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Abstract

From classical trigonometric formulas, complex differential equations of various types have been
formulated and widely studied. We investigate perturbed nonlinear complex differential equations and
explore their corresponding complex differential systems. Some open questions on nonlinear complex
differential equations and systems are proposed.
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1. Complex differential equations from 2 sin z cos z = sin 2z

The existence and growth of transcendental meromorphic solutions of complex differ-
ential equations have been widely studied (see Laine’s monograph [10]). Interesting
nonlinear complex differential equations can be derived from trigonometric identities.
Observe the well-known trigonometric identity

2sinzcosz = sin2z (L1)

and the formula (sinz)” = cos z. Zhang and Yi [27, Corollary 1.7] studied the complex
differential equation corresponding to (1.1) and the existence of meromorphic solu-
tions, obtaining the following result.

THEOREM 1.1. The nonlinear complex differential equation
2f(2)f'(z) = sin2z (1.2)
has only four meromorphic solutions, f(z) = £sinz and f(z) = +icosz.

REMARK 1.2. (1) The trigonometric identity (1.1) is also connected to functional-
differential equations; Beardon [1] considered the pantograph-type equation
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f22) =2f"(2)f(2)

and obtained all the formal power series solutions. Ludwig and Tomaschek [20]
perturbed 2z and the constant 2 in (1.1) and considered the equation

fle@) = a@)f' () f(2),

where ¢(z) = kz + 22>+ --- and a(z) = ap + a1z + - --, and either k| > 1 and k is a
Siegel number, or k| < 1.

(2) Theorem 1.1 is a corollary of [27, Theorem 1.6] dealing with a generalised
complex differential equation of the form

[f(2)"1P = sin2z + p(2),

where p(z) is a polynomial and k is a positive integer. The main proof idea relies on
the integral form, that is,

1 k
f@P = 5 sin (2z - En) + PQ),
where PP (2) = p(2).
(3) The periodicity of f(z) when f(z)f’(z) is a periodic function was confirmed by
Wang and Hu [23]. Theorems 1.1 and 4.1 below have inspired recent research on the
periodicity of complex differential polynomials (see [18, 26]).

We will provide a new method to deal with the meromorphic solutions of (1.2) by
differentiating and using the following basic lemmas of Nevanlinna theory. For the
basic notations and fundamental results of Nevanlinna theory, see [8, 10].

LEMMA 1.3 (Clunie’s lemma; [ 10, Lemma 2.4.2]). Let f be a transcendental meromor-
phic solution of

[Pz, f) = 0@ /),

where P(z, ) and Q(z, f) are polynomials in f and its derivatives with meromorphic
coefficients, say {a,(z), p € I}, such that m(r,a,(2)) = S(r, f) for all u € I. If the total
degree of Q(z, f) as a polynomial in f and its derivatives does not exceed n, then

m(r, P(z, f)) = S(r, f).

LEMMA 1.4 (Valiron—-Mohon’ko lemma; [ 10, Theorem 2.2.5]). Let f be a meromorphic
function and

ao+a1f+---+apfp

R = G b f v+ byf

be irreducible and rational in f(z) with meromorphic coefficients a;, by of small growth
S(r, f). Then T(r, R(z, f)) = max(p, T (r, f) + S(r, f).
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PROOF OF THEOREM 1.1. By taking the first derivative of (1.2),
f2+ ff" =cos2z
and, by taking the derivative of this equation,

3f'F7 4 ff = —2sin2z = —4ff".

Thus,
3f— + f—, = -4, (1.3)
VA A
Let f”/f = a. We will affirm that « is a constant. Otherwise, if « is not a constant,
from (1.3),
a4+ M -4,
f
so we conclude that
fl 3 1 al
f o da+1’
Taking the derivative of this equation,
la"(@+1)—a” W a’?
4 (a+1)2 7 16(a+ 1)
that is,
4o’ (@ + 1) + 16a(a + 1)* = 5072, (1.4)
which we rewrite as
160° = 5a/* — 42" (a + 1) — 32a* - 160 (1.5)

If « is a nonconstant entire function, then m(r, @) = S(r, @) by Lemma 1.3, which is
impossible.

If @ is a properly meromorphic function and zy is a pole of a, then zp must be the
simple pole, since 7y is a simple zero of f(z) by (1.2). Computing the multiplicity of
the pole at zy from (1.5) gives a contradiction.

Hence, « is a constant and it follows from (1.4) that @ = —1. Therefore,
f(z) = c1€” + coe™. Substituting back into (1.2) gives

2iz _ ,-2iz
2007 2 oipy €€
i(cie™ — cse = —
(@ 2¢7) 4i
that is,
1 . 1
.2 4iz -2
ici——l)e"*+|——-ic;|=0.
( ! 4i) (41’ 2)
To avoid a contradiction with Lemma 1.4, we obtain ¢? = -1 and ¢3 = —1. So
f(@) = £sinzor f(z) = xicosz. Theorem 1.1 is thus proved. O
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Next, we consider a polynomial perturbation of (1.2). Mao and Liu [19, Theorem
1.3] also considered the general perturbed equation f(z)f’(z) = p(z) sin(a(z)), where
p(z) is a polynomial and a(z) is an entire function, using a different method.

THEOREM 1.5. If the complex differential equation

f@f (2 = p(z)sin2z

admits a transcendental meromorphic solution f(z), then p(z) must be a nonzero
constant 32> and f(z) = +Asinz or f(z) = +dicosz.

Before giving the proof of Theorem 1.5, we need the following lemma.

LEMMA 1.6 ([19, Lemma 2.2]). Let k be a positive integer, A a nonzero constant and
let Q; (j = 1,2,3) be small functions of & such that 0,0, % 0. If the equation

@ = 01 + 0)e ™ + 03(2)

admits a meromorphic solution f(z), then 4Q(2)02(2) = 03(z). Furthermore,
£@) = B1@)e™? + pa@)e ™, where Bi(x) and pa(z) are small functions of f
satisfying ﬁf = Qjand 2B, = Q5.

PROOF OF THEOREM 1.5. Assume that p(z) is a nonconstant polynomial of degree m.
From the hypothesis of the theorem, f(z)f’(z) = %( f(2)%) = p(z) sin2z. Integrating,

1f(2)* = 0(z) cos 2z + R(z) sin 2z + c, (1.6)
where
1 1, L 2L om
0(x) = —EP(Z)‘F?P () - 5P @+---+ (=D Somri P )
and
1 ’ 1 7 1 (&) [m/2] 1 2m-1)
R@) = 5P @) = 7" @+ Zgp7 @ + -+ (DTS ).
Now,

O(z) cos 2z + R(z)sin2z + ¢ = (@ + @)ez"Z + (@ - ILZ))@‘ZiZ +c

2 2i 2 2i

Since p(z) is a nonconstant polynomial, Q(z)/2 + R(z)/2i = %(Q(z) —iR(z)) and
01)/2 - R(z)/2i = %(Q(z) + iR(z)) are nonconstant polynomials. If ¢ = 0, then

3(0(2) — iR(2)e* + 3(0(2) + iR(2))  G(2)

0(z) cos 2z + R(z)sin 2z = o2 e

(say).

From the second main theorem of Nevanlinna theory for three small functions
[8, Theorem 2.5] and (1.6),

https://doi.org/10.1017/50004972726101026 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972726101026

[5] Complex differential equations and systems 533
T(r, ") < N(r,e*) + N|r ! + N{r, — | + S(r, €*7)
r 412 ’ G( )
— 1
<N~ e )) + 50,65 < SN(r, == )+ 50¢)

1
< =T(r,e*?) + S(r, €*9),

G(z ))

[\

which is impossible.
If ¢ # 0, by Lemma 1.6,
(@ N @)(Q(z) R(Z)) c

2 2i 2 2i 8’
which is impossible. In both cases, (1.6) leads to a contradiction. Hence, p(z) must be
a constant and p(z) = 1%2/2. The expressions for f(z) are given by Theorem 1.1. O

We next consider a generalisation of the complex differential equation (1.2):
f@FH () = §sin2z, (1.7)

where k is a positive integer. Obviously, (1.7) also has four meromorphic solutions
f(z) = +sinz and f(z) = +icosz and all meromorphic solutions of (1.7) are entire
functions. However, the uniqueness of the meromorphic solutions to this equation
remains an open question. So far, neither the integral method in Zhang and Yi [27]
nor the differential method in the paper has yielded an answer. The following question
is a natural one to ask.

QUESTION 1.7. Let f(z) be a transcendental meromorphic solution of
f@fP (@) = p(z)sin2z. (1.8)

Does it follow that k = 4k, + 1, p(z) = %/12 is a nonzero constant and f(z) = +Asinz
or f(z) = +Adicos z, where kj is a nonnegative integer and A is a nonzero constant?

REMARK 1.8. Question 1.7 has a connection with Hayman’s conjecture [7]. Equation
(1.8) can be written as

82" @) = (z - g)cos 27 = —p(z - g) + 2p(z - g)sm z

e A P
=riz-7)-Pe g Z
by letting g(z) = f(z — n/4). The two complex differential polynomials
T
8@+ plz- Z)

have infinitely many zeros which are double except for the finitely many zeros of
p(z — m/4). Hayman’s conjecture states that if f(z) is a transcendental meromorphic
function, then f(z)" f’(z) — a has infinitely many zeros, where a is a nonzero constant
and n is a positive integer. Hayman’s conjecture has been confirmed, but we do
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not know if g(z)g¥(z) — p(z) has infinitely many zeros, where p(z) is a nonzero
polynomial. The case in which k = 2 and p(z) is a nonzero constant can be seen in
Langley [11].

2. Complex differential systems from 2 sin z cosz = sin 2z

Complex differential systems have been studied recently by Gao [3, 5, 17]. Results
on systems of complex delay-differential equations [16, Ch. 11], Malmquist- or
Riccati-type differential systems [4, 21, 22] and Fermat-type differential-difference
systems [3, 14] have also been derived from the corresponding differential equations.
We will use the results in Section 1 to investigate the meromorphic solutions of the
corresponding complex differential systems, where the coefficients are not necessarily
small functions.

THEOREM 2.1. Let p(z) and p2(z) be nonzero polynomials and n be a positive integer,
and consider the nonlinear differential system

f@)"g' (z) = p1(2)sin2z,
g@)"f'(z) = p2(z)sin2z.

(1) If n = 2, then (2.1) has no meromorphic solutions.

(2) Assume that n = 1, f(z) = a(z)sinz and g(z) = B(z) sinz, where a(z) and B(z) are
small functions with respect to sinz. Then p(z) = p2(2) = p where p is a nonzero
constant. Thus, f(2) = yg(z), and f(z) = Tsinz or f(z) = it cosz where 2p = 1% /7.

2.1)

PROOF. (1) Assume that n > 2 and f(z) and g(z) are properly transcendental mero-
morphic functions with infinitely many poles. Assume that zg is a pole of f(z) with
multiplicity p which is not a zero of p;(z) and p,(z). Then z; is a zero of g’(z) with
multiplicity at least np and at most np + 1 by the first equation of (2.1), and zy is a zero
of g(z) with multiplicity at least (p + 1)/n and at most (p + 2)/n by the second equation
of (2.1). Therefore, zy is a zero of g(z) and g’(z). This gives the four possibilities listed
below, all of which are impossible because they imply that p < 0 when n > 2.
Case 1. If (p +2)/n—1 = np, then p = (n — 2)/(1 — n?).
Case 2. If (p+2)/n—1=np+1,then p = 2n - 2)(1 — n?).
Case 3.If (p+ 1)/n—1 =np, then p = (n — 1)/(1 = n?).
Case4.If (p+1)/n—1=np+1,then p =2n—1/(1 —n?).

Thus, if n > 2, both f(z) and g(z) are transcendental entire functions or properly

transcendental meromorphic functions with finitely many poles. From the first and the
second equation of (2.1),

nl(r, f) <T(r,g) + T(r,sin2z) + O(logr) < T(r, g) + T(r,sin2z) + O(logr)
and

nT(r,g) < T(r, f') + T(r,sin2z) + O(logr) < T(r, ) + T(r,sin 27) + O(log 7).
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Hence,
(m—DT(r, f)+T(r,g) <2T(r,sin2z) + O(logr).

Thus, f(z) and g(z) must be transcendental entire functions or properly transcendental
meromorphic functions having finitely many poles with order at most 1. Since n > 2,
f(2) and g(z) have finitely many zeros. Therefore, we can assume that f(z) = t(z)e*'*
and g(z) = 1 (2)e***, where t,(z) and 1,(z) are rational functions. Substituting f(z) and
g(z) into (2.1),

11(2)"(#5(2) + 12(2)52)€™ 7% = py(2) sin 2z,

and checking the numbers of zeros on the two sides of this equation gives a
contradiction.
Thus, we have proved that n = 1. Consider
f(2)g'(2) = p1(2) sin 2z,
8(2)f"(z) = p2(z) sin2z,

and let f(z) = a(z)sinz and g(z) = B(z) sin z.

2.2)

Case 1. If a(z) and B(z) are nonzero constants, the conclusion of the theorem is
obviously true.

Case 2. If one of a(z) and B(z) is a nonconstant small function with respect to sin z,
then (2.2) reduces to

a(z)(B'(z) sinz + B(z) cos z) = 2p1(z) cos Z,
B (z)sinz + a(z) cos z) = 2p>(z) cos z.

Hence,

sin z(@(2)B'(2) — B(2)a’(2)) = 2 cos 2(p1(2) — p2(2)). (2.3)

If a(z)B'(z) — B(z)d’(z) # 0, since a(z) and B(z) are small functions with respect to
sin z and cos z, (2.3) contradicts Lemma 1.4.

If a(2)B'(2) — B(2)a’(z) = 0, then p;(2) — p2(z) = 0. We have f(2) = yg(z), where y
is a nonzero constant. By Theorem 1.5, p;(z) and p,(z) must be constants and f(z) =
Tsinz or f(z) = it cosz, where 2p = 72/y. |

REMARK 2.2. We have assumed that f(z) = a(z)sinz and g(z) =6(z)sinz in
Theorem 2.1, where a(z) and B(z) are small functions with respect to sin z. We believe
that the condition on a(z) and B(z) can be removed, but we have not yet been able to
show this.

3. Complex differential equations from cos 2z = cos?z — sin’z

Gundersen et al. [6] derived another nonlinear complex differential equation from
the trigonometric identity cos 2z = cos” z — sin” z.
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THEOREM 3.1 [6]. The complex differential equation
f@? = f(2)* = cos2z (3.1)
has only four meromorphic solutions f(z) = £ cosz and f(z) = xisinz.
Gao and Gao [2] extended (3.1) by proving the following result.
THEOREM 3.2 [2, Theorem 7]. The complex differential equation
@ = f(@)* =cos2z
has only eight meromorphic solutions
ﬁ(Z) = e&mi/4 g z, fk(Z) = Qk+Dmi/4 G z
forj=0,1,2,3and k =0,1,2,3.
THEOREM 3.3. Let p(z) # 0 be a polynomial. If the complex differential equation
f@" = f'@" = p(z) cos 2z (3.2)

admits meromorphic solutions f(z), then p(z) must be a nonzero constant p. Further-
more, all meromorphic solutions of (3.2) are

jj‘(z) — p1/462jﬂi/4 cos z, ﬁ(z) — pl/4e(2k+l)ﬂi/4 sin z,
forj=0,1,2,3and k =0,1,2,3.
For the proof of Theorem 3.3, we need the following lemma.

LEMMA 3.4. If p(z) is a nonzero polynomial and f(z) is a meromorphic solution of
(3.2), then N(r,1/f) # S(r, f) and N(r, 1/ f') # S(r, f).

PROOF. Obviously, the meromorphic solution f(z) must be a transcendental entire
function. Define ¢(z) = 1 — (f'/)*. If N(r, 1/f) = S(r, f), then

N(r, 1- (%)4) = 4N(r, %) = S(r. /).
We also have

m(r, 1 - (f7)4) = S0, f)

by the lemma of the logarithmic derivative. Thus, T(r, ¢(z)) = S(r, f). Rewrite (3.2) as

() f(2)* + p(2) = 2p(z) cos*(2).

By the second main theorem of Nevanlinna theory for three small functions
[8, Theorem 2.5],
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4 _ T (. 1\, = 1 4
T(r, £ < NG, f4) + N(r, F) +N(r, m) + S0, £Y)

< N(r, 1 + =N +S(r, fH

1 1
7))
<3T(r, f)+S(r, [
which is impossible. The same reasoning can be used to show N(r, 1/f’) # S(r, f). O
PROOF OF THEOREM 3.3. Taking the first derivative of (3.2),
Af3F — A f” = p’ cos2z — 2psin2z. (3.3)
Computing (p’ — 2ip) times (3.2) minus p times (3.3) gives
(P = 2ip)f* = (p' = 2ip)(f)' = 4pff +Ap(fYf" = 2ip*eF. (3.4)
Taking the derivative of (3.4) and eliminating ¢>7,
ALf + M f 4 AP+ AP ()
=AU =MV S = AU = Adf () =0, (3.5)
where A; (i = 1,2, 3, 4) are the polynomials
Ay = @2p" +2ip)(p’ = 2ip) = p(p” = 2ip’),

Ay = =8pp/,
A3 = 4P2’
A4 = 12p%

Dividing the two sides of (3.5) by f3f’ gives
! )
m(r, =) =S80, f)
fl

by the lemma of the logarithmic derivative. Let zo be a zero of f’ but not a zero of
p(2). From (3.2), zp is not a zero of f because all zeros of cos 2z are simple. By (3.5),
zoisazero of Ay f + A3 f”. Define ¢(2) := (A1 f + A3 f”)/f’. Then T(r, ¢(z)) = S(r, f).
From the definition of ¢(z),

Asf” = of = Arf. (3.6)
Differentiating (3.6),
Asf" = (= ADf" + (¢ —ADef —Alf. 3.7)
Combining (3.6) and (3.7),
asr = (B -l - (M) 6w
Substituting (3.6) and (3.8) into (3.5),
H\f*f +Hy f*(f'Y + Hs f(f') + Ha(f)* =0, (3.9)
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where
H =A+ o,
Hy =A4 - A4(A12)2,
A1Ay (Az‘ﬁ , . 2A1A49
Hy = = +A—3(¢—A3);/AI+W, 2

By Lemma 3.4, noting that the zeros of f(z) and f’(z) are different except for the
zeros of p(z), we have N(r,1/f) = S(r, f) unless H; # 0. But H, = 0 gives Az = +A,
so that

Qp' +2ip)(p’ = 2ip) - p(p” = 2ip’) = +4p?,
that is,
4p* +2p"% — pp” = +4p.
It follows that p(z) is a constant and A3 = A;. We now rewrite (3.2) as
(F@)* = (F/@)* = cos 2z,
where F(z) = p~'/*f(z). From Theorem 3.2, all solutions of (3.2) are
£(2) = peHmil cosz,  filz) = pH4e@r il sin 7,
forj=0,1,2,3and k =0, 1,2,3. |

There are many other ways to perturb (3.1). For example, Gundersen et al.
[6, Theorem 7] asked for all entire solutions of

G+ Df@*+ @z - 1Df'(2)? =z+cos2z (3.10)

They stated that f(z) = £ cosz and f(z) = %isinz are the entire solutions of the above
equation. However, f(z) = +isin z are not solutions. The remaining question is to prove
the uniqueness of f(z) = +cosz for (3.10). We make some observations which may
contribute to the uniqueness problem. Let f(z) = cos z + F(z) so that

(z + 1)(cos z + F(2))* + (z = 1)(F'(z) — sinz)* = z + cos 2z.
By elementary calculation,
(z+ 1)(2cosz + F(2))F(z) = (z — 1)2sinz — F'(2)F'(2).
Let G(z) = 2cos z + F(z). Then
(z+ DGQRF(2) = (1 - )G (F (2),
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where G(z) and F(z) are entire functions. If G(z) = 0, then f(z) = —cosz; if F(z) =0,
then f(z) = cosz. If G(z) # 0 and F(z) % 0,

G@F () z+1

G(z) F) 1-2
We conjecture that this equation has no entire solutions satisfying G(z) = 2cosz +

F(z).
To close this section, we pose the following question for further study.

QUESTION 3.5. Let p;(z) and p»(z) be nonzero polynomials and n be a positive integer.
How can we describe the transcendental meromorphic solutions of the system

f@" =g (@)" = p1(z) cos 2z,
g@)" = f'(@)" = pa(z) cos 22?7

4. Discussion
Observe the trigonometric identity
4sin’ 7 — 3sinz = —sin3z.

The corresponding nonlinear complex differential equation

=3iz _ eBiZ

2i ’
was studied by Yang [24], Heittokangas et al. [9] and Yang and Li [25]. They pointed
out that fi(z) =sinz, f£2(2) = —%\/gcosz - %sinz and f3(z) = %\/gcosz - %sinz are
the only entire solutions of (4.1). Equation (4.1) can also be viewed as a differential
equation of Tumura—Clunie type,

f@"+ Pz, f(2) = g(2),

where P(z, f(z)) is a differential polynomial in f(z) and g(z) is a meromorphic function
(see the related results in Liao et al. [15], and Mao and Liu [19]).
From the trigonometric identity

4f(z) +3f"(z) = —sin3z = (4.1)

cos® 7 — 3 sin® zcos z = cos 3z,

Gao et al. [5] showed that the only entire solutions of the complex differential
equations

f2? =3f@)f (2)* = cos 3z 4.2)

and
f@ +3f"@)f (@) = cos 3z (4.3)

are f(z) = c1€* + cpe”%, where c? = % and cg = % Furthermore, they considered

P(f(2) +q(@)f(@)f @)?* = cos(az + b)
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and showed that if this equation has entire solutions, then p(z) and ¢(z) are constants.
Very recently, Li et al. [12] found corresponding results when cos 3z is replaced by
p1e1@ 4 pre@ in (4.2) and (4.3).

We can consider the related complex differential system

4f(z)® - 3¢'(z) = cos 3z,

4.4
4g(2)* +3f'(2) = —sin3z. @4

Obviously, system (4.4) has the entire solution f(z) = cos z and g(z) = sin z, but we do
not know if this entire solution is unique.
Finally, consider the trigonometric identity

sinzsin” z = —sin’ z.

Li et al. [13, Theorem 1] obtained the following result by Laguerre’s theorem on the
separation of zeros.

THEOREM 4.1. If f(z) is an entire solution of

F@f"(2) = p(z)sin’z,

where p(2) is a nonzero polynomial with real coefficients and real zeros, then p(z) must
be a nonzero constant p = —a® and f(z) = asinz.

We pose the following question on a related nonlinear complex differential system
for further investigation.

QUESTION 4.2. Let n,m,ky,ky,t;,1, be positive integers, and p;(z) and p,(z) be
nonzero small functions with respect to sinz. Suppose that f(z) and g(z) solve the
complex differential system

f@)"g*V(z) = pi(z)sin” z,
2" f*)(2) = pa(z) sin” z.

Can we describe the properties of transcendental meromorphic solutions of (4.5)?

4.5)
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