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In this paper, I shall establish the sufficiency of certain conditions on an ideal 4 of
a local ring Q, and on a set {g,, ..., g;} of elements of @ generating a proper ideal G, for
the ideals 4 and @ to be analytically disjoint. Hence I shall establish an upper bound
for the analytic spread of 4.

The maximal ideal of @ will be denoted throughout by M, and it will be assumed
that the field Q/M is infinite.

The concept of the analytic spread I(A) of an ideal A was defined and developed by
Northeott and Rees in (1). I begin by recalling some of their definitions and results.

If we define y 4(r) to be the number of elements in a set minimally generating A4,
then, for large r, ¥ (r) is a polynomial in 7; [(A4) is defined by taking the degree of this
polynomial to be I(4)—1 (adopting the convention that the zero polynomial is of
degree —1). Ideals A and B of @ are said to be analytically disjoint if

[(4)+1(B) = (4 + B).

A set {a,, ..., a,,} of elements of an ideal 4 is analytically independent in A if, when-
ever V(X,, ..., X,,) is a homogeneous polynomial of arbitrary degree r over @ such that
V(a,,...,a,) is contained in M A", then every coefficient of V is contained in M;
{ay, ..., a,} is analytically independent if it is analytically independent in the ideal it
generates. The ideal generated by an analytically independent set {a,,...,a,} is of
analytic spread m; such ideals are called basic ideals.

An element ¢ of @ is analytically dependent on A if, for some 7, ¢™+! is contained in
A((c)+ AY. The set of all elements of @ analytically dependent on 4 is an ideal of @,
denoted by A. Anideal C of @) containing 4 is contained ir}\ A if and only if, for some r,
ACT = Cr+t; hence, for any two ideals 4, B of Q, AB c AB.

Lemma 1. If B is a basic ideal, then, for any integer r,

N
MBrnBr=MB.

Proof. Let {by, ...,b,} be a set minimally generating B, and let y€ B"\MBr. Then
there is a polynomial V(X,,..., X,,), homogeneous of degree r and having at least one

N\
coefficient not in M, such that y = V(b,,...,b,,). If ye M Br, then, for some s,
e MB((y)+ MBy¥* < MBr™.

Since the set {b,, ..., b,,} is analytically independent, it follows that every coefficient of
(V(X,,...,X,))#is in M, which is impossible. Hence the result follows.
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A proper ideal of @ generated by k elements g,, ..., g, such that

0:9; =0 and (gy,--,051) 95 = (G, --»9s-1) for 2<i<k
is called a general ideal of rank k.

Lemma 2. Let B be a basic ideal, and suppose given a set {g,, ...,g,} of elements of M,
and a sequence Cy, C,, ... of ideals of @, such that, for each r,

N
1
Bt1c(C,,<C c B,

and the ideal of Q[C, generated by the set of residues in Q[C, of g,, ..., k;,, is a general ideal of
rank k.
Then, if G is the ideal of @ generated by {g,, ...,9,}, B and G are analytically disjoint.

Proof. Consider first a polynomial K(X,, ..., K;), homogeneous of degree p, such
that K{g,, ...,95) € C,, for some s.

Then, since the ideal of @/C, generated by the residues of g,, ..., g, is general of rank %
in @/C,, it is easily seen (by induction on k and p) that K takes the form

2 (9: X~ 9; X)) Lif(Xy, .., Xp) + N(X,, ..., X))
1<i<j<k
where L;; is homogeneous of degree (p — 1), and NV homogeneous of degree p with every
coefficient in C,; thus, we see that

(i) K(g,, ---,9x) € G*C,, whence G? n C, is shown to be G?C,;

(ii) every coefficient of K isin G+ C,.

We now show that, if B is minimally generated by the set {b,, ..., b,}, then the set
{by, «+s by, 915 -5 95} 18 analytically independent. If this were not so, there would be a
polynomial V(¥;,...,Y,,, X,,...,X;), homogeneous (of degree 7, say) in ¥,,...,Y,,
X4, .-, Xy, such that V(b;...,b,,9;,...,9;) = 0, having some coefficient not in M.

Let Viby, ..., b, X1, ., X)) = H(X, ..., X))+ ... + Hy(X,, ..., X,,), where, for each p,
H,, is a homogeneous polynomial of degree p. Then, for each p, each coefficient of H, is
in B ?; and, since {b,, ..., b, } is analytically independent and V has some coefficient
not in M, some coefficient of some H,, is not in M B™P.

For such p, we have

Hr(gl; --.’glc)+ +Hp(gla --',gk) € Br—p+1 n Gp < Cf_p+1 n Gp = 0,._p+1Gp.
Hence H,(g,, ..., gr) €C, ;1. GP + GPFL.

Hence every coefficient of H, is contained in
B 20 (Cpt1+G)=B?n(Cp+(BP+C,_,,)NG)
<B?nN(C_p1+C,_,nG)=B?n(C,_,,+C,_, &)
N P
< B?n (BP9 +C,_,G) < B?n MB?
= MB™?, by Lemma 1.

Hence we have a contradiction, and the result follows, since the analytic spread of
an ideal cannot exceed the number of elements in a set minimally generating it.
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I now extend this result to deal with the situation where the set {g, ...,g,} is not
specified, but where a sequence {C;, C,, ...} of ideals of @ is given satisfying

S~
B'+1<O,+ISOfSB"

for each 7, and such that codim @/C, > k for each r. The existence of elements g,, ..., g,
of @ whose residues in @/C, generate a general ideal of rank k in @/C, is not then obvious,
even in the case k& = 1; for the relations B+ < C,,, < C, < B" do not appear to imply
that an embedded prime ideal of C, is necessarily associated with C, ; for all s > 0, so
that there is no obvious reason why the set of all prime ideals of @ associated with some
C. should be finite; hence, if @ is countable, we cannot assume the existence of an
element g of @ such that the residue of g in @/C, is not a zero-divisor in @/C, for any r.
1 shall therefore require to establish the following Lemma:

Lemma 3. Suppose that Q is a complete local ring, and that {P};_, , ... is a countable
collection of prime ideals of Q, none of which is equal to M.
Then there is an element x of M which is not contained in any P,.

Proof. Since @ is Noetherian, any ascending chain
P,cP c..cP < ..

of ideals of the collection has a maximal element; hence
0 P = UR: B B= = B},
i=1

We may thus suppose without loss of generality that if F; < P, then P, = P,

We construct inductively a sequence {x,} of elements of M as follows:

Choose z, € M \ P,. Suppose we have chosen zy, ...,#,_, in M such that,ifi < s < r-1,
then z,¢ P, and z,—x,e M n P,

Ifa,_,¢P, setx, =a,_;ifz,_;€PF, choose y,notin P, butin P, n... n P._; (which is
possible since P. contains none of P,, ..., B,_,), and set z, = ,_; + ¥}.

In either case, z,isinnone of B, ..., P;and z,—x,_;isin M P, ... 0 B._,, so that,
if ¢ < r, then x;—2,is in M*n P,

Suppose x, chosen in this fashion for all 7. The sequence {z,} is then a Cauchy sequence
in the complete local ring @, and hence has a limit z in @. Since each F, is closed in @,
andx; —x,isin P,foralls > 4, we havex; —xin P, foreach; but z,;¢F,, sox ¢ P, for any .

CororrarY. If {C},_, . ... 18 @ countable collection of ideals of the complete local ring @,
and if codim Q/C, > k for each r, then there is a set {g,, ...,g,} of elements of M such that,
for each r, the ideal of Q[C, generated by the residues of gy, ..., gy, 18 a general ideal of rank k
in Q/C,.

Proof. If k = 0, there is nothing to prove. Suppose therefore that, for some k& > 0,
the result is known to be true when £ is replaced by k£ — 1.

Then, if codim @/C, > k for each », we can choose ¢,,...,9,_; in M such that, for
eachr, theideal of @/C, generated by their residuesis a generalideal of rank % — 1; hence,
for each 7, codim Q/(C,+(g;, ..., 9x_1)) = 1. The set of all prime ideals of @ associated
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withC, +(g,, ..., g,_;) for somer, whichis clearly countable, cannot therefore include 3.
Thus, since @ is complete, it follows from the Lemma that there exists an element g, of
M not in any associated prime of C,+(g,, ..., 9;,;) for any r; whence, by the choice of
J1s --+»9i—1, the ideal of @/C, generated by the residues of g, ..., g, is a general ideal for
each r, as required.

I shall require also the following Lemma, for which I am indebted to D. Rees.

Lemwma 4. No proper ideal of @ can have analytic spread greater than dim §.

Proof. If dim @ = 0, then every proper ideal of @ is nilpotent and thus of analytic
spread zero. Suppose therefore that dim ¢ > 0.

For any ideal 4 of ¢, we can find a basic ideal B of analytic spread I(4) such that
B<Aandd =B (a manimal reduction of A ;see(1), § 2, Theorem 1, and § 7, Theorem 4),
Hence it is sufficient to show that no basic ideal can have analytic spread greater than
dim @. Let B be a basic ideal minimally generated by a set {b;, ...,b,}.

Suppose first that @ is not a domain, and let NV, ..., N, be the minimal prime ideals
of Q. Write m, for the analytic spread of B+ N, in @/N,. Then it is clear that m > m,for
each . If m > m, for each 4, then for each ¢ there is a polynomial Vy(X,, ..., X,,), homo-
geneous in X, ..., X,,, with some coefficient not in M, such that V(b,,...,b,)eN;;
whence, for some 7,

(Vi(by, ..., byy) .. Vi(by, .., b)) = O.

But this is impossible, since the set {b,,...,b,} is analytically independent and
("1 ... V,)r has some coefficient not in M.

Thus m = max m,;, S0 we may suppose without loss of generality that @ is a domain.

Let Ry be the subring @[b, X, ..., b, X] of the ring Q[ X] of polynomials over . Then
the ring Rp/MRy is isomorphic to the ring of polynomials in 7 variables over Q/M;
80 M Ry is a prime ideal of Rp. Since @ is a domain, so is @[X], and hence so is Ey; so
the rank of MRy in Ry is at least one. Let @' be the homogeneous ring of fractions
(Rg)arrp and let M’ be its maximal ideal. Clearly dim @’ > 1.

Applying a result of Zariski and Samuel ((2), p. 326, Proposition 2), I deduce that,
if ', F' are the fields of fractions of @, @’ and tr degp F’ the transcendence degree of F”
over F, then

dim @’ + trdeggy @' /M’ < dim @ + trdegp F".

But it is easily seen that Q' has the same field of fractions as @; and Q'/M’ is the
homogeneous field of fractions of By/MRy, whence trdegg,;,@’/M’ = m—1. Hence
dim @ > m, as required.

TuEOREM. Let B be a basic ideal of @, and {C,, ..., C,, ...} a sequence of ideals of @ such
that, for each r,

BHcC,cCeF
and codim Q/C, > k.
Then I(B) < dim @ — k.

Proof. Let Qbe the completion of @, B that of B, etc. Then
codim Q/C, = codim Q/C, = codim Q/C,,
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and, since BT/M B" is a vector space over @/M,

Br|MBr is isomorphic to B /M B = BT|M Br,

so that the analytic spread of B in @ is the same as that of B in Q.

It is therefore sufficient to prove that the Theorem holds if @ is complete; butin that
case, by the Corollary to Lemma 3, the hypothesis that codim Q/C, > k for each r
implies that there exist elements g, ..., g, of @ such that, for each r, the ideal of Q/C,
generated by the residues of g,, ..., g, is a general ideal of rank & in @/C,. Hence, by
Lemma 2,

UB+ (g1, s90) = UB) +F,

whence, by Lemma 4, [(B) < dim @ —k, as required.

CorOLLARY. For any ideal A of Q, the following inequalities hold:
(i) U4) < dimQ—min codim @/4"
(ii) I(4) < dim @ — min codim @/A4".
If Q is a Cohen—Macaulay ring, then

I(4) < min (max (hdy @/4", hd, @/47)).

Proof. Let B be a minimal reduction of A. Then, since

A~ P ~ —~
Brilc Al c A< BT and Brtlc A™l ¢ AT < B,

(i) follows at once from the Theorem on setting C, = 4", and (ii) follows on setting
C, = A
Since, if the @-module ¢/C, is of finite homological dimension,

hd, Q/C, = codim @ — codim @/C,,
the last inequality follows at once if @ is Cohen-Macaulay.
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