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1. INTRODUCTION

Let S be a system that can be in one of two states, up or down+We can interpret the
up state as the working state and the down state as the nonworking state for system
S+ Assume the systemS is up at timet 5 0+ Denote the elapsed time from zero until
S enters down state byU1, and the elapsed time from then untilS is up again byD1+
The interval@0,U1 1 D1! is called cycle 1, and, at that point, cycle 2 starts and the
sequence is repeated so on and so forth+ In general, the up time and down time in the
jth cycle are denoted byUj andDj , respectively, for j $1+We can introduce a binary
process$X~t!, t $ 0% to describe the state ofS at timet usingX~t! 51~0! to indicate
S is up~down!+Many problems require finding the probability thatS is up at timet,
that is, P~X~t! 51!+ However, an even more interesting question to answer is what
the probability is thatS is in the up state in an interval of lengthw starting at timet,
that is, P~X~s! 51, t # s# t 1 w!+Due to the complexity of this problem, no explicit
expressions are available for most systems even in the case where~Uj ,Dj !, j $ 1 are
i+i+d+ Fortunately, in practice engineers are more interested in the long-run properties
of the above two probabilities+

By assuming~Uj ,Dj !, j $ 1 are i+i+d+, it has been shown under mild conditions
that limtr`P~X~t! 5 1! 5 µ0~µ 1 n! and limtr`P~X~s! 5 1, t # s # t 1 w! 5
*w
` OF~x! dx0~µ 1 n!, whereF~{! is the common distribution ofUj ’s, OF~x! [ 1 2

F~x!, µ[ E~U1!, andn [ E~D1!+ The two limits are called the stable~point! avail-
ability and stable interval availability forS, respectively+ The proofs are based on
properties of renewal processes+More details can be found in Barlow and Proschan
@1# and Baxter@2# + Bergman@3# mentioned that recent buyers require the vendors to
guarantee the availability performance+ For this purpose Takács@10# and Rényi@8#
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defined a quantityNA~t!, which is the proportion of up time of system in the interval
@0, t# , and showed thatNA~t! is asymptotically normal with meanµ0~µ 1 n! and
variance~n 2sU

21 µ2sD
2!0~µ1 n!3t,wherem andsU

2, andn andsD
2 are the mean and

variance for the up time and for the down time, respectively+ Rise@9# used the as-
ymptotic properties of the average availabilityNA~t! for reliability test plans+Gut and
Janson@5# considered the case when$~Un,Dn!,n $ 1% are i+i+d+ but with Un andDn

possibly dependent, and showed thatNA~t! is also asymptotically normal+ Mi @7#
generalized some results about point availability to the situation when~Uj ,Dj !, j $1
are independent but not necessarily identically distributed+

The present article again considers the case of independent but not necessarily
identically distributed~Uj ,Dj !, j $ 1, and examines interval availability for such
systems+The concept that a sequence of distributions is dominated by a nonnegative
bounded function introduced in Mi@7# will be used without redefining it repeatedly
in this article+ Two quantities that can be used to measure interval availability are
defined+One is NAn~w! and the other isNA~t;w! and they are called the average interval
availability+ Both definitions are given in the next section+ For each of these two
average availabilities the almost sure convergence property is discussed in Sec-
tion 2, and the asymptotic normality is established in Section 3+ For the exponential
family of distributions, a commonly used distribution family, a sufficient condition
that guarantees certain assumptions needed for asymptotic normality to hold is given
in Section 4+ Some examples are also shown in that section+

2. ALMOST SURE CONVERGENCE

SupposeS is a two-state system: up and down+ Let the up timeUj in the jth cycle
follow distribution Fj and the down timeDj in the jth cycle follow distribution
Gj ~ j $ 1!+ For any fixedw . 0 we define

Xj [ ~Uj 2 w! I~Uj.w! j $ 1,

whereIA is the indicator function of eventA+
As a measure of the system interval availability we can use average interval

availability in the firstn cycles NAn~w! defined by

NAn~w! 5

(
j51

n

Xj

(
j51

n

Uj 1 (
j51

n

Dj

+ (1)

Theorem 1. Suppose

i+ $Fj , j $ 1% converges to a distribution function F on@0,`!

ii + both $Fj , j $ 1% and $Gj , j $ 1% are dominated by H that has finite first
moment

iii + n [ limnr`(j51
n nj 0n exists, wherenj 5 E~Dj !

iv+ µ1 n . 0, where µ[ *0
` OF~t! dt and OF~t! [ 1 2 F~t!+
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Then with probability one

lim
nr`

NAn~w! 5
µ~w!

µ1 n
, (2)

where

µ~w! [ E
w

`

OF~t! dt+ (3)

Proof: First of all, note thatE~Uj ! ,` andE~Dj ! ,` because of assumption~ii !+
Further, from the definition of dominance it follows that(j51

n Fj 0n is also dominated
by H+

Hence,

1

n (
j51

n

E~Uj ! 5E
0

`S1

n (
j51

n

OFj ~t!D dt r E
0

`

OF~t! dt [ µ

asnr` by the Dominance Convergence Theorem+Applying Lemma 1 of Mi@7# ,
we obtain

1

n (
j51

n

Uj r µ and
1

n (
j51

n

Dj r n (4)

with probability one asn r `+
Clearly the sequence$Xj , j $1% is also dominated byH+ In order to see this, note

that for anyt . 0

P~Xj . t! 5 P~Uj . w 1 t!

# PH~w 1 t! # PH~t!+

The mean ofXj is given as

E~Xj ! 5E
0

`

~x 2 w! I~x.w! dFj ~x! 5E
w

`

OFj ~x! dx[ µj ~w!, j $ 1+

Thus,

1

n (
j51

n

E~Xj ! 5E
w

`S1

n (
j51

n

OFj ~x!D dxr E
w

`

OF~x! dx

asn r `+ Applying Lemma 1 of Mi@7# again gives

1

n (
j51

n

Xj r E
w

`

OF~x! dx[ µ~w! (5)
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with probability one asnr`+ Combining the above results of Eqs+ ~4! and~5!, we
conclude that

lim
nr`

NAn~w! 5

E
w

`

OF~t! dt

µ1 n

with probability one+ n

Remark: In the i+i+d+ case certainly NAn~w! converges to the system stable interval
availability+

Corollary: NAn~w! converges to*w
` OF~t! dt0~µ1 n! in Lp norm+

Proof: The result is true because 0# NAn~w! # 1+ n

In addition to NAn~w! we can consider another measureNA~w; t! of system interval
availability, the average interval availability in interval@0, t# + As in @7# , we define
Wj 5 Uj 1 Dj ,S0 5 0,Sn 5 (j51

n Wj ,

N~t! 5 sup$n $ 0 :Sn # t%

t~t! 5 N~t! 1 1

andl~t! to be the indicator function of the event

$SN~t! 1 Ut~t! # t , St~t! %+

We further define

a~t! [ S(
j51

t~t!

XjDl~t! 1S(
j51

N~t!

Xj 1 ~t 2 SN~t! 2 w! I~t2SN~t!.w!D~12 l~t!!+

Then NA~w, t! is defined as

NA~w; t! [
a~t!

t
+ (6)

Theorem 2: Under the conditions~i!–~iii ! of Theorem1, it holds that

NA~w; t! r

E
w

`

OF~x! dx

µ1 n
a+s+ and inLp (7)

as tr `+

Proof: From the definitions ofN~t!,t~t! and the assumptionµ1 n . 0 it follows
thatN~t! r `, t~t! r ` a+s+ ast r `+
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As in the proof of Theorem 2 of Mi@7# the following holds:

t~t!

t
r

1

µ1 n
a+s+,

N~t!

t
r

1

µ1 n
a+s+,

Wt~t!

t
r 0 a+s+,

t 2 SN~t!

t
r 0 a+s+

ast r `+
Now, by @7, Lemma 1# , it can be seen that

(
j51

N~t!

Xj

t
5

N~t!

t
{

(
j51

N~t!

Xj

N~t!
r

E
w

`

OF~x! dx

µ1 n
, a+s+

and

(
j51

t~t!

Xj

t
5

t~t!

t
{

(
j51

t~t!

Xj

t~t!
r

E
w

`

OF~x! dx

µ1 n
, a+s+

Therefore, from the definition ofa~t!, we obtain

a~t!

t
r

E
w

`

OF~x! dx

µ1 n
, a+s+

ast r `+ n

3. ASYMPTOTIC NORMALITY

In the present section we consider the asymptotic normality property ofNAn~w! and
NA~t;w!+ For the sake of simplicity, in addition to the independence ofU1,U2, + + + , and

that ofD1,D2, + + + , we further assumeUj andDj are independent of each other for all
j $ 1+ The case of dependentUj andDj can be studied by modifying the discussion
for the case of independentUj andDj + The notation is the same as introduced in the
previous sections+

First we shall establish two auxiliary results needed later+

Lemma 1: The inequality below holds

1

!n (
j51

n 1

#j
, 2, ∀n $ 1+

Proof: It is easy to see that

1

!n (
j52

n 1

#j
#

1

!n
E

1

n 1

!x
dx5 2 2

2

!n

and thus the desired inequality+ n
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Lemma 2: Suppose F,Fn,n $ 1 are distribution functions on@0,`! and Fn con-
verges to F as nr`+ Let0 # j~t! be a nondecreasing bounded function on@0,`!,
j~0! 5 0, Nj~t! [ j~`! 2 j~t!, and*0

` Nj~t! dt , `+ If

6 OFn~t! 2 OF~t!6 # Nj~t!o*~n2102 !, ∀t $ 0, ∀n $ 1,

where the quantity o*~n2102! does not depend on t and satisfies!n{o*~n2102! r 0
as nr` ~this interpretation of o*~n2102! remains the same through out the paper!,
then

1

n (
j51

n E
c

`

6 OFj ~t! 2 OF~t!6 dt 5 o~n2102 !

for any c$ 0+

Proof: From the assumption for any given« . 0 there existsn0 $ 1 such that

6 OFj ~t! 2 OF~t!6 # Nj~t!{
«

#j
, ∀t $ 0, ∀ j $ n0+

Hence,

!n{
1

n (
j51

n E
c

`

6 OFj ~t! 2 OF~t!6 dt

5 !n{
1

n (
j51

n0 E
c

`

6 OFj ~t! 2 OF~t!6 dt 1 !n{
1

n (
j5n011

n E
c

`

6 OFj ~t! 2 OF~t!6 dt

#
1

!n (
j51

n0 E
c

`

6 OFj ~t! 2 OF~t!6 dt 1 !n{
1

n (
j5n011

n «

#j
E

c

`

Nj~t! dt

#
1

!n (
j51

n0 E
c

`

6 OFj ~t! 2 OF~t!6 dt 1
«

!n
E

c

`

Nj~t! dtS(
j51

n 1

#j D
#

1

!n (
j51

n0 E
c

`

6 OFj ~t! 2 OF~t!6 dt 1 2«E
c

`

Nj~t! dt,

here the last inequality comes from Lemma 1+
Hence,

lim sup
nr`

S!n{
1

n (
j51

n E
c

`

6 OFj ~t! 2 OF~t!6 dtD # 2«E
c

`

Nj~t! dt+

The arbitrariness of« . 0 gives

lim
nr`
!n{

1

n (
j51

n E
c

`

6 OFj ~t! 2 OF~t!6 dt 5 0+
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That is,

1

n (
j51

n E
c

`

6 OFj ~t! 2 OF~t!6 dt 5 o~n2102 !+ n

Definition 1: Suppose randomvariable X has distribution F+A point x0 [ ~2`,`!
is said to be a support point of F~or X! if for any« . 0, P~6X2 x06 , «! . 0+ The
set consisting of all support points of F is called the support set of F+

Theorem 3: Assume the following conditions hold:

i+ there exists a distribution F on@0,`! and a nondecreasing bounded func-
tionj~t! such thatj~0!50, *0

` Nj~t! dt,`,where Nj~t![j~`!2j~t!, and
6 OFn~t! 2 OF~t!6# Nj~t!o*~n2102!, ∀t $ 0

ii + the support set of F has at least three points and at least one is in~w,`!

iii + both $Fj , j $ 1% and $Gj , j $ 1% are dominated by H satisfying
*0
` t 21d dH~t! , ` for a positive constantd

iv+ (j51
n nj 0n 2 n 5 o~n2102!

v+ the limit sD
2 [ limnr`(j51

n Var~Dj !0n exists+

Then as nr `

NAn~w! 2 µ~w!0~µ1 n!

s0~~µ1 n!2!n!
r N~0,1! (8)

in law as nr `, wheres2 is defined by

s2 5 H~µ1 n!2F2E
w

`

t OF~t! dt 2 2wµ~w! 2 µ2~w!G1 µ2~w!sU
2

2 2~µ1 n!µ~w!F2E
w

`

t OF~t! dt 2 ~w 1 µ!µ~w!GJ 1 µ2~w!sD
2 (9)

and

sU
2 [ lim

nr`

1

n (
j51

n

Var~Uj !+

Proof: We have

NAn~w! 2 µ~w!0~µ1 n!

s0~~µ1 n!2!n!
5

n~µ1 n!

(
j51

n

~Uj 1 Dj !

{

(
j51

n

~Yj 2 µ~w!Dj !

s!n
,

where

Yj [ ~µ1 n!Xj 2 µ~w!Uj +
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It is obvious from assumption~iii ! and@7, Lemma 1# that

n~µ1 n!

(
j51

n

~Uj 1 Dj !

r 1 a+s+

Hence, by Slutsky’s theorem, in order to show the desired asymptotic normality~8!
it suffices to show that

(
j51

n

~Yj 2 µ~w!Dj !

s!n
r N~0,1! in law (10)

asn r `+
By simple computation, the mean ofYj is given as

E~Yj 2 µ~w!Dj ! 5 µµj ~w! 2 µ~w!µj 1 nµj ~w! 2 µ~w!nj ,

whereµj ~w! 5 *w
` OFj ~x! dx+ Hence,

(
j51

n

~Yj 2 µ~w!Dj !

s!n
5

(
j51

n

@~Yj 2 µ~w!Dj ! 2 E~Yj 2 µ~w!Dj !#

s!n

1

(
j51

n

E~Yj 2 µ~w!Dj !

s!n
+ (11)

Let us consider(j51
n E~Yj 2 µ~w!Dj !0s!n+We have

(
j51

n

E~Yj 2 µ~w!Dj !

s!n
5

µ(
j51

n

µj ~w! 2 µ~w! (
j51

n

µj 1 n (
j51

n

µj ~w! 2 µ~w! (
j51

n

nj

s!n

5

nµS(
j51

n

µj ~w!0n 2 µ~w!D1 nµ~w!Sµ2 (
j51

n

µj 0nD
s!n

1

nnS(
j51

n

µj ~w!0n 2 µ~w!D1 nµ~w!Sn 2 (
j51

n

nj 0nD
s!n

+
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Applying Lemma 2, we obtain (j51
n µj 0n 2 m 5 o~n2102! and (j51

n µj ~w!0
n 2 µ~w! 5 o~n2102!+ Combining these results with assumption~iv!, we then have

lim
nr`

(
j51

n

E~Yj 2 µ~w!Dj !

s!n
5 0+ (12)

Thus, from ~11! and~12!, it is sufficient to show that

(
j51

n

@~Yj 2 µ~w!Dj ! 2 E~Yj 2 µ~w!Dj !#

s!n
r N~0,1! (13)

in law asn r ` in order to show the result of the theorem+
Let Zj [ Yj 2 µ~w!Dj andBn

2 5 (j51
n Var~Zj !+ It is not difficult to obtain

Var~Yj ! 5 Var~~µ1 n!Xj 2 µ~w!Uj !

5 ~µ1 n!2F2E
w

`

t OFj ~t! dt 2 2wµj ~w! 2 µj
2~w!G1 µ2~w! Var~Uj !

2 2~µ1 n!µ~w!F2E
w

`

t OFj ~t! dt 2 ~w 1 µj !µj ~w!G+ (14)

From ~14! it follows that

1

n (
j51

n

Var~Yj ! 5 ~µ1 n!2F 2

n (
j51

n E
w

`

t OFj ~t! dt 2
2w

n (
j51

n

µj ~w! 2
1

n (
j51

n

µj
2~w!G

1 µ2~w!{
1

n (
j51

n

Var~Uj ! 2 2~µ1 n!µ~w!

3 F 2

n (
j51

n E
w

`

t OFj ~t! dt 2
w

n (
j51

n

µj ~w! 2
1

n (
j51

n

µj µj ~w!G+ (15)

Evidently, it is true that(j51
n µj ~w!0n r µ~w!+ On the other hand, for anyc . 0,

E
c

`

t OFj ~t! dt r E
c

`

t OF~t! dt, asj r `,

since Fj converges toF and $Fj , j $ 1% is dominated byH that satisfies
*0
` t 21d dH~t! 5 ~2 1 d!*0

` t 11d PH~t! dt , ` for a d . 0+ This implies
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1

n (
j51

n E
w

`

t OFj ~t! dt r E
w

`

t OF~t! dt (16)

and

E~Uj
2! 5 2E

0

`

t OFj ~t! dt r 2E
0

`

t OF~t! dt (17)

as j r `+ Sinceµn r µ, $µn,n $ 1% must be a bounded sequence, say, 0 , µn #
L02 , `, ∀n $ 1+ Now the application of Lemma 2 gives

* 1

n (
j51

n

µj
2 2 µ2* #

1

n (
j51

n

~µj 1 µ!6µj 2 µ6

# L{
1

n (
j51

n

6µj 2 µ6

5 L{
1

n (
j51

n

*E
0

`

~ OFj ~t! 2 OF~t!! dt*
# L{

1

n (
j51

n E
0

`

6 OFj ~t! 2 OF~t!6 dt

5 L{o~n2102 !

and thus

1

n (
j51

n

Var~Uj ! 5 2{
1

n (
j51

n E
0

`

t OFj ~t! dt 2
1

n (
j51

n

µj
2

r 2E
0

`

t OF~t! dt 2SE
0

`

OF~t! dtD2

(18)

asn r `+ Similarly, it can be shown that

1

n (
j51

n

µj
2~w! r SE

w

`

OF~t! dtD2

(19)

and

1

n (
j51

n

µj µj ~w! r SE
0

`

OF~t! dtDSE
w

`

OF~t! dtD+ (20)
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Combining the above results of Eqs+ ~15!–~20!, we see that

lim
nr`

1

n (
j51

n

Var~Yj ! 5 ~µ1 n!2F2E
w

`

t OF~t! dt 2 2wE
w

`

OF~t! dt 2SE
w

`

OF~t! dtD2G
1 SE

w

`

OF~t! dtD2

{F2E
0

`

t OF~t! dt 2SE
0

`

OF~t! dtD2G
2 2~µ1 n!E

w

`

OF~t! dt

3 F2E
w

`

t OF~t! dt 2 wE
w

`

OF~t! dt

2 SE
0

`

OF~t! dtDSE
w

`

OF~t! dtDG + (21)

Let U be a random variable that follows distributionF~{!+ Comparing~14! and
~21!, we see that

lim
nr`

1

n (
j51

n

Var~Yj ! 5 Var~Y!, (22)

whereY[ ~µ1 n!~U 2 w! I~U.w! 2 µ~w!U+
By the assumption~v! it follows that

1

n (
j51

n

Var~Zj ! 5
1

n (
j51

n

Var~Yj ! 1 µ2~w!
1

n (
j51

n

Var~Dj !

r Var~Y! 1 µ2~w!sD
2 5 s2+ (23)

We claim thats2 5 Var~Y! 1 µ2~w!sD
2 . 0+ In order to see it, recall that the

support set ofF has at least three points; hence, this support set has at least two
points in @0,w# or at least two points in~w,`!+ Suppose 0# t1 , t2 # w are two
support points+Without loss of generality, we can further assume these points actu-
ally belong to the range of the above defined random variableU+ ThenYhas at least
two support points2µ~w!t1 and 2µ~w!t2+ These two points are different since
µ~w! . 0 under the assumption that at least one support point ofF belongs to~w,`!,
thus Var~Y! . 0+ If w , t1 , t2 ,` are two support points ofF, thenYhas at least
two support points~µ1 n!~t1 2 w! 2 µ~w!t1 and~µ1 n!~t2 2 w! 2 µ~w!t2+ These
two points are also different since the assumption that the support set ofF has at least
one point in~w,`! impliesµ . µ~w! . 0+ In any case, it holds that Var~Y! . 0 and,
consequently, s2 5 Var~Y! 1 µ2~w!sD

2 . 0+
Now let us verify Liaponov’s condition for the sequence$Zn,n $ 1%+ By the

cr-inequality~see Chow and Teicher@4#! there are two positive constantsc1,c2 such
that
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(
j51

n

E6Zj 621d 5 (
j51

n

E6Yj 2 µ~w!Dj 621d

# (
j51

n

@c1E6Yj 621d 1 c2E6Dj 621d #

# (
j51

n

@c1~µ1 n!21dE6Uj 621d 1 c2E6Dj 621d # (24)

# n~2 1 d!@c1~µ1 n!21d 1 c2#E
0

`

t 11d PH~t! dt [ nK, (25)

whereK [ ~21 d!@c1~µ1 n!21d 1 c2#*0
` t 11d PH~t! dt, ~24! comes from the fact that

6Yj 6# ~µ1 n!Uj , and~25! follows from assumption~iii !+ Therefore,

(
j51

n

E6Zj 621d

Bn
21d

#
nK

S(
j51

n

Var~Zj !D11d02

5
nK

n11d02S(
j51

n

Var~Zj !0nD11d02

r 0

asn r ` because

1

n (
j51

n

Var~Zj ! r Var~Y! 1 µ2~w!sD
2 . 0

by ~23!+ The Liaponov’s condition is satisfied for the sequence of independent vari-
ables$Zn,n $ 1% and so the Central Limit Theorem holds for$Zn,n $ 1%+ That is,

(
j51

n

~Zj 2 E~Zj !!

Bn

r N~0,1! (26)

in law asn r `+ Note that

Bn

s!n
5 ! (

j51

n

Var~Zj !

n~Var~Y! 1 µ2~w!sD
2!

r 1+
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Finally, by Slutsky’s Theorem we obtain

(
j51

n

~Zj 2 E~Zj !!

s!n
r N~0,1! (27)

in law, that is, ~13! is true+ This ends the proof of the theorem+ n

By modifying the proof of Theorem 4 in@7# , the following result regarding the
asymptotic normality of NA~t;w! can be established+We shall just give the result and
omit its proof+

Theorem 4: Under the same conditions of Theorem3,

NA~t;w! 2 µ~w!0~µ1 n!

s0~~µ1 n!#t!
r N~0,1!

in law as tr `+

In practice it is important to obtain point and0or interval estimations of system
stable interval availabilityA~w!+ The point estimation can be obtained by using
Theorems 1 and 2, and the interval estimation by Theorems 4 and 5+

4. A SUFFICIENT CONDITION

In order to prove the asymptotic normality in Theorem 3 it is important to have

1

n (
j51

n

µj 2 µ 5 o~n2102 !

1

n (
j51

n

µj ~w! 2 µ~w! 5 o~n2102 !

and

1

n (
j51

n

nj 2 n 5 o~n2102 !+

These results are consequences of conditions like

6 OFj ~t! 2 OF~t!6 # Nj~t!o*~n2102 ! (28)

described in Theorem 3, ~i!+ In this section,we shall give sufficient conditions under
which ~28! is satisfied+ The study will apply to the exponential family of distribu-
tions whose definition can be found, for instance, in Lehmann@6# +First,we establish
an auxiliary result as below+

Lemma 3: Consider an exponential family of distributions that has density function
f ~x;u! given by

f ~x;u! 5 e2B~u!e2h~u!T~x!h~x!, x $ 0, ∀u [ Q, (29)
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whereh~u! is a monotone function+ If there exists a positive numberd such that

lim
xr`

T d~x!

x
. 0, (30)

then ~a! EuXk , `, ∀k $ 0 and ~b! EuXkT l ~X ! , `, ∀k $ 0, l $ 0 for any u
belonging to the interiorQ0 of Q, where randomvariable X has density f~x;u!+

Proof: Denote the limit limxr`T d~x!0x by c+ From the assumption there exists
x0 . 0 such that

T d~x!

x
.

c

2
. 0, ∀x $ x0+

This implies

x ,
2

c
T d~x!, ∀x $ x0+

Hence,

0 # EXk 5 E~XkI~X#x0! ! 1 E~XkI~X.x0! !

# x0
k 1 ESS2

c
Dk

T kd~X ! I~X.x0!D
# x0

k 1 S2

c
Dk

ETkd~X ! , `,

where the last inequality comes from a property of the exponential family thatT~X !
has a finite moment of any order providedu [ Q0 @6# + n

Theorem 5: Let $ f ~x;u!,u [ Q% be an exponential family given by~29! and C a
subset ofQ+ Suppose the following hold

i+ C is a closed set and C# Q0, the interior ofQ

ii + $un% # C, andun 2 u0 5 o~n2102!

iii + T~x! $ 0 and limxr`T d~x!0x . 0 for a d . 0

iv+ h~u! is monotone, both h~u! and B~u! are differentiable+ Also A1 [
supu[C 6B'~u!6 , `, A2 [ supu[C 6h '~u!6 , `, and A3 [ maxu[C 6B~u!6+

Then there exists an increasing bounded functionj~t! $ 0 such that~a! j~0! 5 0;
~b! 6 OF~t;un! 2 OF~t;u0!6# Nj~t!o*~n2102!; ~c! *0

` t 11b Nj~t! dt , `, ;b $ 0+

Proof: Denote the distribution function and survival function associated with den-
sity functionf ~x;u! by F~x;u! and OF~x;u!, respectively+We have

6 OF~t;un! 2 OF~t;u0!6 5 6un 2 u06{* ] OF~t;u!

]u *
u5 Du
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where Du [ Q is betweenun andu0+ Thus,

6 OF~t;un! 2 OF~t;u0!6 5 6un 2 u06{*E
t

` ]

]u
f ~x;u!6u5 Du dx*

5 6un 2 u06{*E
t

`

f ~x; Du!@2B'~ Du! 2 h '~ Du!T~x!# dx*
# 6un 2 u06{E

t

`

e2B~ Du!e2h~ Du!T~x!h~x!@6B'~ Du!61 6h '~ Du!6T~x!# dx

# 6un 2 u06{E
t

`

e2B~ Du!e2h~ Du!T~x!h~x!@A1 1 A2T~x!# dx

# 6un 2 u06{E
t

`

eA3e2h~u* !T~x!h~x!@A1 1 A2T~x!# dx, (31)

whereu* [ C satisfiesh~u* ! 5 minu[C h~u!+ Hence, from ~31!,

6 OF~t;un! 2 OF~t;u0!6 # 6un 2 u06{eA31B~u* !E
t

`

f ~x;u* !@A1 1 A2T~x!# dx+ (32)

We define

j~t! [ eA31B~u* !E
0

t

f ~x;u* !@A1 1 A2T~x!# dx+ (33)

Obviously, j~t! $ 0, j~0! 5 0, andj~t! is increasing int $ 0+ Note that

0 # E
0

`

f ~x;u* !T~x! dx5 Eu* ~T~X !! , `

becauseu* [ C # Q0+ It yields

j~`! 5 eA31B~u* ! @A1 1 A2Eu* ~T~X !!# , `+

Further, for anyb $ 0 it can be shown that

E
0

`

t 11b dj~t! 5 ~11 b!E
0

`

t b Nj~t! dt , `, (34)

where Nj~t! [ j~`! 2 j~t! 5 a *t
` f ~x;u* !@A1 1 A2T~x!# dx, anda [ exp$A3 1

B~u* !%+ This is true because

~11 b!E
0

`

t b Nj~t! dt 5 ~11 b!E
0

`

t bSaE
t

`

f ~x;u* !@A1 1 A2T~x!# dxD dt

5 ~11 b!E
0

`SE
0

x

t b f ~x;u* !@A1 1 A2T~x!# dtD dx

5E
0

`

x11b @A1 1 A2T~x!# f ~x;u* ! dx

5 A1Eu* ~X11b ! 1 A2Eu* ~X11bT~X !!+
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However, from Lemma 3, we have

0 # Eu* ~X11b ! , `

and

0 # Eu* ~X11bT~X !! , `

sinceu* [ Q0+ Therefore, ~34! holds+ Combining~32! and~34!, we see that

6 OF~t;un! 2 OF~t;u0!6 # 6un 2 u06 Nj~t!

andj~t! has the desired properties+ Finally, considering assumption~ii !, we obtain

6 OF~t;un! 2 OF~t;u0!6 # Nj~t!o*~n2102 !+ n

Corollary: In addition to the conditions of Theorem5, if *0
` t 11b OF~t;u0! dt ,`

for a b . 0, then$F~t;un!n$1% is also dominated by a bounded increasing function
H that satisfies*0

` t 11b PH~t! dt , `+

Proof: DefineH~t! [ F~t;u0! 1 j~t! wherej~t! is as described in Theorem 5+ It is
easy to see thatH~0! 5 0,H~t! increases int $ 0, andH~`! 5 1 1 j~`! , `+
Moreover, denoting PH~t! 5 H~`! 2 H~t!, we have PH~t! 5 OF~t;u0! 1 Nj~t! and

E
0

`

t 11b PH~t! dt 5E
0

`

t 11b OF~t;u0! dt 1E
0

`

t 11b Nj~t! dt , `+ n

In the following we consider some examples of commonly used distribution
families+

Example 1 (Gamma family):The density function of the gamma family of distri-
butions is given as

f ~x;u,a! 5
1

G~a!ua
xa21e2x0u, t $ 0, (35)

whereu . 0, a . 0 are scale and shape parameters, respectively+We assumea is
known+ Then$ f ~x;u,a!,u [ Q% with Q 5 ~0,`! is obviously an exponential family+
Comparing~35! with ~29!, we see that

B~u! 5 a ln u, h~u! 5
1

u
, T~x! 5 x, h~x! 5

xa21

G~a!
+

If $un,n $ 1% # C [ @a,b# , ~0,`! 5 Q, then

A1 5 sup
a#u#b

6B'~u!65
a

a
, `,

A2 5 sup
a#u#b

6h '~u!65
1

a2 , `

A3 5 max
a#u#b

6B~u!65 a max$6 ln a6, 6 ln b6% , `
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and

T~x!

x
5

x

x
5 1, ∀x . 0+

Therefore, if un 2 u0 5 o~n2102! with un [ @a,b# , then according to Theorem 5 we
know that there existsj~t! satisfying all the requirements described in Theorem 5
and, in particular,

6 OF~t;un,a! 2 OF~t;u0,a!6 # j~t!o*~n2102 !+

Because*0
` t 11b OF~t;u,a! dt ,` for anyb $ 0, u [ Q,we further conclude that the

sequence$F~t;un,a!,n $ 1% is also dominated by anH satisfying*0
` t 11b PH~t! dt ,

`+ Hence, the result of Theorem 3 holds for the sequence$F~t;un,a!,n $ 1%+

Example 2 (Weibull Family):The density function of this family is defined by

f ~x;u,g! 5
g

u
xg21e2xg0u, x . 0+

where parametersu . 0, g . 0+ Supposeg is known and consider$un,n$1% # C5
@a,b# , ~0,`!5Q+ Then$ f ~x;u,g!,u [ Q% is, of course, an exponential family with

B~u! 5 ln u, h~u! 5
1

u
, T~x! 5 xg, h~x! 5 gxg21+

It can be easily verified that the sequence$F~t;un,g!,n$1% satisfies all the assump-
tions in Theorem 5 ifun 2 u0 5 o~n2102! and$un,n $ 1% # @a,b# +
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