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Abstract. We show that, under certain conditions, a strongly continuous semigroup admits
an almost surely frequently hypercyclic random vector defined as a stochastic integral in
Fréchet spaces with respect to the Brownian motion. Two criteria are given. We will apply
the second criterion to three examples: translation semigroups on spaces of integrable
functions, the exponential of weighted shifts, and the translation operators on the space
of entire functions. This last example, with a stochastic approach, seems to be new in the
literature. Some other examples are given.
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1. Introduction
Let E be a separable Fréchet space. A continuous and linear operator T is said to be
hypercyclic if there exists a vector x € E such that the set {T"(x) | n € N}, called the
orbit of x, is dense in E. Such a vector x is said to be hypercyclic for T. The first known
operators to be hypercyclic were the translation operators [6], the differentiation operator
[26], and the multiples of the backward shift [33].
An operator T is chaotic if it is hypercyclic and the set of periodic points is dense.
Bayart and Grivaux [2] introduced the notion of frequent hypercyclicity. Recall that the
lower density of a set A € N is the quantity limy_, . |[AN{O0, ..., N}[/(N +1).

Definition 1.1. Let E be a Fréchet space. An operator T : E —> E is frequently hyper-
cyclic if there exists x € E such that, for every non-empty open set U of E, the set
{n e N| T"(x) € U} has positive lower density. Such a vector is called a frequently
hypercyclic vector for T.

Of course, frequent hypercyclicity implies hypercyclicity. All the operators cited above
are frequently hypercyclic.

Check f
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1126 K. Agneessens

The continuous counterpart of a single operator is the concept of semigroups. A family
of operators (7;);>0 on a Fréchet space E is called a Co-semigroup if To = I, Ty+5 = T; T
forall s, ¢t > 0, and limy_,; Ts(x) = T;(x) forall x € E and t > 0.

Naturally, we say that a Cop-semigroup (7;);>0 is hypercyclic if there exists x € E such
that the orbit {T;(x) | t > 0} is dense in E. Such a vector is called a hypercyclic vector for
(T7)1>0. A Co-semigroup (7;);>0T is chaotic if it is hypercyclic and the set of periodic
points is dense.

For frequent hypercyclicity, we must redefine the lower density: the lower density of
a measurable set A C [0, oo[ is the quantity limy_, ., A(AN[0, N])/N, where A is the
Lebesgue measure on [0, oof.

Definition 1.2. Let E be a Fréchet space. A Co-semigroup (7;);>0 on E is frequently
hypercyclic if there exists x € E such that, for every non-empty open set U of E, the
set {t > 0| T;(x) € U} has positive lower density. Such a vector is called a frequently
hypercyclic vector for (T;);>0.

Rolewicz [33] was the first to prove the existence of a hypercyclic Cp-semigroup. Desch,
Schappacher, and Webb [16] initiated the study of dynamical properties of semigroups.

We refer to the books [4, 20] for much more details about linear dynamics. For further
reading on semigroups on Banach spaces, see for example the book by Engel and Nagel
[18]. For the case of Fréchet spaces, see the book by Yosida [42, Ch. IX], and the papers
by Komura [24] and Ouchi [32].

In a previous paper, the author [1, Theorems 1.3 and 3.3] proved that for an operator T
on a Fréchet space E, under some hypothesis, it is possible to construct a random vector
that is almost surely frequently hypercyclic for 7. It turns out that the measure induced
by this random vector is strongly mixing: a measure  on the Borel sets ZA(E) of E
is strongly mixing for an operator T if it is T-invariant, that is, (T~ 1(A)) = u(A) for
every A € B(E), and lim,_, oo u(T7"(A)N B) = u(A)u(B) for every A, B € #(E).
An intermediate result states that a random vector with a particular form is necessarily
frequently hypercyclic for the operator and its induced measure is strongly mixing.

PROPOSITION 1.1. [1, Proposition 2.5] Let T : E —> E be an operator and let (uy),cz,
be a sequence in E such that T (u,) = u,— for everyn € Z. Let (X)) ez be a sequence of
independent and identically distributed (i.i.d.) random variables defined on a probability
space (2, A, P). Assume that the random vector

o0
vi= Z Xuy,

n=—oo

is almost surely well defined and v is of full support (that is, P(v € O) > 0 for every
non-empty open subset O of E). Then, v is almost surely frequently hypercyclic for the
operator T and induces a strongly mixing measure with full support for T.

We investigate in this paper the case of Cp-semigroups. Two approaches to finding a
frequently hypercyclic vector are presented. A measure p on A(E) is strongly mixing for
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the Co-semigroup if it is (7;);>o-invariant, that is, ,u(Tfl(A)) = u(A) for every t > 0
and A € Z(E), and lim;—, oo u(T7(A) N B) = u(A)u(B) forevery A, B € Z(E).

The idea of the first approach is to try to mimic what has been done in [1]. However,
only a result analogous to Proposition 1.1 for semigroups will be proved, namely
Proposition 3.2. The sequence of random variables (X,),cz in [1, Proposition 2.5] is
replaced by the Brownian motion.

Definition 1.3. Let (B;l)tzo and (Btz),zo be two independent real Brownian motions. The
stochastic process (B;);>0 1= (B[1 +i B,z)tzo is called a complex Brownian motion.

This means that for semigroups, we are a priori quite restrictive since only the normal
distribution is considered. For a Cp-semigroup (7;);>0 on a separable Fréchet space E,
we will assume that there exists a family (u;);cr of vectors of E such that T (u;) = u;—g
for every s > 0 and ¢ € R. Instead of a series as in Proposition 1.1, we will integrate this
family of vectors with respect to the Brownian motion, see Proposition 3.2. It is thus a
stochastic integral for functions with values in a Fréchet space.

The second approach is inspired by the results of Chakir and El Mourchid [11] who
used stochastic integrals for scalar-valued functions and considered the particular case
of semigroups on the spaces L?(T, X, o), where (T, X, o) is a o-finite measure space.
Once again, we will construct a frequently hypercyclic random vector via a stochastic
integral, see Theorem 4.1. The family (u,); will consist of eigenvectors of the generator of
the semigroup with respect to purely imaginary eigenvalues. Consequently, only complex
Fréchet spaces will be considered. We have three examples of this approach: the translation
semigroups, the exponential of weighted shifts, and the translation semigroup on the space
of entire functions. As far as we know, our approach for this last example is new in the
literature.

The stochastic integral for scalar-valued functions is the well-known Itd integral, see
[23] or [31], for example, for more details. The case of Fréchet space-valued integrands is
more delicate and seems to be quite recent in the literature. We will use the definition of van
Neerven and Weis [41]. Their stochastic integral is defined in a Pettis manner for Banach
space-valued functions defined on a bounded interval. Nevertheless, it can be extended for
Fréchet space-valued functions defined on an arbitrary interval, and their results still hold
with the same proofs.

Remark 1.2. By the proof of [28, Proposition 2.1] and by [13, Theorem 3.2], one can
prove that a vector x € E is frequently hypercyclic for (7;),>¢ if and only if it is frequently
hypercyclic for each 7;, ¢t > 0. Therefore, we could apply [1, Theorem 3.3] to 77, but this
would not guarantee that the resulting measure is strongly mixing for the semigroup.

Section 2 defines and states some properties of the stochastic integral for Fréchet
space-valued functions. Some proofs that differ from [41] are postponed to an appendix.
Sections 3 and 4 present the first and second approaches explained above, respec-
tively. Finally, we will consider an example of a semigroup for which we cannot apply
Theorem 4.1 for ‘natural’ choices of (u;); in §5, indicating that a more general approach
could still be found.
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1.1. Notation. In the following, let E be a separable Fréchet space over K =R or C
and let (B;);cr be a Brownian motion over a probability space (€2, A, P). This stochastic
process is real (respectively complex) if E is real (respectively complex).

2. Stochastic integral in Fréchet spaces

This section is devoted to the definition and some properties of the stochastic integral
in vector spaces developed by van Neerven and Weis [41], generalized to functions on
an arbitrary interval and with values in a real or complex Fréchet space. For measurable
functions taking values in a separable Banach space, the definition of the stochastic integral
from [41] coincides with that of Rosinski and Suchanecki [34], see Theorem 2.3.

For the sake of completeness, proofs of the results from [41] stated below are given in
the appendix for the case of Fréchet spaces, and also because the case of Fréchet spaces
seems to be new in the literature. In this section, we will only prove some results that are
not given in [41].

For the remainder of this section, let / C R be an interval, which can be unbounded.

Definition 2.1. Let ¢ : I —> E be a weakly L? function. Then, ¢ is called stochastically
integrable if for all measurable sets A € ZA(I), there exists a random vector Y4 : 2 —> E
such that for all x* € E*, one has

x*(Ya) = f 1A()x™ (¢ (1)) dB;
I
almost surely. In that case, we write Y4 = f 4 9@) dB;.

The random vectors Y4 are Gaussian since x*(Y4) is a Gaussian random variable for
any x* € E*. Furthermore, they are uniquely determined almost surely. Indeed, assume
that Y is a random vector such that x*(¥Y) = 0 almost surely for any x* € E*. Since E
is separable and metrizable, the topological space (E*, o (E*, E)) is also separable by
[37, §IV.1.7]. Let (x;),en € E* be a dense sequence in (E*, o(E*, E)), which thus
separates points of E. Then, almost surely, x(Y) = 0 for all n € N, which is equivalent to
Y = 0 almost surely.

By the Fernique theorem, see [7, Corollary 2.8.6], we have Y4 € L?(2; E) for every
1 < p < oo. The spaces L?(R2; E) of p-summable functions with values in a Fréchet space
E are defined as for Banach spaces, see [21, Ch. 1], and the proof of their completeness
follows the same lines as for the scalar case, see [35, Theorem 3.11].

Definition 2.2. Let 1 < p < oo. We define the space L? (2, A, IP; E) as the space of all
equivalence classes of measurable functions f : & — E for which

/ 1£117 dP < oo
Q

for all continuous seminorms || - || on E. This space is also noted as L?($2; E).

For a given non-decreasing sequence (|| - ||x)x>1 of seminorms of E generating its
topology, we define for each real number 1 < p < oo and integer k > 1, the seminorm

I~ 1l p.x by
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1/p
1l = (/Q Tl dIP’)

forevery f € LP(2; E), and the sequence of seminorms (|| - || p.x)x>1 defines the topology
of LP(Q2; E).
Here are two easy consequences of Definition 2.1.

LEMMA 2.1. [41, pp. 138 and 139] Let ¢, : I —> E be two stochastically integrable
functions, let a,b €K and T : E — F be a continuous linear map, where F is
another separable Fréchet space. Then, the functions ap + by and T ¢ are stochastically
integrable, and we have

fl(a¢<r>+bw<r» dB, =a/l¢<z) dBt+b/Iw<r> dB,
and
/qu(z) dB, =T/¢(t) dB,.
1 1

In the case of scalar-valued functions, any square-integrable function is stochastically
integrable. For a Banach space, this is no longer true: for every 1 < p < 2, there exists a
bounded measurable function defined on [0, 1] with values in £7 that is not stochastically
integrable, see [34, Example 3.1].

Definition 2.3. Let ¢ : I —> E be a weakly L? function. We define the conjugate-linear
map Iy : L*(I) —> (E*) by

Ip(f) : E¥ — K, x* — /Ix*(qs(t))m dt

for every f € L2(I).

Here, (E *)/ denotes the algebraic dual of E*.

We will say that Iy is y-radonifying if Iy takes values in E and the linear map /4 S is
y-radonifying, where S : L2(I)* —> L?(I) is the canonical isometry. This is equivalent
to saying that Zn>0 gnly(fn) converges almost surely in E, where (g,),eN 1S a sequence
of i.i.d. standard Gaussian random variables and (fn)nen is an orthonormal basis of L2(D).
Note that L2(]) is separable by [21, Proposition 1.2.29]. See [22, Ch. 2] for y-radonifying
operators on Banach spaces.

The map 14 associated with a weakly L? function ¢ characterizes its stochastic
integrability, as the next result says. Its proof is postponed to the appendix.

THEOREM 2.2. [41, Theorem 2.3] Let ¢ : I —> E be a weakly L? function. The following
assertions are equivalent, where c = 1 if K =R and c =2 if K = C:

(i) ¢ is stochastically integrable;
(ii) there exists a random vector Y : Q@ —> E such that for every x* € E*, we have

x5(Y) = /1 x*(p()) dB;

almost surely;
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(iii) there exists a Gaussian measure |1 on E with covariance operator Q : E* — E
such that for every x* € E*,

c / @) dif = x* 0x*;
1

(iv) there exist a separable Hilbert space H and a y -radonifying operator T : H — E
such that for every x* € E*,

c /1 X () dt < |IT*(x")|1%;

(V)  the map Iy takes values in E, and is continuous and y -radonifying.

If one of these assertions holds, then ¢ is Pettis integrable on every bounded interval
included in I, and u is the distribution of the random vector | ; &) dB;.

This theorem also shows that if a function is stochastically integrable with respect to
some Brownian motion, then it is stochastically integrable with respect to any Brownian
motion.

Although the stochastic integral is defined in a Pettis manner, any stochastically
integrable function can be approximated by step functions.

Definition 2.4. A step function ¢ : I —> E isafunctionof theform¢ = Y""_ a1y, 4[»

whereq; € Eforalll <i <mn,neNp,andty<---<1t,€l.

THEOREM 2.3. [41, Theorem 2.5] Let ¢ : I —> E be a weakly L? function. Then, ¢ is
stochastically integrable if and only if there exists a sequence (Pn)neN Of step functions
such that:

(1) forall x* € E*, lim,_, oo X*¢, = x*¢ in measure;
(i)  there exists a random vector Y : Q@ —> E such that

Y = lim /¢n(z) dB,
n—0o0 I

in probability.
In that case, we have Y = f[ @ (1) dB;, the convergence in part (i) is in L*(I), and the
convergence in part (ii) is in L? (2; E) for every 1 < p < o0.

See the appendix for the proof of Theorem 2.3. This characterization of the stochastic
integral has been taken as its definition in [34] for Banach space-valued measurable
functions.

The proof of the next result follows the same lines as [41, Corollary 2.8].

PROPOSITION 2.4. Let ¢ : [0, oo —> E be stochastically integrable. Then,

t o0
lim/ b (s) st=/ #(s) dBs
0 0

—00

in LP(2; E) forevery 1 < p < o0.
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Proof. Let1 < p < ooandlet || - || be a continuous seminorm. Let (¢,),>0 be a sequence
of positive numbers converging to co. Let n > 0. Denote by R, the covariance operator of
the distribution v, of ft:O ¢ (s) d By, and let Q be the covariance operator of the distribution
wof [ ¢(s) dBs. By Theorem 2.2(iii), we get

x x
X*R.x* =c¢ / Ix*¢|> ds < c/ Ix*¢|> ds = x*Qx*,
ty 0

where ¢ =1 if K=R and ¢ =2 if K = C. By [40, Theorem 8.8] (stated for Banach
spaces, but the proof given there carries over verbatim to Fréchet spaces), this implies
that the sequence (v,),>0 is uniformly tight. However, we also have lim,_, oo x*R,x* = 0.
By [4, Theorem 5.9(b)] (whose proof also extends to Fréchet spaces), we deduce that
lim, oo U, (x*) = 1 for all x* € E*. Therefore, by [39, Theorems 1.3.6 and 1V.3.1], we
get that lim,,_, oo v, = §p weakly, where & is the Dirac measure at O (that is, §o(A) = 1 if
0e Aand §p(A) =0if0 ¢ A forall A € B(E)).
We conclude the proof by using [7, Corollary 3.8.8]. We just need to check that

lim sup/ Ix|I? dv,(x) = 0.
{xeE,||x||P>R}

R—00 peN

Let € > 0. Since (vy)n>0 is uniformly tight, there exists a compact set K C E, thus
bounded, such that v,(K) > 1 — ¢ foralln > 0. Let R > 0 be so large that K C {x € E,
lx]|? < R}. For all n > 0, by the Cauchy—Schwarz inequality and [40, Theorem 8.8], we
get that

12 12
f{erlxllp>R} ||x||1’dvn<x>s< /E RS dvnoc)) ( fE 2y i dvn(x)>
1/2
5(/ IIXIIZ”du(x)> e/,
E

We conclude that sup,,- f{er Ix[lP=R) IxII? dv,(x) < Me&'/2 for some constant M > 0.
Since ¢ was arbitrary, we are done. O

LEMMA 2.5. Let ¢ : I — E be stochastically integrable. Then, for any s € R,
¢ (- — s) is stochastically integrable on I 4+ s and the random vectors f1+s ¢(t —s) dB;
and |, 1 ®(t) dB; are identically distributed.

Proof. For all x* € E*, we have by a change of variables and Theorem (2.2) that
o[ w@e—sPdi=c [ 1@ di=xox,
I+s 1

where c=1if K=R and ¢ =2 if K=C, and Q is the covariance operator of the
distribution @ of f ; ¢(t) dB;. By Theorem 2.2, we deduce that ¢ (- — ) is stochastically
integrable and p is the distribution of f I1s @@ —5) dB;. O]

LEMMA 2.6. Let A, B € B(I) and ¢, ¢ : 1 —> E be two stochastically integrable
functions. If A and B are disjoint, then the random vectors f A @) dB; and f g 9(1) dB;
are independent.
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Proof. The random vectors X := [, ¢(t) dB; and Y := [, ¢(t) d B; are independent if
and only if x*(X) and y*(Y) are independent for all x*, y* € E*, see [10, p. 23]. By
Lemma 2.1 and Itd isometry, we have

<x*(X),y*<Y>>Lzm>=< /A X*((1)) dB;, fB ) dB,> o
L

=c(x", y*0) 12y =0,

where c = 1if K=R and ¢ = 2 if K = C. Since (x*(X), y*(Y)) is a Gaussian random
vector by linearity of the stochastic integral, this implies that x*(X) and y*(Y) are
independent by [22, Proposition E.2.12]. O

We end this section with a result characterizing the stochastically integrable functions
with values in a space of functions. This will be useful for concrete examples.

THEOREM 2.7. Let (S, B, ) be a o-finite measure space, let 1 < p < oo, and set
E := LP(S, B, ). Then, a measurable function ¢ : I —> E is stochastically integrable

if and only if
1/2
” < /I b, ~>|2dr)

Theorem 2.7 is a direct consequence of [41, Corollary 2.10] by noticing that L? (S, B, u)
has finite cotype for any 1 < p < oo, see [22, Proposition 7.1.4].

< OQ.
E

3. Random vector: first method
The final parts of the proofs of the main results of §§3 and 4 are the same, so we put it in
a lemma.

LEMMA 3.1. Let (T;)i>0 be a Co-semigroup on E. Let v : @ —> E be a random vector
such that its probability distribution is ergodic for (T;):>0 and is of full support. Then, v is
almost surely frequently hypercyclic for (T;)>0.

Proof. Let n be the probability distribution of v. Let O be a non-empty open subset of
E. The Birkhoff ergodic theorem for semigroups, see [14, Ch. 1, §2, Theorem 1], can be
applied to 7 and p, and gives

lim — / (1o o T})(x) dt = u(O) n-almost surely (a.s.).

N—oo N
Let A be a Borel subset of E such that w(A) =1 and the previous equality holds
everywhere on A. Then, if we set B := v=1(A) C Q, we have P(B) = P(v~1(A4)) =
w(A) =1 and
lim — / ApoTH)(w)dt =Pve 0)>0

on B. Since E is separable, we can take a countable base of open subsets of E and get that
almost surely, the set {t > 0 | T;(v) € O} has positive lower density for every non-empty
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open subset O of E. The random vector v is therefore almost surely frequently hypercyclic
for (T¢)r>0. O

The next proposition is the analogous result to Proposition 1.1. Their proofs are the
same, but we need to use the Birkhoff ergodic theorem for semigroups through Lemma 3.1,
and replace all series with stochastic integrals.

PROPOSITION 3.2. Let (T;);>0 be a Co-semigroup on E and let (u;):cr be a family of
vectors in E such that Ts(u;) = u;—g for everys > 0andt € R. Let (B;);cr be a Brownian
motion. Assume that t — u; is stochastically integrable and set

v::/ u; dBs.
R

If v has full support, then v is almost surely frequently hypercyclic for the Cy-semigroup
(Ty)=0 and it induces a strongly mixing measure with full support for (T;);>0.

Proof. Define the probability measure
uw:ABE)— [0,1], A— P € A).
Let s > 0. We first show that pu is Tg-invariant. Let A € A(E). By the definitions of p
and v and by Lemmas 2.1 and 2.5, we have

w(TH(A) = P(Ty(v) € A) = IP(/ Uy dB, € A> = IP(/ u, dB; € A).
R R

We conclude that /L(TS_I(A)) =P(v € A) = u(A). The measure yu is thus T-invariant.
Now, we claim that u is (7;);>0-strongly mixing. Let f and g be two bounded and
continuous real-valued functions defined on E. We aim to show that

tgm/(fOE)gdu=/fdu/gdu-
© JE E E

Since the set of bounded continuous functions on E is dense in L2(E, ) by [15, Theorem
18.1], this will imply the claim by [15, p. 26]. First, by definition of p, this is equivalent to
showing that

tlim / f(T:(v))g(v) dP:/ f) dIP’f g() dP. 3.1
- Jo Q Q

Lete > 0. Since f and g are continuous and bounded, by Proposition 2.4 and the dominated
convergence theorem, there exists N > 0 such that

N
g(/ Uy dBl> —g() <e (3.2)
—00 L1(Q,P)
and
f(/oo Uy dB,) — f(v) <e. 3.3)
—N LU(Q,P)
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Lets > 2N and write

N
f(Ts()g) = f(Ts(v)g(v) — f(Tx(v))g</ u; dBt)

—00

N 00 N
T 1 dB; | — 1—s dBy 1 dB;
raons( [ wan)-s( [ wecan)e( [ wan)
o0 N
+ f(/ Ur_g dBt>g<f Uy dBt> (34)
—N-+s —00

For the first two terms, using the assumption that f is bounded and the inequality (3.2)
yields

N
VQ f(Ts()gw) dIP’—/Qf(Ts(v))g(/ uy de) dIP"

N
< ||f||ong(/_ u dBf) —g)

Now, for the third and fourth terms, define the random vectors

—N+s oo
X = / Ur—g dBt, Y = / Ur—g dBt,
—00 —N+s

-N e’}
U :Zf Uz dBt, \% :Zf Uz dBt

—00 —N

< [ f lloce-

LY(Q,P)

Then, Lemma 2.5 implies that X and U are identically distributed, and so are Y and V.
By Lemma 2.6, X and Y are independent, and so are U and V. Therefore, the random
variables f(X +Y) — f(Y) and f(U + V) — f(V) are identically distributed. Now, by
using Lemma 2.1, we get that

L[ an) ([ am)e([ o)
cua ([ ) [ )
v [ wsn) ([ won)

=< lIglloot:

LY(Q.P)

LYQP)

where we have used (3.3) for the last inequality. For the last term of (3.4), since s > 2N,
and by using Lemma 2.6 and then Lemma 2.5, one has

Af(/jﬂ Ur—s dB;)g(/_]:o 7 dB,) dP

f - u—sdB; | dP | g ! u; dB; | dPP
/;2 [N+s /SZ [oo
/Qf</::’4rd3z>dPLg([lu,dB,)dP.
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Therefore, using again (3.2) and (3.3) gives

00 N
/ f(/ Ui_g dBt>g</ Uy dBl> dP —/ f) d]P’/ g(v) dIP"
Q —N+s —00 Q Q
N 00
’g(/ u; dBt>_g(U) +||g||oo“f(/ u; dBt)_f(v)
—00 LY(QP) -N

< 1flloo€ + lIgllock-

< 1flleo

LI(Q,P)

We can finally conclude that

‘ /Q F(T)g(w) dP — /Q f(v) dP fQ () dP| < 2] flloo + 2lg e,

and since ¢ > 0 was arbitrary, we eventually get (3.1). The measure p is thus
(T})s>0-strongly mixing.
The result now follows by Lemma 3.1. O

We have the following corollary.

THEOREM 3.3. Let (T;);>0 be a Co-semigroup on a separable Banach space E of type 2.
Let (uy);cr be a family of vectors in E such that Ty(u;) = u;—g for everys > 0andt € R,
and span{u, | t ¢ A} is dense in E for every A € Z(R) with zero Lebesgue measure.
Let (By):er be a Brownian motion. Assume that t —> u; € L%(R; E). Then, the random

vector
v ::/ u; dB;
R

is almost surely well defined and frequently hypercyclic for (T;);>0, and it induces a
strongly mixing measure with full support for (T;)>0.

Proof. We first prove that v is almost surely well defined. Define the linear map J : ¢ —
fR ¢ (t) d B; defined on the space of E-valued step functions. Let ¢ = Z?:] ajly, be a
step function. Since E has type 2, we have

n
I @32z < € D MADNaillE = Clldl7ag.p)»

i=1
where C > 0 is some constant depending only on E and A is the Lebesgue measure on
R. Therefore, J is a continuous embedding, and the density of the space of step functions
in Lz(R; E), see [21, Remark 1.2.20], allows us to extend J on LZ(R; E). Theorem 2.3
then implies that J (¢) = fR ¢ (t) dB; for every ¢ € L2(R; E). This shows that v is almost
surely well defined since the map ¢ — u; belongs to L>(R; E).

Let Q be the covariance operator of the probability distribution P, of v. By

[4, Proposition 5.18], it suffices to show that Q is one-to-one to prove that P, has full
support. Let x* € Ker(Q). By definition of Q, we have

0=x*(Q(x*)) =/ Ix*|? dP, =/ |x*(v)|* dP,
E Q
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implying that x*(v) = 0 almost surely. By Lemma 2.1, we get that
0=x"v) = / x*(u;) dB;
R

almost surely. Therefore, It6’s isometry yields that x*(u,) = 0 for every € R outside
some set of zero Lebesgue measure. By assumption, we get x* = 0.
The result now follows by Proposition 3.2. [

Remark 3.4. In the proof of Theorem 3.3, to show that v is almost surely well defined,
we actually proved that L2(R; E) is continuously embedded in the space of stochastically
integrable functions. This was already known in [34, Proposition 5.2].

As mentioned above, we have not been able to prove analogous results to
[1, Theorem 1.3] or [1, Theorem 3.3] for Cy-semigroups. In the proof of Proposition 3.2,
the independent and stationary increments of the Brownian motion play a crucial role. The
idea was then to prove the existence of a stochastic process with respect to which ¢t — u;
is stochastically integrable, under some deterministic conditions on (u;);cr. A sought
condition was the Pettis integrability of ¢+ — u,. If this plan could work, one would
then hope to find another proof of the frequent hypercyclicity criterion for semigroups
[30, Theorem 3], as we did for operators in [1].

4. Random vector: second method

In our second approach, we will make assumptions close to those of the main result of
Chakir and El Mourchid [11, Theorem 3.2]. The semigroup will be defined on a complex
Fréchet space since we will consider purely imaginary eigenvalues of the generator.

THEOREM 4.1. Let (T;);>0 be a Co-semigroup on a separable complex Fréchet space E.
Let A be the generator of (T;);>0 and let (us);c1 be a family of vectors in Dom(A) such that
A(u;) = ituy for every t € I, where I is a non-empty interval of R, and span{u; | t ¢ B}
is dense in E for every B € J(I) with zero Lebesgue measure. Let (B;);c; be a complex
Brownian motion. Assume that t —> u; is stochastically integrable and set

v::/u, dB;.
I

Then, v is almost surely frequently hypercyclic for the Co-semigroup (T;):>0 and it induces
a strongly mixing measure with full support for (T;)>0.

Proof. Let Q be the covariance operator of the probability distribution P, of v.
Let x*, y* € E*. By using the definition of Q and Lemma 2.1, we have

Yy Ox* = / y¥(x)x*(x) dPy(x) = / y* <f u; dB,)x*(/ u; dB,) dP
E Q I I
= E(/ y*(up) dBt/ x*(ur) dBt) = 2/ Y (u)x*(u;) dt; 4.1)
I I I

note that we have used the linearization of the Itd isometry.

https://doi.org/10.1017/etds.2026.10274 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2026.10274

Frequently hypercyclic random vectors for Cy-semigroups 1137

We first prove that P, is (7;);>p-invariant. Let x*, y* € E* and ¢ > 0. By using (4.1)
twice and the assumption on (ug)ses, we have

VL QT x* =T y* QT x* = 2/ T y* (us) T x* (ug) ds
I

=2 / VT (ug)x* T, (ug) dt =2 / e y* (ug)e ™" x* (uy) ds
1 1
= y"0x".

By [4, Proposition 5.22], this shows that P, is (7;);>o-invariant.
Now, let us show that P, is strongly mixing for (7});>0. Let x*, y* € E* and r > 0. By
using (4.1) and the assumption on (u;);cs, we have

YOT(x™) = 2/ V¥ (us) T x*(ug) ds = 2/ y*(us)x*(e"Suy) ds
i i
= 2fe_itsy*(us)x*(us) ds.
i

Since s +—— y*(us)x*(uy) is integrable, by the Riemann-Lebesgue lemma, see
[21, Lemma 2.4.3], we get that lim,_, o y*QT,"(x*) = 0. We conclude that P,, is strongly
mixing for (7;);>0 by [4, Theorem 5.24].

Finally, P, has full support by the same arguments as in the proof of Theorem 3.3.

We conclude the proof by using Lemma 3.1. O

As a first application, let us apply Theorem 4.1 to the chaotic translation semigroups. Let
I € {[0, oo[, R}. Fora givenreal 1| < p < oo and a measurable function p : I — ]0, oo,
we define the Banach space

Lf;([) = {f:l—)]K|/|f(x)|pp(x)dx <oo}
1

endowed with the norm ||f||L5(1) = (fl | f ()P p(x) dx)V/p, f e Lﬁ(l). An admissible
weight function p is a measurable function p : I — ]0, oo[ such that there exist M > 1
and w € R such that p(s) < Me" p(t +s) forevery s € I andt > 0.

For an admissible weight function p, the translation semigroup on Lf,’ (1) is defined by

L(Hx) = f(x+1), xel,t=0,

for every f € Lg (I). Its generator is the differentiation operator defined on the space
of absolutely continuous functions in Lg (I) with derivative in Lﬁ(l ), see [18, p. 51,
Proposition II.1].

Itis shown in [11, Example 4.1] that these semigroups admit a strongly mixing Gaussian
measure, by constructing a complex Gaussian process. We reuse their arguments to apply
Theorem 4.1.

THEOREM 4.2. Let 1 < p < oo, I € {[0, oo, R}, and an admissible weight p : [ —>
10, oo[. If the integral f, p(x) dx is finite, then for any f € L*>(R; C) with f # 0 almost
everywhere, the random vector
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/ f(t)e; dBy,
R

where e;(x) = /%, x € I,t € R, is almost surely frequently hypercyclic for the translation
semigroup (T;);=0 on Lg(l ), and it induces a strongly mixing measure with full support

Jor (Tt)i>0.
Proof. For every s € R, define the function u; : I —> C by
us(x) 1= f(s)e~

for all x € I. Since f, p(x) dx < oo, we get that ug € Lf;(l) for all s € R.

It is clear that T;(us) = ¢'*'uy; for every s € R and ¢ > 0. This implies that
us € Dom(A) and A(us) =isug for every s € R, where A is the generator of the
semigroup.

Now, let ¢ € (LH(I)* = LZ,W (I), where 1/p + 1/q = 1, be such that ¢ (us) = 0 for

all s ¢ B, where B € A(R) has zero Lebesgue measure. Then,
0=us) = / f(©)e™p(x) dx,
I

and hence, [, ¢*“¢(x)dx =0 for all s¢ B. Since ¢ € L'(I) by the fact that
/, ; P(x) dx < oo and Holder’s inequality, we get that ¢ = 0 almost everywhere by
[35, Theorem 9.11], and thus, ¢ = 0. This shows that span{u; | s ¢ B} is dense in Lﬁ(l)
for any B € #(R) with zero Lebesgue measure.

We now prove that
172
R

f lus (x)|* ds = / f(s)? ds,
R R

1/2)p p/2
H (/ luas () dS) = / (/ f()? ds) o(x) dx,
R Lh) I \JR

which is finite since [, p(x) dx < co and f € L*(R; C).
By Theorem 2.7, the map s —> uy is stochastically integrable. We conclude the proof
by applying Theorem 4.1. O

< Q.
Lo

For any x € I, we have

and thus,

Remark 4.3. By [27, Theorems 3.9 and 3.10], the translation semigroup on Lﬁ (1) is
chaotic if and only if | ; p(x) dx is finite. Therefore, by Theorem 4.2, we have found a
frequently hypercyclic random vector for any chaotic translation semigroup on L,’,f ).

For these chaotic translation semigroups, in the case where the underlying space
is of type 2, one can apply Theorem 3.3 as follows. Define F :R — Lf,'([) as
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FO)(x) = w(@)eiax for all 6 € R and x € I, where ¢ : R — R is a positive, smooth,
and integrable function on R. This implies that F' is Bochner-integrable, and thus,

U = / e " F ) do
R

is well defined for all + € R. We then have T, F (0) = e”eF(Q) forall € R and s > 0,
which implies that Tyu; = u;_ for all s > 0 and ¢ € R. The spanning property is proved
in a similar way as in the proof of Theorem 4.2. Furthermore, we have |lu;|| < C/(1 + 12)
for all + € R for some constant C > 0 if F is twice-differentiable by [21, Lemma 2.4.3
and its proof], and this is guaranteed provided that f I |x |27 p(x) dx is finite. Hence, one
can apply Theorem 3.3. This idea, suggested by the referee, might also be used to apply
Proposition 3.2 or Theorem 3.3 to other examples in subsequent research.

The second example was studied by El Mourchid and Latrach in [17, Proposition 3.4],
who proved the existence of a strongly mixing Gaussian measure for the semigroup under
consideration. It turns out that their arguments are the same to check the assumptions of
Theorem 4.1.

THEOREM 4.4. Let 1 < p <00 and A be the weighted shift on £P with sequence
of weights (Wp)p>1. Set Bn = wy -+ - wy for all n > 1 and By := 1. If the quantity
lim sup,,_, ., (1/|Bx D7 is finite, then there exists 1 > O such that the random vector

nogingn
[ (5 e
—n ﬂn n>0

is almost surely frequently hypercyclic for the Cy-semigroup (T;);>0 := (e’A)tzo, and it
induces a strongly mixing measure with full support for (T;):>0.

Proof. For all 1 € C, define the sequence v; := (A"/By)n>0. Then, v, € £7 if and
only if >, .o IAl""/|Bul” < 00, and in that case, we have A(v;) = A B =0 =
Avy. The pawer series ), .o A"/Bn has a radius of convergence R :=1/p, where
p = lim sup,_, .. (1/|8,N"/" < 0.

Letn € ]0, R[ and define u := v;, for every —n < s < n. By our previous calculations,
we have ug € €7 and A(u;) = isug forall —n < s < n.

Let ¢ = (¢pn)n>0 € ((P)* = ¢4, where 1/p+1/g =1, be such that ¢ (u;) =0 for
almost all —n < s < 5. Define the analytic function F' : D(0, R) — C by

o]

A,
FOy =Y 20— gy
2,

for all A € D(0, R). Since F =0 almost everywhere on i]—n, n[, we conclude that
F =0 on D(0, R) and ¢ = 0. This means that span{u, | t ¢ B} is dense in £7 for any
B € A(]—n, n]) with zero Lebesgue measure.

For all n > 0, we have

n N o|ie|2n 2 2n
f |us(n)|2ds=/ e s < 21
- 1Bl Bl
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implying that
I3 e 2p/2,7p/2,7np

=
o= 1B

s

” (/_r, | S(.)| )

which is finite since < R. Therefore, by Theorem 2.7, the map s —> u; is stochastically
integrable.
We conclude the proof by applying Theorem 4.1. O

We now study the translation semigroups on H (C). We will need the notion of Hilbert
seminorm: it is a seminorm p : H(C) — [0, oo[ for which there exists a semi-scalar
product (-, -) on H(C) such that p(x) = (x, x) forallx € H(C).If f € H(C) and r > 0,
we define || £l == supj. <, | f (2.

THEOREM 4.5. For eacht > 0, define the translation operator
T, : HC) — H©), f— f(-+1).

Then, the random vector f02 T €2 dB; is almost surely frequently hypercyclic for the
Co-semigroup (T;);>0, and it induces a strongly mixing measure with full support for
(Tt)tzo-

Proof. 1tis easy to check that (7;);>¢ is indeed a Cp-semigroup. Furthermore, its generator
is the differentiation operator D : H(C) — H(C).

For every s € [0,27], set us(z) :=e"?, z e C. Clearly, D(us) =isus; for any
s € [0,27]. The space span{us | s ¢ B} is dense in H(C) by [20, Lemma 2.34] for
any B € %A([0,27]) with zero Lebesgue measure. Furthermore, the map s —> u; is
weakly L? since {uy | s € [0, 2]} is bounded in H (C). We now show that the map [y of
Definition 2.3 takes values in H (C) and is y-radonifying, where ¢ (s) := uy, s € [0, 27].

Let f € L?([0, 27]). Define the function F : C —> C by

2
F(z) :=/ uy(2) f (s) ds
0

for every z € C. It is well defined since the maps s —> u;(z) and f are in L2([0, 27]) for
any z € C. Let z, h € C with h # 0, we have

F(Z + h) _ F(Z) 2 eis(z+h) _ eisz_
— = /0 Tf(s) ds.

An application of the dominated convergence theorem then shows that

F(z+h) - F wo
fim LETM = FE@ =/ iseSF(5) ds,
h—0 h 0

and F is holomorphic on C.
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Let x* € H(C)*. We show that x*(F) = fozn x*(us) f(s) ds. Let N > 1. By linearity
of x* and the integral, one has

i N jkok o r2n o N L (ikZk AN
X (1;7 A s f(s)ds):Zx (—'>/0 s f(s)ds

2r N jkgkokN
=/0 x <Z X )f(s)ds. 4.2)

The right-hand side converges to foh x*(us) f(s)ds by the dominated convergence
theorem. As for the left-hand side, let us prove that it converges to x*(F) as N goes to
o0o. Let r > 0 be fixed. Then,

N jkok pom o X jkgk ok
Z—‘/ sKF) ds — F(o)| = f Y, ——f@ds
= K Jo r 0 I K r
2 < Skrk et rk ‘
< [T 2 Srireldss Y St e,
0 Ny k=N+1

where we have used the Cauchy—Schwarz inequality for the last inequality. The right-hand
side converges to 0 when N goes to co. By continuity of x*, we conclude that the left-hand
side of (4.2) converges to x*(F). Therefore, x*(F) = I4(f)(x™), so that I(f) = F, and
hence, Iy takes values in H(C). The map I is also continuous: for every r > 0, we have
g (Ollr < V21> || £l 120271

By Theorem 2.2, to prove that ¢ — u, is stochastically integrable, it remains to show
that Iy is y-radonifying. Let (fy)nez = (ens/ 27) ez be the canonical orthonormal
basis of L2([0, 27]). By [29, Example 28.9(4) and Lemma 28.1], the space H(C) has
a system of Hilbert seminorms generating its topology. Let || - || be such a seminorm.
Since it is continuous, there exist some r > 0 and C > 0 such that || - || < C|l - ||,. Let
(gn)nez be ani.i.d. Gaussian sequence. Let 0 < N < M be two positive integers; we have,
by using the facts that || - || is a Hilbert seminorm for the first equality and g,, n > 0, are
independent for the second one,

M 2 M
IE( > gnly(f) ) = > E@ugm) Up(fa): Ip(fn))
n=N n,m=N
M M
= (P < C Y Mgl
n=N n=N

2

[l
r

2r
/ e f,(s) ds
0

M
=C Z
n=N
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where (-, -) is the semi-scalar product associated to || - ||. For each n € N such that n > r
and all z € C such that |z| = r, we have

2 JUS— zs ion 1 eiZn(z—n) -1
e fu(s)ds = / e ds = -
/0 In \/_ V2m iz —n)
and then
M ; M
C ezZn(zfn) -1 C 2nr 4 1)2
(|3 snon] ) < £ 3 [Tt £ 3
— i(z —n) . 2 = (n—r)

provided that N > r. We can conclude that the series Y oo gnlp(f,) converges in
L2(Q; E). The same arguments show that ) . _ gx(fn) also converges in LZ(Q; E),
and hence, Iy is y-radonifying by It6-Nisio’s theorem, see for example [22, Corollary
6.4.4] in the case of Banach spaces. By Theorem 2.2, the map s —— u; is thus
stochastically integrable.

The result now follows by Theorem 4.1. O

Remark 4.6. By [13, Theorem 3.2], any frequently hypercyclic vector for the semigroup
(Ty)r>0 is also a frequently hypercyclic for each 7;, t > 0. Therefore, the random
vector foz ™ "2 d B, is almost surely frequently hypercyclic for the translation operators
T, : HC) — H(C), f — f(-+1),t > 0. Bonilla and Grosse-Erdmann [9, Theorem
4.2] used the frequent hypercyclicity criterion to prove the frequent hypercyclicity of the
translation operators. Therefore, one could also use [1, Theorem 4.9] to prove that each
operator T,, a € C\ {0}, has an almost surely frequently hypercyclic random vector.

We repeat our remark made at the end of §3: in Theorem 4.1, we still assume that
the map ¢ —— u; is stochastically integrable. Then, one may ask if we could find a
deterministic assumption to get the stochastic integrability of # — u,, possibly replacing
the Brownian motion with another stochastic process.

4.1. Other examples. Some chaotic semigroups associated to differential equations are
presented in [20, §7.5]. It turns out that with essentially the same arguments for the proofs
of their chaoticity given in [20], one can apply Theorem 4.1 to those semigroups. We list
the results obtained below.

THEOREM 4.7. Let1 < p < oo, f € LZ([O, ool) and let h : [0, oo —> R be a bounded,
continuous function such that x —— exp(— f(;c h(s) ds) € LP([0, oo[). Then, the random

vector
/ '™ exp (— /x h(s) ds)f(t) dB;,
R 0

where f € L*>(R) with f(t) # 0 for all t € R is almost frequently hypercyclic for the
semigroup (T;);>0 on LP ([0, oo[) given for all ¢ € L? ([0, oo[) by

Tip(x) = eli MOy 41y, x.t €0, ool

The previous example is taken from [20, Proposition 7.34 and Exercise 7.5.2].
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THEOREM 4.8. Leta, T, p > 0 be such that atp* > 2. Define for 1| < p < oo the Banach

space
00 anp"
Xpp = {f R—C, fx)=)_ ’;—'x", (an)n>0 € e!’},
n=0 ’
endowed with the norm | f| := [[(ax)n>0llp. Let A be the operator on X, , ® X,
given by

A 0 I
“ \(a/0)d%/0x2 -1/l )"
For all A € C, define Ry, = (tA> +A)/a and fi(L) = Z;io(foz")/(Zn)!, L) =
300 o(RIX2H1Y /(21 + 1)\. Then, there exists n > 0 such that the random vector

7 M) " @
f (fiGn),itf1it)) dB, +/ (f2@it),itfo(it)) d B,
-n -n

is almost surely frequently hypercyclic for the semigroup generated by A, where (B,(I))tzo
o) . . .
and (B;”");>0 are two independent Brownian motions.

THEOREM 4.9. Let 1 < p < oo and let (n)n>0, (Bu)n=0 C 10, 0o be two bounded
sequences such that

sup o, < lim inf §,,.
n>0 n—>oo

Let A : £P — (P be the map given by
A(f) = (—anfu + BuSfut1nz0
forall f € £P. Then, there exists n > 0 such that the random vector

7 n—1 it
/ ( 1_[ ! +ak) dB;
-n ﬂk n>0

k=0

is almost surely frequently hypercyclic for the semigroup generated by A.

Using similar arguments given in [20, §7.5], which also allow us to prove the above
results, one can apply Theorem 4.1 to the examples given in [20, Exercise 7.5.3] (wave
equation) and [20, Exercise 7.5.4] (classical heat equation), yielding results in the same
way as above.

Finally, let us mention that, once again, by using the arguments given in [12], one can
apply Theorem 4.1 to the one-dimensional Ornstein—Uhlenbeck operator.

5. A counterexample
We find in this section a counterexample of semigroups that do not admit a ‘canonical’
frequently hypercyclic random vector.
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Let p : Ry — R, be a locally bounded positive function on Ry := [0, co[. Define
the Banach space

CoRy. p) = {f € Q) | lim f(x)p() =0},

endowed with the norm || ¢, ®,.0) := I folloo, f € Co(R+, p).
We say that p is an admissible weight if

p(x)
C):=sup —— <
xZ% plx+1)
forall# > 0 and C : Ry — R} is locally bounded on R .
Define the translation semigroup

A ‘natural choice’ of vectors (u;); for our example would be u; := a(t)e'’* (a(t) # 0),
which belongs to Co(Ry, p) if limy_ o p(x) =0 for all + € R. We will assume that
limy— 00 p(x) = 0, which is equivalent to saying that (7;);>¢ is strongly mixing in the
Gaussian sense by [5, Proposition 8.4]. We then have Ty (u;) = /') = ¢Sy, for all
s, t € R.

LEMMA 5.1. The space span{u; | t € R} is dense in Co(R4, p).

Proof. Let ¢ : Co(R4, p) —> C be linear and continuous such that ¢(u;) = 0 for all
t € R. By the Riesz representation theorem, see [35, Theorem 6.19], there exists a (unique)
regular complex Borel measure p such that

mﬂzﬁ FOP) du(x)

for all f € Co(Ry, p). Define the measure dv = p du. Then, v is finite and we have

0=09) = /O a(t)e'™ p(x) du(x) = a(t)v(t)

for all ¢ € R. Therefore, v = 0 by [8, Proposition 3.8.6], and since p is positive, we deduce
that u = 0, implying that ¢ = 0. [

Our aim is to show that (u;);cr is not stochastically integrable; hence, one cannot apply
Theorem 4.1. Our arguments are an adaptation of [3, Example 3.13].
Set¢p : R — Co(R4, p), t —> u;. We have

wumﬂ=[ ﬁmﬁ®m=/ a(O)x* (™) dt.

—00

Let (f,)n € L%(R; C) be an orthonormal basis. Assume that Im(ly) € Co(R4, p) and
that ), €,1y(fn) converges almost surely, that is, that ¢ is stochastically integrable. Then,
we can define the Gaussian process

Zeoi= ) gax™Up(fa) € LA(Q:C),  x* € (Co(Ry, p))*.
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We have E(supj+<1 [[Zx+) < 0o and thus by [25, Theorem 3.18], we deduce that

sup 8\/ log(N (e, B(cy®y.p))*» d))

e>0

is finite, where d is the L2-metric of the process,
A,y = 1Ze = Zyllaaeys x5 v* € CoRas p))*,

and N (e, B(yR,.,p))*» d) is the entropy number.
We have 1§ = K, where K : (Co(R, p))* —> L*(R; C), x* —> x* 0 ¢.
For any x*, y* € (Co(R4, p))*, we have

1Z = Zy 1Ty = D MK G =3 il P = 1K G* = Y720 .00:0
n
Define
oo
x*:CoR4, p) —> C, f —> / F(x)h(x) dx.
0

Then, (x* € (Co(Ry, p))* and [[x*[| < 1) if |h/pll 11 (0,001:c) < 1. Similarly for

v :CoRy, p) — C, fr— /(; f(x)g(x) dx.

Let us consider p:ijl Pilur tj=2mj, j =1, where pj:=1/n if
j € [2”3,2(’”‘1)3[. We will show that p is an admissible weight. Note also that

lim, 0 p(x) = 0.

Lett > 0.Letx > Obelarge, withx € 27,27 (j + D[, j € [27°, 20+’ and n > 1.
We have t = 27k 4 r for some k > 0 and r € [0, 27 [; thus, x +1 € [2n(j + k), 27 (j +

k +2)[. Now, if j is large, then j + k + 2 € [2", 2+’ [, implying that
p(x) < n+1

px +1) n
This shows that C(r) = sup,>¢(p(x)/p(x + 1)) is finite.

<2.

Now, we prove that C is locally bounded. Remark that p is non-increasing. Let 7y > 0.

If0 <t <1, then
p(x) - p(x)
px+1) — plx+1)
for all x > 0, and C(t) < C(fp). This shows that C is locally bounded.
We will try to give a lower bound for

[e.¢]

1K O = Y917y = / K (x* = y*)(0)]* dt
—0oQ

-/

2

/oo at)e'™ h(x) dx — /OO a(t)e'™ g(x) dx
0 0

Let /i > 0. We take h = p; 1y, 1, 1€ and g = prlig g, €™ with j, k € [27, 20D
and j # k. Then, [|h/pll1 < 1, llg/pllpr < 1, and x*, y* € B(cy(r,.,p))*- Therefore, we

now have
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5 00 5 einxFitx it eimx-Hitx Jler 2
1K™ =y 2. Z/ la(®)] ,0'[.7} —Pk|:.7:| dt
PEO = i+ 0], im+n],
00 ei(n+t)2n(j+l) _ ei(n+t)2nj ei(m+t)27r(k+l) _ ei(m+t)27rk 2
=/ la(®)I?|p;j . — Pk . dt
0 in+1) i(m+1)
00 Q127 ) pit2mk ) 2
:/ |a(t)|2 p] (eZJTIl _1)_ pk (eZJTll _ 1) dt.
0 n+t m—+t
Since j, k € [27, 20+ [ we then obtain
5 5 00 5 it2mj it2mk |2 ot 5
K(x* — y* >r~t_/ a(t — | |7 — 1)* dt.
1K G =)oy 272 | la@P | = || |

Now, we take n = 1 and m = 2, and we obtain

2
IK (x* — y)|I? > 72 Oo|a<t)|2 L LY e
Y lme) = 0 n+t m+t

o [ la®)P
=2n ﬁ(l —cos(2mt)) dt.
o @+D*2+1)
The last integral is positive and we conclude that | K (x* — y*)]| L2®R:C) = A /7, where
A > 0 is some constant.
Set &5 = A/(2n) for each 7 > 1. We conclude that N (¢, B¢y R, ,p))*> d) = 27 for all
7 > 1. This implies that

sup 85\/Iog(N(8ﬁ, B(cy®y.,p))*> d)) Z sup 772 = oo,
n>1 n>1
which is a contradiction.

This (counter-)example shows that we might expect to integrate the family (u,), with
respect to another stochastic process than the Brownian motion. Therefore, our example
might indicate that a more general criterion might exist, as in the case for single operators
studied in [1].

Acknowledgements. The author was a Research Fellow of the Fonds de la Recherche
Scientifique-FNRS. This work was part of the PhD thesis of the author, except §§4.1 and 5.
He would like to greatly thank his supervisor Karl Grosse-Erdmann for his support. The
author would also like to thank the referee for their useful remarks; in particular, by giving
the idea of how to apply the first method. This might provide further lines of research.

A. Appendix. Stochastic calculus in Fréchet spaces
We will give a proof of Theorems 2.2 and 2.3 in this appendix. Their proofs follow the
same lines as in [41], but we give them for the sake of completeness. For the definition of
weak topologies on Fréchet spaces and their duals, see [29, 37].

Recall that a map R : E* —> E is positive if x*Rx™ > 0 for all x* € E*, and is
symmetric if x* Ry* = y*Rx* for all x*, y* € E*.
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LEMMA A.l. [38, Lemma 4 and its proof] Let R : E* —> E be a positive symmetric
map. Then, there exists a Hilbert space Hg and a continuous linear map ig : Hg —> E
such that R = igliy, where I : Hp —> Hp, is the canonical conjugate-linear operator.
More precisely, Hg is the completion of E*/M under the norm induced by R, given by
x*+ M, y*+ M), = x*Ry*, x*, y* € E*, where M = {x* € E* | x*Rx* = 0}, and
i%: E* — Hg, x* —— x* 4+ M is the inclusion map.

A positive symmetric map Q : E¥ —> (E*)' is defined in the same way as a pos-
itive symmetric map from E* to E: for all x*, y* € E*, one has (Qx*)(x*) > 0 and
(Qy")(x™) = (Qx*) (™).

Proposition A.2 below is proved in the given reference for Banach spaces, but we give
the proof for the sake of completeness.

PROPOSITION A.2. [19, Proposition 2.2] Let Q : E* — (E*)’ be a positive symmetric
map. Suppose that there exists a positive symmetric map R : E* — E such that
(Ox*)(x*) < x*Rx™ for every x* € E*. Then, Q(E*) C E.

Proof. Letig : Hy — E be the map given by Lemma A.l. Fix x* € E* and define the
linear map

Gxx HIR(E™) — K, ip(y™) ¥ (Qx") ().

Let y* € E*. By the Cauchy-Schwarz inequality applied to the sesquilinear form
(x*, y*) —> (Qx*)(y*), the assumption, and Lemma A.1, we get that

s (5 (YN < (X EN2(Qx*) N2 < i) g i ) | g

This shows that ¢+ is well defined and continuous on (i3 (E*), || - [ ;). Therefore, we
can continuously extend ¢+ on Hg, and the extension is still noted as ¢,+. Now, for every
y* € E*, we have

YUR(@x+)) = (Y 0 iR)(@xx) = dpx (y* 0ig) = (Qx™)(¥).
We deduce that Qx* = ig(¢y+) € E. O

By convention, the inner product on a vector space is linear in the first argument and
conjugate-linear in the second argument.

Proof of Theorem 2.2. The implication (i) = (ii) is trivial.

Assume that item (ii) holds. Then, for all x* € E*, the random variable x*(Y) is
Gaussian and, hence, Y is Gaussian. Let Q be the covariance operator of its distribution p.
For every x* € E*, we have by the Itd isometry,

X Qx* = f x> dp = / X* (V)P dP = ¢ f [x* (¢ ()] dt,
E Q I
where ¢ = 1 in the real case and ¢ = 2 in the complex case. This shows item (iii).

Now, assume that item (iii) holds. Set H := (E*)*, where the closure is taken in the
space L2(w). It is a separable space by [21, Proposition 1.2.29]. Take the y-radonifying
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operator T := K : H — E given by [4, Theorem 5.13] (the proof carries over ver-
batim to Fréchet spaces). From Q = KJK™*, where J : H* — H is the canonical
conjugate-linear identification operator, and by hypothesis, it follows that

c/ IX* (@) di = x*Ox* = (x* o K)JK*(x*)
1
= [K* I = IT* D%

for all x* € E*, and item (iv) holds.
We now show (iv) = (v). Define the conjugate-linear map Q : E* —> (E*) by

Ox* E* — K. y* v /I V(@ O)TGWD) di

for all x* € E*. It is well defined since ¢ is weakly L? and is clearly a positive symmetric
map. Let J : H* —> H be the canonical conjugate-linear identification operator. We
finish the proof of the implication in five steps.

(a) By hypothesis, we have for all x* € E* that

c f IX*(@()* dt < ||IT*(xH)|% = (T**))(IT*(x*) = x*(TIT*(x")).
1
Hence, setting R := TJT* : E* —> E, we have

c(Ox"(x*) < x*Rx* (A1)

for all x* € E*. By Proposition A.2, we conclude that Q(E*) C E.

(b) By hypothesis and [4, Theorem 5.13], R is a Gaussian covariance operator. Then, by
[40, Theorem 8.8], inequality (A.1), and since Q(E™*) C E, Q is also a Gaussian covariance
operator.

(c) Let us prove that I takes values in E. Define G := {x* o ¢ | x* € E*} C L?(I). Let
f € L*(I). Then,

f eKer(ly) < Iy(f) =0,
« forall x* € E*, I,(f)(x*) =0,

&= forall x* € E*, [ x*(p@) f(t)dt =0,
i
— feGt

Therefore, Ker(I3) = G and L>(I) = G @ Ker(I). Since Im(Q) C E by step (A), we
have that /4(G @ Ker(ly)) C E.

It remains to prove that / (6) CE. letge G. There exists a sequence (g,)n>1 € G
converging to g in L2(I). Since 14(G) C E, for each n > 1, there exists x, € E such that
Iy (gn) = x,. We show that (x,),>1 is Cauchy in E. Let || - || be a continuous seminorm on
E. For all x* € E* and every integers n, m > 1, we have
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Ix* (e — xm)| = [Ty (gn) — Lp(gm)) (x™)]|
= ‘ /1 x*(p(1))gn(t) dt — /1 x*(¢ (1)) gm (1) dt

= ||x*d)||L2(1)I|gn = 8mlz2(nys

where the inequality is justified by the Cauchy—Schwarz inequality. Define the set
V:i={xekE,|x| <1}. By [36, Theorems 3.15 and 3.16], the polar V° of V is
o (E*, E)-compact and metrizable in the o (E™*, E) topology; hence, it is sequentially
complete and bounded for o (E*, E). However, the linear map (E*, o(E*, E)) —
L%(I), x* —> x*¢ has a sequentially closed graph. By [38, Lemma 3], we then get
sup,xeyo [[X*@l 2y < 0o. Therefore,

1 — Xl = sup ¥ — x|l < sup X%l 2 lgn — &mll 201y
x*eVe x*eVe
the equality holds by [36, Theorem 1.34] and [29, Proposition 22.14]. Since (g,)n>1
is convergent in L>(I), we conclude that (xn)n>1 1s Cauchy for || - ||. Since || - || was

arbitrary, the sequence (x,),>1 is thus Cauchy in E. By completeness, there exists x € E
such that (x,),>1 converges to x in E. Now, let x* € E*. By continuity of x*, we have
that 1im,— o0 1(gn) (x*) = lim,— o0 X*(x,) = x™(x). However, by the Cauchy—Schwarz
inequality, we have

[y (gn) (x™) — Ig() ()| < 1x*Pll 21yl gn — &l 121y
implying that lim,_, o I5(gs) (x™) = I4(g)(x*). We conclude that /4(g)(x*) = x*(x) for
all x* € E*,and I(g) =x € E.
(d) We now prove that I, is continuous. Define the linear map

K:E* — L*(I), x* —> x* 0 ¢.

Let S : L2(I)* —> L%(I) be the canonical conjugate-linear identification operator. We
first show that K* = I o S. Let f* € L%(I)* and x* € E*. By definition of K*, we have

K*(fH %) = fHKED) = (x" 0, S(f) 2y = Ip(S(fNHE).

This implies that K*(f*) = I4(S(f*)) and, in turn, K* = I o S. By [29, Lemma 23.28],
the map K : (E*, o (E*, E)) — (L*(I), o (L*>(1), L>(I)*)) is continuous if and only
if K*(L2(1)*) C E. Since K* = Iy oS and Iy takes values in E by (C), K is indeed
continuous with respect to the weak topologies. By [29, Lemma 23.29], K* is then
continuous with respect to the Mackey topologies. Since L*(I)* and E are Mackey spaces
by [37, §1V.3.4], that is, their respective original topologies are the Mackey topology, we
conclude that K* : L>(I)* — E is continuous. Finally, Iy is also continuous thanks to
the equality K* = Iy o S.
(e) For all x*, y* € E*, one has

Ip(K () (6) = /1 V@R di = /1 V@ O)T@D) di = y* Ox*.

Therefore, (Iy o §) o STlok = Iy o K = Q. We also have (I3 o §)* = K. Since Q is a
covariance operator by (B) and any square-root of Q is y-radonifying, see [4, Remark
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5.16], we deduce that /4 is y-radonifying. Note that L?(I) is separable by [21, Proposition
1.2.29].

We have thus proved item (v).

It remains to show (v) = (i). Let A € Z(I) and define ¢4 := 14¢ and

My : L2(I) — L*(I), f +—> 14 f.
Forall f € L?(I) and x* € E*, we have

I, (") = fl FGaO)TD di = /A X SOVTD di = Iy(MA() (™).

This shows that Iy, = Iy o M4. Since M4 is obviously continuous, the map s, is
y-radonifying by the ideal property, see [22, Theorem 9.1.10].
Let (fu)nen € L2(I) be an orthonormal basis. Denote by

T:L*1) — LX), f —> / f(@t)dB;
1

the It6 isometry. Since (Z(fn))nen is a standard Gaussian sequence and [y, is
y-radonifying, the random series Y4 := ano Z(fu)lyp, (fu) converges almost surely.
Let x* € E*. We have

X*(Ya) =Y T(fx*Ugy f) = D T Uy fu) )

n=0 n=0

= ZI(<X* °Pa, fn)LZ(I)fn) = (Z x*oda, fn) LZ(I)fn>
n=0 n=0

- /1 ¥ a(t) dB,

almost surely, where we have used the continuity of x* for the first equality, the definition
of Iy, for the third one, the linearity and continuity of Z in the fourth one, and the fact
that (f;)nen is an orthonormal basis and the definition of Z for the last one. We then
deduce that x*(Y4) = f, x*¢p4(t) d B; almost surely for every x* € E*. In conclusion, ¢
is stochastically integrable.

As for the Pettis integrability of ¢, let A € Z(I) be a set of finite measure. Let x* € E*.
Then, 14 € L>(1), I,(14) € E, and

x*(Ip(1a) = Ip(1a) (x™) = /1 XM () 1a() dt,
and ¢ is Pettis integrable on A. O

We state two results from [41], adapted to the case of functions defined on an arbitrary
interval and taking values in a Fréchet space.

THEOREM A.3. [41, Corollary 2.7] Let ¢,V : I —> E be two weakly measurable
functions on an interval I C R. Assume that ¢ is stochastically integrable and that

/ OP di < / W) dt
1 1
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for every x* € E*. Then, v is stochastically integrable, and for all 1 < p < oo and all
continuous seminorms || - || on E, we have
p)

14
E(’/w) dB, )sE(’/qﬁ(r) dB,
I 1

Proof. By assumption and item (iv) of Theorem 2.2, we get for all x* € E* that

cf Ix* v (1)]? dt SC/ Ix*p (0> dt < |T*x*|%.
1 1

Again by item (iv) of Theorem 2.2, we can conclude that v is stochastically integrable.

By item (iii) of Theorem 2.2 applied to both ¢ and ¥, we have x*Rx* < x*Qx™ for all
x* € E*, where R and Q are the covariance operators of the distributions pg and g of
J; v () dB; and [; ¢(t) dB;, respectively. By [40, Theorem 8.8], we finally get that

f %11 d g (x) Sf lxl1? dpeg(x). O
E E

THEOREM A.4. [41, Theorem 6.2] Let (¢p,)neN be a sequence of E-valued stochastically
integrable functions defined on an interval I C R. Assume that there exists a weakly L*
function ¢ : I —> E such that for every x* € E*, one has

lim /|x*¢n(t)—x*¢>(t)|2dt=0.
n—0o0 I

If there exists a stochastically integrable function  : I —> E such that for every x* € E*
and all n > 0, one has

[ aof < [,

then ¢ is stochastically integrable and for every 1 < p < oo, we have, in LP(Q2; E),
Jin [ o0 as = [ o0)as.

Proof. By using the assumptions, we get that

f|X*¢(f)|2dt§/|x*1/f(t)|2dt
1 1

for all x* € E*. By Theorem A.3, ¢ is stochastically integrable.
The rest of the proof follows as in [41, Theorem 6.2]. O]

Proof of Theorem 2.3. Assume that such a sequence of step functions exists. Let x* € E*.
By Lemma 2.1, we have x*(Y) = lim,_, o fl x*¢, (t) dB; in probability. The random
vectors on the right-hand side are Gaussian and, thus, the convergence takes place in LZ(Q)
by [34, Lemma 2.1]. By the Itd isometry, the sequence (x*¢,)nen is Cauchy in L>([).
Thus, by item (i), we necessarily have lim,_, oo x*¢, = x*¢ in L>(I). Again by the Ito
isometry, we get that x*(Y) = f ; X*¢(t) d B; almost surely. By item (ii) of Theorem 2.2,
we conclude that ¢ is stochastically integrable on / with integral Y.

Assume that ¢ is stochastically integrable. If I is a bounded interval, the result is proved
in [41, Theorem 2.5] when ¢ is a Banach space-valued function, but the proof carries over
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verbatim to the case of Fréchet spaces. If [ is unbounded, for the sake of simplicity, we
assume that / = [0, oo[. By Theorem 2.2, ¢ is Pettis integrable on any bounded intervals.
For all integers k > 0,n > 1,1 < j <2",and N > 1, define

ktj/2"
P ,j = 2"/k ¢ (1) dt,

(=12
N .__ 1 R . .
¢, = Vet (j—1)/2% k+j /201 Pk j»

and ¢y = ¢l ny. For all n, N € Ny, define also G, x as the finite o-algebra on
[0, N] generated by the intervals of the form 1k + (j — 1)/2", k+ j/2"],0 <k < N — 1,
1<j<?2n,

Let x* € E*. It is an easy task to check that E(x*oy | Gun) = x*¢ almost every-
where on [0, N]forevery n, N > 1, see [8, Example 10.1.2]. Since (G, ,v)n>1 is increasing
and o ((J,;~; Gn.v) = B([0, N1), we get that lim,,—, oo x*¢Y = x*¢py in L2([0, N1; R) by
[21, Theorem 3.3.2].

Now, define the step functions ¢y = ¢% 1jo,n) for every integer N > 1. Let us show
that limy_ o0 x*¢n = x*¢ in L2([0, oo[). Notice that (])% :(])% on [0, M] for any
N>M >1. Let ¢ >0 and let No > 1 be such that f;o |x”‘¢>(z‘)|2 dt < &2 for every
N > Ny. Now, let My > Ny be such that ||x*¢11\\f° — X*ony Il L2(j0,ny7) = € for every integer
N > My. We have for any N > My,

N,
x*pn — X*¢||L2([o,oo[) < [lx* ¢y — X*QONOHLZ([(),NO])
+1x*on — X @l r2qvg.ny + 12 Bl L2 00 -

The first and third terms are smaller than ¢ since N > My > Ny. For the second term, first
note that

||X*¢N - X*‘P”LZ([NO,N]) = ||X*¢N||L2([N0,N]) + ||X*¢||L2([N0,oo[)-

The second term on the right-hand side is smaller than ¢ by definition of Ny. For the
first term, notice that x*¢y = x*¢1]\\,’ =E(x*¢ | Gy) almost everywhere on [Ny, N],
where Gy is the finite o-algebra on [Ny, N] generated by the intervals of the form
k+G—=1/2N, k+j/2N], No<k <N —1, 1 <j<2V; see [8, Example 10.1.2].
Therefore, by a corollary of the conditional Jensen inequality, see [21, Corollary
2.6.301, we have [x*¢n [l 2qng.np) = 16501 L2 ng,n7)- We then conclude that [x*¢n —
¥l 12 ([0.00p < 4€ and, thus, limy_, o0 x*¢y = x*¢ in L*([0, 00).

Again by [21, Corollary 2.6.30], we have [[x*¢n [l 120,001y < IX*P 1l 12((0,00p) fOT €VETY
N > 1. Since every step function is stochastically integrable, Theorem A.4 yields item (ii)
with convergence in every L”(2; E), 1 < p < oo. O
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