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Abstract

The Nelson-Siegel model is widely used in fixed income markets to produce yield curve dynamics. The
multiple time-dependent parameter model conveniently addresses the level, slope, and curvature dynam-
ics of the yield curves. In this study, we present a novel state-space functional regression model that
incorporates a dynamic Nelson-Siegel (DNS) model and functional regression formulations applied to
a multi-economy setting. This framework offers distinct advantages in explaining the relative spreads
in yields between a reference economy and a response economy. To address the inherent challenges of
model calibration, a kernel principal component analysis is employed to transform the representation of
functional regression into a finite-dimensional, tractable estimation problem. A comprehensive empirical
analysis is conducted to assess the efficacy of the functional regression approach, including an in-sample
performance comparison with the DNS model. We conducted the stress testing analysis of the yield curves’
term structure within a dual economy framework. The bond ladder portfolio was examined through a case
study focused on spread modeling using historical data for US Treasury and UK bonds.
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1. Introduction

In global fixed income markets, bond yields serve as barometers of economic conditions, offering
insights into risk assessment, valuation, and investment strategy. In the insurance sector, inter-
est rates are crucial for pricing and managing products such as life insurance (Gaillardetz, 2008;
Bernard et al., 2005), annuities (Fontana & Rotondi, 2023; Giinther & Hieber, 2024), and opti-
mal investment strategies (Han & Hung, 2017; Wang & Li, 2018; Peng & Li, 2023). A persistent
challenge is the phenomenon of yield curve inversion — where short-term yields exceed long-term
yields - often signaling economic recession. Understanding the determinants of such adverse yield
movements is vital for informed policy and portfolio decisions.

Research on the term structure of interest rates has evolved substantially over the past decades,
following two main modeling paradigms. The first is the family of no-arbitrage models, such as
Hull and White (1990) and Heath et al. (1992), which ensure consistency with market prices
through dynamic arbitrage-free frameworks. The second comprises equilibrium term structure
models, including those of Vasicek (1977), Cox et al. (1985), and Duffie and Kan (1996), which
derive interest rate dynamics from economic fundamentals. A detailed overview of these models
is provided in Cairns (2004).
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Whilst these models were typically derived based on continuous time stochastic diffusion mod-
els (s.d.e’s), there were, in parallel, classes of models developed in discrete time econometrics
settings. Such approaches formulate term structure dynamics via state-space modeling and regres-
sion methods. Dobbie and Wilkie (1978) introduced an exponential model representing yields as
a sum of two exponentials, a framework that became widely used in fixed income markets. Nelson
and Siegel (1987) proposed the parsimonious Nelson-Siegel model, capturing the level, slope, and
curvature of the yield curve. Svensson (1994) extended it by adding a fourth term for greater flex-
ibility, while Cairns (1998) refined these models with additional exponential terms to mitigate
instability issues noted in Dobbie and Wilkie (1978) and Svensson (1994). These extensions were
applied to the UK and German bond markets in Cairns (1998) and Cairns and Pritchard (2001),
respectively.

Diebold and Li (2006) introduced autoregressive dynamics into the Nelson-Siegel model,
improving long-horizon forecasts of US Treasury yields. Subsequent studies linked macroeco-
nomic variables — capacity utilization, the federal funds rate, and inflation - to yield curve factors
(Diebold et al., 2006), and extended the model to a global multi-economy setting (Diebold et al.,
2008). Further developments included time-varying loadings and GARCH errors (Koopman et al.,
2010), applications to corporate yields (Yu & Zivot, 2011), and assessments of parameter stability
(Wahlstrgm et al., 2022).

Recent advances include quantile-based modeling for economic shocks (Iacopini et al., 2024),
arbitrage-free formulations (Eghbalzadeh et al., 2024; Fontana et al., 2025), and stochastic process
approaches for bond portfolios (Andersson & Lageras, 2013). Comparisons with affine mod-
els are discussed in Filipovic (1999), while comprehensive reviews are provided in Diebold and
Rudebusch (2013). Furthermore, the implementations of the widely used single curve dynamics
via Nelson-Siegel model and its extensions are available in popular R (“YieldCurve” and “NMOF”
packages, see Guirreri (2010) and Schumann (2016), respectively) and Python (“PyCurve”).

Despite its flexibility, the Nelson-Siegel family faces two key limitations: (i) reduced accu-
racy for long-maturity bonds, as shown by Christensen et al. (2009) and Dubecq and Gourieroux
(2011), and (ii) the lack of inter-economy dependence. The latter was partially addressed in the
dynamic Nelson-Siegel (DNS) state-space setting via probabilistic PCA factors capturing global
and cross-country relationships (Toczydlowska & Peters, 2018).

Despite all these developments in term structure dynamic modeling, all modeling approaches
face challenges in capturing the joint dynamics of yield curves across economies and maturities.
This motivates the development of more flexible frameworks capable of incorporating functional,
temporal, and cross-market dependencies, which form the focus of this study.

1.1 Contributions

This study advances yield curve modeling and risk assessment through both methodological and
applied innovations.

First, we propose a novel state-space functional regression model that integrates the DNS
framework with functional regression. This hybrid approach jointly models time series and func-
tional dependencies, improving the flexibility and accuracy of yield curve estimation. Estimation
challenges are addressed using kernel principal component analysis (kPCA), which maps the
infinite-dimensional functional regression problem into a tractable finite-dimensional estimation
problem.

Second, we apply the model to yield curves from eight economies, benchmarking its per-
formance against the traditional DNS model. By incorporating relative spreads with respect to
US Treasury yields, the proposed framework achieves robust in-sample estimation and captures
long-end yield dynamics more effectively across all response markets.

Third, we perform stress testing to evaluate inter-market dependencies under extreme condi-
tions. Two shocks - temporary (short-term disruptions) and permanent (structural changes) — are
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applied to US Treasury yields to assess their propagation to the UK market. This analysis high-
lights both immediate and persistent effects of US shocks, providing insights into systemic risk
transmission and resilience of bond markets.

Finally, we construct a bond ladder portfolio using 12-month out-of-sample forecasts, quanti-
fying potential losses via the 5% value-at-risk (VaR) under various stress scenarios. This enables a
comprehensive evaluation of yield curve risks from an investment strategy perspective.

1.2 Notations and structures

Throughout this paper, we adopt the following multicurve notations: Y;(t;) represents the com-
plete bond yields of the response country (dependent curve observation process to be modeled),

and Yt(r)(ri) denotes the complete bond yields of the reference country, i.e., the independent
curve dynamic that characterizes part of the explanatory factors for the response country, where
te{l,2,..., T} represents the current time, and 7; < 7, < ... < Ty are times to maturity. Both

Y;(t;) and Yt(r)(ri) are annualized rates. In the real data over time, we may not observe a com-

plete term structure, so we denote by Y,(z;) and f’t(r)(ri) the observed data which may contain
missing values in the term structure over time. Additionally, we use F;; for i € {1, 2, 3} to denote
Nelson-Siegel factors and Uj; for j€ {1,..., Q} to represent US factors extracted using kPCA.
Bold font is used to represent matrices and vectors. Y = {Y(t;)} is the matrix of all observations
of the response country, while Y, and Y(t;) are the ¢-th row and i-th column of Y, respectively.

Similarly, we define Y® = {Yt(r)(ti)} as the matrix of all observations of the reference country, and

Yﬁ”T and Y")(¢;) are the ¢-th row and i-th column of Y.

This paper is structured to provide a comprehensive exploration of the DNS functional regres-
sion (DNS-FR) model and its applications. In Section 3, we first define the DNS model, and then
extend it by adding a functional regression component to incorporate the relative spread of a ref-
erence country. Section 4 focuses on the functional transformation that transfers the functional
regression to a finite-dimensional estimation problem through kPCA. Subsequently, in Sections 5
and 6, we delve into the estimation and forecasting methods, respectively. Section 7 offers an
overview of the data utilized in this study. Empirical results, including the comparison of the DNS
model and the DNS-FR model in terms of in-sample estimation and out-of-sample forecasting,
stress testing, and a case study of a bond ladder portfolio, are presented in Section 8. Finally,
Section 9 concludes.

2. Background on multicurve modeling

Previous approaches to multicurve modeling differ markedly from the framework proposed in
this paper. In Diebold et al. (2008), multiple government bond yields were linked through an
unobserved synthetic “global” yield curve — an artificial construct never used in the estimation
stage. Their model employed only two factors (level and slope), with the latent global factors driv-
ing the dynamics of each country’s two-factor Nelson-Siegel process. In essence, this structure
introduces common stochastic dependence across countries, but the synthetic global curve itself
is redundant, as it serves no direct empirical role. Specifically, the yield of country k at maturity t;
is given by

® | | ) (L= eh 0
Y, () =L" +§; <—>+vt (Ti)s (1)
)\kfi

where Lgk) and s§k> denote the level and slope factors, and vgk)(r,-) is the measurement error.
The global latent factors evolve as
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Each country’s local factors are linearly related to the global factors:
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where the idiosyncratic components follow AR(1) dynamics:
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where Yt(k)(‘ci) depends on global factors (L;, S;) and country-specific idiosyncratic terms e]ikt) , 65@{?-

Although Diebold et al. (2008) discuss a “global yield curve,” it is never estimated or observed,
serving only as a theoretical coupling device. Without data for calibration, parameters such as A
or the error covariance of this synthetic curve remain speculative:

A.Ti

Y&y =L+ 8, ( ) + Vi), (7)

i
where V;(t;) denotes noise.
In contrast, our proposed framework dispenses with synthetic constructs. We use an observed

reference curve — the US Treasury yield curve - to extract functional factors that capture both
tenor and temporal dependencies. This enables direct estimation and forecasting.

3. Proposed dynamic Nelson-Siegel functional regression model
We model the complete bootstrapped bond yields Y;(z;) at time ¢t with time to maturity T;

(in months) for a set {71, . .., Tn} as follows:
1 —e 7 l—e %,
Yt(Ti)|Yt(r)(Tl N)=F+Fy | ———— )| +Fy [ ———— —e "
ATi ATi
Nelson-Siegel model
W ")
b [ ror0ds et ®)
0
Functional regression model

Fit=vj0+ ¥j1F—1 +Mjs j€{1,2,3} )

Here, Ty is the maximum maturity of the reference country’s bonds. Yt(r)(rl .N) is the yield curve
of reference country with maturities from 7; to 7. The parameter A governs the decay rate.
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vi(s) represents the functional coefficient. ¥ € R and ¥;; € (— 1, 1) are parameters to be esti-
mated. €(7;) and nj; are independent and identically distributed normal noises. We will discuss
the structures of the covariance matrices considered for both €;(z;) and 1 later in Section 4.

As demonstrated, this model consists of two parts: a Nelson-Siegel model and a functional
regression component. In Section 3.1, we first introduce the Nelson-Siegel model, and then in
Section 3.2, we extend it by incorporating a functional regression component that captures the
relative spread of a reference country’s bonds.

3.1 Dynamic Nelson-Siegel model

We begin by introducing the latent three-factor model for the yield curve, initially proposed in
Nelson and Siegel (1987) and extended in Diebold and Li (2006) to allow time-varying factors.
The efficiency of this model has been demonstrated in numerous previous works, such as Diebold
et al. (2008), Yu and Zivot (2011), and Karimalis et al. (2017). The Diebold and Li (Diebold & Li,
2006) formulation for the yield curve is given as:

1—e 1—e . 5
Yi(t)=Fi i+ Fp | ——— |+ F3 | ——— — e " | + &(mi), (10)
)\‘L'l‘ )\‘L’l’
and
Fj,tzwj,o_i'l[’j,le,t—l +ﬁj,t> j€{1’2>3} (11)

forie{1,2,...,N}andt€{l1,2,...,T}.Here, F1, Fa;, F3+ are three latent factors typically inter-
preted as level, slope, and curvature. The parameter A determines the rate of exponential decay.
€:(t;) and 1), are independent and identically distributed normal noises for the measurement and
state equations, respectively. Additionally, we assume that all three factors F;; are uncorrelated.
Given the dynamic nature of the hidden factors and for consistency with other works, we refer to
this model as the DNS model.

The loading on the first factor F) ; is always 1 and is usually called the level. It affects all yields
equally, and thus it is viewed as a long-term factor. The loading on the second factor F,; is
(1 — e~*%)/(A1;), which starts from 1 and then decays monotonically to 0 as maturity goes to
infinity, hence its called the slope or short-term factor. The loading on the third factor Fs; is
(1 — e %) /(A1;) — e~ %, It starts from 0, first increases, and then decays to 0 again. Therefore,
it contributes mostly to medium maturities and is called the curvature or medium-term factor.
Figure 1 shows the factor loadings with a fixed A = 0.0609 as in Diebold and Li (2006).

3.2 Functional regression representation with missing data

To address the limitation that the DNS model does not account for conditional relationships
between different economies, we extend the DNS model by incorporating a functional regression
component into the measurement equation. In recent years, functional data analysis (FDA) has
gained popularity in time series modeling. In Hyndman and Shang (2009), such an approach was
pioneered by introducing a weighted functional principal component regression method designed
for forecasting functional time series. They successfully applied this method to Australian fertil-
ity rate data, representing time series curves as a finite sum of weighted hidden factors. Building
on this methodology, Hays et al. (2012) introduced the functional dynamic factor model, which
estimates both the hidden factor time series and the functional factor loadings simultaneously.
This approach was applied to US Treasury yields, demonstrating superior performance compared
to the DNS model. In a related study, Martinez-Hernandez et al. (2022) proposed a nonpara-
metric three-factor model, showing that the estimated factor loadings align with the level, slope,
and curvature of the Nelson-Siegel model, highlighting the versatility and adaptability of FDA in
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Figure 1. Factor loadings of the DNS model with 2 = 0.0609.

capturing the complex dynamics of yield curves. The applications of the FDA in the interest rate
market were explored in Bowsher and Meeks (2008) and Jiang (2014).

It is noteworthy that, in reality, data are often incomplete. In the presence of missing data, boot-
strapping methods are commonly used to handle the gaps. Different bootstrapping methods were
discussed in Ametrano and Bianchetti (2013) and Peters and Loke (n.d.). In this paper, missing
data can occur in both the reference country-specific yields Yt(r)(ri) and the response country-
specific yields Y;(z;). For the former, given the small amount of missing data in our datasets, we
use linear interpolation to fill in the missing values for simplicity. For the latter, we define a binary
variable Sy; to track the missing data:

Sti=

1 if Yy(t;) is recorded
0 otherwise.

The extended model is given as:

. " 1 —et L—em .
Yi(t)| Y () = | Fit + Fa g +E | —————e "
1 1

™
+/ Vi(S)Yt(r)(S)d5+€t(Ti)i| - Stis (12)
0
and the state equation remains unchanged:
Fir=vYj0+ ¥j1Fje—1 + M j€{1,2,3}. (13)

If data are complete, this model reduces to Equations (8) and (9). Here, Yt(r) (s) represents the yield
curve of a reference country at time ¢, and y;(s) are the functional coefficients. In this study, we
assume that the yield curve of the response country at time ¢t depends only on the yield curve of the
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reference country at the current time ¢ and not on previous times. Additionally, we assume that
the functional coefficient y;(s) is time-invariant and varies across different maturities of bonds
from the response country. We refer to this model as the DNS-FR model.

However, estimating the functional coefficient y;(s) is challenging. Therefore, in the next sec-
tion, we will transform the functional regression component into a weighted sum of a finite
number of factors.

4. Functional representation and transformation

In order to transform the integral representation of the functional regression into a vector opera-
tion suitable for linear estimation, this section introduces the kPCA method. The kPCA procedure
is employed to extract a finite set of factors from the yields of the reference country. Compared
with traditional PCA, kPCA offers a key advantage in capturing nonlinear structures within the
data while effectively reducing dimensionality. A similar methodology has been applied in the
modeling of green bonds in Campi et al. (2024). The detailed derivation of the kPCA procedure
is provided in Appendix A.
Consider the bootstrapped input matrix of bond yields for the reference country:

() @) o ()]
o | W@ Y
YN><T=

L) ) o P

T
We denote Y (7;) = [Yfr)(n), Yér)(ti), e Y(Tr)(ti)] as the time series of the yields of the bonds
with maturity 7;. Assume ¢ :)Y — F is a nonlinear mapping from the observed input space

Y C RT to the feature space J* C R” such that (Y (1)) = [$1 (Y (1)), . . ., <|>T(Y<f>(z,-))]T.
Let @ be an N x T matrix:

G1(Y (1)) - (Y (1))
(I’NXT =

G1(YD(n) - dr(Y ()

The objective of KPCA is to find a linear projection that projects ® onto uncorrelated compo-
nents denoted A, with lower dimensionality. Each point ¢ ( Y")(z;)) can be expressed as a linear
combination of Q < T vectors of dimension T

Q
SV (@)= aigvy,

g=1

where v, are orthonormal basis vectors, and the coefficient vectors oy = [Oll,q, RN ozN,q]T satisfy
N
T _ 2
g =) iy =iy
i=1

with A, being the gth eigenvalue of T O,
In practice, the explicit form of the mapping ¢ (-) is typically unknown, and thus 2, and v,
cannot be computed directly. To address this, we introduce a kernel function k: Y x Y — F,
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which defines the inner product in the feature space F:

T
kYO (), YO (1) = d(Y (@) oY (1) =Y bY@ k(Y1) (14)
k=1

fori,je{l,...,N}. Using standard matrix algebra, the eigenvectors can then be expressed as

N
vy =y wigh(Y"(z)),

i=1

and the principal component is given by

N
Umg = Z Wi,qk(Y(r)(‘L'm), YO(1)), (15)
i=1
where w;, denotes the weights. For a new sample Y(r*), where t*¢({r,..., 7y} and

% € [0, Tymax], the projection onto the gth component is

N
Ung= Y Wigh(Y("), ¥(1)). (16)
i=1

In this paper, we choose the radial basis function (RBF) kernel, which is of the form
k(x, Y) = exp (—t[|x — Y[?), (17)

where ¢ > 0 is the hyperparameter. We will discuss the estimation of ¢ in Section 5.1. The valida-
tion of the RBF kernel is proved in Shawe-Taylor and Cristianini (2004). Here, we choose the RBF
kernel because it is both universal (Wang et al., 2004; Ismayilova & Ismayilov, 2024) and char-
acteristic (Sriperumbudur et al., 2011; Szab6 & Sriperumbudur, 2018). A universal kernel means
that it can approximate any continuous function on a compact domain, while a characteristic ker-
nel ensures that it uniquely distinguishes probability distributions. Other popular kernel function
options include the polynomial kernel, Square Bessel kernel, graph kernel, and ANOVA kernel,
though these other kernel choices, whilst widely used, are typically not provably characteristic and
universal.

The standard approach to learning hyperparameters of the kernel in such a regression setting is
via either maximum likelihood procedures or cross-validation methods. In this work, we adopted
a nonlinear maximum likelihood procedure, with a simple and reliable 2-dimensional grid search
procedure. Details are available in the GitHub repository accompanying this manuscript.!

Subsequently, the functional regression term in Equation (8) is expressed as a weighted sum of
a finite number of factors by applying the Karhunen-Loeve theorem:

Theorem 1 (Karhunen-Loeve theorem). Suppose X; is a zero-mean stochastic process for t € [a, b].
K(s, t) is the continuous covariance function. Then X; can be expressed as

)
X = Z Zjej(t),
=1

where Zj = fab Xtej(t)dt and ej(t) are orthonormal basis functions defined in (18).
The orthonormal functions are defined as follows:

Definition 1. Two real-valued functions f(x) and g(x) are orthonormal over the interval

[a, b] if

! Github: https://github.com/peilun-he/State-Space-Dynamic-Functional-Regression-for-Multicurve.
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L [P f(0)g(x)dx =0
1/2 1/2
2 1If @I =llgwll = [ f] el =[ [ lgtPdx] =1

In this paper, we choose e;4(7;) = ai,qqu as the orthogonal basis functions, so that d(Y(1)))
= Z‘?:l eq(7:). Therefore, we have

N
eq(T)) =aigvg = Z wj,qk(Y(r)(Ti), Y(r)(tj))vq. (18)
j=1

Using the Karhunen-Loeve theorem, we express Yt(r)(s) and y;(s) as follows:

Y(s) =Y Uyes(s) (19)
j=1
and
Vi)=Y viker(s), (20)
k=1

where Ujj = [V Yt(r) (s)ej(s)ds and y; = [y vi(s)ex(s)ds. We then have:

/ yi(s) Y, (s)ds = / (Z nm(s)) Y Uses(s) | ds
0 0 \k=1 =1

0 ™ ™
= Y vy / (¢/())* ds + Y vikUy / ex(s)ej(s)ds
0 0

j=k,j=1 j#k
) Q
= ¥iiUi~ Y viUj. (21)
j=1 j=1

Thus, the DNS-FR model given in Equations (8) and (9) can be rewritten as:

1— e*)»r,- 1— ef)»r,- . Q
Yi(ti) = Fip + Fo (—) + Fs, (— —e I’) + ) vijUy + €T, (22)

AT AT °
=1
Fit=Yj0+ ¥j1Fi—1 +Mjs j€{1,2,3}. (23)
In matrix notation, this becomes:
YtZAFt+rUt+61, Et"’N(O, Ze); (24)
Fi=Wo+ VW F_1 +14 1~ NO,Xy). (25)
Given the assumptions that the F;; are uncorrelated, we have:
2
o, 0 0
Ta=|0 o5 0
2
0 0 of,

?In reality, we do not know the eigenvectors v,. Therefore, we choose the eigenvectors of K as a proxy. This will
guarantee the orthogonality of the basis functions.
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However, X, is not, generally, a diagonal matrix. That is because in the bond market, different
bonds with different maturities are usually correlated to each other. Therefore, in this paper, we
will consider the following three structures for X, for both the DNS model and the DNS-FR
model:

1. X, is diagonal, and bonds with different maturities have different variances:

o 0 - 0

0 ¢ -+ 0
T =

o 0 .. GeZN

2. X, has a diagonal band. Each bond is only correlated to the two bonds (one with shorter
maturity, and one with longer maturity) which are closest to it, but is not correlated to oth-
ers. Furthermore, we assume that all pairs of two adjacent bonds have the same correlation

coefficient:
[ ol POe, Oc, 0 e 0 0 ]
P00, 02 P00y, - 0 0
0 PO, 0, 0523 e 0 0
T =
0 0 0 s UeZN_l POey_10ey
L O 0 0 ©r+ POey_;Oey 03N

However, it should be noted that this matrix is not always positive definite for all p €
[ —1,1]. Actually, it has been shown in Johnson et al. (1996) that only when p ranges

1 fiad 1 72 e . ..
from —5\/ 1+ e to 5\/ 1+ 777> @ positive definite matrix is guaranteed. Therefore,
assuming 6 € R is the input parameter, we take a transformation

= ! L, (26)
= X —_ = R
P 1+4N2 " 149 2 1+ 4N?2

to make sure that p is in the correct range.
3. X is a full covariance matrix. To avoid a very high dimensionality of parameter space, we
assume that this covariance is generated by two parameters in the following form:

o2 o2p . g2pN-1
o2p o2 . g2pN-2
Y=
o2pN-1 G2pN-2 ... o2

In this case, we assume that all bonds have the same variance, and the covariance of two bonds
decays as the difference in maturities increases.

In Section 8, we will compare the in-sample estimation accuracy of the models using these three
covariance structures, respectively.
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5. Estimation methodology

In this section, we present the estimation methods for the model. We first discuss the estimation
of the hyperparameter ¢ of the RBF kernel function in Section 5.1. Then, in Section 5.2, we intro-
duce the Kalman Filter to estimate the hidden factors in a standard linear state-space model. All
parameters of the state-space model are estimated by maximizing the marginal likelihood function
in Sections 5.3 and 5.4.

5.1 Estimation of hyperparameters for the Kernel function

The hyperparameter ¢ of the RBF kernel is estimated through a grid search. We choose ¢ from the
range 0.001 to 1 with a step size of 0.001. At each grid point, the pre-image measurement error is
calculated. The point on the grid with the minimum error is selected as the optimal ¢.

To prevent data leakage, the hyperparameter ¢ and all other model parameters are estimated
exclusively using in-sample observations. Out-of-sample forecasts are then generated sequentially,
conditioning only on the historical information available at each forecasting point. Moreover, the
factors Uy; are estimated using kPCA based solely on in-sample data during the in-sample estima-
tion stage, while in the out-of-sample forecasting stage, these factors are reconstructed using both
in-sample and out-of-sample data.

5.2 Kalman Filter

The Kalman Filter is used to estimate all parameters of the DNS-FR model. We start by
reparameterizing Equations (24) and (25) into a standard state-space model:

Yi:— Ap —TU;=A(F;— )+ By, (27)

Fi—p =V (F_1— p)+ Dw,, (28)

where p is the mean vector of the hidden state vector such that g — Wi u = ¥, and B and
D are Cholesky decomposition of X, and X, respectively. v; and w; are uncorrelated unit-
variance white noise processes. We define Z; := Y, — Au — I'U; and X; := F; — p representing
the measurement and state vectors. Therefore, Equations (27) and (28) can be rewritten as:

Zt = AXt + BVt, (29)

X[Z \I’1Xt_1 +DW;. (30)

For the DNS model, we have similar notations but F'U; = 0.
Moreover, we use the following notations to represent the expectation and covariance matrix
of the state vector X;:

ayi—1:= E(X¢|Z1.1-1), Pyi—1:= Cov(X(|Zy.-1),
a; .= E(X¢|Z1.¢), P;:= Cov(Xy|Z,.+)

Z, .; represents all vectors Zy,Z;, ..., Z;. We assume that X; is a Markov process, so that the
distribution at time t depends only on the state in the previous time ¢t — 1.

Now, we present the algorithm of the Kalman Filter. The system starts from an initial state
Xo ~ N(ag, Py), and all point estimates a; and covariance P; are calculated recursively in a two-
stage process involving a prediction stage and a update stage.

First, given observations Z;.;—; and state X;_;, the prediction of the distribution of X; is
calculated by

FXNZ1 i) = f FXAX it Z1 ) Ker 121 1)K, (31)
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where f(-) represents the density function. As X;|X; 1,Z;.,—1 ~N(¥iX;_1,2) and
X; 11Zy.4—1 ~N(ay_1, P;_1),wehave X¢|Z1.;—1 ~N(W¥ia;_1, \IllP,f_l\IIIr + Xy). The point esti-
mates and the covariance matrix are
a1 =Viar (32)
and
Py =WP_ W] + T (33)

Next, when a new observation Z; is available, we update the distribution as

fXHZy ) < f(Zi| Xt Zy 1) (Xt Zy - 1), (34)
which is a direct result of Bayes’ Theorem. From the measurement equation, we have
Zi|Xt,Z1.+—1 ~ N(AXy, X¢). Then, using some basic properties of normal distribution, we have
Xt|Z1:t ~ N(at‘t,l + Kt(Zt — Aat|t,1), (I — Kl‘A)Pﬂtfl)) where I is the 1dent1ty matrix, and
K;= Pt|t_1AT(APt|t_1AT + )~ ! is the Kalman gain matrix. The updated point estimates and
covariance matrix are

a;=ay;1 +Ki(Z; — Aagy—1) (35)
and
Py =(I—K/A)Py;_;1. (36)

Finally, we repeat all the steps for t € {1,..., N}.

5.3 Maximum marginal likelihood estimation

In this section, we discuss the method for estimating unknown parameters, denoted by ©, by
maximizing the marginal likelihood.
The marginal distribution of Z;|Z; .;_ is given by

FZi1Zy o) = / FZlXer Z1 ) Ki1Z1 o)X, (37)

From the previous section, we know that Z;X;,Z;.;,—1 ~N(AX;, Xc) and X4|Z1.4—1 ~
N(as|t—1, Ptjs—1). Therefore, we have Z;|Z;.;—1 ~ N(Aas—1, APt|t_1AT + X¢). Moreover, we
define the estimation error of Z; as

=2 —Zi=27;— Aay (38)
and the covariance matrix is
Ly = Cov(et|Zy.1—1) = Cov(Z|Zy .1—1) = APt\tflAT + Xe. (39)
Ignoring the constant terms, the log-likelihood function is given by
| N
(OsZ1n)=—3 Y (/L5 e +log ILye1) (40)

t=1

The maximum likelihood estimation (MLE) 0 maximizes the Equation (40).

5.4 Overfitting and regularization

The DNS-FR models in Equations (22) and (23) may be subject to overfitting, particularly due to
the inclusion of functional components. To address this issue, regularization techniques such as
ridge and lasso regression can be applied.
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A practical approach involves first estimating the baseline DNS model given by Equations (10)

and (11) to obtain the residuals ét(ri). The functional component is then fitted to these residuals
using a penalized regression of the form:

Q
&)= vijUs+ ex(my).
j=1

The lasso and ridge estimators are obtained by minimizing the following penalized loss functions:
T

Q > Q
Lasso:Z €t(1:,~)—Zy,«,jUtj +KZ|)/,',J‘|,
j=1 j=1

t=1

T (. Q g Q
Ridge: Z €(Ti) — Z YijUs | +« Z J’i,zj’
=1 =1

t=1

where k > 0 is the tuning parameter that controls the strength of the penalty term.

6. Forecasting methodology

In this section, we discuss the procedures for forecasting the response country’s yields over a
h-month horizon. First, we discuss the prediction of the measurement Zy., ;. yyj,. We start with
the 1-step ahead forecasting and extend to h-step ahead forecasting.

The conditional density of the measurement is

f(ZN+1|leN)=/f(ZN+1|XN+1,Z1:N)f(XN+1|Z1:N)dXN+1- (41)
Using the results of Section 5.3, we have Zy11|Z1 .y ~ N(Aan1n> Ln4+1)n). So, our prediction is
Zn+11Z1 .8 = Aani v = AW ay. (42)

Then, for a h-step ahead forecasting, we can consider it as a sequence of 1-step ahead forecasting.
The conditional density is given by

FENhZ1 N Zng1 Nh1) = /f(ZN+h|XN+hsZI:N>ZN+1:N+h—1)

SXNAH 2180 Zy 1 Nh—1)AX N 41 (43)
Using a similar method, we have Zy4|Z; . N, ZNH :N+h—1 ~ N(Aanih N> LN4hN)- As we do not
have the real values for 2N+1 .N+h—1 but only the predicted values §N+1 .N+h—1, the predic-
tion error ¢; =0 for all N+ 1 <i < N + h and therefore the point estimates of the state variable
anipn =VYianip— N =" = \Il’faN. Our prediction is
ZNhlZ1 N ZNr N b1 = Aayipn = AV¥'ay. (44)
The corresponding covariance matrix is
Lyinn = Cov(ZnynlZ1:N) = Cov(YNinlY1:N, Ur:N) = ACov(XnynlZ1 . N)A + Ze,  (45)
where
Cov(XN 111 Z1.N) = ¥1Cov(Xnyn11Z1-N)¥] + Zy, (46)

is calculated recursively.
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Now, we discuss the prediction of the response country’s yields. We divide the forecasting into
the following three steps:

1. Forecast the US yields f’g)H, ?5\2_2, ceo f’j\ﬁh over the horizon h using the DNS model by

Equation (44), where ZN+1' = i(l(\;-i-i —Ap.

2. Reconstruct factors Uy, ..., Uyyp using both in-sample data Y(lr), ces Yﬁ’) and predicted
data f/gl_l, ceo f’%:_h through kPCA. Keep the hyperparameter constant.

3. Forecast the response country’s yields ¥Yn.1,..., Yy, by Equation (44) using DNS-FR
model, where Zyy; = IA/NJF,- —Apn-T IAJNH. The covariance matrix is given in Equation (45)
astheterms Agw and T’ ﬁN+; are constants.

In step 2, both in-sample data and predicted data are used for two reasons. First, the forecast
horizon is not too long compared to the in-sample horizon. If only predicted data are used,
the extracted factors may not be accurate. Second, incorporating the true trajectories into the
reconstruction produces a more stable representation.

7. Data

In this paper, we focus on examining the relative spreads of seven countries/regions (the UK,

Germany, France, Italy, Japan, Australia, and the European Union) with respect to US bond yields,

which serve as the reference yield. The data used in this analysis consist of monthly data from

January 2010 to December 2020.> We use the first ten years as in-sample data to estimate unknown

parameters and hidden state variables, and the data for the last year for out-of-sample forecasting.
The original data contain the following maturities:

United States (US): with maturities 1, 3, 6 months, and 1, 2, 3, 5, 7, 10, and 30 years.
United Kingdom (UK): with maturities 1, 3, 6 months, 1, 2, 3, 5, 10, 20, and 30 years.
Germany (DE): with maturities 3, 6, 9 months, and 1, 2, 3, 5, 10, 20, and 30 years.

France (FR): with maturities 1, 3, 6, 9 months, and 2, 3, 5, 10, 20, and 30 years.

Italy (IT): with maturities 6, 9 months, and 2, 3, 5, 10, and 30 years.

Japan (JP): with maturities 6 months, and 1, 2, 3, 5, 10, 20, and 30 years.

Australia (AU): with maturities 1, 2, 3, 5, and 10 years.

European Union (EU): with maturities 1, 3, 6, 9 months, 1, 2, 3, 5, 7, 10, 20, and 30 years.

To provide a better interpretation, we match each country’s maturities to 1, 3, 6, 9 months,
1,2,3,5,7, 10, 20, and 30 years. For countries/regions without all these maturities, we estimated
the missing maturities using the static Nelson-Siegel model:

1— AT 1— e—kri
Yi(ti) = Fit + Fat <—> + F3¢ <— - 6_)””) + vi(Ti), (47)
)»‘E,' )»‘E,'
where F, Fo, and F3; are hidden factors representing the level, slope, and curvature. The dif-
ference between Equation (47) and the DNS model described in Section 3.1 is that for Equation
(47), we do not assume any dynamics of the factors F;, for i € {1, 2, 3}. Instead, they are estimated
day by day using the least squares method. Figure 2 shows the UK yield curves for the original
data and the data after maturity matching, respectively. The 9-month and 7-year bond yields are
interpolated in the right sub-figure. Additionally, all missing values are replaced by interpolated
values.

3Data were obtained from https://www.tradingview.com/.
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Figure 2. UK yield curves from January 2010 to December 2020. The left figure is for the original data, and the right figure is
for the data after maturity matching. 9-month yield and 7-year (84-month) yield are interpolated in the right figure.

8. Empirical analysis

In this section, we present the empirical results. We first show the in-sample estimations using
the DNS model and the DNS-FR model in Sections 8.1 and 8.2, respectively. Section 8.3 gives the
out-of-sample forecasting. To assess the potential issue of overfitting, we compare the functional
regression model with a simple addition model in Section 8.4. Then, we test the performance of the
DNS-FR model under a permanent shock and a temporary shock in Section 8.5. Finally, one appli-
cation of the DNS-FR model in the construction of a bond ladder portfolio for risk management
is given in Section 8.6.

8.1 Dynamic Nelson-Siegel model

We first present the estimation results of the DNS model, which serves as a benchmark. Model
parameters and hidden state variables are jointly estimated by maximizing the marginal likelihood
function described in Section 5.3. In this paper, X is fixed at 0.0609, as in Diebold and Li (2006).

The in-sample Root Mean Squared Error (RMSE) using covariance structure 2 is provided in
Table 1. The in-sample RMSE for the DNS model using covariance structures 1 and 3 is given
in Appendix B. We first discuss the differences between these covariance structures, as outlined
in Section 4. Overall, the differences in mean RMSE are minimal. For long-end maturities, specifi-
cally 20-year and 30-year maturities, covariance structure 3 provides the most accurate estimation.
However, for short-end and middle maturities, covariance structure 3 exhibits the highest RMSE.
It also has the highest mean RMSE for most countries/regions, except Japan. Therefore, covari-
ance structure 3 is not the best choice for this study. Covariance structures 1 and 2 are more evenly
matched, with structure 2 outperforming structure 1 for some countries/regions and vice versa.
Considering that covariance structure 2 shows some dependencies between yields with different
maturities, which is more realistic in the bond market, while structure 1 assumes all yields are
uncorrelated, we choose to use structure 2 for further analysis.

Focusing on covariance structure 2, most countries/regions exhibit a high RMSE for long-end
maturities, with the exception of Italy. Italy has a low RMSE for long-end maturities but a high
RMSE for middle maturities, between 3 years and 10 years. Similar patterns are observed for
the UK, France, and the European Union, which also show high RMSEs for middle maturities.
Conversely, the DNS model fits the short-end maturities well across all countries/regions.

These results suggest that while the DNS model generally captures the dynamics well for
short-end maturities, it struggles with accuracy at longer maturities for most countries/regions.
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Table 1. In-sample RMSE for DNS model using covariance structure 2

Maturity UK FR IT DE JP AU EU us

1 month 0.1313 0.1139 0.0288 0.0047 2.26e-05 0.0048 0.1984 0.0645
3months 00212 00755 00007 00571  320e15 00005 01307  0.0126
5 months T 01027 e 00449 - 00679 - 00677 R 00323 - 00026 - 00492 - 00688
9 months 0.0511 0.0738 0.0722 0.0891 0.0071 0.0012 0.0590 0.0324
1year R 00999 R 00142 e 364913 o 01009 s 00160 s 00106 - 00867 I 00752
2years i 00102 - 00725 R 01096 - 00210 R 00144 - 00272 - 00145 I 00179
3years 01223  0.4770 02409 01216 00195 00589 01305  0.1082
5years 0.2390 0.2764 0.3754 0.1658 0.0268 0.0217 0.2097 0.1263
7year5 s 01563 e 02023 I 03206 - 00950 . 01574 I 00957 - 02067 I 00787
10years i 01374 - 01716 I 02214 - 01607 - 03325 I 02469 - 00904 I 01598
20years 04039 03410 00532 04377 09466 06271 02843 03872
30years 0.4706 0.4769 0.1233 0.4846 1.1036 0.8269 0.3049 0.5018
Mean T 01622 e 01700 I 01345 - 01505 . 02214 I 01603 - 01471 I 01361

This discrepancy is likely due to the higher volatility and risk associated with longer-term bonds,
which are not fully captured by the DNS model.

Another notable observation is the presence of extremely small values in Tables 1 and 2, in
the order of less than le-10. This phenomenon can be explained from two perspectives. First,
as discussed in Section 7, data for some countries lack certain yield curve maturities used in the
analysis. These missing maturities include 9-month and 20-year maturities for the US; 9-month
and 7-year maturities for the UK; 1-month and 7-year maturities for Germany; 1-year and 7-year
maturities for France; 1-month, 3-month, and 1-year, 7-year, and 20-year maturities for Italy;
1-month, 3-month, 9-month, and 7-year maturities for Japan; and 1-month, 3-month, 6-month,
9-month, and 7-year, 20-year, and 30-year maturities for Australia. These missing maturities are
bootstrapped with small observation errors, leading to lower estimation errors for some of these
maturities. Second, there are no constraints on the error terms in Equations (24) and (25). Due
to the nature of the state-space model, a higher estimated signal-to-noise ratio results in smaller
estimation errors for observations. This also explains the presence of extremely small values in
some cases.

8.2 DNS-FR model

In this section, we present the estimation results of the DNS-FR model. To estimate the yields of
response countries, we first extract factors from US Treasury yields using kPCA as discussed in
Section 4. The estimated hyperparameter for the RBF kernel is ¢ = 0.083. After extracting these
factors, we estimate the yields using the same methodology as the DNS model.

We select 3 kPCA factors for this study. Compared to the RMSE using 2 factors, the in-sample
RMSE with 3 factors shows significant improvement, particularly for UK yields. Increasing the
number of factors to 4 or 5 further reduces the RMSE for most countries/regions, but the improve-
ment is marginal. Given the substantial increase in parameter space and associated computational
challenges, we determine that 3 factors strike the optimal balance. Similar to the DNS model, the
choice among the three covariance structures shows minimal difference. For consistency, we use
covariance structure 2 for the remainder of this paper.

Table 2 presents the in-sample RMSE for the DNS-FR model with 3 factors and covariance
structure 2. The in-sample RMSE for other covariance structures and factor counts is provided in
Appendix C. The DNS-FR model significantly reduces the mean RMSE compared to the DNS
model across all countries/regions. Specifically, for the UK, France, Germany, and European
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Table 2. In-sample RMSE for DNS-FR model with 3 factors using covariance structure 2

Maturity UK FR IT DE JP AU EU

1 month 0.0585 0.0474 0.0234 3.98e-15 0.0001 0.0021 0.0911
3m0nths I 00115 I 00544 I 00030 R 00458 R 00002 - 00002 I 00530
Gmonths 00447 R 00336 00638 s 00451 . 00156 - 00002 R 00455
9 months 0.0193 0.0404 0.0682 0.0483 0.0006 0.0034 0.0357
! lyear [T 00684 e 00098 e 287615 R 00496 e 00145 e 00289 I 00456 ]
..z,ye.avl.'s. S 551&15 e 00551 I 01007 R 00032 R 00131 - 00380 e 141e_14
3years 00802 00578 01536 00443 00084 00457 00424
5years 0.1639 0.1332 0.2277 0.0915 0.0063 0.0147 0.0910
7years [ 01059 I 00811 e 02088 R 00588 R 00403 e 00566 I 01152
! loyears R 01203 I 00330 - 01591 R 00741 R 00870 I 01473 - 00696
2years 00669 01982 00426 01534 02508 04285  0.1042
30 years 0.0775 0.3181 0.1251 0.2709 0.3515 0.5899 0.1679
! Mean [ 00681 I 00927 e 00980 R 00738 R 00657 e 01130 I 00722

Union yields, the DNS-FR model outperforms the DNS model at all maturities. For Italy yields,
while the DNS model shows lower RMSE at 3-month, 1-year, and 30-year maturities, the differ-
ences are minimal. For other maturities, the DNS-FR model performs better. For Japan yields, the
DNS model has a slight advantage at 1-month and 3-month maturities, whereas for Australia
yields, it is more accurate at 9-month, 1-year, and 2-year maturities. Otherwise, the DNS-FR
model provides superior yield estimates.

As discussed in Section 8.1, the DNS model struggles with accurately estimating the yield
curve for 20-year and 30-year maturities. The DNS-FR model significantly improves this issue.
For UK and European Union yields, the RMSE magnitude for long-end maturities aligns closely
with other maturities. The DNS model already provides accurate long-end maturity estimates
for Italian yields, so the DNS-FR model does not offer much improvement here. For France,
Germany, Japan, and Australia yields, the RMSE for long-end maturities remains high, but the
DNS-FR model still achieves significant reductions.

For the remainder of this paper, we focus on UK yields, as the DNS-FR model performs well
for both short and long maturities.

We close this subsection by discussing the structure of the yield curve. Typically, in the bond
market, the yield curve is in an upward-sloping or normal shape, where short-term interest rates
are lower than long-term rates due to the higher risk associated with long-term debt. However,
under certain conditions, this relationship can invert, leading to an inverted yield curve where
long-term bonds have lower yields than short-term bonds. Such inversions are relatively rare and
noteworthy as it often indicates an unusual economic environment. Therefore, it is essential to
test if models can accurately estimate yield curves in both normal and inverted configurations.

Figure 3 illustrates the estimated UK yield curves by the DNS and DNS-FR models for January
2011, August 2015, and September 2019. In January 2011, the yield curve displayed a normal
upward-sloping shape. For bonds with maturities less than 120 months, both models perform
similarly. However, for longer maturities, the DNS-FR model provides better estimates. In August
2015, when the curve remained in a normal shape, the DNS-FR model continued to outperform,
especially for long-term bonds. Moreover, the DNS-FR model captures short-term fluctuations
accurately, whereas the DNS model offers a smoothed estimation. In September 2019, the yield
curve exhibited an inversion for maturities less than 60 months, before reverting to a normal slope
for longer maturities. The DNS-FR model again demonstrates superior performance, accurately
fitting both the inverted and normal segments of the curve.
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Figure 3. Estimated UK yield curves by DNS model and DNS-FR model for three different months.
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Figure 4 presents the extracted kPCA factors Uy; (left) and their corresponding coefficients y;;
in Equation (22).

8.3 Forecasting

In this section, we compare the performance of the DNS model and the DNS-FR model in out-of-

sample forecasting, using the methods discussed in Section 6. Forecast accuracy is evaluated using
the RMSE for 12-step ahead (h = 12) forecasts.
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Table 3. 12-step ahead forecasting RMSE for the DNS model

Maturity UK FR IT DE JP AU EU us

1 month 0.6645 0.1348 0.2305 0.0698 0.0639 0.5642 0.1164 1.5016
”3”n;,6'n£h's. e 06158 I 00543 I 02390 - 00687 I 00585 I 05202 I 00574 I 14229
6months  0.5456 00724 02657 01169 00510 04678 00796 13378
9 months 0.5257 0.0969 0.2817 0.1718 0.0435 0.4285 0.1203 1.2959
..l.y.éé.r.. S 04797 R 00662 . 03215 I 02097 e 00346 04075 R 01537 . 12309
2years R 04659 I 00541 I 04272 - 01702 I 00317 I 03174 I 00994 I 11570
Jyears 04744 01127 05100 01073 00350 03259 00652  1.1464
5years 0.5096 0.2305 0.5819 0.0721 0.0356 0.2357 0.1444 1.1109
7years R 04605 R 02481 e 06054 R 00970 e 00558 e 01184 R 02012 e 09822
10 S,e”av,;s” I 03946 T 01336 e 05505 R 00783 T 01137 I 01576 R 01798 e 08818
20years 01243 01984 0419 01188 04541 08816 01665 0519
30 years 0.1224 0.3753 0.4180 0.2515 0.6326 1.3228 0.1251 0.3364
Mean e 04486 R 01527 e 04042 R 01277 e 01342 e 04790 R 01258 e 10770

Table 4. 12-step ahead forecasting RMSE for the DNS-FR model

Maturity UK FR IT DE JP AU EU

1 month 0.7252 b b b L I X
3months . 05624 Sttt Uttt OOttt i
emonths 05646
,9 months vvvvvvvv 05482 vvvvvvv

1year 0.5093 . . . . . .
zyears S 04720 Sttt OOttt Ut
3years 04360
Syears  0.5358
T years 0.5288
Hlb(l)byé‘a}s» -~ 05026 .
20years 01794
30years  0.1464

Mean 0.4884

Tables 3 and 4 present the RMSE for the DNS model and the DNS-FR model, respectively.
Interestingly, for all countries/regions, the DNS model provides a lower mean RMSE than the
DNS-FR model. However, it is important to recall that, in the DNS-FR model forecasting process
described in Section 6, we first forecast the yields of the reference country (US Treasury) using the
DNS model. In Table 3, the mean RMSE for the US Treasury yield prediction is notably high, at
least double that of the mean RMSE for other countries/regions. Consequently, the reconstructed
factors Un1, . . ., Uyy may not accurately reflect the US Treasury market during this period.

To further compare the performance of the DNS model and the DNS-FR model, we conduct
a moving window analysis. The moving window is set as follows: we start with a 5-year window
from January 2010 to December 2014, treating this period as in-sample data to estimate model
parameters and hidden state variables. We then estimate the yields and calculate the mean RMSE
over all maturities and data points within this window. Next, we forecast the yields 12 steps ahead,
treating the next 12 months (i.e., from January 2015 to December 2015) as out-of-sample data,
and calculate the mean RMSE. We then shift the window forward by one month (i.e., one data
point) and repeat the calculations, continuing this process until the last available data point.

https://doi.org/10.1017/5174849952610027X Published online by Cambridge University Press


https://doi.org/10.1017/S174849952610027X

458 He et al.

(a) (b)
03 3
——DNSmocd | —DNSmode
D Ao | =W Hmodit)
025+ 1 25+ ()
[
|
W) ¢ \ | | I"II '|| '|I‘I."I |
e -~ . nn ' &
¥ S N N A u,_l'.',1 W g g |
E \ < |
c H]
% : |
18 215
i - g !
£ ' g |
8 | % |
£ o A\ f 5 4
A 8 | l

[

V , : . 3 0 l’:] Il I ln-‘. Jmt .'J'|‘II..._
: “"'},ls,;ﬁ J W " w%}u .‘;wl" A

0 L L L o

1998 2000 2002 2004 2008 2008 200 2012 2014 2008 2002 2004 2006 2008 2010 2M2 24 2006 2018

Date Date
In-sample mean RMSE. Out-of-sample mean RMSE.

Figure 5. In-sample and out-of-sample mean RMSE for UK yields using a 5-year moving window, move forward for 1 month
each time. Each point corresponds to the midpoint of the window, with RMSE averaged over the full window.

Figure 5 shows the in-sample (left) and out-of-sample (right) mean RMSE for UK yields using
a moving window. The blue curve represents the mean RMSE for the DNS model, while the red
curve represents the mean RMSE for the DNS-FR model. The date of each point corresponds
to the midpoint of the window. From the in-sample estimation, it is evident that the DNS-FR
model consistently outperforms the DNS model over the entire sample period from 1998 to 2016,
with the performance gap widening after 2010. In contrast, for the out-of-sample forecasting,
the two curves frequently intersect. During certain periods, such as around 2018, the DNS-FR
model achieves a lower mean RMSE, whereas in other periods, notably between 2010 and 2014,
the DNS model performs better. Additionally, the differences between the two curves are limited,
indicating that both models have similar forecasting performance. The same figures for other
countries/regions are provided in Appendix D, and similar conclusions are drawn for all other
countries/regions.

8.4 Assessing overfitting in the DNS-FR model
In Sections 8.1, 8.2, and 8.3, we demonstrate that the DNS-FR model outperforms the DNS model

in in-sample estimation. However, for out-of-sample prediction, the DNS-FR model exhibits only
comparable predictive power in some countries. This raises concerns about potential overfitting.
In this section, we address this issue by comparing the DNS-FR model with the following model:

1 — e P 1 —e P (r)
Yi(t;) = Fii+Fy <T> + F3¢ (T —e T’) + BfYt (T) + €(m) (48)
1 1

Fir = Y50 + ¥j1Fj—1 +je (49)

Here, Yt(r)(f) denotes the bond yield of the reference country for a given maturity 7, and 3; is the
corresponding coefficient. Unlike the DNS-FR model, Equations (48) and (49) do not incorporate
a functional component. Instead, they assume that a simple addition of the reference country’s
bond yield enhances the DNS model. We refer to this model as the DNS-RegX model, where X
represents the maturity (in months) of the reference bond yield.

Tables E.1 to E.4 in Appendix E present the in-sample estimation errors and out-of-sample
forecasting errors. The response yield is the UK bond yield, while the reference yield is the US
Treasury yield at six maturities: 1 month, 12 months, 24 months, 60 months, 120 months, and
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360 months. We also compare the DNS-FR model with different numbers of factors (shown in
brackets) extracted.

Table D.1 reports the in-sample estimation errors across different models. Incorporating a sin-
gle US Treasury maturity into the DNS model reduces the RMSE, with longer maturities offering
greater improvements in estimating UK bond yields. However, all variations of the DNS-RegX
model yield higher RMSEs than the DNS-FR model, particularly for middle and long-term matu-
rities. This is because the kPCA decomposition captures the level, slope, and curvature dynamics
of the US Treasury yield curve, whereas a single time series of US Treasury yields cannot fully
represent these features. As a result, although adding a single US Treasury maturity improves the
estimation, the functional regression component remains crucial for achieving superior perfor-
mance. Increasing the number of kPCA factors from 3 to 6 has only a limited impact on in-sample
accuracy. For the DNS-FR model with 6 factors, the mean RMSE is 0.0655, approximately 60%
lower than that of the DNS model and 37% lower than that of the DNS-Reg360 model.

For out-of-sample forecasting, we consider three settings: a rolling window of 1-step ahead
forecasting over the next 12 months (Table D.2), 2-step ahead forecasting (Table D.3), and 12-step
ahead forecasting (Table D.4). Overall, the DNS-FR model outperforms both the DNS and DNS-
RegX models over longer horizons, while DNS-RegX models achieve lower RMSE:s in the short
term. For 1-step ahead forecasting, the DNS-Reg120 model achieves the lowest RMSE of 0.1411.
In contrast, the best-performing DNS-FR specification, which uses 4 factors, yields an RMSE of
0.1923, around 20% higher than that of the DNS model and 36% higher than the DNS-Reg120
model. This indicates that the functional regression model has limited predictive power over short
horizons.

However, for 2-step and 12-step ahead forecasting, the DNS-FR model demonstrates strong
predictive performance. In the 2-step ahead setting, the DNS-FR model with 5 factors performs
best, with an RMSE of 0.2038, 25% lower than that of the DNS model (0.2709) and 3% lower than
the DNS-Reg360 model (0.2108). In the 12-step ahead setting, the best-performing model is the
DNS-FR with 6 factors, achieving an RMSE of 0.3275, which is approximately 27% lower than
the DNS model and 14% lower than the DNS-Reg360 model. Although the DNS-FR model with
3 factors yields higher forecasting errors than the DNS and DNS-RegX models, increasing the
number of kPCA factors leads to substantial improvements in forecasting accuracy over longer
horizons, including 2-step forecasts. This suggests that the DNS-FR model does not suffer from
overfitting when applied to UK bond yield data.

Figure 6 presents the RMSE of 12-step-ahead forecasts for each tenor of UK bond yields.
A 5-year moving window (beginning in January 2010) is employed to fit the model, with the win-
dow advancing by one month at each iteration. RMSE values are computed across all windows
for each forecast step. For the 2-, 3-, 5-, and 7-year maturities, the DNS-FR model with six fac-
tors consistently outperforms the other two models across all forecast steps. In contrast, for the
1-month, 3-month, and 10-year maturities, the DNS-FR model exhibits a larger RMSE than the
DNS and DNS-Reg360 models only at a few forecast steps. For the 6-month, 9-month, and 1-year
maturities, performance varies across the models. At some steps, the DNS-FR model performs
better, while at other steps, the DNS and DNS-Reg360 models yield superior forecasts. For the
20-year and 30-year maturities, the DNS-FR model underperforms relative to the DNS-Reg360
model but achieves a lower RMSE than the DNS model.

Figure 7 displays the mean RMSE across all tenors for the three models. The DNS-FR model
with six factors consistently achieves the smallest mean RMSE across all forecast steps, while the
DNS model records the largest. The DNS-Reg360 model performs better than the DNS model but
still exhibits a larger mean RMSE than the DNS-FR model.

In the remainder of this paper, we focus on the DNS-FR model with 3 factors, despite the
6-factor model demonstrating superior predictive accuracy. This choice is motivated by the
fact that the 3-factor model achieves comparable in-sample estimation accuracy while involving
significantly fewer parameters.
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Figure 6. RMSE of 5-year moving window for out-of-sample prediction over 12 steps for each tenor of UK bond yields. The
window moves forward for 1 month each time. Results are shown for the DNS model (green), DNS-Reg360 model (blue), and
DNS-FR model with 6 factors (red).

8.5 Stress testing

In this section, we conduct a stress testing analysis to answer the following question: If different
shocks are applied to the US Treasury market, how do the bond markets of other countries/regions
respond? We define two types of stress testing scenarios, each with four cases:
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Figure 7. Mean RMSE of 5-year moving window for out-of-sample prediction. The mean value is taken over all maturities.

e Scenario 1: Temporary shocks (January 2015 to December 2015).

- Case 1.1: Short-end maturities (1, 3, 6, 9 months, and 1, 2, 3, 5 years) yield double.
- Case 1.2: Middle maturities (7 and 10 years) yield double.

Case 1.3: Long-end maturities (20 and 30 years) yield double.

Case 1.4: Entire yield curve doubles.

e Scenario 2: Permanent shocks (beginning January 2015).

Case 2.1: Short-end maturities (1, 3, 6, 9 months, and 1, 2, 3, 5 years) yield double.
Case 2.2: Middle maturities (7 and 10 years) yield double.

- Case 2.3: Long-end maturities (20 and 30 years) yield double.

Case 2.4: Entire yield curve doubles.

To estimate the yields of the response countries, we first apply each stress testing scenario to the
US Treasury yield curve. The time series of the US Treasury yields under different stress testing
scenarios is provided in Appendix F. Using the amended US Treasury data, we extract kPCA
factors. For consistency, we use three factors in this study, with the estimated hyperparameter ¢
for each scenario listed in Table 5. Finally, we estimate the yields of the response countries.

Figures 8 and 9 show the mean difference in in-sample estimation for UK yields under tempo-
rary and permanent shock scenarios, respectively, compared to the estimation under original US
Treasury data. Each sub-figure corresponds to cases 1.1 to 1.4 and 2.1 to 2.4. We categorize bonds
into three classes: short-end ((0, 5] years), middle ((5, 10] years), and long-end ((10, 30] years).
The mean value is taken over all maturities in each class at each time point. The dashed lines rep-
resent the lower and upper bounds of the 95% confidence interval,* while the vertical black lines
indicate the start and end of the shock period for the temporary shocks.

4The confidence interval is calculated numerically. We first simulate 7 = 1000 samples from the distribution X;|Z;.; ~
N(ay, P;) at each time point ¢ using the original US yields and the yields in each stress testing scenario, where a; and P; are
given in Equations (35) and (36). Then, we calculate the estimated yields by Y; = AX; + Au + I'U;. The lower and upper
bounds of the confidence interval are the 2.5th and 97.5th percentiles of the mean difference when using the original US data
and each stress testing data.
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Table 5. Estimated hyperparameter: using 3 factors for
different stress testing cases

Stress testing cases Estimated ¢
Original data 0.083
Stresstestingl,casell 0091
Stresstestmg i,.cés.enl,uz. e 0080 -
stresstestmg 1case13 [ 0115 -
Stress testing 1, case 1.4 0.081
Stresstesting2,case21 0059
Stresstestmg ﬁ, .cés.enz,uz. e 0096 -
stresstestmg 2case23 [ 0183 -
Stress testing 2, case 2.4 0.037

We first consider the effects of the temporary shocks in Figure 8. When the shock is applied
to the short-end maturities of the US Treasury yield curve (case 1.1), the effect on UK yields is
limited. The confidence intervals cover 0 at almost all time points for all three classes. The short-
end maturities of UK yields may have some changes during the shock, but will return to normal
levels once the shock ends. When the shock is applied to the middle maturities of the US Treasury
(case 1.2), there is a statistically significant effect on the short-end and middle maturities of UK
yields. The long-end maturities of UK yields are not affected. Interestingly, even though the shock
ended in December 2015, the effects persist in the long run. In case 1.3, when the shock is applied
to the long-end maturities of the US Treasury, the entire yield curve is affected, but the long-end
maturities are most impacted. Even after the shock, the mean differences in the estimation of long-
end maturities remain significantly away from 0. Finally, in case 1.4, when the shock is applied to
the entire US Treasury yield curve, the mean differences in the estimation of middle maturities
of UK yields are affected in some intervals, for example, from July 2015 to September 2016, and
from September 2017 to December 2019, while neither the short nor the long maturities exhibit a
significant effect.

One should note that for the temporary shock, even though it ended in December 2015, some
maturities of UK yields are still affected in the long run in some cases, such as the middle matu-
rities in case 1.2 and the long-end maturities in case 1.3. This can be explained as follows. In
a regression model, the change in the covariate at time ¢ only affects the response variable at
time t. However, if the covariate is autoregressive, the change in the covariate at time ¢ will be
accumulated over a long period.

Now, we move on to the permanent shock in Figure 9. Unlike the temporary shock, a perma-
nent shock usually does not affect the UK yields in the long run. During the first few months after
the shock starts, all the short-end, middle, and long-end maturities of UK yields react to this shock.
However, after that, the yield curve returns to normal levels and fluctuates in the short run. The
permanent shock affects the middle and long-end maturities more than the short-end maturities
in all four cases.

Another notable feature is the green peaks almost immediately after the shocks start in cases
1.3/2.3 and 1.4/2.4 in Figures 8 and 9. This indicates that whenever a temporary or permanent
shock is applied to the long-end maturities or the entire US Treasury yield curve, the long-end
maturities of UK bonds react immediately. However, the UK bond market may overreact to this
shock. Subsequently, the effects of this shock decrease, and the yields return to normal levels
in a few months. If the shock is temporary, when it ends, the UK bond market, especially the

https://doi.org/10.1017/5174849952610027X Published online by Cambridge University Press


https://doi.org/10.1017/S174849952610027X

Annals of Actuarial Science 463

(a) (b)
0.2 0.3 |
Short-and maturity Short-and maturity
Middle maturity Middle maturity |
0.15 Leng-end maturity 0.2 Long-end maturity |
] 0.1 ]
% g 0.1 |
3 1 > |
c 0.05 | [ |
@ @ 0 | |
g | g :
s 0 } ; g [
@ @
& g 01 |
T -0.05 © |
< : g |
@ @ -0.2 |
= 01 = |
|
-0.3 |
s Shock ends Shock ends
Shock starts i Shock starts
2011 2012 2013 2014 2015 2016 2017 2018 2019 ) 2011 2012 2013 2014 2015 2016 2017 2018 2019
Date Date
Case 1.1: the shock is applied to the short-end maturities of Case 1.2: the shock is applied to the middle maturities of US
US Treasury. Treasury.
(c) (d)
0.8 | 0.4 [
Short-end maturity Short-end maturity |
Middie maturity 0.3 Middle maturity
0.6 Leng-end maturity B Long-end maturity |
8 04 g 02
‘; ; 0.1 I
£ 02 | £ |
3 | g o hge
% A s |
= ¥ g -0.1 |
T 02 | © I |
[ c -0.2 i |
3 0s 8 |
=0 | = a3
-0.6 | -
| Shack ends ki Shock ends
Shock ptarts 05 Shock starts
2011 2012 2013 2014 2015 2016 2017 2018 2019 : 2011 2012 2013 2014 2015 2016 2017 2018 2019
Date Date
Case 1.3: the shock is applied to the long-end maturities of Case 1.4: the shock is applied to allmaturities of US Treasury.
US Treasury.

Figure 8. Mean difference in percentage points of in-sample estimations between stress testing scenario 1 and original data
for UK yields. The mean values are taken over short-end ((0, 5] years), middle ((5, 10] years), and long-end ( (10, 30] years)
maturities. Dashed lines represent the lower and upper bounds of 95% confidence interval for each curve.

long-end maturities, will overreact again. This is because, in our stress testing setup, when a tem-
porary shock ends, the US Treasury yields are halved, causing another dramatic change in the US
Treasury yield curve.

Finally, Figure 10 provides the estimated functional coefficients for the UK yields for the origi-
nal US Treasury data, stress testing scenario 1 data, and stress testing scenario 2 data. For the stress
testing data, we only consider cases 1.4 and 2.4, i.e., shocks applied to the entire yield curve. In
each sub-figure, different colors represent different functional coefficients y;(t) fori e {1, ..., 12},
in Equation (8).

For the original US Treasury data, the long-end maturities of UK bonds are mostly affected
by the long-end maturities of the US Treasury (y11(7), y12(7)), while the middle maturities of
UK bonds are mostly affected by the middle maturities of the US Treasury (yo(7), y10(7)). All
other maturities are evenly affected by the entire US Treasury yield curve. When a temporary
shock is applied to the US Treasury, these relationships change slightly. The long-end maturities
of UK bonds are still affected by the long-end maturities of the US Treasury, but they are also
affected by the 1-year, 2-year, and 3-year US Treasury. The effects of the middle maturities of
the US Treasury decrease. All other UK bonds with maturities less than or equal to 10 years are
evenly affected by the entire US Treasury yield curve. As for the permanent shock, the effects
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of the long-end maturities of the US Treasury disappear. Instead, the middle maturities of the
US Treasury contribute more to the UK bonds, especially the middle maturities of UK bonds

(y8(1), yo(T), Y10(T)).

8.6 Case study: Bond ladder portfolio

In this section, we present a case study of a bond ladder portfolio for risk management purposes.
A bond ladder portfolio can be described as follows. Assume a US investor wants to construct an
investment strategy consisting of cash and a UK bond with a maturity of T months. At time ¢;,
the investor spends p; dollars to purchase bonds and deposits the remaining amount in a bank
account. We denote the number of bonds as N; and the value of the portfolio at time t; as W;
forie{0,1,..., k}. The initial wealth Wy is 12 million USD. For simplicity, we assume p; = py =
-+ - =p, meaning the investor spends the same amount on bonds each month. The value of the
portfolio W; can be calculated as follows, assuming the interest rate is compounded monthly,
and the investment interval is one month:

k
L 1.5 Yi(T) LAY
Wi= JZ(;NJFle PR <ty 50y + (1 + 12) Ci1 (50)
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where F; is the face value in USD at time #;,” r; is the risk-free interest rate® for the period [t;—1, ti],
1y, is the indicator function, and C;_; is the amount in the cash account at time ¢;_;. The number
of bonds N; is calculated as:
p
N=—7——+. 51
j Fre T (51)
Figure 11 illustrates the entire process of constructing the bond ladder portfolio.
In this study, we assume the investor makes 13 investments (k 4+ 1 = 13) over one year, from

December 2019 to December 2020. The effective federal funds rate (EFFR) data and the GBP/USD
exchange rate’ for this period are given in Table 6. Furthermore, we assume the bond yield for

SThe face value in GBP is usually a constant. However, as the GBP/USD exchange rate changes over time, the face value

in USD also changes.
®In this paper, we used the EFFR as a proxy for the risk-free interest rate. The EFFR data was sourced from the website

of the Federal Reserve Bank of New York. Although the original data are provided on a daily basis, we converted them to

monthly data for consistency.
"Data were obtained from https://www.tradingview.com/.
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Table 6. Monthly EFFR data and the GBP/USD exchange rate for the year 2020

Date EFFR GBP/USD exchange rate
December 2019 - 1.32018
January 2020 1.59% 1.28231
February 2020 1.59% 1.24086
March 2020 0.08% 1.25907
April 2020 0.05% 1.23455
May 2020 0.05% 1.23992
June 2020 0.08% 1.30770
July 2020 0.10% 1.33690
August 2020 0.09% 1.29115
September 2020 0.09% 1.29457
October 2020 0.09% 1.33173
November 2020 0.09% 1.36561
December 2020 0.09% 1.36893
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Figure 12. Predicted portfolio values.

the first investment (made in December 2019) is known, while the yields for the subsequent 12
investments are predicted using the DNS-FR model.® We consider three main questions:

1. How does the value of the portfolio change over time?
2. How do different stress tests affect the value of the portfolio?

81n this case study, the time to maturity 7; can take any integer between 1 and T. However, we only know the coefficients
Yijat i =1,3,6,9 months, and 1, 2, 3, 5, 7, 10, 20, and 30 years. In this case, we first forecast the yields at those points, then
take a linear interpolation to fill all the values between any two points.
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Figure 13. Differences in portfolio values between each stress testing scenario and the original data, for different maturities
of the underlying bond.

3. How does the value of the portfolio change with different maturities of the underlying
bond?

For the second question, we consider the stress testing scenarios 1.4 and 2.4 described in Section
8.5, i.e., the shocks are applied to the entire yield curve. For the third question, we consider three
different bonds with maturities of 6 months, 1 year, and 30 years, respectively.

Figure 12 shows the predicted portfolio values for the next 12 months for underlying bonds
with maturities of 6 months, 1 year, and 30 years. The monthly investment amount is $1 million
for all maturities. For the first five months, the portfolio values of all bonds are lower than the
initial wealth of $12 million, mainly due to the decrease in the exchange rate. This also explains
the decreases in portfolio values in the 8th and 9th months. At the end of 12 months, the 1-year
bond has the maximum predicted portfolio value, followed by the 30-year bond, and the 6-month
bond has the minimum predicted portfolio value. However, the differences among the three bonds
are small. Another notable observation is that as maturities increase, so does risk. For example,
at the end of 12 months, the portfolio value of the 6-month bond is roughly $12.5 million with
no uncertainty, while the portfolio value of the 30-year bond could be as high as $14.5 million or
as low as $11 million, reflecting the common understanding that long-term debt usually carries
higher risk.
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Figure 14. 5% value-at-risk (VaR) for bond ladder portfolios with different maturities.

Figure 13 illustrates the differences in portfolio values between different shocks and the original
data for the 6-month, 1-year, and 30-year bonds, respectively. A positive value indicates that the
portfolio is worth more under the shock, while a negative value indicates that it is worth less.
For short-end maturities (6-month and 1-year), the temporary shock has limited effects, but the
permanent shock significantly impacts portfolio values. However, for the long-end maturity (30-
year), the opposite is true. The permanent shock in 2015 has a larger effect on the portfolio values.
Although this shock dissipated by the end of 2015, it continues to affect the long-end curve over
an extended period.

In reality, VaR also attracts considerable attention. People are particularly concerned with the
maximum potential loss under normal market conditions after excluding the worst outcomes with
a total probability of p%. Figure 14 shows the 5% VaR for the portfolio value of bonds with 6-
month, 1-year, and 30-year maturities, which is calculated numerically. At the end of 12 months,
the 5% VaR of the portfolio values of the 6-month and 1-year bonds are roughly $12.5 and $12.7
million, respectively, indicating a minimal chance of loss with these bonds even in the worst cases.
In contrast, the 5% VaR of the portfolio value of the 30-year bond is only about $11.2 million,
suggesting that investing in a 30-year bond could lead to a loss over a 1-year period in the worst
case.

Figure 15 shows the difference in 5% VaR between each stress testing scenario and the original
US Treasury data for different maturities of UK bonds. Overall, if a shock is applied to the US
Treasury, the 5% VaR of the portfolio value of UK bonds will decrease. For the 6-month bond,
both the temporary shock and the permanent shock have a similar effect on 5% VaR. For the
1-year bond, the permanent shock has a limited effect on 5% VaR, while the temporary shock
has a significant influence. For the 30-year bond, both temporary and permanent shocks have
a substantial influence on 5% VaR, with the influence of the temporary shock being stronger.
Another notable feature is the magnitude of the difference in 5% VaR. For the 6-month bond,
a shock can cause a decrease in 5% VaR up to $7,000 at the end of 12 months, while for the
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Figure 15. Differences of 5% value-at-risk (VaR) between each stress testing scenario and the original data, for different
maturities of the underlying bond.

30-year bond, a temporary shock causes a decrease of $1,200, 000 in 5% VaR. Long-term bonds
are more sensitive to the shock.

9. Conclusion

The DNS model has been pivotal in yield curve estimation over the past two decades. However, it
falls short in capturing the relative spread between two economies. In this paper, we introduce a
novel DNS-FR model, which extends the DNS model by incorporating the relative spread between
a reference country and a response country. To address estimation challenges, we use kPCA to
transform the functional regression into a finite-dimensional estimation problem. The Kalman
Filter method is then employed to estimate unknown parameters and hidden state variables by
maximizing the marginal likelihood function.

Our empirical analysis, which includes eight countries/regions with the US as the reference
country and seven response countries/regions, demonstrates that the DNS-FR model outper-
forms the DNS model in in-sample estimation, particularly for long-term bonds with maturities
of 20 and 30 years, across all seven response countries/regions. Additionally, the DNS-FR model
is superior in capturing unusual yield curve structures, such as local fluctuations and inversions.

Furthermore, we conducted stress tests to analyze the effects of both temporary and per-
manent shocks applied to the US Treasury yield curve on the estimation of UK bond yields.
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The study reveals that middle and long-end maturities of UK bonds are mostly affected, regard-
less of whether the shock is applied to the short-end, middle, or long-end maturities of the US
Treasury yield curve. Interestingly, for temporary shocks, their effects persist in the long run even
after the shocks end.

Finally, we conducted a case study of a bond ladder portfolio, involving regular investments
in UK bonds for risk management purposes. We forecasted the portfolio values 12 steps ahead
with 6-month, 1-year, and 30-year bonds. The predicted portfolio values for the three bonds are
similar, but the bond with a longer maturity carries higher risk, reflected in a wider confidence
interval. The 5% VaR suggests that investing in the 6-month and 1-year bonds is unlikely to result
in a loss over one year, whereas investing in the 30-year bond may lead to a loss in the worst-case
scenario. Furthermore, we analyzed the influence of different types of shocks on the predicted
portfolio values and VaR. The permanent shock has larger effects on short-end maturities, while
the temporary shock, even though it ended a few years ago, has a more significant effect on long-
end maturities.
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