €7,
i_<I_—2H, i.>1,+2H,
J <Jy—2H, j,>J.+2H,
and . L
aeCp sy beCp 5y
be such that
ag 7 T+ )~ ug. _HI.+H
bG 5 7.+i = VG ATy
G o =b5 e Ty=b5,p O0sh=H,
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and

We have to show that the context%jg, contained in the context @ Denote the block
map that implements the conjugacy®@bntoC by ®,
D((Cli—r,i+L))-3L<i<31) = (P(¢}))—ar<j<ar, ¢ € Cl-aL 4L},

and set

o~ ~ o~

a=®@), b=oD).
By (2) the context of is contained in the context @ Denote the 1-block map that
implements the conjugacy of ontoC by @

d(c) = O(c—20.21)), ¢ € Cl-ar.aL)-

With R R
i_=i_+2L, '+:7+—2L,
one has
r@={@E - )&t ):E.7Hel@,
—00,i_) (i+,00)
e ) =dp 7, R0 o ) =dg Rl
re)={(®E- - ), ®G@E ) : @ ,3Herd),
(—00,i-) (i4,00)
~ —:A,\ AA_"_A =’_\Ai\
CD(X[L T,)) a b[?— i-)’ Q(x(z+,?+]) b(t+ t+]}’
and it is shown that the context afis contained in that ob. O

We denote the set of (C)-equivalence classes bytc. The partial order that is
induced by< (C) on M¢ we also denote byX (C). The structurgMc, < (C)) is by
Proposition 2.3 invariantly associateddo

3. A property of subshifts and an invariant of topological conjugacy
We say that a subshift ¢ £%, such thafX (C) is not empty, has property, K), K € Z,
if the following holds: ifi_, i+, j_, j+ € Z,

i <iy—2K, j-<j+—2K,
and if
a€X(O)i_iy, beXO)yj.j
ai_+k =bj 4, ai,—k=bj,—r, 0=<k=K,

then the context of: is equal to the context of. We say that a subshif ¢ ©Z has
property (a) if there is aK € Z, such thatC has propertya, K). We say that a
subshiftC c $Z has property(A) if there is anng € N such that fom > ng, "]
has propertya).
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PROPOSITION3.1. Let the subshifC c %~ have property(A). Then all subshifts
C c 7 that are topologically conjugate t6 also have propertyA).

Proof. We consider the situation where a topological conjugacyC — C is given by
the 1-block mapb : & — ¥ with ¢~ given for somel e N by the block map

®:C—r,1]—~ >,

We denote

and have the toplogical conjugagy :

o 6[7L,L] - 3,

— C that is given by the 1-block map
®@) = P(@o), aeCiLu
with 3~ given by the block ma@ : C{_2; 211 — Ci_L.1],
@) = (P +2))-r<1=. @€ Cl-20.21).

LetK € Z,, and assume that has propertya, K). We set

K =K +4L,
and we establish the proposition by showing t@dbas propertya, K). For this leti_,
i+v j*v j+ € Zv
l'7<l.+—2K, j7<j+—2K,
and let

ae€X(O)i_iy), beXO)j,jp,
be such that
ai_vk=bj_x, ai,k=bj,, 0<k<K. )
We have to show that the contextaofs equal to the context @f. For this let
(x~,xT) e(a),

and let
YT E€X(O s ¥ € X(O)ji 00
be given by
Vi =Xi__po y;‘:+h =xi_:+h’ h e N.

We have to show that

G yHer®. 4

Let .
= ®), b= dWO).

Q)

By (3)

IA
»
IA
lall

ai_y2r+k =bj_yorvks @iy—20-k=bj, 20k, O
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and by Lemma 2.1

€ X(O)i_t2L,is—211, b€ X(O)j_+ar,j,—21),

)

and by propertya), 7 andb have the same context. Let

= (pfl(xf, a, x L,
and define . .
Y €Clooji2y I €C( 2100
by
§]i+2L—h :;C_\iJrZthv ?;_ZL_HL =§i+72L+h, heN.

Then N

G .3 er®)
and . o N

G )=y dB)=b G )=y,

and one sees that (4) holds. O

We now consider a subshit with property(A). We make preparations to introduce
the structure of a semigroup (with zero) int6¢ that is compatible with the partial order
of Mc. For this, first letC be a subshift with propert§:). Consider

ueYO)NwWhr@g", veY@©ONW (), q,r e P().

We say thak € C is a 1-defining point fofu]~c[v]~c if the following structure is present:
C has propertya, K), K € Z, and there aré, J € Z such that

+ —
UT- K,00) =4[] K,00)0 V(=00 J+K] =T (oo J+ K]’

and there ardy, Jo € Z, Jo — Ip > |Z|, such that

X(Io,Jol € X (C)1g, ol

and
Xlg—k = Ul—ks XJjotk = Vj+k, k € ZLy.
For a subshiftC ¢ ¥%, andn € N, such thatC!>"] has propertya), we say that
x € C is ann-defining point forful~c)[vl~(c) if x!" is a 1-defining point irC*-"! for

[ oty [0ty

LEMMA 3.2. LetC c =% be a subshift and let € N be such thar!1"] has property
(a). Letu,v,u,v € Y,(C), be such that < (C)u, v < (C)v. Letx be ann-defining point
for [u]~(c)[vl~(c) and letx be ann-defining point foffii]~c)[V]l~c). Thenx < (O)X.

Proof. We need to formulate the proof only for the case= 1. Letmg € N, and let
H,, € N,m > mo, be such that

ulbml < (cttml g ooy, o <™ g%, m > mo. (5)
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We proceed to prove that also
x < T g%, m > mo. (6)
Consider first the case thatequalsv, and let
ueYCO)Nwh@", veYCO)NW (), ueYC)NwWr@GMh),
gt r gt e PO, ¢t=(©Or7, gt=©Or".
Using property(a), replace, if necessary,by a 1-defining point’ for [u]~c[vl~c),
x/[l,m] ~ (C[l,m]7 Hm)x[l,m],
such thatone hak J, Iy, Jo € Z, Jo — Io > | Z|, such that
U1 —2Hy—m,00) = 4[] 21, —m.ocys V(00T +2Hu+m] =T _oo.J +2H, +m]’
X(Io.Jo] € X (O)1o. Jo)» (7)
Xlo—k = U]k, XJjo+k = Vj4k, k€ Zy,
and replace, if necessatyby a 1-defining point” for [i#]~c [vl~c).
x/[l,m] ~ (C[l,m]’ Hm);c'[l,m]’
such that one hag 7, Io, Jo € Z, Jo — Io > |X|, such that

~ _~t ~ e
M[I*ZHm —m,00) — q[I*ZHm —m,00)’ U(*Oosj+2Hm+m] - r[—oo“7+2Hm +m)’
~r o
Xodor € X (O, Tor (®)

;;O_k = '1:[171“ x%+k = 5j+k, k e ZJr.
It follows then from (5), (7) and (8) that
K/1Lml < (C[l,m], Hm)f/[l’m].

Repeating the same argument, now replacihg v, yields (6). |

LEMMA 3.3. LetC c =% be a subshift and let, n’ € N, n < n’, be such thar!"]
and 'l have property(a). Letu, v € Y,(C). Letx be ann-defining point for
[u]l~0)[v]~(c), and letx” be ann’-defining point foffu]~c)[vl~(c). Thenx ~ (C)x'.

Proof. We need to formulate the proof only for the case: 1. Letu, v € Y,
uewWrgh, vew ("), ¢, r e P(0).

In view of Lemma 3.2 we establish the lemma by showing that if there is a 1-defining point
at all for [u]~(c)[vl~(c) then there is also a 1-defining pomtor [u]~c)[vl~(c) such that
x117Tis also am’-defining point forlu]~(c)[vl~(c). LetK’ € Z, be such tha€!>""! has
property(a, K'). Observe that if there is a 1-defining point fai~(c)[vl~() then there is

a 1-defining poink for [u]~c)[vl~(c) such that one hag, J, Io, Jo € Z, Jo — Ip > | %],

such that

+
U[[—n'—K',00) = q[l,n/,K/)oo), U(—o0,J+n'+K'] = r[foo,l+n/+[(/]’

X(Io.Jo] € X (O)1o. Jo)» 9)
Xlg—k = UI—k, XJotk = Vj+ks Kk € L.
From (9) one sees thatis also am’-defining point for{u]~(c)[vl~(c)- |
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We continue to consider a subshift with prope). Lemma 3.2 says that a binary
operation, in fact an associative binary operation, is defined(grby setting foru, v €
Ye, [ul~o)[vl~c) equal tox ]~(c), x any defining point fofu]~c)[vl~c, whenever such
a defining point exists, and by settif@l~c)[vl~(c) equal to zero otherwise. Moreover,
by Lemma 3.2 this binary operation is compatible with the partial ofglé€). It is also
invariantly associated t6, which is the contents of the next proposition.

PROPOSITION3.4. Let C c =%, C C 7 be subshifts with propertyA) and let
¢ : C — C be a topological conjugacy. Then

o([ul~ccye(vl~c)) = e(ul~c)vl~c)), u,v e Y.

Proof. Assume thatC has propertya) and thatf[l’"] has propertya), n € N. We also
consider the situation where for sorhes Z.., ¢ is given by a block map

S:Ci—r,1]—~ )

andy 1 is given by a 1-block ma@ : = — X. We again set
c=cthH
Letu,v € Y,
uewtgh, vew ("), q".r e P().

In view of Lemma 3.3 we establish the proposition by showing that if there is a
1-defining point at all for[ul~c)lvl~(c) then there is also a 1-defining point for
[u]l~(c)[v]~(c) Such thatp(x) is a 1-defining point fofe (1) ]~c)le (V) 1~c)- LetK e N
be such thaiC has property(a, K). Observe that if there is a 1-defining point for
[ul~(c)[v]~(c) then there is a 1-defining pointfor [u]~(c)[v]~(c) Such that one hak J,

Io, Jo € Z, Jo — Ip > |X|, such that
u = = qu ~ v = =r ~
[I-2L—K,00) [[-2L-K,00)  (=00,J+2L+K] (=00, J+2L+K1’
X Jol € X (O)g. Jol» (10)
Xlg—k = U]k Xjo+k =Vj+k, k€ Zy.

From (10) and from Lemma 2.1 it follows thap(x) is a 1-defining point of
[ ()]~ le(W) ]~ (). |

We continue to consider a subshdft with property(A). As a consequence of this
property, allu € Xc suchthatt e W (g) N W (™), g~ € q,r" €, q,v € Pc are
~ (C)-equivalent. We denote this (C)-equivalence class by .. (£c, < (C)) maps
into (Mc, < (C)) by

~

p— epp(p € Po),

and the following relation holds:

&q,tfr,s = €q,5, 0,5 € Pc.
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For a subshifC c ©% set

X)) =(xeC:xiew(xini) neN.
i€?Z
X,F(C), if not empty, is am-step topological Markovshift, and
X () C X} (C), neN,

We set
x& = xa.(0).

neN

X is the time symmetrically defined object. For subshifte 7, C c 2 Ccs?
and a topological conjugagy: C — C one has as a consequence of Lemma 2.1 that

+ + - -
(X)) = XEﬂ p(Xp) = XE-

For a subshifiC with property(A) denote the image af/ N Y¢ in Mc by M¢ and let
M be the time symmetrically defined object. The structu:, M, M) is invariantly
associated to a subsh@twith property(A).

4. Examples
We first give some prototype examples of subshifteith property(A) and(£c, < (C))

trivial. We consider here a monoié (with zero) that has generatarg,), 1 < i(n) < I,
andBjm), 1 < j(n) < J;, 1 <n < N, N € N. We define the monoid/ by imposing
relations on these generators. We require here that

i, (M) Bjy(n') = Bj, (e, (), 1<n,n" <N, n#n'
and that

i, (m)Bj,(n) € {0, 1} U{a;,0(n) : 1 <in(0) < L} U{Bj,0(n) : 1 < ju(0) = Ju},

1<i, <1, 1§jn§-]na l1<n<N.

Further, we require that these relations are such that for eéyety< i, < I, there are
somej, (k), 1 < j.(k) < J,, 1<k < K, K €N, such that

K
i, ) [ ] By @) = 1,
k=1
and also somg, (k), 1 < j,(k) < J,, 1<k < K, K € N, such that
K
ai, ) [ | Binoy @) = 0.
k=1

and we require that these relations are such that fapal|, 1 < i, < i, < I,, there are
somej, (k), 1 < ju(k) < Jy, 1 <k < K, K € N, such that

K K
o, () [ ] Biuoy ) € {1 U e, 0(n) : 1< in(0) < L}, iy ) [ | Bjuwy () =0,
k=1 k=1
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or

K K
air () [] Biuo ) € (U e, 0() : 1< in(0) < L}, i, ) [ | Bjuoy () =0,
k=1 k=1

l1<n<N.

Symmetrically, we require that these relations are such that for eyely < j, < J,,
there are somg,(l), 1 < j,(I) < J,,1 <[ <L, L € N, such that

L
( l_[ @i, (1) (n)>,3jn (n) =1,
=1

and some, (), 1 < j,() < J,, 1 <1< L, L €N, such that

L
(H @i, (1) (n)>,3jn (n) =0,
=1

and we require that these relations are such that fgpall,, 1 < j, < j, < J,, there are
somei,(),1<i,() <I,,1<[<L,L eN,suchthat

L L
(Hain([)(m)ﬂ,-n () € {1 U (B0 ) : 1 < ju(0) < Jy), (]‘[a,»,,a)(m)ﬁ,-,; (n) =0,
=1

=1

or

L L
(Haina)m))ﬁj,; (n) € (LU (B, 0®) : 1 < ju(0) < Ju}, (]‘[aiﬂ[)(n))ﬂjn (n) =0,
=1

=1
l<n<N.

If here N is one, then these relations give rise to a finite monadic string rewriting system
that is confluent. There are decision procedures for the properties that we require of these
relations. (For the theory of monadic string rewriting systems 8e€Hapter 4]).

We consider the biprefix codgy that contains all

R *
d=] e ( U @i 1000 < L) UBjm 1= jm) < Jn})>
r=1

1<n<N

such that
R
[[s=1
r=1

The conditions on the defining relations #f ensure that the surjection ot onto the
syntactic monoid (see, for exampl8])[of C is actually an isomorphism. It follows that
Cy determines a coded systath[4] that has propertyA) and that is such thaw(¢ is
equal to.M. Direct products can also be considered here.

Next, we give examples of subshifts with propet#) and arbitrary finitg », <). We
will generate a partially ordered semigroup (with zesd)from a Markov code T] with
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a finite alphabek by means of the operation of concatenation with one-symbol overlap.
Givenwordst, v € T,

u=awaB, v=ybs, o pB,y,0€X,

with one or both of the wordg andb possibly empty, the concatenation with one-symbol
overlap ofu andv is defined precisely i equalsy, and is then given bgagbs. Certain
Markov codes with one-symbol overlap were already apparent in 82: given a subshift
C c %% the words of the blocka € Cio., I € N, such thata; € o' (ap.1)),
ap € o~ (ag1,11). and that cannot be written as concatenations with one-symbol overlap
of such words, form a Markov code, and, in a certain sense, these Markov codes generalize
the first return coded].

Let a finite partially ordered séfP, <) be given. The alphabét of the Markov code to
be constructed will contain the symbels p € &, and every word in the code will begin
and end with one of these symbols. llet> 2, and let relations

Ly CPXP, RCPxP, 1<k<K,

be given such that the following conditions are satisfied: for every? there is ars € P

such that
(v,5) € U Lk,
1<k<K
and aq € & such that
(g,v) € U Ri.
1<k<K

Forq,q,v,v € P, > q, v > 7, if
(9,v) € L,

then also
(q',¢) € Ly,

andfore, v, q,q € P, >t,q > ¢, if
(v, q) € Ry,

then also
W, q)eP, 1<k<K.

Forall(q, v) € Ly, thereis a’ € £, q > ¢/, such that
(v,q) € Ry,
and for all(x, q) € Ry thereisa’ € £, > r, such that
,q) €Ly, 1<k<K.
We complete the alphabet of the code by adding symbols

A pk, 1=<k<K.
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The words in the Markov code are then the words
gqr, qreEP,q>r,
and the words
eqrker, (q,v) € Ly,  &vpreq, (6,9 € Py, 1<k =<K.

We turn the Markov code into a semigroup (with zem)by setting the product of two
elements equal to zero if their concatenation with one symbol overlap is not defined, and
by imposing the relations

ErE5EL = &€, T, 5, te P, v>5>14,
ErAkEser = echke,  (v,8) € Ly, te P, s>,
svfshiet = echiet, (5, 1) € Ly, te P, v > 5,

EvEsPkEL = Expi&t, (5, 1) € Rg, v e P,

v

5,

ErPrEsEt = ExPkEt, (v,8) € Ry, te P,5 >,

and

EqAkEspker = Eqer,  (4,8) € Ly, (5,1) € Ry, g =v, 1<k <K,

and by settingqArespr e, (q,5) € Ly, (5,¢v) € R, 1 < k, k' < K, equal to zero in all
other cases. We complete the definitionfby defining onM a partial order< that is
compatible with the algebraic structure by imposing the conditions

gqee 2 eqev, 4,9, v,V € P, q =g,V <,
and

gqriker 2 Eqey,  (q,1) € Ly,
eqoker 2 eqévs  (q,1) € Ry,
qg.7e®, ¢qd=>q <, 1<k<K.

We now describe a subshit with property(A). The admissible words of this subshift
are the subwords of any of the languaggs, q, t € #, q > t, that are produced by
the grammar with terminal variableg, p € £, px, A, 1 < k < K, and non-terminal
productions

ts —> &eTrs, Trs€s, T, 6 € P, v>5,

Ta.t = eqrkecTespkét, EqrkTrsespret, v, 8,teP, q=t v=s 1=<k=<K,

and with the terminal productions that delete the non-terminals. This suldslisftinot
necessarily a coded system. Itis a coded system if and only if it is topologically transitive,

and a test for this to be the case can be given. The grammar that defines the suisshift
structured such that the invariamt¢ is identical toM as constructed.
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