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1. INTRODUCTION

Let S be a system that can be in one of two statgsor down We can interpret the
up state as the working state and the down state as the nonworking state for system
S. Assume the systei§iis up at timet = 0. Denote the elapsed time from zero until
S enters down state By,, and the elapsed time from then urdils up again byD;.
The interval[0,U; + D,) is called cycle 1and at that pointcycle 2 starts and the
sequence is repeated so on and so fdntgeneralthe up time and down time in the
jth cycle are denoted Wdy; andD;, respectivelyfor j = 1. We can introduce a binary
procesgX(t),t = 0} to describe the state ¢fat timet usingX(t) = 1(0) to indicate
Sis up(down). Many problems require finding the probability thats up at timet,
thatis P(X(t) = 1). However an even more interesting question to answer is what
the probability is thafS is in the up state in an interval of lengthstarting at time,
thatis P(X(s) =1,t=s=t+ w). Due to the complexity of this problemo explicit
expressions are available for most systems even in the case (Mdde),j =1 are
i.i.d. Fortunatelyin practice engineers are more interested in the long-run properties
of the above two probabilities

By assumingU;,D;),j = 1 are ii.d., it has been shown under mild conditions
that lim_P(X(t) =1) = p/(L+ ») and lim_P(X(s) =Lt=s=t+w) =
S F(X) dx/(p + v), whereF(-) is the common distribution of)'s, F(x) =1 —
F(x), u=E(U,), andv = E(D,). The two limits are called the stablpoint) avail-
ability and stable interval availability fa$, respectivelyThe proofs are based on
properties of renewal process&fore details can be found in Barlow and Proschan
[1]and Baxtef2]. Bergmar] 3] mentioned that recent buyers require the vendors to
guarantee the availability performané®r this purpose Taka¢40] and Rény{ 8]
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defined a quantityA(t), which is the proportion of up time of system in the interval
[0,t], and showed thaA(t) is asymptotically normal with meap/(pu + ») and
variance(v 2o + p2od)/(1u+ v)3t, whereu andoé, andv ando3 are the mean and
variance for the up time and for the down tinmespectivelyRise[9] used the as-
ymptotic properties of the average availabiligt) for reliability test plansGut and
Jansor]5] considered the case whéiJ,,, D,,),n = 1} are ii.d. but with U, andD,,
possibly dependentind showed thal(t) is also asymptotically normaMi [7]
generalized some results about point availability to the situation WheD;), j =1
are independent but not necessarily identically distributed

The present article again considers the case of independent but not necessarily
identically distributedU;,D;),j = 1, and examines interval availability for such
systemsThe concept that a sequence of distributions is dominated by a nonnegative
bounded function introduced in NI7] will be used without redefining it repeatedly
in this article Two quantities that can be used to measure interval availability are
defined One isA,(w) and the other i&(t;w) and they are called the average interval
availability. Both definitions are given in the next sectidfor each of these two
average availabilities the almost sure convergence property is discussed in Sec-
tion 2 and the asymptotic normality is established in Sectidhds the exponential
family of distributions a commonly used distribution famijlg sufficient condition
that guarantees certain assumptions needed for asymptotic normality to hold is given
in Section 4 Some examples are also shown in that section

2. ALMOST SURE CONVERGENCE

SupposeS is a two-state systenup and downLet the up timeU; in thejth cycle
follow distribution Fj and the down timeD; in the jth cycle follow distribution
G;j(j =1). For any fixedw > 0 we define

X] = (UJ - W)I(Uj>w) J = 1,

wherel, is the indicator function of ever&.
As a measure of the system interval availability we can use average interval
availability in the firstn cyclesA,(w) defined by

AnW) = . (1)

THEOREM 1. Suppose

i. {Fi,j =1} corverges to a distribution function F di®,c0)

ii. both{F,j =1} and{G;,j = 1} are dominated by H that has finite first
moment

ii. v =Ilim,_., >/ 17;/n existswherey; = E(D))
iv. i+ v >0, where p= [°F(t)dtandF(t) =1 — F(t).
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Then with probability one

- _pw)

lim An(w) = T (2)
where

H(w) = f F(t) dt (3)

w

Proor: First of all, note thaie(U;) < co andE(D;) < oo because of assumptidin).
Further from the definition of dominance it follows tha;" ; F; /nis also dominated
by H.

Hence

Sl

n foe) 1 n _ oo_
J_%E(Uj)zfo (ﬁ,-_lei(t)>dt_>fo Etydt=p

asn — oo by the Dominance Convergence Theorémpplying Lemma 1 of Mi[ 7],
we obtain

12 12
_ZU]—)H and _ZDj_)V (4)
nij=1 nj=

with probability one as — co.
Clearly the sequende;, j = 1} is also dominated bif. In order to see thisiote
that for anyt > 0

=Hw-+1t) < H(®).

The mean ok; is given as

E(X,-)=fO (X—W)I<x>w>dF,-(X)=f F)dx=pw), j=1

Thus

n e} 1 n _ [e’e} _

> E(X) :J (— > F,-(x)) dx — f F(x) dx
j=1 w n j=1 w
asn — oo. Applying Lemma 1 of Mi[7] again gives

10 * _
Ej_Elxj_)fw F(x) dx= p(w) (5)
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with probability one as — co. Combining the above results of Eq4) and(5), we

conclude that
f F(t)dt
lim A, (W) = —————

n—oo K + v
with probability one u

Remark: In the ii.d. case certainlyA,(w) converges to the system stable interval
availability.

CoroLLARY: A,(W) corverges tof,, F(t) dt/(pu+ ») in L, norm
Proor: The result is true becauses0A,(w) < 1. u

In addition toA,(w) we can consider another measi&v; t) of system interval
availability, the average interval availability in intervid, t]. As in [7], we define
Vv] = U] + DJ’S) = ovS‘l = EF:1W’

N(t) =sup{n=0:5,=t}
7(t) = N(t) +1

andA(t) to be the indicator function of the event

{Svy T U, =t <Sph

We further define
(1) N(t)
j=1 j=1

ThenA(w, t) is defined as

Aw;t) = @ (6)

THEOREM 2: Under the conditionsi)—(iii ) of Theorend, it holds that
f F(x) dx
Alw;t) — p+—v as. andinL, (7)

ast— oo.

Proor: From the definitions oN(t),7(t) and the assumptign+ » > 0 it follows
thatN(t) — oo, 7(t) — co as. ast — oo.
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As in the proof of Theorem 2 of Mi7] the following holds

7(1) 1 N(t) 1
—_— = as., - as.,
t H+ v t U+ v
W, t—
—Y 50 as, % —0as.
ast — oo.
Now, by [7, Lemma 1, it can be seen that
N(t) N(t) o)
X X f F(x) dx
;:21 "ON@) ,-Z : w
= . ,as.
t t  N(t) - W+ v
and
7(t) (1) o) _
X > % f F(x) dx
j=1 7(t) j=1 w
=—. - , as.
t t  7(t) W+ v
Therefore from the definition ofx/(t), we obtain
F(x) dx
a(t) J:/v
- ,as.
t p+v
ast — oo. [ |

3. ASYMPTOTIC NORMALITY

In the present section we consider the asymptotic normality propedy(af) and
A(t;w). For the sake of simplicityn addition to the independencedf,U,, ..., and
that of D4, D,, ..., we further assum¥; andD; are independent of each other for all
j = 1. The case of dependebf andD; can be studied by modifying the discussion
for the case of independetf andD;. The notation is the same as introduced in the
previous sections

First we shall establish two auxiliary results needed later

Lemma 1: The inequality below holds

121
— — <2, On=1.
N EE Y|
PRrROOF: Itis easy to see that
101 1 (M1 2
— 2 ==—| —dx=2-—
S =R I IR v
and thus the desired inequality ]
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LeEmMA 2: Suppose f,,n = 1 are distribution functions o1f0,00) and F, con
vergesto F as r> co. Let0 = £(t) be a nondecreasing bounded function6yo),

£(0) =0, £(t) = £(c0) — &(1), and [ £(t) dt < co. If
IFa(t) — F(t)| = &()o*(n"¥2), Ot=0, On=1,

where the quantity tin~%2) does not depend on t and satisfigs 0*(n"%?) — 0
as n— oo (this interpretation of 6(n~?) remains the same through out the paper
then

1 - * — — —-1/2
H,Elf |F(t) — F(t)|dt = o(n"¥?)

for any c= 0.

Proor: From the assumption for any given> 0 there exist, = 1 such that
F(®) - FO)l=&(t)-—, 0t=0, Oj=n,
Vi
Hence

18 (= = _
il Hj_zlfc [F;(t) — F(t)| dt

o) oo

m.%z |F(t)—F(t)|dt+r% Z IE(t)—ﬁ(t)\dt
j=1

j=no+1

oo

1 M
ﬁj:El . IF(t)—F(t)Idt+m— 2 (f () dt

] no+1

A

[e’e]

105 _ _ e [ g
V—ﬁj; ) |F(t) — F(t)|dt+ \/_ﬁj; fmdt(gfj)

I

= rg |Fi(t) — F(t)|dt+ zsfc E(t) dt,

here the last inequality comes from Lemma 1
Hence

_ 10 (= _ _ o _
Ilmsup<\F-Hj_Zlfc |Fj(t)—F(t)dt> _zsfc £(t) dt.

n—oo

The arbitrariness of > 0 gives

. 1 n [ee) _ _
nmm-ﬁzf IF(t) — F(t)|dt=0
n—>oo =1 Jc
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That is

l S OO — — —-1/2
HEL |Fi(t) — F(t)| dt = o(n"V?). ]

DEFINITION 1: Suppose randowariable X has distribution FA point x € (—oo,00)
is said to be a support point of ¢r X) if foranye > 0, P(|X — Xo| < &) > 0. The
set consisting of all support points of F is called the support set of F

THEOREM 3: Assume the following conditions hold

i. there exists a distribution F of0,00) and a nondecreasing bounded fanc
tion&(t) such that (0) =0, f;° £(t) dt < co, whereé (t) = & (c0) — £(t), and
[Fa(t) — F(t)| = &(t)o*(n™¥?), O0t=0

ii. the support set of F has at least three points and at least one(is,in)

iii. both {F,j = 1} and {G;,j = 1} are dominated by H satisfying
Jo t#72 dH(t) < oo for a positve constan®

iv. 3L p/n—v=o0(n""?)

V. the limitog =lim,_,, 2", Var(D;)/n exists

Then as n— o

An(wW) — pu(w)/(u+ v)
a/((u+ v)2vm)
in law as n— oo, whereo 2 is defined by

— N(0,1) (8)

o?= {(p+ V)2|:2f tF (t) dt — 2wp(w) — uz(w)} + p2(w)od

—2(u+ v)u(W)[Zf tF(t)dt— (w+ u)u(W)H +Ewosd  (9)

and

S5k

é Var(U;).
j=1

o= lim
n—oo
Proor: We have

_ (Y, — (w)D;)
An(W) — uW)/(H+v) _ n(u+w) JEJ H

/(u+v)2ym)
7 jzzl(u,- +D))

’

agyn

where

Y= (u+v)X — pwU;.

https://doi.org/10.1017/50269964899133072 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964899133072

366 J. Mi
It is obvious from assumptiofiii) and[7, Lemma 1 that
n(h+v)

- —1as.
_};(Uj +D))
i<

Hence by Slutsky’s theoremin order to show the desired asymptotic normal8y
it suffices to show that

> (Y, — Hw)D))
j=1

N(0,1) inl 10
gy — N(0,1) inlaw (10)

asn — oo.
By simple computatiojthe mean ofY; is given as

E(Y, — H(W)D;) = ppy (W) — p(w); + vy (W) — p(w) v,

wherep; (w) = [ F,(x) dx. Hence

=]

2 (Y, —uwD) X [(Y — pw)Dy) — E(Y, — pw)D))]
j=1

j=1

oVn ovn

> E(Y, — p(w)Dy)
j=1

+ . 11
oyn (11)

Let us considel;_; E(Y, — p(w)D;)/ovh. We have

=}

E(Y, —HW)D)) KX 1(w) — pw) X+ v 2 1 (W) — pu(w) >, o
1 =1 =1 =1 j=1

J

ovn oVn

nu( > Hw)/n— u(w)> + nu(W)<u - 2K /n>
j=1 j=1

oyn

nv ( > Hw)/n— u(W)> + np(w) (v -2 /n)
j=1 i=1

+
oyn
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Applying Lemma 2 we obtain XL, p;/n — u = o(n"Y2) and X, p(w)/
n — p(w) = o(n~¥?). Combining these results with assumptian), we then have

> E(Y - uw)Dy)
j=1

lim = 0. (12)
n—coo o\vn

Thus from (11) and(12), it is sufficient to show that

2 [(Y = pw)Dy) = E(Y, = p(w) Dy)]
j=1

s — N(0,1) (13)

in law asn — oo in order to show the result of the theorem
LetZ; =Y, — p(w)D; andBj = 21":1Var(zj). It is not difficult to obtain

Var(Y,) = Var((p+ »)X; = pw)U;)

=(pu+ v)Z[Zf tF (t) dt — 2wy, (W) — ujz(w)] + p2(w) Var(U;)

—2(u+v)u(W){2f th () dt — (w+ uj)uj(W)}. (14)

From(14) it follows that

SIN

n

1N o 2 n 1N
EZVar(Yj)=(u+v)2[ f tFj(t)dt——WZuj(W)—HZM?(W)]
i=1 w j=1 =1

n

j=1

1 n
+ uz(W)-H > Var(U)) — 2(p+ »)p(w)
j=1

2 n oo} _ W n l n
X[_Ef tFj(t)dt__EHJ(W)_‘EHJ'HJ'(W)]~ (15)
Nj=1Jw nij=1 nij=1
Evidently, it is true thath“:1 K (W)/n — p(w). On the other handor anyc > 0,
f tF(t) dt— f tF(t)dt, asj — oo,

since F; converges toF and {F;,j = 1} is dominated byH that satisfies
Jot2PdH(t) = (2+ 8)[4 t*°H(t) dt < oo for ad > 0. This implies
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1N o o
Eglfw tFj(t)dtefW tF(t) dt (16)

and
E(U?) = zfmtlfj (t) dt— 2fmtﬁ(t) dt (17)

asj — oo. Sincep, — W, {H4n, N = 1} must be a bounded sequensay 0 < y, =
L/2 < oo, On = 1. Now the application of Lemma 2 gives

L L
Hg sﬁz(u Wi — M
1 n
=Lo 2l
gj (F;(t) — F(t)) dt

10 (> _ _
=L-=-> |5 (t) — F(t)| dt
Nij=1Jo

=L.o(n"V2)
and thus

oo

10 10 _ 10
=D Var(y) =2-=> | tRt)ydt—=> p?
ni= ni= ni=

0

- 2footlf(t)dt— <fw F(t) dt) (18)

asn — oo. Similarly, it can be shown that

2

120 * _
Eglujz(w) N <JW F(t) dt) (19)

and

12 © ©
Hgl“" H (W) — <fo F(t) dt)(fw F(t)dt). (20)
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Combining the above results of Eq45)—(20), we see that

. 1 n =) _ [es) _ e} _ 2
lim —J%Var(Yj) =(p+ v)z{sz tF(t) dt— ZWIW F(t)dt— (fw F(t)dt) }

n—co N =
+ <wa F(t) dt)z-{zjowtlf(t) dt— (fow ﬁ(t)dt)z}

—2(p+ V)fwﬁ(t)dt

X [szmtlf(t)dt—wfwwlf(t)dt

- ( fo ) lf(t)dt>< fw Fw) dtﬂ- (21)

LetU be a random variable that follows distributibii-). Comparing(14) and
(21), we see that

12
lim - > Var(Y)) = Var(Y), (22)
n—oo j:1
whereY = (n+ 2)(U — W)l ysw — LW U.
By the assumptiokv) it follows that

12 12 12
= > Var(z)) = = X, Var(Y,) + p2(w) = >, Var(D;)
n< n< n<

— Var(Y) + i2(w)o = o2 (23)

We claim thato? = Var(Y) + p2(w)o2 > 0. In order to see jtrecall that the
support set of has at least three pointeence this support set has at least two
points in[0,w] or at least two points ifw,c0). Suppose G< t; < t, = w are two
support pointsWithout loss of generalitywve can further assume these points actu-
ally belong to the range of the above defined random varidblehenY has at least
two support points—p(w)t; and —p(w)t,. These two points are different since
p(w) > 0 under the assumption that at least one support pofbelongs tdw,oo),
thus VarfY) > 0. If w < t; < t, < oo are two support points d¢F, thenY has at least
two support pointg L + ») (t; — w) — p(w)t; and (L + ») (t, — w) — p(w)t,. These
two points are also different since the assumption that the supportisbtasfat least
one point in(w,c0) impliesp > p(w) > 0. In any caseit holds that VafY) > 0 and
consequentlyr? = Var(Y) + p?(w)og > 0.

Now let us verify Liaponov’s condition for the sequeni@,, n = 1}. By the
c,-inequality(see Chow and Teichg4]) there are two positive constartgc, such
that
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n n
> E[Z;|7° = X E|Y; — u(w)Dy[>*?
=1

j=1

n
= > [cElY|**° + ¢, E| D;|**?]
=1

M:

=

[e(p+2) 27Uy 1272 + ¢, B[ D[] (24)

j=1

=n2+68)[c(u+r)?° + cz]J;mt”‘*l-T(t) dt=nK, (25)

whereK = (2 + 8)[c (U + v)%7° + ¢, ][ t1H?H(t) dt, (24) comes from the fact that
Y| = (n+ »)U;, and(25) follows from assumptiofiii ). Therefore

n
E|Z |2+5
jgl : _ nK
B2+? A 1+6/2
(Z Var(Zj))
=1
_ nK
- n 1+68/2
ni+os2 < > Var(z )/n>
=1
-0

asn — oo because

1 n
- > Var(z;) — Var(Y) + p2(w)od > 0
j=1

by (23). The Liaponov’s condition is satisfied for the sequence of independent vari-
ables{Z,,n = 1} and so the Central Limit Theorem holds f&,,n = 1}. That is

n

> (2, - EZ)
= . 5 N(0,1) (26)

in law asn — oco. Note that

n
> Var(z))
B, _ j=1

ovii .\ n(vVar(Y) + 12wod) t
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Finally, by Slutsky’s Theorem we obtain

>z - E@Z)
j=1

s — N(0,2) (27)

in law, that is (13) is true This ends the proof of the theorem |

By modifying the proof of Theorem 4 ifv], the following result regarding the
asymptotic normality oA\(t;w) can be establishetVe shall just give the result and
omit its proof

THEOREM 4: Under the same conditions of Theor8m

A(t;w) — pu(w)/ (U + »)
o/((H+v)Vt)

— N(0,1)

in law as t— co.

In practice it is important to obtain point afak interval estimations of system
stable interval availabilityA(w). The point estimation can be obtained by using
Theorems 1 and,&nd the interval estimation by Theorems 4 and 5
4. A SUFFICIENT CONDITION

In order to prove the asymptotic normality in Theorem 3 it is important to have

n

1
~= > W —uk=o(n""?)
nj=1

1 n
- 2 W) — uw) = o(n"*2)
j=1

and

1 n
= > v —v=o0(n""2).
nij=1

These results are consequences of conditions like

[F () — F(] = £(M)o*(n+?) (28)

described in Theorem 8). In this sectionwe shall give sufficient conditions under
which (28) is satisfied The study will apply to the exponential family of distribu-
tions whose definition can be foupfdr instancein Lehmanr 6]. First, we establish
an auxiliary result as belaw

LemMA 3: Consider an exponential family of distributions that has density function
f(x;0) given by

f(x;0) = e B@e nOTXh(x), x=0, 00€EO, (29)
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wheren () is a monotone functianf there exists a posite numbe$ such that

. T?(x)
lim
X—00 X

then(a) E;XX < oo, Ok = 0 and (b) EgX T'(X) < o0, Ok =0, | = 0 for any 6
belonging to the interio®° of ®, where randomariable X has density(i; ).

>0, (30)

Proor: Denote the limit lim_,., T?(x)/x by c. From the assumption there exists
Xo > 0 such that

T?(x) ¢
> - > 0, DXZ Xo.
2
This implies
2
X < ETS(X), OX = Xo.
Hence

0 = EXX = E(X¥l (xexy)) + E(Xl (x2x))

k 2 « k&
= Xp + E E T (X)I(X>XO)

k 2k k
=x&+ < ET*(X) < oo,

where the last inequality comes from a property of the exponential familyritat
has a finite moment of any order providéd= 0° [6]. u

THEOREM 5: Let{f(x;0),0 € ©} be an exponential family g&n by(29) and C a
subset 0f®. Suppose the following hold
i. Cisaclosed set and € 09 the interior of ®
ii. {6,} C C, and6, — 6, = o(n"Y?)
ii. T(x)=0andlim,,,T%x)/x>0forad>0

iv. n(#) is monotongboth () and B(#) are differentiable Also A, =
SUpec|B'(0)| < oo, Ay = supec|n'(0)| < oo, and As = maxec|B(0)|.

Then there exists an increasing bounded funcéion = 0 such that(a) £(0) = 0;
(b) [F(t;6,) — F(t;60)| = £(1)0*(n™Y2); (0) 5"t PE(t) dt < o0, VB = 0.

Proor: Denote the distribution function and survival function associated with den-
sity functionf (x;0) by F(x;0) andF(x;0), respectivelyWe have

IF (t;0)
L

0=0

(60 — F(t:00)] = |60 — oo|-\
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whered € 0 is betweerd,, andé,. Thus

* 9
ft Y f(X;0)]p—5dx

ft F(60)[~B'(8) — ' (8)T(x)] dx

||f(t;0n) - |f(t;00)| = |0n_ 00|'

= ‘en_ 60|'

=16, — 90|'f e B@e 1 OTONR(X)[|B' ()] + |n'(6)|T(x)] dx
t

=6, — 6| f e B@e nOTWR(x)[A, + A, T(X)] dx
t

=16, — 6| ftm ehe 1OITOR(X)[A + A, T(X)]dx,  (31)
wheref* € C satisfiesn(6*) = mingecn(6). Hence from (31),
IF(t:6) = F(t:60)] = |6, — |- €5 f@ F60") AL+ AT dx (32)
We define
&) = eAs*B("*)fot f(x0%)[AL+ AT (X)) dx (33)
Obviously £(t) =0, £(0) = 0, andé£(t) is increasing irt = 0. Note that
0= fooo f(x0")T(X) dx=Ey+(T(X)) < o0

becaus®* € C C 0° It yields
£(c0) = ePtBUD AL + ALE,(T(X))] < 0.
Further for anyB8 = 0 it can be shown that

fowt“ﬁdg(t) =(1+B)J:Ot5§(t)dt< oo, (34)

whereé(t) = £(o0) — £(1) = a [ F(x;0")[A; + A;T(X)]dx, anda = exp{ Az +
B(6*)}. This is true because

(1+B)fooot5g?(t)dt= (1+,B)J:Ot5<afoof(x;0*)[A1+A2T(X)] dx) dt
= (1+,8)foo<fxt3f(x;0*)[A1+ A, T(X)] dt) dx

=J XTB[AL + A, T(X)]f(x;6%) dx

= A Epr (XTP) + AgEpe (XTPT(X)).
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However from Lemma 3we have
0=Ep(XF) <o
and
0= E,-(X*AT(X)) < o0
sincef* € 0°. Therefore (34) holds Combining(32) and(34), we see that
|F(t;60) — F(t;60)| = |6, — 6o| (1)
andé (1) has the desired propertidsinally, considering assumptid(ii ), we obtain

[F(t;6,) — F(t;6,)| = £(t)o*(n~Y/?). =

CoroLLARY: In addition to the conditions of Theoresnif [;°t**#F(t;6,) dt < oo
foraB > 0,then{F(t;6,)n=1}is also dominated by a bounded increasing function
H that satisfies/;” t*"#H(t) dt < co.

Proor: DefineH(t) =F(t;6,) + &£(t) whereé (1) is as described in Theoremlbis
easy to see thdil (0) = O,H(t) increases it = 0, andH (o) = 1 + £(00) < co.
Moreover denotingH (t) = H(co) — H(t), we haveH (t) = F(t;6,) + £(t) and

ool

f t”BH(t)dtzf t1+3|f(t;00)dt+f tIAE(t) dt < co. |
[0] [0] 6]

In the following we consider some examples of commonly used distribution
families

Example 1 (Gamma family)The density function of the gamma family of distri-
butions is given as

Xaflefx/()’
INCIA

wheref > 0, « > 0 are scale and shape parametegspectivelyWe assumex is
known Then{ f (x;0,«),6 € ®} with ® = (0,c0) is obviously an exponential family
Comparing(35) with (29), we see that

f(x;0,a) = t=0, (35)

a—1

I'(a)

B(#) =alng, =)= %, T(X) =X, h(x)=

If {8,,n=1} C C=[a,b] C (0,00) = O, then

(83
A, = sup [B'(0)] = - < oo,
a=60=b a

1
A, = su "B))=— <o
2 agai’b‘”( )] 22

As = m9a>g\B(c9)| =amax{|Inal,|Inb|} <o
a=0=
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and

T(x) X
— =-=1 Ox> 0.

X X

Thereforeif 8, — 6, = o(n~Y2) with 6, € [a,b], then according to Theorem 5 we
know that there exist§(t) satisfying all the requirements described in Theorem 5
and in particular

|F(t;0,,a) — F(t;60,a)] = £(t)0*(n"Y?2).

Becausd, t*"PFE(t;6,a) dt < oo foranyg =0, € ©, we further conclude that the
sequencéF (t;6,,«),n =1} is also dominated by aH satisfyingf;” t**#H(t) dt <
co. Hence the result of Theorem 3 holds for the sequefieét; 0,,a),n = 1}.

Example 2 (Weibull Family)The density function of this family is defined by
. — Y —1,—X%xY/60
f(x;0,vy) = EXV e , x> 0.

where parametes> 0, y > 0. Suppose is known and considdl,,,n=1} CC=
[a,b] C (0,00) =0.Then{f(x;60,y),0 € B}is, of coursean exponential family with

B(#) =Ino, n() = %, T(X) =%, h(x)=yx*"L

It can be easily verified that the sequeriE€t; 6,y ), n = 1} satisfies all the assump-
tions in Theorem 5 i#,, — 6, = o(n~Y?) and{,,n = 1} C [a,b].
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