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Abstract. We show that, under certain conditions, a strongly continuous semigroup admits
an almost surely frequently hypercyclic random vector defined as a stochastic integral in
Fréchet spaces with respect to the Brownian motion. Two criteria are given. We will apply
the second criterion to three examples: translation semigroups on spaces of integrable
functions, the exponential of weighted shifts, and the translation operators on the space
of entire functions. This last example, with a stochastic approach, seems to be new in the
literature. Some other examples are given.
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1. Introduction
Let E be a separable Fréchet space. A continuous and linear operator T is said to be
hypercyclic if there exists a vector x ∈ E such that the set {T n(x) | n ∈ N}, called the
orbit of x, is dense in E. Such a vector x is said to be hypercyclic for T. The first known
operators to be hypercyclic were the translation operators [6], the differentiation operator
[26], and the multiples of the backward shift [33].

An operator T is chaotic if it is hypercyclic and the set of periodic points is dense.
Bayart and Grivaux [2] introduced the notion of frequent hypercyclicity. Recall that the

lower density of a set A ⊆ N is the quantity limN→∞|A ∩ {0, . . . , N}|/(N + 1).

Definition 1.1. Let E be a Fréchet space. An operator T : E −→ E is frequently hyper-
cyclic if there exists x ∈ E such that, for every non-empty open set U of E, the set
{n ∈ N | T n(x) ∈ U} has positive lower density. Such a vector is called a frequently
hypercyclic vector for T.

Of course, frequent hypercyclicity implies hypercyclicity. All the operators cited above
are frequently hypercyclic.
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The continuous counterpart of a single operator is the concept of semigroups. A family
of operators (Tt )t≥0 on a Fréchet space E is called a C0-semigroup if T0 = I , Tt+s = TtTs

for all s, t ≥ 0, and lims→t Ts(x) = Tt (x) for all x ∈ E and t ≥ 0.
Naturally, we say that a C0-semigroup (Tt )t≥0 is hypercyclic if there exists x ∈ E such

that the orbit {Tt (x) | t ≥ 0} is dense in E. Such a vector is called a hypercyclic vector for
(Tt )t≥0. A C0-semigroup (Tt )t≥0T is chaotic if it is hypercyclic and the set of periodic
points is dense.

For frequent hypercyclicity, we must redefine the lower density: the lower density of
a measurable set A ⊆ [0, ∞[ is the quantity limN→∞ λ(A ∩ [0, N])/N , where λ is the
Lebesgue measure on [0, ∞[.

Definition 1.2. Let E be a Fréchet space. A C0-semigroup (Tt )t≥0 on E is frequently
hypercyclic if there exists x ∈ E such that, for every non-empty open set U of E, the
set {t ≥ 0 | Tt (x) ∈ U} has positive lower density. Such a vector is called a frequently
hypercyclic vector for (Tt )t≥0.

Rolewicz [33] was the first to prove the existence of a hypercyclic C0-semigroup. Desch,
Schappacher, and Webb [16] initiated the study of dynamical properties of semigroups.

We refer to the books [4, 20] for much more details about linear dynamics. For further
reading on semigroups on Banach spaces, see for example the book by Engel and Nagel
[18]. For the case of Fréchet spaces, see the book by Yosida [42, Ch. IX], and the papers
by Kômura [24] and Ôuchi [32].

In a previous paper, the author [1, Theorems 1.3 and 3.3] proved that for an operator T
on a Fréchet space E, under some hypothesis, it is possible to construct a random vector
that is almost surely frequently hypercyclic for T. It turns out that the measure induced
by this random vector is strongly mixing: a measure μ on the Borel sets B(E) of E
is strongly mixing for an operator T if it is T-invariant, that is, μ(T −1(A)) = μ(A) for
every A ∈ B(E), and limn→∞ μ(T −n(A) ∩ B) = μ(A)μ(B) for every A, B ∈ B(E).
An intermediate result states that a random vector with a particular form is necessarily
frequently hypercyclic for the operator and its induced measure is strongly mixing.

PROPOSITION 1.1. [1, Proposition 2.5] Let T : E −→ E be an operator and let (un)n∈Z
be a sequence in E such that T (un) = un−1 for every n ∈ Z. Let (Xn)n∈Z be a sequence of
independent and identically distributed (i.i.d.) random variables defined on a probability
space (�, A, P). Assume that the random vector

v :=
∞∑

n=−∞
Xnun

is almost surely well defined and v is of full support (that is, P(v ∈ O) > 0 for every
non-empty open subset O of E). Then, v is almost surely frequently hypercyclic for the
operator T and induces a strongly mixing measure with full support for T.

We investigate in this paper the case of C0-semigroups. Two approaches to finding a
frequently hypercyclic vector are presented. A measure μ on B(E) is strongly mixing for
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the C0-semigroup if it is (Tt )t≥0-invariant, that is, μ(T −1
t (A)) = μ(A) for every t ≥ 0

and A ∈ B(E), and limt→∞ μ(T −t (A) ∩ B) = μ(A)μ(B) for every A, B ∈ B(E).
The idea of the first approach is to try to mimic what has been done in [1]. However,

only a result analogous to Proposition 1.1 for semigroups will be proved, namely
Proposition 3.2. The sequence of random variables (Xn)n∈Z in [1, Proposition 2.5] is
replaced by the Brownian motion.

Definition 1.3. Let (B1
t )t≥0 and (B2

t )t≥0 be two independent real Brownian motions. The
stochastic process (Bt )t≥0 := (B1

t + iB2
t )t≥0 is called a complex Brownian motion.

This means that for semigroups, we are a priori quite restrictive since only the normal
distribution is considered. For a C0-semigroup (Tt )t≥0 on a separable Fréchet space E,
we will assume that there exists a family (ut )t∈R of vectors of E such that Ts(ut ) = ut−s

for every s ≥ 0 and t ∈ R. Instead of a series as in Proposition 1.1, we will integrate this
family of vectors with respect to the Brownian motion, see Proposition 3.2. It is thus a
stochastic integral for functions with values in a Fréchet space.

The second approach is inspired by the results of Chakir and El Mourchid [11] who
used stochastic integrals for scalar-valued functions and considered the particular case
of semigroups on the spaces Lp(T , �, σ), where (T , �, σ) is a σ -finite measure space.
Once again, we will construct a frequently hypercyclic random vector via a stochastic
integral, see Theorem 4.1. The family (ut )t will consist of eigenvectors of the generator of
the semigroup with respect to purely imaginary eigenvalues. Consequently, only complex
Fréchet spaces will be considered. We have three examples of this approach: the translation
semigroups, the exponential of weighted shifts, and the translation semigroup on the space
of entire functions. As far as we know, our approach for this last example is new in the
literature.

The stochastic integral for scalar-valued functions is the well-known Itô integral, see
[23] or [31], for example, for more details. The case of Fréchet space-valued integrands is
more delicate and seems to be quite recent in the literature. We will use the definition of van
Neerven and Weis [41]. Their stochastic integral is defined in a Pettis manner for Banach
space-valued functions defined on a bounded interval. Nevertheless, it can be extended for
Fréchet space-valued functions defined on an arbitrary interval, and their results still hold
with the same proofs.

Remark 1.2. By the proof of [28, Proposition 2.1] and by [13, Theorem 3.2], one can
prove that a vector x ∈ E is frequently hypercyclic for (Tt )t≥0 if and only if it is frequently
hypercyclic for each Tt , t > 0. Therefore, we could apply [1, Theorem 3.3] to T1, but this
would not guarantee that the resulting measure is strongly mixing for the semigroup.

Section 2 defines and states some properties of the stochastic integral for Fréchet
space-valued functions. Some proofs that differ from [41] are postponed to an appendix.
Sections 3 and 4 present the first and second approaches explained above, respec-
tively. Finally, we will consider an example of a semigroup for which we cannot apply
Theorem 4.1 for ‘natural’ choices of (ut )t in §5, indicating that a more general approach
could still be found.
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1.1. Notation. In the following, let E be a separable Fréchet space over K = R or C

and let (Bt )t∈R be a Brownian motion over a probability space (�, A, P). This stochastic
process is real (respectively complex) if E is real (respectively complex).

2. Stochastic integral in Fréchet spaces
This section is devoted to the definition and some properties of the stochastic integral
in vector spaces developed by van Neerven and Weis [41], generalized to functions on
an arbitrary interval and with values in a real or complex Fréchet space. For measurable
functions taking values in a separable Banach space, the definition of the stochastic integral
from [41] coincides with that of Rosiński and Suchanecki [34], see Theorem 2.3.

For the sake of completeness, proofs of the results from [41] stated below are given in
the appendix for the case of Fréchet spaces, and also because the case of Fréchet spaces
seems to be new in the literature. In this section, we will only prove some results that are
not given in [41].

For the remainder of this section, let I ⊆ R be an interval, which can be unbounded.

Definition 2.1. Let φ : I −→ E be a weakly L2 function. Then, φ is called stochastically
integrable if for all measurable sets A ∈ B(I ), there exists a random vector YA : � −→ E

such that for all x∗ ∈ E∗, one has

x∗(YA) =
∫

I

1A(t)x∗(φ(t)) dBt

almost surely. In that case, we write YA = ∫
A

φ(t) dBt .

The random vectors YA are Gaussian since x∗(YA) is a Gaussian random variable for
any x∗ ∈ E∗. Furthermore, they are uniquely determined almost surely. Indeed, assume
that Y is a random vector such that x∗(Y ) = 0 almost surely for any x∗ ∈ E∗. Since E
is separable and metrizable, the topological space (E∗, σ(E∗, E)) is also separable by
[37, §IV.1.7]. Let (x∗

n)n∈N ⊆ E∗ be a dense sequence in (E∗, σ(E∗, E)), which thus
separates points of E. Then, almost surely, x∗

n(Y ) = 0 for all n ∈ N, which is equivalent to
Y = 0 almost surely.

By the Fernique theorem, see [7, Corollary 2.8.6], we have YA ∈ Lp(�; E) for every
1 ≤ p < ∞. The spaces Lp(�; E) of p-summable functions with values in a Fréchet space
E are defined as for Banach spaces, see [21, Ch. 1], and the proof of their completeness
follows the same lines as for the scalar case, see [35, Theorem 3.11].

Definition 2.2. Let 1 ≤ p < ∞. We define the space Lp(�, A, P; E) as the space of all
equivalence classes of measurable functions f : � −→ E for which∫

�

‖f ‖p dP < ∞

for all continuous seminorms ‖ · ‖ on E. This space is also noted as Lp(�; E).

For a given non-decreasing sequence (‖ · ‖k)k≥1 of seminorms of E generating its
topology, we define for each real number 1 ≤ p < ∞ and integer k ≥ 1, the seminorm
‖ · ‖p,k by
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‖f ‖p,k :=
(∫

�

‖f ‖p
k dP

)1/p

for every f ∈ Lp(�; E), and the sequence of seminorms (‖ · ‖p,k)k≥1 defines the topology
of Lp(�; E).

Here are two easy consequences of Definition 2.1.

LEMMA 2.1. [41, pp. 138 and 139] Let φ, ψ : I −→ E be two stochastically integrable
functions, let a, b ∈ K and T : E −→ F be a continuous linear map, where F is
another separable Fréchet space. Then, the functions aφ + bψ and T φ are stochastically
integrable, and we have∫

I

(aφ(t) + bψ(t)) dBt = a

∫
I

φ(t) dBt + b

∫
I

ψ(t) dBt

and ∫
I

T φ(t) dBt = T

∫
I

φ(t) dBt .

In the case of scalar-valued functions, any square-integrable function is stochastically
integrable. For a Banach space, this is no longer true: for every 1 ≤ p < 2, there exists a
bounded measurable function defined on [0, 1] with values in �p that is not stochastically
integrable, see [34, Example 3.1].

Definition 2.3. Let φ : I −→ E be a weakly L2 function. We define the conjugate-linear
map Iφ : L2(I ) −→ (E∗)′

by

Iφ(f ) : E∗ −→ K, x∗ �−→
∫

I

x∗(φ(t))f (t) dt

for every f ∈ L2(I ).

Here, (E∗)′
denotes the algebraic dual of E∗.

We will say that Iφ is γ -radonifying if Iφ takes values in E and the linear map IφS is
γ -radonifying, where S : L2(I )∗ −→ L2(I ) is the canonical isometry. This is equivalent
to saying that

∑
n≥0 gnIφ(fn) converges almost surely in E, where (gn)n∈N is a sequence

of i.i.d. standard Gaussian random variables and (fn)n∈N is an orthonormal basis of L2(I ).
Note that L2(I ) is separable by [21, Proposition 1.2.29]. See [22, Ch. 2] for γ -radonifying
operators on Banach spaces.

The map Iφ associated with a weakly L2 function φ characterizes its stochastic
integrability, as the next result says. Its proof is postponed to the appendix.

THEOREM 2.2. [41, Theorem 2.3] Let φ : I −→ E be a weakly L2 function. The following
assertions are equivalent, where c = 1 if K = R and c = 2 if K = C:
(i) φ is stochastically integrable;
(ii) there exists a random vector Y : � −→ E such that for every x∗ ∈ E∗, we have

x∗(Y ) =
∫

I

x∗(φ(t)) dBt

almost surely;
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(iii) there exists a Gaussian measure μ on E with covariance operator Q : E∗ −→ E

such that for every x∗ ∈ E∗,

c

∫
I

|x∗(φ(t))|2 dt = x∗Qx∗;

(iv) there exist a separable Hilbert space H and a γ -radonifying operator T : H −→ E

such that for every x∗ ∈ E∗,

c

∫
I

|x∗(φ(t))|2 dt ≤ ‖T ∗(x∗)‖2
H ;

(v) the map Iφ takes values in E, and is continuous and γ -radonifying.
If one of these assertions holds, then φ is Pettis integrable on every bounded interval
included in I, and μ is the distribution of the random vector

∫
I

φ(t) dBt .

This theorem also shows that if a function is stochastically integrable with respect to
some Brownian motion, then it is stochastically integrable with respect to any Brownian
motion.

Although the stochastic integral is defined in a Pettis manner, any stochastically
integrable function can be approximated by step functions.

Definition 2.4. A step function φ : I −→ E is a function of the form φ = ∑n
i=1 ai1]ti−1,ti [,

where ai ∈ E for all 1 ≤ i ≤ n, n ∈ N0, and t0 ≤ · · · ≤ tn ∈ I .

THEOREM 2.3. [41, Theorem 2.5] Let φ : I −→ E be a weakly L2 function. Then, φ is
stochastically integrable if and only if there exists a sequence (φn)n∈N of step functions
such that:
(i) for all x∗ ∈ E∗, limn→∞ x∗φn = x∗φ in measure;

(ii) there exists a random vector Y : � −→ E such that

Y = lim
n→∞

∫
I

φn(t) dBt

in probability.
In that case, we have Y = ∫

I
φ(t) dBt , the convergence in part (i) is in L2(I ), and the

convergence in part (ii) is in Lp(�; E) for every 1 ≤ p < ∞.

See the appendix for the proof of Theorem 2.3. This characterization of the stochastic
integral has been taken as its definition in [34] for Banach space-valued measurable
functions.

The proof of the next result follows the same lines as [41, Corollary 2.8].

PROPOSITION 2.4. Let φ : [0, ∞[ −→ E be stochastically integrable. Then,

lim
t→∞

∫ t

0
φ(s) dBs =

∫ ∞

0
φ(s) dBs

in Lp(�; E) for every 1 ≤ p < ∞.
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Proof. Let 1 ≤ p < ∞ and let ‖ · ‖ be a continuous seminorm. Let (tn)n≥0 be a sequence
of positive numbers converging to ∞. Let n ≥ 0. Denote by Rn the covariance operator of
the distribution νn of

∫ ∞
tn

φ(s) dBs , and let Q be the covariance operator of the distribution
μ of

∫ ∞
0 φ(s) dBs . By Theorem 2.2(iii), we get

x∗Rnx
∗ = c

∫ ∞

tn

|x∗φ|2 ds ≤ c

∫ ∞

0
|x∗φ|2 ds = x∗Qx∗,

where c = 1 if K = R and c = 2 if K = C. By [40, Theorem 8.8] (stated for Banach
spaces, but the proof given there carries over verbatim to Fréchet spaces), this implies
that the sequence (νn)n≥0 is uniformly tight. However, we also have limn→∞ x∗Rnx

∗ = 0.
By [4, Theorem 5.9(b)] (whose proof also extends to Fréchet spaces), we deduce that
limn→∞ ν̂n(x

∗) = 1 for all x∗ ∈ E∗. Therefore, by [39, Theorems I.3.6 and IV.3.1], we
get that limn→∞ νn = δ0 weakly, where δ0 is the Dirac measure at 0 (that is, δ0(A) = 1 if
0 ∈ A and δ0(A) = 0 if 0 /∈ A for all A ∈ B(E)).

We conclude the proof by using [7, Corollary 3.8.8]. We just need to check that

lim
R→∞ sup

n∈N

∫
{x∈E,‖x‖p>R}

‖x‖p dνn(x) = 0.

Let ε > 0. Since (νn)n≥0 is uniformly tight, there exists a compact set K ⊆ E, thus
bounded, such that νn(K) > 1 − ε for all n ≥ 0. Let R > 0 be so large that K ⊆ {x ∈ E,
‖x‖p ≤ R}. For all n ≥ 0, by the Cauchy–Schwarz inequality and [40, Theorem 8.8], we
get that∫

{x∈E,‖x‖p>R}
‖x‖p dνn(x) ≤

(∫
E

‖x‖2p dνn(x)

)1/2(∫
E

12{x∈E,‖x‖p>R} dνn(x)

)1/2

≤
(∫

E

‖x‖2p dμ(x)

)1/2

ε1/2.

We conclude that supn≥0
∫
{x∈E,‖x‖p>R} ‖x‖p dνn(x) ≤ Mε1/2 for some constant M ≥ 0.

Since ε was arbitrary, we are done.

LEMMA 2.5. Let φ : I −→ E be stochastically integrable. Then, for any s ∈ R,
φ(· − s) is stochastically integrable on I + s and the random vectors

∫
I+s

φ(t − s) dBt

and
∫
I

φ(t) dBt are identically distributed.

Proof. For all x∗ ∈ E∗, we have by a change of variables and Theorem (2.2) that

c

∫
I+s

|x∗(φ(t − s))|2 dt = c

∫
I

|x∗(φ(t))|2 dt = x∗Qx∗,

where c = 1 if K = R and c = 2 if K = C, and Q is the covariance operator of the
distribution μ of

∫
I

φ(t) dBt . By Theorem 2.2, we deduce that φ(· − s) is stochastically
integrable and μ is the distribution of

∫
I+s

φ(t − s) dBt .

LEMMA 2.6. Let A, B ∈ B(I ) and φ, ϕ : I −→ E be two stochastically integrable
functions. If A and B are disjoint, then the random vectors

∫
A

φ(t) dBt and
∫
B

ϕ(t) dBt

are independent.
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Proof. The random vectors X := ∫
A

φ(t) dBt and Y := ∫
B

ϕ(t) dBt are independent if
and only if x∗(X) and y∗(Y ) are independent for all x∗, y∗ ∈ E∗, see [10, p. 23]. By
Lemma 2.1 and Itô isometry, we have

〈x∗(X), y∗(Y )〉L2(�) =
〈∫

A

x∗(φ(t)) dBt ,
∫

B

y∗(ϕ(t)) dBt

〉
L2(�)

= c〈x∗φ, y∗ϕ〉L2(I ) = 0,

where c = 1 if K = R and c = 2 if K = C. Since (x∗(X), y∗(Y )) is a Gaussian random
vector by linearity of the stochastic integral, this implies that x∗(X) and y∗(Y ) are
independent by [22, Proposition E.2.12].

We end this section with a result characterizing the stochastically integrable functions
with values in a space of functions. This will be useful for concrete examples.

THEOREM 2.7. Let (S, B, μ) be a σ -finite measure space, let 1 ≤ p < ∞, and set
E := Lp(S, B, μ). Then, a measurable function φ : I −→ E is stochastically integrable
if and only if ∥∥∥∥

(∫
I

|φ(t , ·)|2 dt

)1/2∥∥∥∥
E

< ∞.

Theorem 2.7 is a direct consequence of [41, Corollary 2.10] by noticing that Lp(S, B, μ)

has finite cotype for any 1 ≤ p < ∞, see [22, Proposition 7.1.4].

3. Random vector: first method
The final parts of the proofs of the main results of §§3 and 4 are the same, so we put it in
a lemma.

LEMMA 3.1. Let (Tt )t≥0 be a C0-semigroup on E. Let v : � −→ E be a random vector
such that its probability distribution is ergodic for (Tt )t≥0 and is of full support. Then, v is
almost surely frequently hypercyclic for (Tt )t≥0.

Proof. Let μ be the probability distribution of v. Let O be a non-empty open subset of
E. The Birkhoff ergodic theorem for semigroups, see [14, Ch. 1, §2, Theorem 1], can be
applied to T and μ, and gives

lim
N→∞

1
N

∫ N

0
(1O ◦ Tt )(x) dt = μ(O) μ-almost surely (a.s.).

Let A be a Borel subset of E such that μ(A) = 1 and the previous equality holds
everywhere on A. Then, if we set B := v−1(A) ⊆ �, we have P(B) = P(v−1(A)) =
μ(A) = 1 and

lim
N→∞

1
N

∫ N

0
(1O ◦ Tt )(v) dt = P(v ∈ O) > 0

on B. Since E is separable, we can take a countable base of open subsets of E and get that
almost surely, the set {t ≥ 0 | Tt (v) ∈ O} has positive lower density for every non-empty
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open subset O of E. The random vector v is therefore almost surely frequently hypercyclic
for (Tt )t≥0.

The next proposition is the analogous result to Proposition 1.1. Their proofs are the
same, but we need to use the Birkhoff ergodic theorem for semigroups through Lemma 3.1,
and replace all series with stochastic integrals.

PROPOSITION 3.2. Let (Tt )t≥0 be a C0-semigroup on E and let (ut )t∈R be a family of
vectors in E such that Ts(ut ) = ut−s for every s ≥ 0 and t ∈ R. Let (Bt )t∈R be a Brownian
motion. Assume that t �−→ ut is stochastically integrable and set

v :=
∫
R

ut dBt .

If v has full support, then v is almost surely frequently hypercyclic for the C0-semigroup
(Tt )t≥0 and it induces a strongly mixing measure with full support for (Tt )t≥0.

Proof. Define the probability measure

μ : B(E) −→ [0, 1], A �−→ P(v ∈ A).

Let s ≥ 0. We first show that μ is Ts-invariant. Let A ∈ B(E). By the definitions of μ

and v and by Lemmas 2.1 and 2.5, we have

μ(T −1
s (A)) = P(Ts(v) ∈ A) = P

(∫
R

ut−s dBt ∈ A

)
= P

(∫
R

ut dBt ∈ A

)
.

We conclude that μ(T −1
s (A)) = P(v ∈ A) = μ(A). The measure μ is thus Ts-invariant.

Now, we claim that μ is (Tt )t≥0-strongly mixing. Let f and g be two bounded and
continuous real-valued functions defined on E. We aim to show that

lim
t→∞

∫
E

(f ◦ Tt )g dμ =
∫

E

f dμ

∫
E

g dμ.

Since the set of bounded continuous functions on E is dense in L2(E, μ) by [15, Theorem
18.1], this will imply the claim by [15, p. 26]. First, by definition of μ, this is equivalent to
showing that

lim
t→∞

∫
�

f (Tt (v))g(v) dP =
∫

�

f (v) dP

∫
�

g(v) dP. (3.1)

Let ε > 0. Since f and g are continuous and bounded, by Proposition 2.4 and the dominated
convergence theorem, there exists N ≥ 0 such that∥∥∥∥g

(∫ N

−∞
ut dBt

)
− g(v)

∥∥∥∥
L1(�,P)

< ε (3.2)

and ∥∥∥∥f

(∫ ∞

−N

ut dBt

)
− f (v)

∥∥∥∥
L1(�,P)

< ε. (3.3)
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Let s > 2N and write

f (Ts(v))g(v) = f (Ts(v))g(v) − f (Ts(v))g

(∫ N

−∞
ut dBt

)

+ f (Ts(v))g

(∫ N

−∞
ut dBt

)
− f

(∫ ∞

−N+s

ut−s dBt

)
g

(∫ N

−∞
ut dBt

)

+ f

(∫ ∞

−N+s

ut−s dBt

)
g

(∫ N

−∞
ut dBt

)
. (3.4)

For the first two terms, using the assumption that f is bounded and the inequality (3.2)
yields ∣∣∣∣

∫
�

f (Ts(v))g(v) dP −
∫

�

f (Ts(v))g

(∫ N

−∞
ut dBt

)
dP

∣∣∣∣
≤ ‖f ‖∞

∥∥∥∥g

(∫ N

−∞
ut dBt

)
− g(v)

∥∥∥∥
L1(�,P)

≤ ‖f ‖∞ε.

Now, for the third and fourth terms, define the random vectors

X :=
∫ −N+s

−∞
ut−s dBt , Y :=

∫ ∞

−N+s

ut−s dBt ,

U :=
∫ −N

−∞
ut dBt , V :=

∫ ∞

−N

ut dBt .

Then, Lemma 2.5 implies that X and U are identically distributed, and so are Y and V.
By Lemma 2.6, X and Y are independent, and so are U and V. Therefore, the random
variables f (X + Y ) − f (Y ) and f (U + V ) − f (V ) are identically distributed. Now, by
using Lemma 2.1, we get that∣∣∣∣

∫
�

(
f (Ts(v))g

(∫ N

−∞
ut dBt

)
− f

(∫ ∞

−N+s

ut−s dBt

)
g

(∫ N

−∞
ut dBt

))
dP

∣∣∣∣
≤ ‖g‖∞

∥∥∥∥f

(∫ ∞

−∞
ut−s dBt

)
− f

(∫ ∞

−N+s

ut−s dBt

)∥∥∥∥
L1(�,P)

= ‖g‖∞
∥∥∥∥f

(∫ ∞

−∞
ut dBt

)
− f

(∫ ∞

−N

ut dBt

)∥∥∥∥
L1(�,P)

≤ ‖g‖∞ε,

where we have used (3.3) for the last inequality. For the last term of (3.4), since s > 2N ,
and by using Lemma 2.6 and then Lemma 2.5, one has∫

�

f

(∫ ∞

−N+s

ut−s dBt

)
g

(∫ N

−∞
ut dBt

)
dP

=
∫

�

f

(∫ ∞

−N+s

ut−s dBt

)
dP

∫
�

g

(∫ N

−∞
ut dBt

)
dP

=
∫

�

f

(∫ ∞

−N

ut dBt

)
dP

∫
�

g

(∫ N

−∞
ut dBt

)
dP.
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Therefore, using again (3.2) and (3.3) gives∣∣∣∣
∫

�

f

(∫ ∞

−N+s

ut−s dBt

)
g

(∫ N

−∞
ut dBt

)
dP −

∫
�

f (v) dP

∫
�

g(v) dP

∣∣∣∣
≤ ‖f ‖∞

∥∥∥∥g

(∫ N

−∞
ut dBt

)
− g(v)

∥∥∥∥
L1(�,P)

+ ‖g‖∞
∥∥∥∥f

(∫ ∞

−N

ut dBt

)
− f (v)

∥∥∥∥
L1(�,P)

≤ ‖f ‖∞ε + ‖g‖∞ε.

We can finally conclude that∣∣∣∣
∫

�

f (Ts(v))g(v) dP −
∫

�

f (v) dP

∫
�

g(v) dP

∣∣∣∣ ≤ 2‖f ‖∞ε + 2‖g‖∞ε,

and since ε > 0 was arbitrary, we eventually get (3.1). The measure μ is thus
(Tt )t≥0-strongly mixing.

The result now follows by Lemma 3.1.

We have the following corollary.

THEOREM 3.3. Let (Tt )t≥0 be a C0-semigroup on a separable Banach space E of type 2.
Let (ut )t∈R be a family of vectors in E such that Ts(ut ) = ut−s for every s ≥ 0 and t ∈ R,
and span{ut | t /∈ A} is dense in E for every A ∈ B(R) with zero Lebesgue measure.
Let (Bt )t∈R be a Brownian motion. Assume that t �−→ ut ∈ L2(R; E). Then, the random
vector

v :=
∫
R

ut dBt

is almost surely well defined and frequently hypercyclic for (Tt )t≥0, and it induces a
strongly mixing measure with full support for (Tt )t≥0.

Proof. We first prove that v is almost surely well defined. Define the linear map J : φ �−→∫
R

φ(t) dBt defined on the space of E-valued step functions. Let φ = ∑n
i=1 ai1Ai

be a
step function. Since E has type 2, we have

‖J (φ)‖2
L2(�;E)

≤ C

n∑
i=1

λ(Ai)‖ai‖2
E = C‖φ‖2

L2(R;E)
,

where C > 0 is some constant depending only on E and λ is the Lebesgue measure on
R. Therefore, J is a continuous embedding, and the density of the space of step functions
in L2(R; E), see [21, Remark 1.2.20], allows us to extend J on L2(R; E). Theorem 2.3
then implies that J (φ) = ∫

R
φ(t) dBt for every φ ∈ L2(R; E). This shows that v is almost

surely well defined since the map t �−→ ut belongs to L2(R; E).
Let Q be the covariance operator of the probability distribution Pv of v. By

[4, Proposition 5.18], it suffices to show that Q is one-to-one to prove that Pv has full
support. Let x∗ ∈ Ker(Q). By definition of Q, we have

0 = x∗(Q(x∗)) =
∫

E

|x∗|2 dPv =
∫

�

|x∗(v)|2 dP,
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implying that x∗(v) = 0 almost surely. By Lemma 2.1, we get that

0 = x∗(v) =
∫
R

x∗(ut ) dBt

almost surely. Therefore, Itô’s isometry yields that x∗(ut ) = 0 for every t ∈ R outside
some set of zero Lebesgue measure. By assumption, we get x∗ = 0.

The result now follows by Proposition 3.2.

Remark 3.4. In the proof of Theorem 3.3, to show that v is almost surely well defined,
we actually proved that L2(R; E) is continuously embedded in the space of stochastically
integrable functions. This was already known in [34, Proposition 5.2].

As mentioned above, we have not been able to prove analogous results to
[1, Theorem 1.3] or [1, Theorem 3.3] for C0-semigroups. In the proof of Proposition 3.2,
the independent and stationary increments of the Brownian motion play a crucial role. The
idea was then to prove the existence of a stochastic process with respect to which t �−→ ut

is stochastically integrable, under some deterministic conditions on (ut )t∈R. A sought
condition was the Pettis integrability of t �−→ ut . If this plan could work, one would
then hope to find another proof of the frequent hypercyclicity criterion for semigroups
[30, Theorem 3], as we did for operators in [1].

4. Random vector: second method
In our second approach, we will make assumptions close to those of the main result of
Chakir and El Mourchid [11, Theorem 3.2]. The semigroup will be defined on a complex
Fréchet space since we will consider purely imaginary eigenvalues of the generator.

THEOREM 4.1. Let (Tt )t≥0 be a C0-semigroup on a separable complex Fréchet space E.
Let A be the generator of (Tt )t≥0 and let (ut )t∈I be a family of vectors in Dom(A) such that
A(ut ) = itut for every t ∈ I , where I is a non-empty interval of R, and span{ut | t /∈ B}
is dense in E for every B ∈ B(I ) with zero Lebesgue measure. Let (Bt )t∈I be a complex
Brownian motion. Assume that t �−→ ut is stochastically integrable and set

v :=
∫

I

ut dBt .

Then, v is almost surely frequently hypercyclic for the C0-semigroup (Tt )t≥0 and it induces
a strongly mixing measure with full support for (Tt )t≥0.

Proof. Let Q be the covariance operator of the probability distribution Pv of v.
Let x∗, y∗ ∈ E∗. By using the definition of Q and Lemma 2.1, we have

y∗Qx∗ =
∫

E

y∗(x)x∗(x) dPv(x) =
∫

�

y∗
(∫

I

ut dBt

)
x∗

(∫
I

ut dBt

)
dP

= E

(∫
I

y∗(ut ) dBt

∫
I

x∗(ut ) dBt

)
= 2

∫
I

y∗(ut )x∗(ut ) dt ; (4.1)

note that we have used the linearization of the Itô isometry.
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We first prove that Pv is (Tt )t≥0-invariant. Let x∗, y∗ ∈ E∗ and t ≥ 0. By using (4.1)
twice and the assumption on (us)s∈I , we have

y∗TtQT ∗
t x∗ = T ∗

t y∗QT ∗
t x∗ = 2

∫
I

T ∗
t y∗(us)T

∗
t x∗(us) ds

= 2
∫

I

y∗Tt (us)x∗Tt (us) dt = 2
∫

I

eitsy∗(us)e
−itsx∗(us) ds

= y∗Qx∗.

By [4, Proposition 5.22], this shows that Pv is (Tt )t≥0-invariant.
Now, let us show that Pv is strongly mixing for (Tt )t≥0. Let x∗, y∗ ∈ E∗ and t ≥ 0. By

using (4.1) and the assumption on (ut )t∈I , we have

y∗QT ∗
t (x∗) = 2

∫
I

y∗(us)T
∗
t x∗(us) ds = 2

∫
I

y∗(us)x∗(eitsus) ds

= 2
∫

I

e−itsy∗(us)x∗(us) ds.

Since s �−→ y∗(us)x∗(us) is integrable, by the Riemann–Lebesgue lemma, see
[21, Lemma 2.4.3], we get that limt→∞ y∗QT ∗

t (x∗) = 0. We conclude that Pv is strongly
mixing for (Tt )t≥0 by [4, Theorem 5.24].

Finally, Pv has full support by the same arguments as in the proof of Theorem 3.3.
We conclude the proof by using Lemma 3.1.

As a first application, let us apply Theorem 4.1 to the chaotic translation semigroups. Let
I ∈ {[0, ∞[, R}. For a given real 1 ≤ p < ∞ and a measurable function ρ : I −→ ]0, ∞[,
we define the Banach space

Lp
ρ(I) :=

{
f : I −→ K |

∫
I

|f (x)|pρ(x) dx < ∞
}

endowed with the norm ‖f ‖L
p
ρ (I) := (

∫
I

|f (x)|pρ(x) dx)1/p, f ∈ L
p
ρ(I). An admissible

weight function ρ is a measurable function ρ : I −→ ]0, ∞[ such that there exist M ≥ 1
and w ∈ R such that ρ(s) ≤ Mewtρ(t + s) for every s ∈ I and t ≥ 0.

For an admissible weight function ρ, the translation semigroup on L
p
ρ(I) is defined by

Tt (f )(x) := f (x + t), x ∈ I , t ≥ 0,

for every f ∈ L
p
ρ(I). Its generator is the differentiation operator defined on the space

of absolutely continuous functions in L
p
ρ(I) with derivative in L

p
ρ(I), see [18, p. 51,

Proposition II.1].
It is shown in [11, Example 4.1] that these semigroups admit a strongly mixing Gaussian

measure, by constructing a complex Gaussian process. We reuse their arguments to apply
Theorem 4.1.

THEOREM 4.2. Let 1 ≤ p < ∞, I ∈ {[0, ∞[, R}, and an admissible weight ρ : I −→
]0, ∞[. If the integral

∫
I

ρ(x) dx is finite, then for any f ∈ L2(R; C) with f �= 0 almost
everywhere, the random vector
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∫
R

f (t)et dBt ,

where et (x) = eitx , x ∈ I , t ∈ R, is almost surely frequently hypercyclic for the translation
semigroup (Tt )t≥0 on L

p
ρ(I), and it induces a strongly mixing measure with full support

for (Tt )t≥0.

Proof. For every s ∈ R, define the function us : I −→ C by

us(x) := f (s)eisx

for all x ∈ I . Since
∫
I

ρ(x) dx < ∞, we get that us ∈ L
p
ρ(I) for all s ∈ R.

It is clear that Tt (us) = eistus for every s ∈ R and t ≥ 0. This implies that
us ∈ Dom(A) and A(us) = isus for every s ∈ R, where A is the generator of the
semigroup.

Now, let φ ∈ (L
p
ρ (I ))∗ = L

q

ρ−q/p (I ), where 1/p + 1/q = 1, be such that φ(us) = 0 for
all s /∈ B, where B ∈ B(R) has zero Lebesgue measure. Then,

0 = φ(us) =
∫

I

f (s)eisxφ(x) dx,

and hence,
∫
I

eisxφ(x) dx = 0 for all s /∈ B. Since φ ∈ L1(I ) by the fact that∫
I

ρ(x) dx < ∞ and Hölder’s inequality, we get that φ = 0 almost everywhere by
[35, Theorem 9.11], and thus, φ = 0. This shows that span{us | s /∈ B} is dense in L

p
ρ(I)

for any B ∈ B(R) with zero Lebesgue measure.
We now prove that ∥∥∥∥

(∫
R

|us(·)|2 ds

)1/2∥∥∥∥
L

p
ρ (I)

< ∞.

For any x ∈ I , we have ∫
R

|us(x)|2 ds =
∫
R

f (s)2 ds,

and thus, ∥∥∥∥
(∫

R

|us(·)|2 ds

)1/2∥∥∥∥p

L
p
ρ (I)

=
∫

I

(∫
R

f (s)2 ds

)p/2

ρ(x) dx,

which is finite since
∫
I

ρ(x) dx < ∞ and f ∈ L2(R; C).
By Theorem 2.7, the map s �−→ us is stochastically integrable. We conclude the proof

by applying Theorem 4.1.

Remark 4.3. By [27, Theorems 3.9 and 3.10], the translation semigroup on L
p
ρ(I) is

chaotic if and only if
∫
I

ρ(x) dx is finite. Therefore, by Theorem 4.2, we have found a
frequently hypercyclic random vector for any chaotic translation semigroup on L

p
ρ(I).

For these chaotic translation semigroups, in the case where the underlying space
is of type 2, one can apply Theorem 3.3 as follows. Define F : R −→ L

p
ρ(I) as
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F(θ)(x) = ϕ(θ)eiθx for all θ ∈ R and x ∈ I , where ϕ : R −→ R is a positive, smooth,
and integrable function on R. This implies that F is Bochner-integrable, and thus,

ut :=
∫
R

e−itθF (θ) dθ

is well defined for all t ∈ R. We then have TsF (θ) = eisθF (θ) for all θ ∈ R and s ≥ 0,
which implies that Tsut = ut−s for all s ≥ 0 and t ∈ R. The spanning property is proved
in a similar way as in the proof of Theorem 4.2. Furthermore, we have ‖ut‖ ≤ C/(1 + t2)

for all t ∈ R for some constant C > 0 if F is twice-differentiable by [21, Lemma 2.4.3
and its proof], and this is guaranteed provided that

∫
I

|x|2pρ(x) dx is finite. Hence, one
can apply Theorem 3.3. This idea, suggested by the referee, might also be used to apply
Proposition 3.2 or Theorem 3.3 to other examples in subsequent research.

The second example was studied by El Mourchid and Latrach in [17, Proposition 3.4],
who proved the existence of a strongly mixing Gaussian measure for the semigroup under
consideration. It turns out that their arguments are the same to check the assumptions of
Theorem 4.1.

THEOREM 4.4. Let 1 ≤ p < ∞ and A be the weighted shift on �p with sequence
of weights (wn)n≥1. Set βn := w1 · · · wn for all n ≥ 1 and β0 := 1. If the quantity
lim supn→∞(1/|βn|)1/n is finite, then there exists η > 0 such that the random vector∫ η

−η

(
intn

βn

)
n≥0

dBt

is almost surely frequently hypercyclic for the C0-semigroup (Tt )t≥0 := (etA)t≥0, and it
induces a strongly mixing measure with full support for (Tt )t≥0.

Proof. For all λ ∈ C, define the sequence vλ := (λn/βn)n≥0. Then, vλ ∈ �p if and
only if

∑
n≥0 |λ|np/|βn|p < ∞, and in that case, we have A(vλ) = (λn+1/βn)n≥0 =

λvλ. The power series
∑

n≥0 λn/βn has a radius of convergence R := 1/ρ, where
ρ := lim supn→∞(1/|βn|)1/n < ∞.

Let η ∈ ]0, R[ and define us := vis for every −η < s < η. By our previous calculations,
we have us ∈ �p and A(us) = isus for all −η < s < η.

Let φ = (φn)n≥0 ∈ (�p)∗ = �q , where 1/p + 1/q = 1, be such that φ(us) = 0 for
almost all −η < s < η. Define the analytic function F : D(0, R) −→ C by

F(λ) :=
∞∑

n=0

λnφn

βn

= φ(vλ)

for all λ ∈ D(0, R). Since F = 0 almost everywhere on i]−η, η[, we conclude that
F = 0 on D(0, R) and φ = 0. This means that span{ut | t /∈ B} is dense in �p for any
B ∈ B(]−η, η[) with zero Lebesgue measure.

For all n ≥ 0, we have∫ η

−η

|us(n)|2 ds =
∫ η

−η

|is|2n

|βn|2 ds ≤ 2ηη2n

|βn|2 ,
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implying that

∥∥∥∥
(∫ η

−η

|us(·)|2 ds

)1/2∥∥∥∥p

�p

≤
∞∑

n=0

2p/2ηp/2ηnp

|βn|p ,

which is finite since η < R. Therefore, by Theorem 2.7, the map s �−→ us is stochastically
integrable.

We conclude the proof by applying Theorem 4.1.

We now study the translation semigroups on H(C). We will need the notion of Hilbert
seminorm: it is a seminorm p : H(C) −→ [0, ∞[ for which there exists a semi-scalar
product 〈·, ·〉 on H(C) such that p(x) = 〈x, x〉 for all x ∈ H(C). If f ∈ H(C) and r > 0,
we define ‖f ‖r := sup|z|≤r |f (z)|.

THEOREM 4.5. For each t ≥ 0, define the translation operator

Tt : H(C) −→ H(C), f �−→ f (· + t).

Then, the random vector
∫ 2π

0 eitz dBt is almost surely frequently hypercyclic for the
C0-semigroup (Tt )t≥0, and it induces a strongly mixing measure with full support for
(Tt )t≥0.

Proof. It is easy to check that (Tt )t≥0 is indeed a C0-semigroup. Furthermore, its generator
is the differentiation operator D : H(C) −→ H(C).

For every s ∈ [0, 2π ], set us(z) := eisz, z ∈ C. Clearly, D(us) = isus for any
s ∈ [0, 2π ]. The space span{us | s /∈ B} is dense in H(C) by [20, Lemma 2.34] for
any B ∈ B([0, 2π ]) with zero Lebesgue measure. Furthermore, the map s �−→ us is
weakly L2 since {us | s ∈ [0, 2π ]} is bounded in H(C). We now show that the map Iφ of
Definition 2.3 takes values in H(C) and is γ -radonifying, where φ(s) := us , s ∈ [0, 2π ].

Let f ∈ L2([0, 2π ]). Define the function F : C −→ C by

F(z) :=
∫ 2π

0
us(z)f (s) ds

for every z ∈ C. It is well defined since the maps s �−→ us(z) and f are in L2([0, 2π ]) for
any z ∈ C. Let z, h ∈ C with h �= 0, we have

F(z + h) − F(z)

h
=

∫ 2π

0

eis(z+h) − eisz

h
f (s) ds.

An application of the dominated convergence theorem then shows that

lim
h→0

F(z + h) − F(z)

h
=

∫ 2π

0
iseiszf (s) ds,

and F is holomorphic on C.
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Let x∗ ∈ H(C)∗. We show that x∗(F ) = ∫ 2π

0 x∗(us)f (s) ds. Let N ≥ 1. By linearity
of x∗ and the integral, one has

x∗
( N∑

k=0

ikzk

k!

∫ 2π

0
skf (s) ds

)
=

N∑
k=0

x∗
(

ikzk

k!

) ∫ 2π

0
skf (s) ds

=
∫ 2π

0

N∑
k=0

x∗
(

ikzk

k!

)
skf (s) ds

=
∫ 2π

0
x∗

( N∑
k=0

ikskzk

k!

)
f (s) ds. (4.2)

The right-hand side converges to
∫ 2π

0 x∗(us)f (s)ds by the dominated convergence
theorem. As for the left-hand side, let us prove that it converges to x∗(F ) as N goes to
∞. Let r > 0 be fixed. Then,

∥∥∥∥
N∑

k=0

ikzk

k!

∫ 2π

0
skf (s) ds − F(z)

∥∥∥∥
r

=
∥∥∥∥
∫ 2π

0

∞∑
k=N+1

ikskzk

k!
f (s) ds

∥∥∥∥
r

≤
∫ 2π

0

∞∑
k=N+1

skrk

k!
|f (s)| ds ≤

∞∑
k=N+1

rk

k!
‖sk‖L2([0,2π ])‖f ‖L2([0,2π ]),

where we have used the Cauchy–Schwarz inequality for the last inequality. The right-hand
side converges to 0 when N goes to ∞. By continuity of x∗, we conclude that the left-hand
side of (4.2) converges to x∗(F ). Therefore, x∗(F ) = Iφ(f )(x∗), so that Iφ(f ) = F , and
hence, Iφ takes values in H(C). The map Iφ is also continuous: for every r ≥ 0, we have
‖Iφ(f )‖r ≤ √

2πe2πr‖f ‖L2([0,2π]).
By Theorem 2.2, to prove that t �−→ ut is stochastically integrable, it remains to show

that Iφ is γ -radonifying. Let (fn)n∈Z = (eins/
√

2π)n∈Z be the canonical orthonormal
basis of L2([0, 2π ]). By [29, Example 28.9(4) and Lemma 28.1], the space H(C) has
a system of Hilbert seminorms generating its topology. Let ‖ · ‖ be such a seminorm.
Since it is continuous, there exist some r > 0 and C > 0 such that ‖ · ‖ ≤ C‖ · ‖r . Let
(gn)n∈Z be an i.i.d. Gaussian sequence. Let 0 ≤ N ≤ M be two positive integers; we have,
by using the facts that ‖ · ‖ is a Hilbert seminorm for the first equality and gn, n ≥ 0, are
independent for the second one,

E

(∥∥∥∥
M∑

n=N

gnIφ(fn)

∥∥∥∥2)
=

M∑
n,m=N

E(gngm)〈Iφ(fn), Iφ(fm)〉

=
M∑

n=N

‖Iφ(fn)‖2 ≤ C

M∑
n=N

‖Iφ(fn)‖2
r

= C

M∑
n=N

∥∥∥∥
∫ 2π

0
eiszfn(s) ds

∥∥∥∥2

r

,
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where 〈·, ·〉 is the semi-scalar product associated to ‖ · ‖. For each n ∈ N such that n > r

and all z ∈ C such that |z| = r , we have∫ 2π

0
eiszfn(s) ds = 1√

2π

∫ 2π

0
eisze−isn ds = 1√

2π

ei2π(z−n) − 1
i(z − n)

,

and then

E

(∥∥∥∥
M∑

n=N

gnIφ(fn)

∥∥∥∥2)
≤ C

2π

M∑
n=N

∥∥∥∥ei2π(z−n) − 1
i(z − n)

∥∥∥∥2

r

≤ C

2π

M∑
n=N

(e2πr + 1)2

(n − r)2

provided that N > r . We can conclude that the series
∑∞

n=0 gnIφ(fn) converges in
L2(�; E). The same arguments show that

∑
n≤0 gnIφ(fn) also converges in L2(�; E),

and hence, Iφ is γ -radonifying by Itô–Nisio’s theorem, see for example [22, Corollary
6.4.4] in the case of Banach spaces. By Theorem 2.2, the map s �−→ us is thus
stochastically integrable.

The result now follows by Theorem 4.1.

Remark 4.6. By [13, Theorem 3.2], any frequently hypercyclic vector for the semigroup
(Tt )t≥0 is also a frequently hypercyclic for each Tt , t > 0. Therefore, the random
vector

∫ 2π

0 eitz dBt is almost surely frequently hypercyclic for the translation operators
Tt : H(C) −→ H(C), f �−→ f (· + t), t ≥ 0. Bonilla and Grosse-Erdmann [9, Theorem
4.2] used the frequent hypercyclicity criterion to prove the frequent hypercyclicity of the
translation operators. Therefore, one could also use [1, Theorem 4.9] to prove that each
operator Ta , a ∈ C \ {0}, has an almost surely frequently hypercyclic random vector.

We repeat our remark made at the end of §3: in Theorem 4.1, we still assume that
the map t �−→ ut is stochastically integrable. Then, one may ask if we could find a
deterministic assumption to get the stochastic integrability of t �−→ ut , possibly replacing
the Brownian motion with another stochastic process.

4.1. Other examples. Some chaotic semigroups associated to differential equations are
presented in [20, §7.5]. It turns out that with essentially the same arguments for the proofs
of their chaoticity given in [20], one can apply Theorem 4.1 to those semigroups. We list
the results obtained below.

THEOREM 4.7. Let 1 ≤ p < ∞, f ∈ L2([0, ∞[) and let h : [0, ∞[ −→ R be a bounded,
continuous function such that x �−→ exp(− ∫ x

0 h(s) ds) ∈ Lp([0, ∞[). Then, the random
vector ∫

R

eitx exp
(

−
∫ x

0
h(s) ds

)
f (t) dBt ,

where f ∈ L2(R) with f (t) �= 0 for all t ∈ R is almost frequently hypercyclic for the
semigroup (Tt )t≥0 on Lp([0, ∞[) given for all ϕ ∈ Lp([0, ∞[) by

Ttϕ(x) = e
∫ x+t
x h(s) dsϕ(x + t), x, t ∈ [0, ∞[.

The previous example is taken from [20, Proposition 7.34 and Exercise 7.5.2].
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THEOREM 4.8. Let α, τ , ρ > 0 be such that ατρ2 > 2. Define for 1 ≤ p < ∞ the Banach
space

Xρ,p =
{
f : R �−→ C, f (x) =

∞∑
n=0

anρ
n

n!
xn, (an)n≥0 ∈ �p

}
,

endowed with the norm ‖f ‖ := ‖(an)n≥0‖p. Let A be the operator on Xρ,p ⊕ Xρ,p

given by

A =
(

0 I

(α/τ)∂2/∂x2 −(1/τ)I

)
.

For all λ ∈ C, define Rλ = (τλ2 + λ)/α and f1(λ) = ∑∞
n=0(R

n
λx2n)/(2n)!, f2(λ) =∑∞

n=0(R
n
λx2n+1)/(2n + 1)!. Then, there exists η > 0 such that the random vector∫ η

−η

(f1(it), itf1(it)) dB
(1)
t +

∫ η

−η

(f2(it), itf2(it)) dB
(2)
t

is almost surely frequently hypercyclic for the semigroup generated by A, where (B
(1)
t )t≥0

and (B
(2)
t )t≥0 are two independent Brownian motions.

THEOREM 4.9. Let 1 ≤ p < ∞ and let (αn)n≥0, (βn)n≥0 ⊆ ]0, ∞[ be two bounded
sequences such that

sup
n≥0

αn < lim inf
n→∞ βn.

Let A : �p −→ �p be the map given by

A(f ) = (−αnfn + βnfn+1)n≥0

for all f ∈ �p. Then, there exists η > 0 such that the random vector

∫ η

−η

( n−1∏
k=0

it + αk

βk

)
n≥0

dBt

is almost surely frequently hypercyclic for the semigroup generated by A.

Using similar arguments given in [20, §7.5], which also allow us to prove the above
results, one can apply Theorem 4.1 to the examples given in [20, Exercise 7.5.3] (wave
equation) and [20, Exercise 7.5.4] (classical heat equation), yielding results in the same
way as above.

Finally, let us mention that, once again, by using the arguments given in [12], one can
apply Theorem 4.1 to the one-dimensional Ornstein–Uhlenbeck operator.

5. A counterexample
We find in this section a counterexample of semigroups that do not admit a ‘canonical’
frequently hypercyclic random vector.
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Let ρ : R+ −→ R+ be a locally bounded positive function on R+ := [0, ∞[. Define
the Banach space

C0(R+, ρ) =
{
f ∈ C0(R+) | lim

x→∞ f (x)ρ(x) = 0
}

,

endowed with the norm ‖f ‖C0(R+,ρ) := ‖fρ‖∞, f ∈ C0(R+, ρ).
We say that ρ is an admissible weight if

C(t) := sup
x≥0

ρ(x)

ρ(x + t)
< ∞

for all t ≥ 0 and C : R+ −→ R+ is locally bounded on R+.
Define the translation semigroup

Tt : C0(R+, ρ) −→ C0(R+, ρ), t �−→ f (· + t), t ≥ 0.

A ‘natural choice’ of vectors (ut )t for our example would be ut := a(t)eitx (a(t) �= 0),
which belongs to C0(R+, ρ) if limx→∞ ρ(x) = 0 for all t ∈ R. We will assume that
limx→∞ ρ(x) = 0, which is equivalent to saying that (Tt )t≥0 is strongly mixing in the
Gaussian sense by [5, Proposition 8.4]. We then have Ts(ut ) = eit (x+s) = eitsut for all
s, t ∈ R.

LEMMA 5.1. The space span{ut | t ∈ R} is dense in C0(R+, ρ).

Proof. Let ϕ : C0(R+, ρ) −→ C be linear and continuous such that ϕ(ut ) = 0 for all
t ∈ R. By the Riesz representation theorem, see [35, Theorem 6.19], there exists a (unique)
regular complex Borel measure μ such that

ϕ(f ) =
∫ ∞

0
f (x)ρ(x) dμ(x)

for all f ∈ C0(R+, ρ). Define the measure dν = ρ dμ. Then, ν is finite and we have

0 = ϕ(ut ) =
∫ ∞

0
a(t)eitxρ(x) dμ(x) = a(t )̂ν(t)

for all t ∈ R. Therefore, ν = 0 by [8, Proposition 3.8.6], and since ρ is positive, we deduce
that μ = 0, implying that ϕ = 0.

Our aim is to show that (ut )t∈R is not stochastically integrable; hence, one cannot apply
Theorem 4.1. Our arguments are an adaptation of [3, Example 3.13].

Set φ : R −→ C0(R+, ρ), t �−→ ut . We have

Iφ(f )[x∗] =
∫ ∞

−∞
x∗(ut )f (t) dt =

∫ ∞

−∞
a(t)x∗(eitx)f (t) dt .

Let (fn)n ⊆ L2(R; C) be an orthonormal basis. Assume that Im(Iφ) ⊆ C0(R+, ρ) and
that

∑
n gnIφ(fn) converges almost surely, that is, that φ is stochastically integrable. Then,

we can define the Gaussian process

Zx∗ :=
∑
n

gnx
∗(Iφ(fn)) ∈ L2(�; C), x∗ ∈ (C0(R+, ρ))∗.
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We have E(sup‖x∗‖≤1 ‖Zx∗‖) < ∞ and thus by [25, Theorem 3.18], we deduce that

sup
ε>0

ε

√
log(N(ε, B(C0(R+,ρ))∗ , d))

is finite, where d is the L2-metric of the process,

d(x∗, y∗) = ‖Zx∗ − Zy∗‖L2(�;C), x∗, y∗ ∈ (C0(R+, ρ))∗,

and N(ε, B(C0(R+,ρ))∗ , d) is the entropy number.
We have I ∗

φ = K , where K : (C0(R+, ρ))∗ −→ L2(R; C), x∗ �−→ x∗ ◦ φ.
For any x∗, y∗ ∈ (C0(R+, ρ))∗, we have

‖Zx∗ − Zy∗‖2
L2(�;C)

=
∑
n

|〈K(x∗ − y∗), fn〉|2 = ‖K(x∗ − y∗)‖2
L2([0,∞[;C)

.

Define

x∗ : C0(R+, ρ) −→ C, f �−→
∫ ∞

0
f (x)h(x) dx.

Then, (x∗ ∈ (C0(R+, ρ))∗ and ‖x∗‖ ≤ 1) if ‖h/ρ‖L1([0,∞[;C) ≤ 1. Similarly for

y∗ : C0(R+, ρ) −→ C, f �−→
∫ ∞

0
f (x)g(x) dx.

Let us consider ρ = ∑
j≥1 ρj 1[tj ,tj+1[, tj = 2πj , j ≥ 1, where ρj := 1/n if

j ∈ [2n3
, 2(n+1)3

[. We will show that ρ is an admissible weight. Note also that
limx→∞ ρ(x) = 0.

Let t ≥ 0. Let x ≥ 0 be large, with x ∈ [2πj , 2π(j + 1)[, j ∈ [2n3
, 2(n+1)3

[, and n ≥ 1.
We have t = 2πk + r for some k ≥ 0 and r ∈ [0, 2π [; thus, x + t ∈ [2π(j + k), 2π(j +
k + 2)[. Now, if j is large, then j + k + 2 ∈ [2n3

, 2(n+2)3
[, implying that

ρ(x)

ρ(x + t)
≤ n + 1

n
≤ 2.

This shows that C(t) = supx≥0(ρ(x)/ρ(x + t)) is finite.
Now, we prove that C is locally bounded. Remark that ρ is non-increasing. Let t0 > 0.

If 0 ≤ t ≤ t0, then

ρ(x)

ρ(x + t)
≤ ρ(x)

ρ(x + t0)

for all x ≥ 0, and C(t) ≤ C(t0). This shows that C is locally bounded.
We will try to give a lower bound for

‖K(x∗ − y∗)‖2
L2(R;C)

=
∫ ∞

−∞
|K(x∗ − y∗)(t)|2 dt

=
∫ ∞

−∞

∣∣∣∣
∫ ∞

0
a(t)eitxh(x) dx −

∫ ∞

0
a(t)eitxg(x) dx

∣∣∣∣2

dt .

Let ñ ≥ 0. We take h = ρj 1[tj ,tj+1[e
inx and g = ρk1[tk ,tk+1[e

imx with j , k ∈ [2ñ3
, 2(̃n+1)3

[
and j �= k. Then, ‖h/ρ‖L1 ≤ 1, ‖g/ρ‖L1 ≤ 1, and x∗, y∗ ∈ B(C0(R+,ρ))∗ . Therefore, we
now have
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‖K(x∗ − y∗)‖2
L2(R;C)

≥
∫ ∞

0
|a(t)|2

∣∣∣∣ρj

[
einx+itx

i(n + t)

]tj+1

tj

− ρk

[
eimx+itx

i(m + t)

]tk+1

tk

∣∣∣∣2

dt

=
∫ ∞

0
|a(t)|2

∣∣∣∣ρj

(
ei(n+t)2π(j+1) − ei(n+t)2πj

i(n + t)

)
− ρk

(
ei(m+t)2π(k+1) − ei(m+t)2πk

i(m + t)

)∣∣∣∣2

dt

=
∫ ∞

0
|a(t)|2

∣∣∣∣ρj e
it2πj

n + t
(e2πti − 1) − ρke

it2πk

m + t
(e2πti − 1)

∣∣∣∣2

dt .

Since j , k ∈ [2ñ3
, 2(̃n+1)3

[, we then obtain

‖K(x∗ − y∗)‖2
L2(R;C)

≥ ñ−2
∫ ∞

0
|a(t)|2

∣∣∣∣eit2πj

n + t
− eit2πk

m + t

∣∣∣∣2

|e2πti − 1|2 dt .

Now, we take n = 1 and m = 2, and we obtain

‖K(x∗ − y∗)‖2
L2(R;C)

≥ ñ−2
∫ ∞

0
|a(t)|2

(
1

n + t
− 1

m + t

)2

|e2πti − 1|2 dt

= 2̃n−2
∫ ∞

0

|a(t)|2
(t + 1)2(2 + t)2 (1 − cos(2πt)) dt .

The last integral is positive and we conclude that ‖K(x∗ − y∗)‖L2(R;C) ≥ A/̃n, where
A > 0 is some constant.

Set εñ = A/(2̃n) for each ñ ≥ 1. We conclude that N(εñ, B(C0(R+,ρ))∗ , d) ≥ 2ñ3
for all

ñ ≥ 1. This implies that

sup
ñ≥1

εñ

√
log(N(εñ, B(C0(R+,ρ))∗ , d)) � sup

ñ≥1
ñ1/2 = ∞,

which is a contradiction.
This (counter-)example shows that we might expect to integrate the family (ut )t with

respect to another stochastic process than the Brownian motion. Therefore, our example
might indicate that a more general criterion might exist, as in the case for single operators
studied in [1].

Acknowledgements. The author was a Research Fellow of the Fonds de la Recherche
Scientifique-FNRS. This work was part of the PhD thesis of the author, except §§4.1 and 5.
He would like to greatly thank his supervisor Karl Grosse-Erdmann for his support. The
author would also like to thank the referee for their useful remarks; in particular, by giving
the idea of how to apply the first method. This might provide further lines of research.

A. Appendix. Stochastic calculus in Fréchet spaces
We will give a proof of Theorems 2.2 and 2.3 in this appendix. Their proofs follow the
same lines as in [41], but we give them for the sake of completeness. For the definition of
weak topologies on Fréchet spaces and their duals, see [29, 37].

Recall that a map R : E∗ −→ E is positive if x∗Rx∗ ≥ 0 for all x∗ ∈ E∗, and is
symmetric if x∗Ry∗ = y∗Rx∗ for all x∗, y∗ ∈ E∗.
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LEMMA A.1. [38, Lemma 4 and its proof] Let R : E∗ −→ E be a positive symmetric
map. Then, there exists a Hilbert space HR and a continuous linear map iR : H ∗

R −→ E

such that R = iRI i∗R , where I : HR −→ H ∗
R is the canonical conjugate-linear operator.

More precisely, HR is the completion of E∗/M under the norm induced by R, given by
〈x∗ + M , y∗ + M〉HR

= x∗Ry∗, x∗, y∗ ∈ E∗, where M = {x∗ ∈ E∗ | x∗Rx∗ = 0}, and
i∗R : E∗ −→ HR , x∗ �−→ x∗ + M is the inclusion map.

A positive symmetric map Q : E∗ −→ (E∗)′
is defined in the same way as a pos-

itive symmetric map from E∗ to E: for all x∗, y∗ ∈ E∗, one has (Qx∗)(x∗) ≥ 0 and
(Qy∗)(x∗) = (Qx∗)(y∗).

Proposition A.2 below is proved in the given reference for Banach spaces, but we give
the proof for the sake of completeness.

PROPOSITION A.2. [19, Proposition 2.2] Let Q : E∗ −→ (E∗)′ be a positive symmetric
map. Suppose that there exists a positive symmetric map R : E∗ −→ E such that
(Qx∗)(x∗) ≤ x∗Rx∗ for every x∗ ∈ E∗. Then, Q(E∗) ⊆ E.

Proof. Let iR : H ∗
R −→ E be the map given by Lemma A.1. Fix x∗ ∈ E∗ and define the

linear map

φx∗ : i∗R(E∗) −→ K, i∗R(y∗) �−→ (Qx∗)(y∗).

Let y∗ ∈ E∗. By the Cauchy–Schwarz inequality applied to the sesquilinear form
(x∗, y∗) �−→ (Qx∗)(y∗), the assumption, and Lemma A.1, we get that

|φx∗(i∗R(y∗))| ≤ ((Qx∗)(x∗))1/2((Qx∗)(y∗))1/2 ≤ ‖i∗R(x∗)‖HR
‖i∗R(y∗)‖HR

.

This shows that φx∗ is well defined and continuous on (i∗R(E∗), ‖ · ‖HR
). Therefore, we

can continuously extend φx∗ on HR , and the extension is still noted as φx∗ . Now, for every
y∗ ∈ E∗, we have

y∗(iR(φx∗)) = (y∗ ◦ iR)(φx∗) = φx∗(y∗ ◦ iR) = (Qx∗)(y∗).

We deduce that Qx∗ = iR(φx∗) ∈ E.

By convention, the inner product on a vector space is linear in the first argument and
conjugate-linear in the second argument.

Proof of Theorem 2.2. The implication (i) �⇒ (ii) is trivial.
Assume that item (ii) holds. Then, for all x∗ ∈ E∗, the random variable x∗(Y ) is

Gaussian and, hence, Y is Gaussian. Let Q be the covariance operator of its distribution μ.
For every x∗ ∈ E∗, we have by the Itô isometry,

x∗Qx∗ =
∫

E

|x∗|2 dμ =
∫

�

|x∗(Y )|2 dP = c

∫
I

|x∗(φ(t))|2 dt ,

where c = 1 in the real case and c = 2 in the complex case. This shows item (iii).
Now, assume that item (iii) holds. Set H := (E∗)∗, where the closure is taken in the

space L2(μ). It is a separable space by [21, Proposition 1.2.29]. Take the γ -radonifying
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operator T := K : H −→ E given by [4, Theorem 5.13] (the proof carries over ver-
batim to Fréchet spaces). From Q = KJK∗, where J : H ∗ −→ H is the canonical
conjugate-linear identification operator, and by hypothesis, it follows that

c

∫
I

|x∗(φ(t))|2 dt = x∗Qx∗ = (x∗ ◦ K)JK∗(x∗)

= ‖K∗(x∗)‖2
H = ‖T ∗(x∗)‖2

H

for all x∗ ∈ E∗, and item (iv) holds.
We now show (iv) �⇒ (v). Define the conjugate-linear map Q : E∗ −→ (E∗)′

by

Qx∗ : E∗ −→ K, y∗ �−→
∫

I

y∗(φ(t))x∗(φ(t)) dt

for all x∗ ∈ E∗. It is well defined since φ is weakly L2 and is clearly a positive symmetric
map. Let J : H ∗ −→ H be the canonical conjugate-linear identification operator. We
finish the proof of the implication in five steps.

(a) By hypothesis, we have for all x∗ ∈ E∗ that

c

∫
I

|x∗(φ(t))|2 dt ≤ ‖T ∗(x∗)‖2
H = (T ∗(x∗))(JT ∗(x∗)) = x∗(T JT ∗(x∗)).

Hence, setting R := T JT ∗ : E∗ −→ E, we have

c(Qx∗)(x∗) ≤ x∗Rx∗ (A.1)

for all x∗ ∈ E∗. By Proposition A.2, we conclude that Q(E∗) ⊆ E.
(b) By hypothesis and [4, Theorem 5.13], R is a Gaussian covariance operator. Then, by

[40, Theorem 8.8], inequality (A.1), and since Q(E∗) ⊆ E, Q is also a Gaussian covariance
operator.

(c) Let us prove that Iφ takes values in E. Define G := {x∗ ◦ φ | x∗ ∈ E∗} ⊆ L2(I ). Let
f ∈ L2(I ). Then,

f ∈ Ker(Iφ) ⇐⇒ Iφ(f ) = 0,

⇐⇒ for all x∗ ∈ E∗, Iφ(f )(x∗) = 0,

⇐⇒ for all x∗ ∈ E∗,
∫

I

x∗(φ(t))f (t) dt = 0,

⇐⇒ f ∈ G⊥.

Therefore, Ker(Iφ) = G⊥ and L2(I ) = G ⊕ Ker(Iφ). Since Im(Q) ⊆ E by step (A), we
have that Iφ(G ⊕ Ker(Iφ)) ⊆ E.

It remains to prove that Iφ(G) ⊆ E. Let g ∈ G. There exists a sequence (gn)n≥1 ⊆ G

converging to g in L2(I ). Since Iφ(G) ⊆ E, for each n ≥ 1, there exists xn ∈ E such that
Iφ(gn) = xn. We show that (xn)n≥1 is Cauchy in E. Let ‖ · ‖ be a continuous seminorm on
E. For all x∗ ∈ E∗ and every integers n, m ≥ 1, we have
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|x∗(xn − xm)| = |(Iφ(gn) − Iφ(gm))(x∗)|
=

∣∣∣∣
∫

I

x∗(φ(t))gn(t) dt −
∫

I

x∗(φ(t))gm(t) dt

∣∣∣∣
≤ ‖x∗φ‖L2(I )‖gn − gm‖L2(I ),

where the inequality is justified by the Cauchy–Schwarz inequality. Define the set
V := {x ∈ E, ‖x‖ < 1}. By [36, Theorems 3.15 and 3.16], the polar V ◦ of V is
σ(E∗, E)-compact and metrizable in the σ(E∗, E) topology; hence, it is sequentially
complete and bounded for σ(E∗, E). However, the linear map (E∗, σ(E∗, E)) −→
L2(I ), x∗ �−→ x∗φ has a sequentially closed graph. By [38, Lemma 3], we then get
supx∗∈V ◦ ‖x∗φ‖L2(I ) < ∞. Therefore,

‖xn − xm‖ = sup
x∗∈V ◦

|x∗(xn − xm)| ≤ sup
x∗∈V ◦

‖x∗φ‖L2(I )‖gn − gm‖L2(I ),

the equality holds by [36, Theorem 1.34] and [29, Proposition 22.14]. Since (gn)n≥1

is convergent in L2(I ), we conclude that (xn)n≥1 is Cauchy for ‖ · ‖. Since ‖ · ‖ was
arbitrary, the sequence (xn)n≥1 is thus Cauchy in E. By completeness, there exists x ∈ E

such that (xn)n≥1 converges to x in E. Now, let x∗ ∈ E∗. By continuity of x∗, we have
that limn→∞ Iφ(gn)(x

∗) = limn→∞ x∗(xn) = x∗(x). However, by the Cauchy–Schwarz
inequality, we have

|Iφ(gn)(x
∗) − Iφ(g)(x∗)| ≤ ‖x∗φ‖L2(I )‖gn − g‖L2(I ),

implying that limn→∞ Iφ(gn)(x
∗) = Iφ(g)(x∗). We conclude that Iφ(g)(x∗) = x∗(x) for

all x∗ ∈ E∗, and Iφ(g) = x ∈ E.
(d) We now prove that Iφ is continuous. Define the linear map

K : E∗ −→ L2(I ), x∗ �−→ x∗ ◦ φ.

Let S : L2(I )∗ −→ L2(I ) be the canonical conjugate-linear identification operator. We
first show that K∗ = Iφ ◦ S. Let f ∗ ∈ L2(I )∗ and x∗ ∈ E∗. By definition of K∗, we have

K∗(f ∗)(x∗) = f ∗(K(x∗)) = 〈x∗ ◦ φ, S(f ∗)〉L2(I ) = Iφ(S(f ∗))(x∗).

This implies that K∗(f ∗) = Iφ(S(f ∗)) and, in turn, K∗ = Iφ ◦ S. By [29, Lemma 23.28],
the map K : (E∗, σ(E∗, E)) −→ (L2(I ), σ(L2(I ), L2(I )∗)) is continuous if and only
if K∗(L2(I )∗) ⊆ E. Since K∗ = Iφ ◦ S and Iφ takes values in E by (C), K is indeed
continuous with respect to the weak topologies. By [29, Lemma 23.29], K∗ is then
continuous with respect to the Mackey topologies. Since L2(I )∗ and E are Mackey spaces
by [37, §IV.3.4], that is, their respective original topologies are the Mackey topology, we
conclude that K∗ : L2(I )∗ −→ E is continuous. Finally, Iφ is also continuous thanks to
the equality K∗ = Iφ ◦ S.

(e) For all x∗, y∗ ∈ E∗, one has

Iφ(K(x∗))(y∗) =
∫

I

y∗(φ(t))K(x∗) dt =
∫

I

y∗(φ(t))x∗(φ(t)) dt = y∗Qx∗.

Therefore, (Iφ ◦ S) ◦ S−1 ◦ K = Iφ ◦ K = Q. We also have (Iφ ◦ S)∗ = K . Since Q is a
covariance operator by (B) and any square-root of Q is γ -radonifying, see [4, Remark
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5.16], we deduce that Iφ is γ -radonifying. Note that L2(I ) is separable by [21, Proposition
1.2.29].

We have thus proved item (v).
It remains to show (v) �⇒ (i). Let A ∈ B(I ) and define φA := 1Aφ and

MA : L2(I ) −→ L2(I ), f �−→ 1Af .

For all f ∈ L2(I ) and x∗ ∈ E∗, we have

IφA
(f )(x∗) =

∫
I

x∗(φA(t))f (t) dt =
∫

A

x∗(φ(t))f (t) dt = Iφ(MA(f ))(x∗).

This shows that IφA
= Iφ ◦ MA. Since MA is obviously continuous, the map IφA

is
γ -radonifying by the ideal property, see [22, Theorem 9.1.10].

Let (fn)n∈N ⊆ L2(I ) be an orthonormal basis. Denote by

I : L2(I ) −→ L2(�), f �−→
∫

I

f (t) dBt

the Itô isometry. Since (I(fn))n∈N is a standard Gaussian sequence and IφA
is

γ -radonifying, the random series YA := ∑
n≥0 I(fn)IφA

(fn) converges almost surely.
Let x∗ ∈ E∗. We have

x∗(YA) =
∞∑

n=0

I(fn)x
∗(IφA

fn) =
∞∑

n=0

I(x∗(IφA
fn)fn)

=
∞∑

n=0

I(〈x∗ ◦ φA, fn〉L2(I )fn) = I
( ∞∑

n=0

〈x∗ ◦ φA, fn〉L2(I )fn

)

=
∫

I

x∗φA(t) dBt

almost surely, where we have used the continuity of x∗ for the first equality, the definition
of IφA

for the third one, the linearity and continuity of I in the fourth one, and the fact
that (fn)n∈N is an orthonormal basis and the definition of I for the last one. We then
deduce that x∗(YA) = ∫

I
x∗φA(t) dBt almost surely for every x∗ ∈ E∗. In conclusion, φ

is stochastically integrable.
As for the Pettis integrability of φ, let A ∈ B(I ) be a set of finite measure. Let x∗ ∈ E∗.

Then, 1A ∈ L2(I ), Iφ(1A) ∈ E, and

x∗(Iφ(1A)) = Iφ(1A)(x∗) =
∫

I

x∗(φ(t))1A(t) dt ,

and φ is Pettis integrable on A.

We state two results from [41], adapted to the case of functions defined on an arbitrary
interval and taking values in a Fréchet space.

THEOREM A.3. [41, Corollary 2.7] Let φ, ψ : I −→ E be two weakly measurable
functions on an interval I ⊆ R. Assume that φ is stochastically integrable and that∫

I

|x∗ψ(t)|2 dt ≤
∫

I

|x∗φ(t)|2 dt
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for every x∗ ∈ E∗. Then, ψ is stochastically integrable, and for all 1 ≤ p < ∞ and all
continuous seminorms ‖ · ‖ on E, we have

E

(∥∥∥∥
∫

I

ψ(t) dBt

∥∥∥∥p)
≤ E

(∥∥∥∥
∫

I

φ(t) dBt

∥∥∥∥p)
.

Proof. By assumption and item (iv) of Theorem 2.2, we get for all x∗ ∈ E∗ that

c

∫
I

|x∗ψ(t)|2 dt ≤ c

∫
I

|x∗φ(t)|2 dt ≤ ‖T ∗x∗‖2
H .

Again by item (iv) of Theorem 2.2, we can conclude that ψ is stochastically integrable.
By item (iii) of Theorem 2.2 applied to both φ and ψ , we have x∗Rx∗ ≤ x∗Qx∗ for all

x∗ ∈ E∗, where R and Q are the covariance operators of the distributions μR and μQ of∫
I

ψ(t) dBt and
∫
I

φ(t) dBt , respectively. By [40, Theorem 8.8], we finally get that∫
E

‖x‖p dμR(x) ≤
∫

E

‖x‖q dμQ(x).

THEOREM A.4. [41, Theorem 6.2] Let (φn)n∈N be a sequence of E-valued stochastically
integrable functions defined on an interval I ⊆ R. Assume that there exists a weakly L2

function φ : I −→ E such that for every x∗ ∈ E∗, one has

lim
n→∞

∫
I

|x∗φn(t) − x∗φ(t)|2 dt = 0.

If there exists a stochastically integrable function ψ : I −→ E such that for every x∗ ∈ E∗
and all n ≥ 0, one has ∫

I

|x∗φn(t)|2 dt ≤
∫

I

|x∗ψ(t)|2 dt ,

then φ is stochastically integrable and for every 1 ≤ p < ∞, we have, in Lp(�; E),

lim
n→∞

∫
I

φn(t) dBt =
∫

I

φ(t) dBt .

Proof. By using the assumptions, we get that∫
I

|x∗φ(t)|2 dt ≤
∫

I

|x∗ψ(t)|2 dt

for all x∗ ∈ E∗. By Theorem A.3, φ is stochastically integrable.
The rest of the proof follows as in [41, Theorem 6.2].

Proof of Theorem 2.3. Assume that such a sequence of step functions exists. Let x∗ ∈ E∗.
By Lemma 2.1, we have x∗(Y ) = limn→∞

∫
I

x∗φn(t) dBt in probability. The random
vectors on the right-hand side are Gaussian and, thus, the convergence takes place in L2(�)

by [34, Lemma 2.1]. By the Itô isometry, the sequence (x∗φn)n∈N is Cauchy in L2(I ).
Thus, by item (i), we necessarily have limn→∞ x∗φn = x∗φ in L2(I ). Again by the Itô
isometry, we get that x∗(Y ) = ∫

I
x∗φ(t) dBt almost surely. By item (ii) of Theorem 2.2,

we conclude that φ is stochastically integrable on I with integral Y.
Assume that φ is stochastically integrable. If I is a bounded interval, the result is proved

in [41, Theorem 2.5] when φ is a Banach space-valued function, but the proof carries over
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verbatim to the case of Fréchet spaces. If I is unbounded, for the sake of simplicity, we
assume that I = [0, ∞[. By Theorem 2.2, φ is Pettis integrable on any bounded intervals.
For all integers k ≥ 0, n ≥ 1, 1 ≤ j ≤ 2n, and N ≥ 1, define

φn,k,j := 2n

∫ k+j/2n

k+(j−1)/2n

φ(t) dt ,

φN
n :=

N−1∑
k=0

2n∑
j=1

1]k+(j−1)/2n,k+j/2n]φn,k,j ,

and ϕN := φ1[0,N]. For all n, N ∈ N0, define also Gn,N as the finite σ -algebra on
[0, N] generated by the intervals of the form ]k + (j − 1)/2n, k + j/2n], 0 ≤ k ≤ N − 1,
1 ≤ j ≤ 2n.

Let x∗ ∈ E∗. It is an easy task to check that E(x∗ϕN | Gn,N) = x∗φN
n almost every-

where on [0, N] for every n, N ≥ 1, see [8, Example 10.1.2]. Since (Gn,N)n≥1 is increasing
and σ(

⋃
n≥1 Gn,N) = B([0, N]), we get that limn→∞ x∗φN

n = x∗ϕN in L2([0, N]; R) by
[21, Theorem 3.3.2].

Now, define the step functions φN := φN
N 1[0,N] for every integer N ≥ 1. Let us show

that limN→∞ x∗φN = x∗φ in L2([0, ∞[). Notice that φM
N = φN

N on [0, M] for any
N ≥ M ≥ 1. Let ε > 0 and let N0 ≥ 1 be such that

∫ ∞
N

|x∗φ(t)|2 dt ≤ ε2 for every
N ≥ N0. Now, let M0 ≥ N0 be such that ‖x∗φN0

N − x∗ϕN0‖L2([0,N0]) ≤ ε for every integer
N ≥ M0. We have for any N ≥ M0,

‖x∗φN − x∗φ‖L2([0,∞[) ≤ ‖x∗φN0
N − x∗ϕN0‖L2([0,N0])

+ ‖x∗φN − x∗φ‖L2([N0,N]) + ‖x∗φ‖L2([N ,∞[).

The first and third terms are smaller than ε since N ≥ M0 ≥ N0. For the second term, first
note that

‖x∗φN − x∗φ‖L2([N0,N]) ≤ ‖x∗φN‖L2([N0,N]) + ‖x∗φ‖L2([N0,∞[).

The second term on the right-hand side is smaller than ε by definition of N0. For the
first term, notice that x∗φN = x∗φN

N = E(x∗φ | GN) almost everywhere on [N0, N],
where GN is the finite σ -algebra on [N0, N] generated by the intervals of the form
]k + (j − 1)/2N , k + j/2N ], N0 ≤ k ≤ N − 1, 1 ≤ j ≤ 2N ; see [8, Example 10.1.2].
Therefore, by a corollary of the conditional Jensen inequality, see [21, Corollary
2.6.30], we have ‖x∗φN‖L2([N0,N]) ≤ ‖x∗φ‖L2([N0,N]). We then conclude that ‖x∗φN −
x∗φ‖L2([0,∞[) ≤ 4ε and, thus, limN→∞ x∗φN = x∗φ in L2([0, ∞[).

Again by [21, Corollary 2.6.30], we have ‖x∗φN‖L2([0,∞[) ≤ ‖x∗φ‖L2([0,∞[) for every
N ≥ 1. Since every step function is stochastically integrable, Theorem A.4 yields item (ii)
with convergence in every Lp(�; E), 1 ≤ p < ∞.
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