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In this paper, I shall establish the sufficiency of certain conditions on an ideal A of
a local ring Q, and on a set {gx, ...,gk}of elements of Q generating a proper ideal G, for
the ideals A and G to be analytically disjoint. Hence I shall establish an upper bound
for the analytic spread of A.

The maximal ideal of Q will be denoted throughout by M, and it will be assumed
that the field Q/M is infinite.

The concept of the analytic spread l(A) of an ideal A was denned and developed by
Northcott and Rees in (l). I begin by recalling some of their definitions and results.

If we define XA(r) *° De ^n e number of elements in a set minimally generating Ar,
then, for large r, XA(T) *8 a polynomial in r; l(A) is defined by taking the degree of this
polynomial to be l(A)— 1 (adopting the convention that the zero polynomial is of
degree — 1). Ideals A and B of Q are said to be analytically disjoint if

A set {a1 am} of elements of an ideal A is analytically independent in A if, when-
ever F(X1;..., Xm) is a homogeneous polynomial of arbitrary degree r over Q such that
V(a1, ...,am) is contained in MAr, then every coefficient of V is contained in M;
{% am} is analytically independent if it is analytically independent in the ideal it
generates. The ideal generated by an analytically independent set {alt...,am} is of
analytic spread m; such ideals are called basic ideals.

An element c of Q is analytically dependent on A if, for some r, cr+1 is contained in
A((c) + A)r. The set of all elements of Q analytically dependent on A is an ideal of Q,
denoted by A. An ideal C of Q containing A is contained in A if and only if, for some r,
AC = Cr+1; hence, for any two ideals A, B of Q, AS £ AB.

LEMMA 1. If Bis a basic ideal, then, for any integer r,

MBr n & = MB*.

Proof. Let {blt ...,&m} be a set minimally generating B, and let yeBT\MBr. Then
there is a polynomial V(Xlt..., Xm), homogeneous of degree r and having at least one

coefficient not in M, such that y = 7(6^ ...,bm). liyeMB*, then, for some s,

y8 e MBT{(y) + MB*)8-1 = MBre.

Since the set {bv ..., bm} is analytically independent, it follows that every coefficient of
(F(XX,..., -Z,,,))8 is in M, which is impossible. Hence the result follows.
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A proper ideal of Q generated by k elements g1,...,gk such that

0:ft = 0 and (ft, ...,ft_!): & = (ft, ...,ft_i) for 2 s£ i ^ k

is called a general ideal of rank k.

LEMMA 2. Let B be a basic ideal, and suppose given a set {ft,..., gk} of elements of M,
and a sequence Cx, C2,... of ideals of Q, such that, for each r,

Br+X c Cr+1 c C , c p ,

and the ideal ofQ/Cr generated by the set of residues in Q/Cr ofgu ...,kk,isa general ideal of
rank k.

Then, if 0 is the ideal of Q generated by {ft,..., gk}, B and G are analytically disjoint.

Proof. Consider first a polynomial K(Xlt ...,Kk), homogeneous of degree p, such
t h a t K(gx, ...,gk) e Cs, for some s.

Then, since the ideal of Q/Cs generated by the residues of ft,..., gk is general of rank k
in Q/Cs, it is easily seen (by induction on k and p) that K takes the form

-g,Xt)2^(Xl f ...,Xk) + N(Xlt ...,Xk)

where L^ is homogeneous of degree (p-1), and N homogeneous of degree^) with every
coefficient in Cs; thus, we see that

(i) Z(ft, ...,gk)e G*>Ca, whence Qv n Cs is shown to be GPCS;
(ii) every coefficient of K is in G + Ca.
We now show that, if B is minimally generated by the set {bx bm}, then the set

{&!, ...,fem,ft, ...,ft-} is analytically independent. If this were not so, there would be a
polynomial VI^Y1,...,Ym,X-l Xk), homogeneous (of degree r, say) in Ylt...,Ym,
Xx,...,Xk, such that V{b1..., bm,ft,...,gk) = 0, having some coefficient not in M.

Let 7(6^ . . . ,bm,Xl t . . . ,Xk) = H^X^ ...,Xk) + ...+ H0(Xlt ...,Xk), where,foreachp,
Hp is a homogeneous polynomial of degree p. Then, for each 2?, each coefficient of Hp is
in Br~p; and, since {blt...,bm} is analytically independent and V has some coefficient
not in M, some coefficient of some Hp is not in MBr~p.

For such p, we have

gi gk) e &^>* n G* < Cr^,+ 1 n G* = Cr_p

Hence Hp{gx, ...,gk)eCr^+1 fl» + G*>+\
Hence every coefficient of Hp is contained in

n (Cr_p+1 + G) = B'-v n (Cr^,+1 + (B*+ + Cr^+1) n G)

n (Cr_p+1 + Cr_p n G) = Br-v n (

^ Br~p n (Br~p+1 + Cr_pG) «S Br-r> n MBT-P

= MBr~P, by Lemma 1.

Hence we have a contradiction, and the result follows, since the analytic spread of
an ideal cannot exceed the number of elements in a set minimally generating it.
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I now extend this result to deal with the situation where the set {gx, ...,gk} is not
specified, but where a sequence {Cx, O2,...} of ideals of Q is given satisfying

Cr+1 <Cr*:&

for each r, and such that codim Q/Cr > k for each r. The existence of elements gx,..., gk

of Q whose residues in QjCr generate a general ideal of rank k in Q/Cr is not then obvious,
even in the case k = 1; for the relations Br+1 ^ Cr+X ^ Cr ^ IF do not appear to imply
that an embedded prime ideal of Cr is necessarily associated with Cr+S for all s > 0, so
that there is no obvious reason why the set of all prime ideals of Q associated with some
CT should be finite; hence, if Q is countable, we cannot assume the existence of an
element g of Q such that the residue of g in Q/Cr is not a zero-divisor in Q/Cr for any r.

1 shall therefore require to establish the following Lemma:

LEMMA 3. Suppose that Q is a complete local ring, and, that {Pf}i=12i... is a countable
collection of prime ideals of Q, none of which is equal to M.

Then there is an element x of M which is not contained in any Pf.

Proof. Since Q is Noetherian, any ascending chain

P«1£=P«1£...'<=P<r£...

of ideals of the collection has a maximal element; hence

We may thus suppose without loss of generality that if Pt s Pp then P̂  = Py
We construct inductively a sequence {xr} of elements of M as follows:
Choose x1 e M\PV Suppose we have chosen xlt..., xr_1 in M such that, i f i < s < r - l ,

then x3$Pf and xi — xseMi n Pi.
If xr_i $ Pr, set xr = xr_x; if xT_x e Pr, choose yr not in Pr but in Pt n ... n Pr_x (which is

possible since Pr contains none of Pv ..., Pr_x), and set xT = xr_x + yT
r.

In either case, xr is in none of Plt..., Pr; and xr — xr_x is in Mr n Px n ... D Pr_i, so that,
if i < r, then xt — xr is in Mi n i*.

Suppose xr chosen in this fashion for all r. The sequence {xr} is then a Cauchy sequence
in the complete local ring Q, and hence has a limit x in Q. Since each Pt is closed in Q,

— xs is in Pt for alls > i, wehavexj — ccinPfforeachi-.butXi^Pi, socc^P^for any i.

COROLLABY. If{CT}r=Xi 2> is a countable collection of ideals of the complete local ring Q,
and if codim Q/Cr ^ kfor each r, then there is a set {gx, ...,gk}of elements of M such that,
for each r, the ideal of Q/Cr generated by the residues ofgx, ...,gkisa general ideal of rank k
in Q\GT.

Proof. If k = 0, there is nothing to prove. Suppose therefore that, for some k > 0,
the result is known to be true when k is replaced by k—1.

Then, if codim Q/Or ^ k for each r, we can choose gx, ...,gk_x in M such that, for
each r, the ideal oiQ/Gr generated by their residues is a general ideal of rank k — 1; hence,
for each r, codim Q/(Cr + (gx,..., gk_x)) ^ 1. The set of all prime ideals of Q associated
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with Cr + (g1,..., gk_1) for some r, which is clearly countable, cannot therefore include M.
Thus, since Q is complete, it follows from the Lemma that there exists an element gk of
M not in any associated prime of Gr + (g±,...,gk+1) for any r; whence, by the choice of
gx,...,gk_i, the ideal of Q/Cr generated by the residues of glt...,g,. is a general ideal for
each r, as required.

I shall require also the following Lemma, for which I am indebted to D. Rees.

LEMMA 4. No proper ideal of Q can have analytic spread greater than dim Q.

Proof. If dim Q = 0, then every proper ideal of Q is nilpotent and thus of analytic
spread zero. Suppose therefore that dim Q > 0.

For any ideal A of Q, we can find a basic ideal B of analytic spread l(A) such that
B < ^4and^4 = B (a, minimal r eduction o£ A; seed), §2,Theorem 1, and §7, Theorem 4).
Hence it is sufficient to show that no basic ideal can have analytic spread greater than
dimQ. Let B be a basic ideal minimally generated by a set {blt..., bm}.

Suppose first that Q is not a domain, and let Nlt..., Ns be the minimal prime ideals
of Q. Write mi for the analytic spread of B + Nt in Q/N^ Then it is clear that m ^ mt for
each i. If m > mt for each i, then for each i there is a polynomial V^X^ ..., Xm), homo-
geneous in Xlt ...,Xm, with some coefficient not in M, such that Vi(b1,...,bm)eNi;
whence, for some r,

But this is impossible, since the set {blt ...,6m} is analytically independent and
(P̂  ... Vs)

r has some coefficient not in M.
Thus m = rnaxm^, so we may suppose without loss of generality that Q is a domain.
Let RB be the subring Qi^X, ...,bmX] of the ring Q[X] of polynomials over Q. Then

the ring BB/MRB is isomorphic to the ring of polynomials in m variables over Q/M;
so MRB is a prime ideal of RB. Since Q is a domain, so is <2[-3T], and hence so is RB; so
the rank of MRB in RB is at least one. Let Q' be the homogeneous ring of fractions
(RB)MIiB, and let M' be its maximal ideal. Clearly dimQ' > 1.

Applying a result of Zariski and Samuel ((2), p. 326, Proposition 2), I deduce that,
if F, F' are the fields of fractions of Q, Q' and tr degF.F' the transcendence degree of F'
over F, then

dimQ' + trdegG/MQ'/itf' ^ dimQ + trdegF.F".

But it is easily seen that Q' has the same field of fractions as Q; and Q'/M' is the
homogeneous field of fractions of RB/MRB, whence tvAegQiMQ'IM' = m— 1. Hence
dim Q ^ m, as required.

THEOREM. Let Bbea basic ideal of Q, and {Cv ...,Cr,...}a sequence of ideals of Q such
that, for each r, ^

B'+i £ Cr+1 £ Cr £ B?
and codim Q/Gr ^ k.

Thenl(B) ^ dim Q-k.

Proof. Let Qbe the completion of Q, B that of B, etc. Then

codim Q/Cr = codim Q/Cr = codim Q/GT,
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and, since BrlMBr ia a vector space over QjM,

is isomorphic to Br/MBr = Br/MBr,

so that the analytic spread of B in Q is the same as that of B in Q.
I t is therefore sufficient to prove that the Theorem holds if Q is complete; but in that

case, by the Corollary to Lemma 3, the hypothesis that codim Q/Cr ^ k for each r
implies that there exist elements gx gk of Q such that, for each r, the ideal of Q/Gr

generated by the residues of gx,..., gk is a general ideal of rank k in Q/Cr. Hence, by
Lemma 2,

whence, by Lemma 4, l(B) < dim Q — k, as required.

COBOLLABY. For any ideal A of Q, the following inequalities hold:
(i) l(A) s£ dimQ-min codim Q/A^
(ii) 1{A) ^ dimQ - min codimQ/Ar.
If Q is a Oohen-Macaulay ring, then

Proof. Let B be a minimal reduction of A. Then, since

Br+1 c Ar+X ^Ar<^Br and Br+l £ A™ c AT £ &,

(i) follows at once from the Theorem on setting Cr = Ar, and (ii) follows on setting

Since, if the (^-module Q/Cr is of finite homological dimension,

hd0 Q/Cr = codim Q — codim QjGr,

the last inequahty follows at once if Q is Cohen-Macaulay.
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