Time-Dependent Perturbations. Field

Quantization and Second Quantization

In the usual quantum framework, the electromagnetic field acting on matter is consid-
ered a perturbation. Since the radiation field oscillates, we need tools for the treatment
of time-dependent perturbations. The theory developed in Section 17.1 will allow us to
deal more generally with the problem of a quantum system subject to a time-dependent
perturbation.

We then apply the theory to the interaction of atomic matter with the radiation field
and derive what are known in quantum theory as radiative corrections. Section 17.2
is devoted to a detailed discussion of atomic transitions — both induced and spontane-
ous — with some important applications. The formal introduction of field quantization
in Section 17.3 allows us to push the theory beyond the usual limits of QM and to make
contact with (nonrelativistic) quantum electrodynamics (QED) and quantum optics.

Section 17.4 presents an alternative, direct derivation of the radiative corrections
using SED, where the matter—field interaction is present ab initio. In the same spirit,
Section 17.5 provides a physical justification for the quantization of the field (done
formally in QED), by deriving the conventionally postulated field operators and their
basic commutators.

The chapter ends with a brief introduction to second quantization, an elegant and
powerful formalism for describing and analyzing quantum many-body systems.

17.1 Time-Dependent Perturbation Theory

We saw in Chapter 13 that a quantum system changes its state when it is perturbed.
Assuming that the state v, is one of the eigenstates of Ho, the state ¥, an eigenstate of
the perturbed Hamiltonian H = Hy + V, is written in the general form

v, = Wn + Z anl/fk,
k

where the coefficient C,,; = (Y |\¥,,) gives the amplitude of the state k of f—fo contained
in W,. Therefore, P,_,; = |C,nx|? is the probability that the state of the system changes
from v, to Wy as a result of the perturbation. This example shows that one of the most
important effects of a perturbation is to produce transitions between states.
So far we have dealt with time-independent perturbations; we will now extend the
theory to the time-dependent case by writing the Schrédinger equation
v

ihme = HWY = (Hy + H@)V, (17.1)
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where (1) represents the perturbative Hamiltonian. We know that the general solution
of the unperturbed problem

d ~
iha—ltp = Hyyr (17.2)
can be written in the form
Y, =Y Cre Eitlhg(x), (17.3)
k

where ¢ are the eigenfunctions of Hy and Ey, are the corresponding eigenvalues and
the coefficients Cy of the expansion are given by

Cr = / O () (x,0) dx. (17.4)

To solve Eq. (17.1) we apply the method of variation of parameters, which consists in
writing the solutions in the form (17.3), but with the constants Cy replaced by respective
functions of time to be determined,

W= Ct)e g (). (17.5)
k

Substituting into Eq. (17.1) and simplifying gives

ih Z Cr(t)e "Bt /Mgy (x) = Z Cr()e BT (1) gy (x),
k k

and multiplying by ¢/ and integrating over x, we get
Cit) = == 3 Cutne BBy (17.6)
k

where
Hor = / o (D rdx. (17.7)

Integrating (17.6) over time, assuming that the perturbation is applied at time ¢t = 0,
we obtain

. t
Ci(1) = C(0) — ~ Z/ Cr(t")e' M Hydt', (17.8)
h — Jo
where wy, = (Ex — E,)/h. From (17.4) it follows that the initial value of C;(¢) is

Ci(0) = /(pl*(x)\ll(x,O)dx. (17.9)

We will limit ourselves to the special case in which the system, before being perturbed, is
in an eigenstate of ﬁo, Y(x,0) = W, (x,0) = ¢,(x); it follows from (17.9) that Cr(0) =
Snk- Since W, (¢) is the wave function we are looking for, we add the index n to the
coefficients of the expansion (17.5) and write

W,(1) = ) Cor(e ™ FH M gp(x),  Cui0) = S (17.10)
k
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To solve the system of integral equations (17.8), which is exact, we perform a pertur-
bative expansion of the coefficients,

Cok(1) = Cui0) + C) + CP0) + - - . 17.11)

Substituting into Eq. (17.8) gives

i ! I
Cut) = G~ 1 3 (G4 ) e ar

= C,y(0) — _/ it Hypdt' — — Z/ C(l)(t )+ - ) iw/kt’/Hlkdt/’

(17.12)
from which it follows that
C.p )= _ﬁ/ 't L (tHdt (17.13)
0
@ i LA, ot ,
e (t):—ﬁZ/ (Clar+ o) o
PRRAL

] 2 ! v " "
— <_;€> Z/O dt /0 dt” e U () Pt Hyn (), (17.14)
k

and so on. Cr(j)(t) is often rewritten in a more convenient form, taking into account
that the unperturbed states, eigenstates of Hp, form a complete basis,

S\ 2 t t
c® —<_i> /d’/d”
(1) ; E ; t ; t

% <l|elE[l‘ /hH(t )eflEkt /ﬁ|k> <k|elE1J /hH(l )e lEnt /h|n)

(L

% <l| elH()l‘ /hH(t/)eleot /h |k> (k| eiﬁol///hﬁ(t//)efiﬁol”/h |}’l> , (1715)

that is,
1 ! l/ ST ~ STT (414! ~ ST A
Ci ) =—3 /O dr’ /0 dr” (k| &' Yty HoW =) Iy ) =T Ol I 1) (17.16)

In Eq. (17.15), the matrix elements of the interaction Hamiltonian appear in the Hei-
senberg picture relative to the unperturbed Hamiltonian, that is, in the interaction
representation, as briefly explained in Section 8.6.6. The first-order approximation,
which is sufficient in many cases of interest, is valid as long as the coefficients Cj(t)
do not differ much from their initial value.

Equations (17.13)—(17.16) show that the perturbation produces transitions to the
states k connected to the initial state n by the matrix of the perturbing potential or
its products. After an important example of induced vibrations, we will separately
consider two general cases of great interest.
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Exercise E17.1. Rabi oscillations in EPR
Use Eq. (17.6) to study the time evolution of the population of the two energy levels in
electron (paramagnetic) spin resonance.

Solution. As shown in Section 14.3.3, resonant transitions occur when electrons are
subject to a constant magnetic field B, = By and a perpendicular field B that oscillates
with frequency very close to the transition frequency between levels.

Here, in contrast to Section 14.3.3, we consider the uniform field as part of the
unperturbed Hamiltonian and the oscillating field as a perturbation. The unperturbed
Hamiltonian is then

S. =20, 8. = Shwoé, (17.17)

where w; = egBoy/2mc is the Larmor frequency and wy = 2wy, twice this frequency
(or cyclotron frequency); the unperturbed eigenenergies are E; = Lhwo, Ey = —%ha)o,
and the unperturbed states are the eigenvectors of §Z.

Using the rotating-wave approximation (RWA), we assume that the rotating field of
interest (the other component is neglected) rotates against the clock in the xy-plane
and has the form

B(t) = By (icoswt + jsinwt) , (17.18)
so that the perturbation Hamiltonian is
H(1) = wp (coswr Sy + sinwr Sy) (17.19)

or, in explicit matrix form (compare with Eq. (14.52)),
R 0 e—iwt
H(t) = Lhop ( ot ) , (17.20)

with wp = 2By /h.
As only two levels are active, the system of Eq. (17.6) is reduced to

dC . .
ihd_tl = C1H11" " + CyHpe' ™1,
dcC . .
ihd—f = C1Ha1e' ™" + CoHpe 2, (17.21)
with w1; = wy; = 0 and w1, = —wy| = wp. From Eq. (17.20), the nondiagonal matrix
elements of H(r) are Hix = H3, = %ha)Be’i“’t, so that
dC ;
d—t‘ = —Llipge @iy, (17.22)
dcC .
d—tz = —liwgel @@y, (17.23)

To solve this system it is convenient to decouple the equations; this is easily done by
deriving the first and in the second substituting the result to eliminate C,. This gives

d*c 1

dr?

. dCy 1 2 _
tilo— o)t + (ng) cy =0, (17.24)
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the general solution of which is
C = Cei@=001/2 i (%Qt + a) : (17.25)
Q* = (0 — w)* + 0. (17.26)
The coefficient C, follows immediately from Eq. (17.22),

C .
Cy = —i@—00)/2 [iSZ cos (%Qt + a) + (@ — wp) sin (%Qt 4 a)] . (17.27)
B
The quantities |C;(¢)|* and |Ca(r)|> determine the instantaneous populations of the
respective levels. If initially only the lower level is populated (C; = 0, C, = 1), we must
pute =0, C = —iwp/ 2, and we are left with

wp\2 .
CIOP = 1= 1C0P = () sin® or.

These results show that transitions between the two states occur periodically with a fre-
quency 2 that depends on the coupling, as follows from (17.26). These transitions are
known as Rabi oscillations. At resonance, w = wg, and 2 reaches its minimum value,
Qres = wp; in this case both levels are populated on average with equal probability,

|C1()]* =sin® $Qt,  |Co(1)* = cos® L.

17.1.1 Perturbations acting for finite times

We now consider the case of a potential V applied to the system at + = 0 and
disappearing after some time. For times ¢ sufficiently larger than the duration of
V (e.g., for t = o0), the coefficients C will have reached their final value and the
wave function will be a superposition of eigenstates of the original Hamiltonian Ho,
W, = 3 Cur(o0)e Bt/ (x). Since Cpi(c0) is the amplitude of the state k con-
tained in W, the transition probability from the initial state n to the state k during
the perturbation is to first order given by Eq. (17.13),

S .
JR
0

Suppose that the potential V changes very little over time intervals of the order of
a),:nl; in this case, due to the oscillations of the integrand, the integral is small. We
conclude that when a perturbation varies adiabatically, that is, very slowly, a system in
a nondegenerate stationary state remains in it. If there is degeneracy between states k
and n, the previous argument does not hold, because wy,, = 0 and transitions between
these states will occur since they do not imply an energy exchange. In this case, the
preceding theory is not satisfactory, but the problem can be solved explicitly starting
from the exact equation (17.8) (see problem P17.1).

The opposite extreme case, corresponding to a pulse of height V and width At in
the limit where At tends to zero but the area V At remains constant, is more difficult to

M, | ?
wpi = |C, (00)|" = —

= k # n. (17.28)
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analyze, but allows us to observe an interesting phenomenon. Assuming that the pulse
is applied at time 71, we obtain directly from Eq. (17.13) with [°dr = ftt|1+At dt, that

) = Ln_ o (1= e}, g 0. (17.29)
hwip

The second term of this expression gives the (first-order) coefficients of the expansion

of W, at time 7 + At of the complete Hamiltonian H in terms of the eigenfunctions ¢,

of ﬁo and, therefore, does not contribute to the transitions between the states n and k.

The transition probability from the initial state n to the state k is then given by the first

term in Eq. (17.29) and is

WVinl> Vil

= . 17.30
Rap,  (En— Eo)? (1730

Wnk =

We can verify that Eq. (17.30) is correct by analyzing the meaning of each of the two
terms in Eq. (17. 29) In general whatever the size of the pulse, if we know the eigen-
functions Wy of H and ¢, of Hy, we can calculate the transition probability between
these states by using the formula

2
(17.31)

Wnk = ‘/‘I’Jf%dx

In the partlcular case of a small pulse, the elgenvalues of H essentially coincide with
those of Ho, SO we can write H()(p,, = E,¢, and H\llk ~ E;W; from the first of these
equations and the conjugate of the second, it follows that

/m@w—w%mm=/WMW—w%wm=/WWMx
= [ B — Wi Brpndx = 5~ B [ Wigndx, (17.32)

and from here we get to first order

/‘l’,f(pndx _ ViV pudx N J 0V gndx Vi

~ = , (17.33)
Er — Ey Er — E, hwkn

since for a small perturbation the eigenfunctions of H and Hy are equal to zero order;
from here Eq. (17.30) follows immediately. The term we neglected when we took W} —
@ corresponds to the additional term in (17.29), which we must also neglect there when
calculating wy.

Let us now consider the case of a potential V which is switched on at + = 0 and
switched off after a long time ¢. From Egs. (17.11) and (17.13), it follows that

i ! i Van —iVynt/h
Cnn =1- ﬁ o Vnndl =1- ?[ ~e m , (1734)

which shows that the first-order energy correction is V,,,,, in agreement with the time-
independent perturbation theory. Analogously,

|V r Vi :
Cop = —- ""/ et gy’ = K (1 _ gt (17.35)
h 0 hu)k,,
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As before, the second term of this expression is the one that transforms the stationary
states of Hy into the corresponding stationary states of H. Taking this into account,
the term C,(l}() = Vin/hor, = Vin/ (Ex — Ep) gives the first-order correction to the
wave function, in correspondence with the time-independent perturbation theory. The
transition probability between states n and k at time ¢ is given by

21
Vin|? 2 AV |? sin? St
Wpk = |an|2 = Vi 1 — et = Vi 2 (1736)
2.2 2 2
h Dken h Dpen

For nondegenerate states, w,; remains small for all time if |Vj,| is small; conversely,
if |V, | 1s large, (17.36) holds only for times small enough for |Vi,|t <« h to hold. If
the state is degenerate, then the amplitude of the transition between degenerate states
(wkn, = 0) increases with time, and the previous expression holds only for short times,
as in the previous case of large perturbations. From this we conclude that the small-
est perturbation is sufficient to produce transitions between the different degenerate
states.
The transition probability between states n and k per unit time is defined as

. 1
_ 1Cul? 4 Vi | sin® joognt

Wk

(17.37)

Ey|t < mh, and approaches zero with time as shown in Fig. 17.1. Thus, while for
very short times the perturbation can cause transitions between states whose energies
differ by an arbitrary amount, as time progresses, the most favored transitions are those
between states of increasingly closer energies, until at + — oo the net transition is
between states of equal energy. In this limit, the function behaves like a Dirac delta
function,

This function is only significantly different from zero for |wy,|t < m, thatis, |E, —

sin? wt
2

lim = §(w). (17.38)

=00 Ttw

To convince ourselves of this, we first note that if w # 0, the limit is zero, but for w = 0
it has an infinite value; in addition, the function is normalized to unity,

1 [ sin?wt

— 5 dow =1.

T ) s Wit
It is clear from Fig. 17.1 that in the limit # — oo, the behavior of the function is
precisely that of 8(w). Therefore, we can write

221
sSin” 5 wy,t
lim — 2% sl = Lnhs(E, — Ep).

1—>00 wlznt 4 2 2

Substituting this result into Eq. (17.37), we get for the probability per unit time at large

times

27
Wk = 7|vkn|2a<En — Ep). (17.39)
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t/nw

w

*’" 27/t ‘H

@ITIEEERT A constant perturbation V is applied during a time 7. The graph shows how the transition probability per unit time
between two states varies as a function of w and becomes very sharp around o = O for large times.

17.1.2 Fermi’s golden rule

The most important use of Eq. (17.39) is when the state k belongs to a set of final states
in the continuum; for example, in problems of scattering by a short-range potential V
(where the final state corresponds to a range of free particles), or when an essentially
free particle is produced as the result of the interaction. In such cases, within a small
interval A E of final energies there is a number A N (E}) of states with different momen-
tum, polarization, and so on, which must be taken into account. Our interest must then
not be in Wy, but in the quantity ), £ Wak to which all final states with energy within
AEj contribute. If the number of states with energy in the interval (E, Ex + dEy) is
dN(E}), we write

Wk = Y Wi — Wkd N (Eg). (17.40)
AE; AN(Ey)

On the other hand, if p(Ey) is the density of final states with energy Ey, that is, if the
number of states d N (Ey) is given by

dN(Ey) = p(Ex)dEy, (17.41)
(17.40) is written
W= 27 /E E:ZE Vo 28(En — E)p(Ex)d Ex. (17.42)
that is,
Wk = %”szp(Ek), Ey = Ey. (17.43)

This formula was called the golden rule by Fermi because of its numerous and impor-
tant applications in the theory of transitions. Comparing Eq. (17.43) with (17.39), we
see that the infinitely narrow density §(E, — Ex) has been replaced by the realistic
density p(Ey) of finite width. Equation (17.43) is also valid for describing first-order
transitions in the reverse sense, that is, from the continuum to a stationary state. An
important application of the golden rule will be discussed in Section 18.2.
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17.1.3 Periodic perturbations: Resonant transitions

An important use of time-dependent perturbation theory is for periodic potentials
of the form V cos wr, which can be expressed as linear combinations of the complex
Hamiltonians

HE = VEetior, (17.44)

As we will see in what follows, each of these two terms produces a different effect, so
there is no interference between them and they can be considered separately (as was
done in Exercise E17.1). Substituting into the general formula (17.13), we obtain for
the coefficient of the perturbative expansion to first order

. t
Cy(z}c)(t) = —;—_LVkin/O e/ WnEO)N gy, (17.45)

From this it follows that all the results of the previous section apply to the present case
with the substitution wy, — wg, + w. In particular, the transition probability per unit
time is

Wk = =1V, ic > p(Ep), (17.46)

2 |
h
where the energies of the system in the initial and final states are related by wg, +® = 0,

that is,

Er = E, F ho. (17.47)
Equation (17.37) is written in this case (for finite time) as

221
2 sin® 5 (@kn = w)t

wE =
nk (Wi £ w)2t

4

ﬁwkﬁ (17.48)
If one of the conditions wy, + w ~ 0 is fulfilled, the corresponding probability Wj;
increases with time and the transition becomes highly probable. In these cases we speak

of resonant transitions, which are the ones most favored by the system.

Exercise E17.2. Power absorbed by a canonical ensemble of molecules

Consider a system of molecules that is perturbed by a field of frequency w. The
unperturbed state i with energy E; contributes to the system with weight w;. Find an
expression in the Heisenberg description for the average power that the system absorbs
from the field.

Solution. With the perturbation potential written in the form ’;Z(t) = V cos wt, it fol-
lows from the preceding discussion that the probability per unit time of a transition
from state n to state k is given by

12
Wit = Zh—fmkﬁ [8 (kn — @) + 8 (n + @)]. (17.49)

Since hwi, Wi 1s the corresponding average energy absorbed per second, summing
over k, we obtain the average power absorbed by the system due to all transitions
induced by the perturbation. We can calculate the average power change in two
equivalent ways:
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(a) by summing over the absorptions from state n and subtracting the emissions
leading to state n, or

(b) by summing over the absorptions from state n formally described by the two con-
tributions V™, V~. Equation (17.50) shows the formal equivalence of the two
methods.

Since state n occurs with probability w,,, the total average power absorbed by the
system is

_Wabs = Z Wp Z hewgn Wk
k

n

T
= 27 2 Wnkn |Vt [8(0kn = @) + 8(nn + )]
k.n
Tw
= 3 2 (wn = Vi P80k — ). (17.50)
k.n

This result is expressed in Schrodinger’s description. To move to the Heisenberg
description we write the delta function in terms of an integral over time and combine
with the matrix elements of V in the following form,

—~ 1 o0 —~ —~
|Vik I*8(oxn — w) = 2—/ (n|V]k)(kIV exp [i(wgn — w)t]|n)dt
T J-x
1 o o Er s .En .
= — (n|Vik)(k|exp(i—1)V exp(—i—1)|n)exp(— iwt)dt
27 J_xo h h
1 o[> . Hy ~ H
=5- [ (nlVIk)(klexp (iFOI)V exp (— i?Ot)|n)exp(— iwt)dt, (17.51)
T

where Hj is the Hamiltonian of the unperturbed system. This result can be rewrit-
ten directly in terms of the matrix elements of V in the Heisenberg description,
Vg = V(t) = exp(iHot/h)V exp (—i Hot /h). Recalling Heisenberg’s general equation

of evolution
L dFg A A
ih—t = [FH, HH], (17.52)
we get
— w 0 o~ o~ .
Wabs = — Z/ (wn — wi)(n|V(0)|k){k|V(1)|n) exp (—iwt)dt. (17.53)
4h A

To give a more condensed form to this expression we note that

> wa VO kIVOln) =Y " wa VOV (@)ln) = (VOV(@),  (17.54)

nk

where (Z} represents the average ), w, (an |n), as explained in Chapter 15. Analo-
gously,

> wnlVOI(KIV(DIn) = Y welkVOVOIk) = (VOV©).  (17.55)
k

n.k
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Therefore,
— w o ~ o~
Wabs = R/ (VOV(@) = V()V(0))exp (—iwt)dt. (17.56)
—00
One particular case deserves special consideration. As we have seen in Chapter 15,

in a canonical ensemble at temperature 7 the weights wy are given by the Maxwell—-
Boltzmann distribution, that is, wy = C exp(—Ey/kT), so that

wy — wi = wy[1 — exp (—hwg,/kT)]. (17.57)
Substituting in Eq. (17.53) and proceeding as before, we get
— o0 o~ o~
W abs = %[1 — exp (—ha)/kT)]/ (V(O)V (1)) exp (—iwt)dt. (17.58)
—0o0

17.2 Radiative Transitions
1

Any periodic perturbation, whatever its physical nature, tends to produce resonant
transitions between the various atomic states. The case of greatest interest to us here —
though not the only physically interesting one — is when the perturbation is due to an
external electromagnetic field. In such a case fiw is the energy associated with the mode
of frequency w, which is added to or subtracted from the initial atomic energy to obtain
the energy of the final state of the atom, as follows from Eq. (17.47). In the first case,
that is, when Ey = E, + hw, which corresponds to the perturbation ﬁ’, the atom
absorbs the energy hiw from the field (this is the induced absorption). On the contrary,
in the case where the perturbation is described by ﬁ*, we have E; = E, — hw, which
means that the atom gives off the energy fiw to the field, giving rise to an induced
emission. With the methods developed in Section 17.1, we can study such resonant
atomic transitions induced by an external radiation field.

17.2.1 Induced emission and absorption of radiation

We saw in Section 12.7 that by neglecting the quadratic effects of the electromagnetic
field (assuming that the field is not too strong relative to the energies involved), the
Hamiltonian of the minimal interaction between an atomic electron and the field,
reduced to its linear term, is

H=—SA0rn- P (17.59)
mc

with the Coulomb gauge V - A = 0, so A and p commute. In source-free regions, the
vector potential of a field mode of frequency w can be written in the form
A=A_(r)e ' + A, (r)e'™, (17.60)

where A, = A*, since A is real. According to the previous section, the first term
corresponds to energy absorption and the second to energy emission. The A, A_ are
solutions of the Helmholtz equation,
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2 »’
\Y Ai+c—2A:|:=0.

Atomic transitions are known to involve polarized field modes. We therefore take a
component along a given polarization € and write

A = Age[e! k=D 4 piltkr—ony (17.61)

where Ay is a real and constant vector and k the wave vector along the direction of
propagation and perpendicular to € (the free electromagnetic field, by being massless
admits only two degrees of polarization). The corresponding electric and magnetic
vectors are

10A

E = Epervie —2Apkesin (k - r — wt), (17.62)
c

B =V xA=2Ay(e x k)sin(k - r — wt), (17.63)

which, after averaging over time, gives an energy density per unit volume,

| 5t _ Aj s
= — B*) = —k°, 17.64
! 871( + ) 2 ( )
from which the energy content is
AV s
govuz0Vp (17.65)
2

if u is considered homogeneous. This energy is associated to the single frequency
® = ke, so that we can use Planck’s formula for the spectral energy density, Eq. (2.22),

and write
2

2723
Note that we have divided by two, since in (2.22) the two possible polarizations are
considered, while here we have set a direction for €. With £ given by (17.65), we get

p(w) = (17.66)

4
p(w) = %A%. (17.67)
In the (quantum) literature it is common to find these results expressed in terms of
photons, associating the energy £ contained in V with an average number N of photons
of frequency w, that is, £ = Nhw. Although this language is foreign to the present
treatment, which describes the field in classical (nonquantized) terms, we use it here
for later convenience and express the energy density as

3
223
It is important to distinguish between the spectral energy density p(w) and the energy
density of final states p(Ey), as is discussed in what follows.

Coming back to our subject we will first discuss induced emission processes. The
corresponding interaction Hamiltonian is, from (17.59)—(17.61),

o (w) = N. (17.68)

H = — S At p= Ve, (17.69)
mc
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where

V= - Age ke . (17.70)
mc

Equation (17.46) gives, for the probability of emission per unit time,

242

~ 2me A
+17112 _ 0
|V P p(E) = — )

Since the system emits a photon, there will be more photons in the final state.
Normalizing within a box of volume V, the number of photons contained in d° p is

em

2
nk __|

[(nle™™*Te - BIk)> p(Ep). (17.71)

v Vp?
3 3
= = ———=dpdQ,. 17.72
Ty P T mnp P (17.72)
We now rewrite this expression in the form
Vp? d
a3 P_2Puq,de.

"= Qrhpag®r
The density of final states within the solid angle d<2,, is obtained from Eq. (17.41),
which gives
d’n Vp* dp
dp(€) = — = ———=—dQ,.
PO =38 = Gany ae™r

This expression is used as a starting point to calculate the density of final states in
the continuum in each particular case. Since for photons, as is our case, dp/dE =
d(&/c)/dE = 1/c and p = hw/c, we have

Vp? _ Va?
873m3¢ T 8n3he3

Substituting this result into Eq. (17.71) and using (17.67), we get

(17.73)

dp(&) = d2,. (17.74)

Jwem _ TP

T 2 R2e?
Now we focus on the matrix element. The values of r that contribute significantly
to the integral are of the order of the atomic radius a or less, due to the exponen-
tially decreasing shape of the wave functions. This means that if k is not too large,
we can approximate the exponential in (17.75) to unity. This is the long-wavelength
approximation, and as already mentioned in Section 2.2, it is perfectly valid for light
atoms and radiation in the visible range; characteristic values are a~10~% cm;
A=1/k~107> cm, that is, ka~1073. We can therefore consider the field to be
independent of the coordinates,

. 2
(nle"*Te . Plk)| dS2). (17.75)

Ay(r,1) = Agee'™.

This uniform field inside the atom corresponds to the (time-dependent) interaction
potential V=—¢E, - r=— E, - d describing the coupling of the atomic electric
dipole d = er to the electric field. We see therefore that the long-wavelength approx-
imation leads to the electric dipole transitions discussed previously. Eq. (17.75) is then
reduced to

me? p(w)

d em _ |
nk m2h2w?

(nle - PIk)|*dS2),. (17.76)
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We use the Heisenberg equation to calculate (k|p|n) = (m/ih){k| [r, H] |n) and get
(kle - p|n) = imwpy(k|e - r|n). (17.77)

Further, taking into account that the atom resonates precisely at the transition fre-
quency, w = wyk, We get
em 7”32 2
dWo = ?p(w)l(n|eor|k)| ds2,. (17.78)

When considering photons emitted with any polarization, one must average over the

two possible values of €, giving them equal weight. The average of |(n|e - r|k)|? can be
written as Zij €€ (n|x;lk)(k|xj|n), with
G=6==0, &=d=&=12=1 (17.79)
Moreover, transitions with different polarizations are uncorrelated, so
&5 = 15ij, (17.80)
whence
> @ginlxilk) tklxjln) = 3 Y (nlxi|k) klxin) = 3l(nlrlk) . (17.81)
ij i
Substituting this result into Eq. (17.78) gives
2
AWem = %p(a))|(n|r|k)|2d9. (17.82)

Since the radiation is assumed to be isotropic, we can immediately perform the angular
integration and thus obtain the probability of a dipolar transition per unit time from
state n to state k with emission of frequency @ = wy; in any direction and with any
polarization,
4r2e?
= — p(@)|(nlr k). (17.83)
3h
It is clear from the preceding that the derivation of the formulas for induced absorp-
tion follows a similar pattern. Again assuming that the field is isotropic, we obtain for
the probability of absorption of a photon of frequency w = wp in any direction and
with any polarization, since |(n|r|k)|* = |(k|r|n)|?,
4r2e?

Wi™ = i p@)(nlr k). (17.84)

17.2.2 Selection rules for dipole transitions

Equations (17.83) and (17.84) are important results: they show that an external radia-
tion field has the same capacity to induce atomic emissions and absorptions, and they
allow us to calculate the transition probability per unit time — which determines the
intensity of the corresponding spectral lines — as a function of the spectral density of
the field and the atom’s electric dipole moment.
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Note that for electric dipole transitions to occur, (n|r|k) must be different from zero.
These selection rules for allowed transitions play an important role in determining the
shape of atomic and molecular spectra and thus provide useful information about the
system, such as the symmetries and the associated conservation laws.

For example, in Chapter 12 we obtained |[Al| =1, |Am| =0, 1, which tells us that
for central problems (where the orbital angular momentum is a conserved quantity)
the angular momentum of the atom or molecule must change by one (in units of 7)
at each transition; this is due to the fact that the emitted or absorbed photon carries
an angular momentum (spin) equal to 1. In Section 9.3 we obtained |An| = 1 for
the harmonic oscillator, due to the fact that a linear system oscillating at frequency
w only interacts with field modes of that frequency. If the potential V(x) is an even
function of x (which is often the case), only dipole transitions between eigenstates of
different parity are allowed, due to the odd parity of the dipole moment, as illustrated
in Section 2.5 (see Exercise 17.44).

17.2.3 Multipole transitions

To study the effect of the higher multipole moments, we do a Taylor series expansion
of the exponential in (17.75),

ok — l—ik-r—Lk-r?+... (17.85)

The first term corresponds to the dipole; for the second term we need to calculate the
matrix element of the operator

(e -P)k-r)=1[(e - P)k-r)+ (e -r)k-p)|+ Sk x €) - (r x P). (17.86)

In the first term we replace the matrix element of p by that of r as before (with the aux-
iliary introduction of a sum over intermediate states) and in the last term we introduce
the magnetic vector using (17.63) instead of the product k x €, and the orbital angular
momentum instead of r x p. This gives an expression of the form

((e - D)k - 1)) = C1{(e - F)(k - 1)) + C2(B - L). (17.87)

The first term obviously refers to the effect of the electric quadrupole moment (E2
transitions), while the second generates transitions due to the magnetic dipole moment
of the atom (M 1 transitions). In general, if the transitions are due to a moment of order
2!, the transitions are EI or M1, depending on the case.

Continuing with this procedure, we could, in principle, calculate the transition prob-
abilities associated with any multipole and the corresponding selection rules. This is a
subject for more advanced or specialized texts and we will not insist on it here. How-
ever, we can estimate the relative order of magnitude of the different contributions
without the need for explicit calculations. We do this by expanding the exponential in
the form

e = 3 (i) itkr) Pi( cos ), (17.88)
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where 6 is the angle formed by the vectors k and r. For small values of the argument
we can approximate the spherical Bessel functions as

(kr)
20+ D! te

Since ka <« 1, only the lowest multipoles contribute significantly to the transition
probability. For example, in the frequent case cited above with ka ~ 1073, if we take
the transition probability E1 as 1, that of the quadrupole transition will be (1073)2, a
million times smaller. Therefore, the spectral lines produced by multipole transitions
are much fainter, and normally visible only when the corresponding dipole transitions
are absent, i.e., when they are excluded by a selection rule.

Jikr) = (17.89)

17.2.4 The Einstein A and B coefficients

In 1916, Einstein published an elegant derivation of Planck’s distribution law as an
additional argument in favor of his photonic theory of the radiation field, based on
a statistical study of equilibrium between matter and radiation. Schematically, this
important part of the derivation goes as follows.

Consider, for simplicity, an ensemble of two-level atoms with E, > Ej, subject to
a radiation field with spectral density p(w).! The resonant field-atom interaction pro-
duces transitions between states k and n, at the frequency w = |wg,|; each atom is in
one of the two possible stationary states. When equilibrium has been reached at tem-
perature T, there are N,, and N; atoms in states n and k, respectively, with the relative
populations given by the Boltzmann factor,?

Ny /Ny = e~ En=EO/KT (17.90)

Transitions from k to n take place when the atom absorbs energy from the field and
becomes excited. Since these processes can only occur in the presence of the field, Ein-
stein proposed to write the mean number dn,y,; of field- induced absorptions occurring
during dt in the form

dnabs = Ny Brnp(w, T)dt. (17.91)

The absorption probability per unit time and unit spectral density of the field, By, is
an intrinsic property of the atom and can only be determined through the quantum
study of the atom-field interaction.

We can treat the downward transitions in a similar way, by writing the mean num-
ber of field-induced emissions during dt as N, Buip(w, T)dt. To this we must add the
number of spontaneous emissions, those that occur in the absence of an external field,
which Einstein wrote as N, A,xdt, where A, is the probability per unit time that an
atom will decay freely from n to k. This is a “spontaneous” (i.e., not induced) process,
independent of the external field. Consequently, the total number of emissions during
dt is

dnem = [NyBuip(w,T) + Ny Apildt. (17.92)

I There may of course be other energy levels, but our focus will be on the transitions between levels E,, and
Er. A modern quantum-mechanical approach to the two-level atom is discussed in Section 3.

2 We take the degeneracy to be 1 for simplicity; the result is essentially independent of this consideration.
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In equilibrium, the average number of absorptions during d¢t must be equal to the
average number of emissions, so that?

NiBrnp = NyBnkp + NnApk- (17.93)
If we introduce Eq. (17.72), which holds in thermal equilibrium, we get
e B/ Bap = e BT (Bup + A (17.94)

Assuming that p grows indefinitely with increasing temperature 7 (which is not only
intuitively clear, but is also confirmed by the final result), (17.94) gives

Bin = Bk (17.95)

which means that the probabilities of induced energy absorption or emission are equal.
This is a first important prediction of the theory, which is confirmed by the quantum
treatment of the problem, as shown at the end of the previous section. Taking this into
account, we obtain from (17.94) that

_ Ank/Bnk
P= BT 1 (17.96)
Using Wien’s displacement law
p(@.T) =’ f(/T), (17.97)
where f is a universal function, we infer that
A
LA (17.98)
B
and
E, — Ex = ho, (17.99)

where A and £ are coefficients to be determined. Note that with this derivation, Bohr’s
hypothesis about atomic transitions between energy levels is no longer a hypothesis.
Substituting these results in (17.96) we get

A’

= 17.100
P = Jho/kT _q ( )

By comparing with the Rayleigh-Jeans approximate formula p = (w?/7%¢3)kT, which
is known to work well at high temperatures, we get

h

h= (17.101)

which introduced into (17.100) gives Planck’s blackbody radiation law. Further, from
(17.98) and (17.101) we get

ha?

App = —2_
" w23

Buk. (17.102)

This result is extremely important because it shows that when a quantum system
responds to an external electromagnetic field (B, # 0), it will also decay without

3 This property is called detailed balance, because it leads to a state of equilibrium at each frequency
separately; historically, this notion was introduced by Einstein precisely in this context.
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external intervention (A, # 0), emitting energy until it reaches its ground state.
This proves that the excited states of an atomic system are unstable, i.e., they decay
“spontaneously.”

The above was the first derivation of the Planck distribution free from logical incon-
sistencies or arbitrary adjustments. The lack of quantum formalism in 1916 prevented
Einstein from establishing the formulas for the A and B coefficients separately.

17.2.5 Spontaneous emission of radiation: a semiclassical
approach

In Section 2.1 the quantum-mechanical formulas for the induced transition proba-
bilities were derived by considering the external radiation field as a perturbation.
According to Egs. (17.83) and (17.84), the Einstein B coefficient, which gives the
probability of induced transitions per unit time and per unit spectral density, is

4722

W|(k|r|n)|2. (17.103)

Bnk -
However, the Schrodinger equation dictates that the excited states are stationary in the
absence of an external field, so there is no spontanecous decay in QM. This contradic-
tion cannot be resolved within the Schrodinger formalism, which does not take full
account of radiative interactions. In Sections 17.3 and 17.4 it is shown that a proper
treatment of the matter-field system, including the vacuum field, satisfactorily resolves
the contradiction. As shown in the following exercise, a partial solution is obtained by
using semiclassical arguments to derive a formula for the A coefficient of spontaneous
decay, assuming that it is due to the radiation reaction of the electron.

Exercise E17.3. Semiclassical approach to spontaneous emission
Use the classical Larmor formula for the power radiated by a nonrelativistic point
charge, to derive a quantum expression for the Einstein A coefficient.

Solution. The classical formula for the average energy emitted per unit time by an
electric dipole er is

d(c: 26’th
i (17.104)

where the symbol ~* means time averaging. To give this expression a quantum form we
proceed as follows.

We consider an ensemble of atoms that can make transitions between states k
and n, and describe the state of such an ensemble as a superposition of both states,
V¥ = Co¥hy + Cr, with |C,|? + |Cx|*> = 1. We then replace the acceleration # by its
expectation value, which is given by

(Wl = / (CHY + CUDF(Cotn + Crvi)d s (17.105)
= |Cn|2(n|i:|n) + |Ck|2<k|i:|k) + C:Ck(n|i:|k) + CnC;:(k|f|n).
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Applying the Heisenberg equation twice, we get
E, — E;
h

where @ = w,;. Atomic states usually have well-defined parity, even or odd, so the
integrand in

2
(n|ilk) = — < ) (nlrlk) = —w?(nlr|k), (17.106)

(n|xi|n) = /Oo Yy Xi Yndxi (17.107)

(i = 1,2,3) is odd and the integral vanishes. This means that normally an atom has
no dipole electric moment in its ground state. The preceding expectation value reduces
therefore to (there are two equivalent contributions)

(W|F|y) = 2Re (C;Cy) (n|F|k). (17.108)
Since the coefficients are of order unity, we can write
(W IFIY) 1 = CGlinlFIK) P2, (17.109)
where C(% is a real constant of the order of unity. Substituting in Eq. (17.104) we get
2 2 4
d& = =2 C2)(n|r k) d1. (17.110)
3c3

On the other hand, the mean energy radiated during dz is the energy fiw radiated in
each transition multiplied by the mean number of transitions A, dt, so that

282w3C3 5
Ank=W|(k|r|n)| . (17.111)
With B, given by (17.103), we get
ha’ Cg
App = m?Bnk, (17112)

which compares well with the exact result, Eq. (17.102), except for the indeterminate
numerical factor of order 1. In Sections 17.3 and 17.4 we return to this point to show
that a complete treatment of the matter—field system gives the correct formulas for the
A and B coefficients, with Cg =2.

Before concluding this section, we note that since A, is the probability per unit time
for a spontaneous transition to occur between states n and k, its inverse is the mean
time it takes for such a transition to occur. This quantity is defined as the mean lifetime
T, of the excited state n,

Tk = Ay (17.113)
However, it is often the case that the system can decay from state n to any one of several
states k, in which case each different decay mode contributes to shortening the mean

lifetime. In such a case the mean lifetime of the excited state n takes the form
-1

T, = ZAnk . (17.114)
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Radiative lifetimes of excited atomic states fall typically in the range of 1078 — 107105,
with the exception of metastable states (states that do not decay via a dipole transition),
which can have lifetimes on the order of seconds or longer.

In what follows we apply these results to a specific example for illustrative
purposes.

Exercise E17.4. Mean lifetimes for an infinite well
Using the electric dipole selection rules for a 1D infinite well, find the mean lifetime
for spontaneous transitions from the excited state n = 4.

Solution. We saw in Chapter 5 that the eigenfunctions of H in this case are ¢, =

\/g sin Z*x. This gives for the matrix element of x

nn'

(n'|x|n) = /‘Pn’x<ﬂndx = %m[(—l)nin/ —1].

Therefore, spontaneous dipole emissions exist for all n > n” such that An =n —n’ =
odd.

When the initial state is n = 4, the emission spectrum will have as dominant lines those
corresponding to the frequencies 3w1, 5wi, 7wi, 15w, where w; = E/h = n?h/2ma?,
see Eq. (4.73). The lines produced by higher-order transitions are superimposed on this
spectrum, but are much fainter.

The initial state n = 4 can decay either to the state n = 3, or directly to the ground state
(n = 1), so that its total probability of decay is the sum of the probabilities of each of
the possible transitions (because they are mutually exclusive events), Agyor = Ag3+A4;.
Therefore, the mean lifetime of the state n = 4 is, according to Eq. (17.114),

Ty = (Agz + Ag) ",

. 2.3
with Ay = 4290 | (k|x|4) 2.

17.2.6 A basic introduction to the laser

An important application of the previous results is the laser. We have seen in Sec-
tion 17.2.1 that an electromagnetic field of frequency w stimulates atomic emissions of
that frequency. Therefore, by bringing atoms into a suitable excited state and exposing
them to a field of frequency equal to the emission frequency, it is possible to gen-
erate intense, coherent and (practically) monochromatic light. The device developed
on this basis is the laser (acronym for Light Amplification by Stimulated Emission of
Radiation).

As an example, consider a gas laser using a He—Ne mixture; these gases are used
because the 2'sg and 235 levels of He* coincide with the excited levels (2p)’(5s) and
(2p)°>(4s) of Ne, respectively, and since He is easily excited and eventually decays into

4 The notation for the electronic configuration of atoms is explained in Section 16.1. Essentially it is s+l s
plus the atomic shell (a number).
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m (a) Transitions between energy levels in a He—Ne laser. (b) Diagram of a He—Ne laser tube, 9-10 inches long. Before
the invention of low-cost diode lasers, red He—Ne lasers were widely used in barcode scanners.

such states, collisions with Ne will transfer energy to it and leave many of its atoms in
the said excited states (see Fig. 17.2). Thus, after an electric discharge, the population
of excited Ne atoms will be abnormally high — an effect called population inversion.
The Ne atoms decay to the (2p)°(4p) and (2p)°(3p) states (55 — 4p and 4s — 3p
transitions); the emitted light is reflected by mirrors at either end of the laser as shown
schematically in Fig. 17.2, creating a strong field of the appropriate frequency to fur-
ther stimulate emission. The process is self-stimulating, until finally the light becomes
intense enough to escape through one of the mirrors, which is semi-transparent. The
red emission line at 632.8 nm has a high spectral purity, long coherence length, and
excellent spatial quality, making this laser a useful source for holography and as a
wavelength reference for spectroscopy, albeit at the cost of very low efficiency (less
than 0.025%).

Shortly after the successful operation of the first ruby and He—Ne lasers in 1960,
it was demonstrated that a semiconductor diode could function as a laser. In light-
emitting diodes (LEDs), which are driven either by voltage or by optical pumping,
a photon of energy equal to the recombination energy between electrons and elec-
tron holes (see Section 6.3) can cause recombination by stimulated emission; the gain
increases as the number of electrons and holes injected across the diode junction
increases. The size of LEDs, their efficiency, and their ability to produce light of dif-
ferent wavelengths, make them extremely useful; but unlike a laser, the light emitted
by an LED is neither spectrally coherent nor highly monochromatic.

As already explained, stimulated or induced emission was unknown in Einstein’s
time; in fact, it was only with his work of 1916 that the term appeared — along with the
notion of spontaneous emission — as another product of Einstein’s intuition, which,
despite its importance, as we have just seen, is almost never cited. In a peculiar twist of
meaning, recognition of his introduction of stimulated emission often leads to Einstein
being credited as the inventor of the laser. (Just as the “invention” of the atomic bomb

is often attributed to him as a result of his famous mass-energy equivalence formula
E = mc2)
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17.2.7 The photoelectric effect

Another example of important application of time-dependent perturbation theory is
the photoelectric effect, a process in which an atom absorbs a photon of sufficient
energy to be ionized. In order not to complicate matters, we will only consider the case
of an H atom in the ground state, whose ionization energy is I = ZZme*/2h* <~ 13.6
eV, and photons with Aiw >> I. From this relation and from the conservation of energy,
which we can write in the approximate form hw ~ p?/2m (assuming W to be negligible
in Einstein’s equation fiw — W =~ p,znax /2m), it follows that the speed at which the
electron is ejected from the atom must be high enough for it to ensure that

v 2 g, (v=2). (17.115)

c he m
We will assume that the radiation field can be described classically, while the electron
obeys quantum laws. This approach differs substantially from the one discussed in
Section 2.3.1, where it was shown that Einstein used the photoelectric effect precisely
to support his fundamental proposal that the field must be quantized. The present
calculation shows that the photoelectric effect can also be explained as being generated
by the interaction of the quantized atom with the classical radiation field. The point
of such a calculation is that the fundamental equation of the photoelectric effect — an
example of Einstein’s heuristic view — namely fiw = Tyax + W, can be rewritten in the
form

Tmax + W = Eout — Ein, (17.116)

where Eqy and Ej, are the final and initial atomic electron energies, respectively, so
that Eqyt — Ejj, 1s the energy available for the photoelectric effect. Writing it in terms of
the Bohr transition frequency hw, gives Einstein’s formula. However, in writing the
fundamental postulate in the form of (17.116), the quantization of the field is not
used, but the Schrodinger equation enters instead. Several authors, including Mandel,
Sudarshan, and Wolf (1964) and Lamb and Scully (1968), have argued that the correct
form of this equation is precisely (17.116) and not Einstein’s original, which hap-
pens to be derived, a consequence of the quantization of matter. Regardless of which
principle one takes, the preceding discussion shows that it is legitimate to consider a
classical radiation field and use perturbation theory to derive the probability of the
photoelectric effect, which we will do here.

By considering the atom initially in its ground state, which we denote by |0), the wave

function is
Z3
(rl0) = Yi00(r) = | —e /%, (17.117)
7'[610

Since the emitted electron has a very large energy relative to the ionization energy, we
can consider it to be free, so the wave function of the final state, which we denote by

[p), is

(r|l7)=%exp<iph.r>. (17.118)
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A more precise theory would have to take into account that the electron is not really
free but moves in the Coulomb field of the ionized atom. With the previously discussed
meaning of the quantity N, the transition probability per unit time is (see Eq. (17.46))

2,2
o plekTe DO p(Ey).  (17119)
The density of final states p(E,) refers in this case to that of free electrons, for which
dE = vdp (both classically and relativistically), resulting in (see Section 7.1.5)

2 _ 2
W= FHPW 10)“p(Ep) =

v p? dp Vm?v
dp(E,) = = ——dQ, 17.120
v T 873h ( )
whence
Ne? : .
dw = cv |(p|e’k"e . p|0)|2d52. (17.121)
2nh3w

The integral in the matrix element

/ /exp[ i(p/h—k) -r]Vexp (——)d
=4/ Z (P hk)/exp[—z——l(——k) ]d% (17.122)
7rVa0 ao

is solved using the formula

(ple™*rpl0) =

. 4 [ &b
—br+iqr ;3. _ —br ; —
/6‘ r+iq "d r = 7 0 re ’slnqrdr = m, (17123)
where b = Z/ay and
g=k-— %). (17.124)
Since € - k = 0, we get
ikr_ = 7'[618 €p
(ple'*Te - plO)y =8 73y 5 (17.125)
(1 + “3q2>
72
and substituting into Eq. (17.121), we finally have
dw  32¢%a3 -p? N
_ ey (€ p) (17.126)

dQ ~ ZWo (1+a2q* /224 V'

To give this result a more convenient form we observe that from hw ~ p®/2m it follows
that p? ~ 2mhw = 2mchk > phk, thus mc > p; from this same relation it also follows
that 2hk/p = p/mc = v/c. Since p > hk, we can write from (17.124)

q* ~ (p*/h?) — 2(pk cos 0 /h) = (p? /h*)(1 — ; cos b)), (17.127)

where 6 is the angle between k and p. Further, from condition (17.115) it follows that
pao/Zh = (1/Za)(v/c) > 1, so that

2 2.2
qdy 4949 P4 v
1+t T = 28 (1 —cosd). (17.128)

https://doi.org/10.1017/9781009679633.018 Published online by Cambridge University Press


https://doi.org/10.1017/9781009679633.018

506 17 Time-Dependent Perturbations. Field Quantization and Second Quantization

On the other hand, € - p = p sin 0 sin ¢, where ¢ is the angle between € and the compo-
nent of p perpendicular to k. Substituting all these expressions into equation (17.126),
we get

(17.129)

do  (dW/dQ) V dW _ 32ah (hZ > sin? 6 sin? ¢
dQ  jine  NcdQ  mck \agp (

-2 cos 0)4
C
We have divided dW/d2 by the incident photon flux jine = VincPine = ¢(N/V) to
obtain the mean number of photoelectrons emitted in the element of solid angle d<2
per unit of incident flux. This quantity, which we have denoted as do /d <2, is called the
differential cross section (of the photoelectric effect in this case). Due to the normal-
ization introduced by dividing by ji,c, the differential cross section is independent of
the illumination intensity and other incidental details of the experimental setup, so it
is used as a properly normalized measure of the effective cross section.’ The expres-
sions obtained show that at low energies the photoelectrons are emitted preferentially
in the polarization direction (in which (e - p)? takes its maximum value p?), of the

4
absorbed electric field. As the energy increases, the denominator (1 — Leos 9) shifts

this maximum in the forward direction (defined by the photoelectron).cF urthermore,
the cross section increases with the atomic number as Z> and decreases with the energy
of the incident photon as k! p~> ~ w~7/2. All of these quantum predictions for the
photoelectric effect are well verified in experiment.

17.3 Radiative Corrections: The Full Picture
|

We have seen in Section 17.2 that QM leads naturally to Einstein’s (stimulated tran-
sition) B coefficients, but to obtain a reasonably approximate formula for the (spon-
taneous transition) A coefficients we resorted to arguments borrowed from classical
physics. We will now proceed to derive the A, from a fundamental theory.

17.3.1 Dirac: The Formal Field Quantization

In 1927, Dirac was able to weave the photon concept into the fabric of the new QM
and to describe the interaction of photons with matter. He found that the formula for
the spontaneous transitions could be obtained by using a quantized field instead of a
classical field to perturb the atomic electron. Dirac took the phases and energies of the
field modes and interpreted them as operators related by commutators. Nowadays it
is more common to quantize the (complex) Fourier amplitudes of the vector potential.
The quantization of the field is thus formally achieved by replacing the classical oscil-
lators describing the field by quantum oscillators, that is, by rewriting Eq. (17.61) in
the form

A=GeA_(Ne ' +a €A (r)e'™, (17.130)

5 This important concept is discussed in detail in Section 18.1.

https://doi.org/10.1017/9781009679633.018 Published online by Cambridge University Press


https://doi.org/10.1017/9781009679633.018

507 17.3 Radiative Corrections: The Full Picture

where A+(r) = Age¥ 7, the operators @ and @' (corresponding to the mode of
frequency w) satisfy the commutators

[a,a'] =1, (17.131)

and operators pertaining to different field modes commute with each other. Note that
these are the same as the lowering and raising operators used in Section 9.4 to describe
the (mechanical) HO of frequency w. In the present case, it is appropriate to speak of
annihilation and creation because that is what @ and @' do: applying @ decreases the
number of photons by 1, and applying @' increases it by 1. As in the case of the HO, n
successive applications of @ to an initially excited state |n) of a given mode of the field
eventually produces the state with zero photons, that is, the electromagnetic vacuum
(or vacuum fluctuations, as it is called in quantum theory). Conversely, n successive
applications of @' to a field mode initially in the vacuum state |0) will bring the field to
the excited state |n).

The issue of spontaneous transitions is solved as follows. As we can see from Eq.
(17.130), A_ is accompanied by @ and Ay is accompanied by a”, so using Eq. (17.68),
we can replace N by the expectation value (N|a'@|N) = N in Eq. (17.84) for the
probability of resonant absorption of photons in the form

4 2.3
NIk, (17.132)

Wabs —
k 3he

n

while in the formula for the probability of emission, Eq. (17.83), we must introduce
(Nl@aa'IN) = (N@a'a + 1IN) = N + 1,

om 42PN +1) 5
nk = TH”I’I’QI . (17.133)

In the absence of an external field, that is, with zero photons (N = 0), this gives

203 3

ho
2 _
Fnes | = 2a

(N =0)=Apy = Bk, (17.134)
in exact agreement with Eq. (17.102). This result confirms that the quantization of
the radiation field — involved in the transition to quantum electrodynamics (QED) —is
sufficient to obtain the coefficient for the spontaneous decay of atomic excited states,
among other important phenomena that will be discussed in what follows.

We thus see that if the quantum properties of the field are properly taken into
account, one obtains a theory that is free of difficulties (well, not absolutely free, as
will be discussed later). Formally, we can say that we have a complete quantum theory.

Note that the transformation of the vector potential A into an operator trans-
forms Maxwell’s equations from relations between functions into (equivalent) relations
between operators. The vectors E and B also become operators (linear in @ and a*)
which do not commute with each other or with the field Hamiltonian (1/87) (Ez + Ez),
which now takes the form

By, = ho (&EA&M n %) (17.135)
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for every field mode of frequency w, propagation direction k and polarization A. The
step from classical electrodynamics to QED is thus entirely analogous and just as fun-
damental (and therefore has similar implications) as the step from classical mechanics
to QM.

An exposition of the physical rationale for this transformation is left for Section 17.4.

Exercise E17.5. Field commutators in the Coulomb gauge

Find the values of the field commutators, [A,'(r), Aj(r/)], [A,'(r), Ej(r/)], where i, j
refer to the Cartesian field components in the Coulomb gauge, expressed in terms of
the annihilation and creation operators @ and @' of different field modes (m, n).

Solution. Let us consider two linear field operators F and G, represented by

Fr=Y" [fim&m + f;fn&,,i] : (17.136)
m

G=Y [g,-n&n n gj;na;] . (17.137)
n
Their commutator is [ﬁ,éj]
= { fonsgn -]+ i [ 8] + S [ + 5 [0 ]): with
the usual commutation rules (see (17.131)) this reduces to

[ﬁ"’éf] =2 [fimgfm - ﬁingjm] : (17.138)

For F; = A;(r) we have

fim = Awp€ime* ™, (17.139)

and similarly for the rest. Thus,

[4i), 4] = = 3 A2egy(ethreibr’ — emikreikr’y =g, (17.140)
kX
since the modes with k and —k contribute equally but with opposite sign.
Things change in the case of the commutator [A,-(r), E (r' )] due to the extra factor
iw,
[Ai(r), Ej(r/)] =— Z iwAieiEj(eik're_ik'r/ + e~k ik’
KX
. h ik-(r—r")
= —2i Z EE[E]F .
7
The two polarization vectors and the normalized vector k = k/ |k| form an orthonor-

. kik;
mal basis, so that 3, €;¢j = 8;j — 43" = 5,? and

A A i h ik-(r=r")
[A,-(r), Ej(r’)] =2y > L33,.%,e .
k o
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When there is a continuum of field modes, the sum is replaced by the corresponding
integral; thus,
- R 3 . n kik;
[Ai(r), Ej(r/)] = Lol [ dks} . The function 8} = (8 — %) is the
transverse delta in reciprocal space; in real space it is given by

1 3, oL ikG=r))
P /d ké;ze

(see Mathematical Appendix A), and therefore

J_ ik-(r—r')

BiJjT(r —-r) =

[Ai(r), Ej(r’)] — ;#(r —r).

17.3.2 The two-level atom: Jaynes—Cummings model

We are now in a position to make a fully quantum treatment of atoms interacting
with an electromagnetic field. To simplify the discussion, we will consider a two-level
atom and restrict our attention to its dipole interaction with a single field mode kA
of frequency w, which we take to be close to the atomic transition frequency wq. This
would be the case, for example, if the atoms were exposed to a laser whose radiation
can be regarded as monochromatic to a good approximation.

The Hamiltonian of the system composed of an atomic electron interacting with the
quantized field mode in the Coulomb gauge (V - A = 0) is then (see Section 12.7)

H = Hy+ Hy + H, (17.141)
with
52
Hy=—+V(), (17.142)
2m
~ o |
Ar = ho (a0 + 3) (17.143)
and, neglecting the quadratic term of the field as usual,
A=-—A4p (17.144)
mc
with
~ 27 he? . . . .
Aty = | T (e T 4 Gl emikrsion) (17.145)
1)
where the coefficient has been selected such that the energy of the field mode is £ = hw,
hence,
~ e [2mhc?
- P A A
= —— | 5= (ak,\(t) n akk(t)) b ew. (17.146)

The ay;, &l& operate on the Hilbert space of the field oscillators, while particle oper-
ators act on their own Hilbert space, so that the Hilbert space of the whole system is
the direct product of both spaces (now subspaces). Therefore, the components of the
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system’s state vector will be written as products of two vectors, one in each of these
subspaces. For the sake of simplicity, we will omit the indices k2 that denote the field
mode.

If we call |i) the eigenstates of the atomic Hamiltonian, we can express the latter in
the form

Ho =" "1i) i) Ha 1j) (1 = Y (61 Hag 1)) i) (il =D Ejsij li) (jl - (17.147)
i j i,j

i,J

or, introducing the elementary operators 6;; = i) (J|,
Hy =Y "Eili) (il =) Ei6i. (17.148)
i i
The momentum operator in its turn takes the form
ZZI! (1P 1)l = Zl’u i) (j] = Zp,,ol,. (17.149)

With this, the total Hamiltonian becomes

A= Eibi+ho(afa+ 1) - hZC,]( i) 6ij, (17.150)
i

e 21 . 2
Cij = n_”/ %pij TE€ =16y %wl’jxij - €. (17.151)

The last equality follows directly from the Heisenberg equations of motion, which give
Pij = imwijxij.

where

Our atom has only two active states, which we call |1) = |—) and |2) = |+), where
E; > Ej and wp] = wg = (E; — Eq) /h. So the corresponding completeness relation
reduces to 611 + 622 = |[+) {(+| + |-){(—| = P, + P; = I, where P; (i = 1,2) are

projection operators, and from Eq. (17.148) we get
Z Ei6ii = E1611 + Ex6m = SE| (I+ 611 — 62) + $E2 (I+ 622 — 611)
i
(E] +E2)—I— (Ez—E])(Ozz—U]l) (17.152)
that is,
Y Ei6ii = Eodo + hax6s, (17.153)

i
where E is the mean energy of the two states; 6y = I is the unit matrix, and
63 =02 — 011 = |[+) (+] = |=) {~]. (17.154)

Note that this operator describes the difference in population between states, since
(63) = P, — P. Assuming (as is usual) x|} = x22 = 0, xj2 = x2, and hence p;, =
— Py, (17.149) reduces to

Y " Cijbij = Ciabia + Coi621 = —Coy (612 — 621) = —Céa, (17.155)
i,J
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where

| 2
C =—iCr = ewy %xlz - € (17.156)

62 =i (612 —621) =i (|=) (+] — [+) (=] (17.157)
Thus, (17.150) takes the form

and

A = Eodo + Shogss + o (a'a + 1) + nC (a+a') 6. (17.158)

In most applications, the additive constants Ey and %ha) do not play a dynamical role,
so that the Hamiltonian can be redefined by subtracting these quantities,®

A = Shoés + hod'a +inc (a+a') (6 - 67), (17.159)

where

612=I1-){+l, &6"=62 =+ (| (17.160)

o

are the atomic raising and lowering operators, which act on states |+) and |—) as usual,

Gl=)=1=)(+1=)=0, ol+)=|-)(++) =), (17.161)

sTm) =1 (-1 =14, §H =11+ =0 (17.162)
We note that
16,671 = —63; [6.631=26, [67,63]=—26", (17.163)
and more generally,
(61, 6] = [1i) (jl, k) (LI 1 = 8xGi — 816 (17.164)

Since the field and particle operators at equal times act on different spaces, their com-
mutators are zero, for example, [31‘ j(t),&(t)] = 0. However, this is no longer true
at different times, due to the interaction between the parts of the system, and the
commutation relations must then be derived using the equations of motion, which give

B
a=—la Hl= —zwa+c(a —6 ) (17.165)
—~ 1 —~

& = —16.H) = —iwns +C (a +a') 6, (17.166)

l

—~ 1 ~ . "

> LA —_ ~ A~ ~ A

63 = —l63. Hl = =2 (a+a') (6 +67). (17.167)

and their adjoints.
The interaction Hamiltonian in Eq. (17.159) has four terms,

(&+a*) (& —aT) — a6 —a6" +até —atst. (17.168)

6 This simplification is common in the literature. However, it should be borne in mind that the term
associated with the zero-point energy, which in some cases may play a physical role, has been omitted.
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From Egs. (17.165) and (17.166) it follows that in the absence of coupling, a(r) =
a(0)e™'" and 6(r) = 6(0)e~'" . Therefore, for sufficiently weak coupling, the terms
a6 and a'6" oscillate rapidly with frequency wy + @, while the terms a6 " and a'6
oscillate with significantly lower frequency wg — w, which vanishes at exact resonance.
In the rotating-wave approximation introduced in Section 14.3.3, the nonresonant
contributions are neglected and the Hamiltonian becomes reduced to

A = Yhaots + hoa'a + ihC (a"‘& - aaﬁ) . (17.169)

This is known as the Jaynes—Cummings model. The term a6 contains a field-creation
operator and an atom-lowering operator; the interaction 46" in turn describes the
annihilation of a photon and the excitation of the atom. In other words, atomic excita-
tion always involves the annihilation of a photon (term a6 ") and de-excitation involves
the production of a photon (term a'6). This would not be the case if the previously
neglected terms a6 and 4’6" were retained. Because of this property, at resonance
(w = wg) the operator

N = 165 +a' (aw) (17.170)

is an integral of motion, with eigenvalues N + % (N is the number of equivalent
photons). For more details see Milonni (2013), chapter 6.

The equations of motion of the Jaynes—Cummings model are the Heisenberg equa-
tions for the operators a,a’, 63,6 and 6 7. Using the commutation relations established
earlier, one obtains

G =—iwa+ Cé, (17.171)
6 = —iwo + Cads, and (17.172)
53 =-2C (a*& - aaT) (17.173)

and their adjoints. These equations, as well as the Jaynes—Cummings model, are used in
a wide variety of problems in atomic physics, solid-state physics, quantum information
circuits, quantum optics, and related fields.

17.4 The Radiative Corrections According to SED. Atomic Lifetimes
and Lamb Shift

In QED, the vacuum fluctuations are the source of radiative corrections in an already
quantized system, that is, these corrections are considered to be a primary effect of the
vacuum. In contrast, according to SED, the vacuum fluctuations are responsible for
quantizing the system in the first place, so that the radiative corrections appear as a
secondary effect of the fluctuating vacuum.

In the following, we will take advantage of the physical transparency of the SED
framework to derive the formulas for the radiative corrections.
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17.4.1 Radiative transitions

In this section we will obtain a formula for the spontaneous transition probability,
using the results of Section 10.3. To do this, we recall the SED evolution equation for
a constant of motion &(x, p), Eq. (10.92),

d LD IE -
< i) = mr<x,-—$> - e2<—$z>i>, (17.174)
dl apl 8pl
with
A 9 9
*D; = D' — + DIV — (17.175)

Y ij i apj '
Applied to the particle Hamiltonian H(p,x) = (1/2m)p* + V(x), Eq. (17.174) gives,
after integrating by parts the second term on the r.h.s.,

d

o (Hy=1(x-p)+ %tr(DW), (17.176)

where T = 2¢2/3mc3. We will work in 1D, for simplicity in the exposition. To calculate
the last term we use Eq. (10.84),

t
DPP(t) = ez/ ds op(t)

(E($)E)) ,

—so P | 0
where the field correlation (E(s)E(t)) is given by
4o [
(E($)E(t)) = @(t —s) = 3 / dwp(w) cos w(t — s), (17.177)
0

according to Eq. (10.46), and ¢(r — s) is the spectral energy function of the ZPF. This
gives

1
DPP(t) = &° / dso(t —s) op(H) (17.178)

—o00 ap(s)

9
N0

where the derivative inside the integral, dp(z)/dp(s) = {x(s), p(¢)}, must be replaced by
the corresponding commutator divided by i A, according to (10.125); hence,

2t
prry =< / ds p(t — 5) [R(s), 1)) (17.179)
ih J_o
When the system in a stationary state n, Eq. (17.176), takes the form
d ~ A l A
all - Y. _ pp
L) = el s o). o
with
. 2 [t
<n ‘DW‘ n> = —/ ds ot —s) (n |[f€(s), ﬁ(t)]|n>. (17.181)
ihJ_
Writing the matrix elements of x(s), pft) as xpu(s) = xgnexp(iwins), prn(t) =
I MW Xin €Xp ([wgnt), we get
(n |[%(s), P@)]| n) = 2im Y " pn |xknl* cos wpn(t — 5, (17.182)

k
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which, when introduced into (17.181), gives

(n | DPP|n) =

2me? ) !
D _kn [kl / ds p(t — 5) cos wgu(t — 5). (17.183)
k —00

Further, using (17.177) with pg(w) = hiw? /272¢3 for the ZPF and taking into account
that

t
/ ds cosw(t — s)cos wi,(t —s) = % [6(w — win) + 8(w + win)], (17.184)
—00

we finally obtain

(n|DPP|n) = —m*t Zw;‘k |Xnk | Signop. (17.185)
k

For the radiation reaction term in (17.180), again using xz,(t) = x, exp ({wg,t), We
obtain

T(X Phan = —mt Y wpy |xui|” (17.186)
k

Note that Eq. (17.185) contains a mixture of positive and negative terms, whereas in
(17.186) all contributions have the same sign. The two contributions taken together

give
d(H) )
o "= —mt Zwik I)cnkl2 (1 — signwygy,)
k
= 2mz ngk L) . (17.187)
k<n

This result confirms that while the ground state (n = 0) is strictly stationary — due to the
equilibrium between the radiation reaction and the diffusive term — the excited states
(n > 0) are not stationary; transitions from state n to lower-energy states k take place by
the combined action of the ZPF and the radiation reaction (both factors contributing
in equal measure), without the intervention of an external radiation field. Writing the
average energy loss per unit time as

d(H
<dt>" = how Wt (17.188)

k<n

we get for the probability of spontaneous emissions from # to k per unit time
3

W e
"= 3 he3

o il (17.189)
in exact agreement with the QED result, Eq. (17.134). It is clear that these expressions
have a meaning only in a statistical sense: they refer to an ensemble of systems prepared
initially in the same excited state n, which have a certain probability per unit time to
decay, determined by the specific properties of the system. However, which transition
will occur in each instance, or which member of the ensemble will decay at a given time,
is a matter of random circumstances.
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17.4.2 Breakdown of energy balance

One might now ask whether there is a background field g(w) which, added to the ZPF,
is capable of keeping the particles in an excited state n all the time. With the total field
represented by a spectral energy density p(w) = po(w)g(w), where g(w) > 1 is an even
function of w, Eq. (17.190) must be replaced by

(n |Dpp| n) = —m’t Zg(a),,k)wik lxnk | signwy (17.190)
k

so that instead of (17.187) we have
d(H),

= —mt Zwﬁk Ik |> (1 — g(wpp)signwy,). (17.191)

k
Note that the terms in parentheses have different signs depending on whether wy, refers
to an upward or a downward transition (i.e., k > n or k < n). Therefore, there is no way
to satisfy detailed energy balance in general. However, as we will see later, there is one
particular system that can remain in balance in an excited state, namely an ensemble
of harmonic oscillators.

Exercise E17.6. Detailed energy balance condition for the harmonic oscillator
Determine the spectral density of the background field that can maintain an ensemble
of oscillators in an excited state n.

Solution. The HO is exceptional in the sense that all the |w,x| contributing to the sum
in (17.191) are equal in value and coincide with the oscillator frequency w. Using the
HO expressions

x> = [+ D + ndka-t], (17.192)

T |

we obtain for first term on the right side of Eq. (17.191)

—mt Y on lxuk* = —3hte’2n + 1), (17.193)
k

and for the second term
mt Y wn Xk glern)signwg, = Shre’ gy(w). (17.194)

k

Therefore,
d(H

(a't>n = —%hraﬁ [Zn +1-— gn(w)], (17.195)

which indicates that detailed balance holds when g,(w) = 2n + 1. In other words, if
the HO in an excited state n is embedded in a field with spectral energy density

p(w) = po(w)2n + 1), (17.196)

there are as many absorptions as there are emissions per unit time, all with the same
frequency w, so that the average energy of the oscillators does not change. This result
should not come as a surprise, since this field has precisely an energy per normal mode
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ho(2n + 1)/2, equal to the energy of the mechanical oscillators with which it is in
equilibrium.

It is important to note that even in the case where detailed balance holds, the excited
states are not stationary (the energy is stationary, not the states): up and down transi-
tions take place continuously, at a rate such that the average energy remains constant.
In what follows, we derive the general formulas for the corresponding transition rates.

17.4.3 Atomic lifetimes

Consider an atom prepared in a state n, exposed to a radiation field with spectral
energy density p(w) = po(w)g(w) as earlier. It is convenient to separate the additional
(external) field from the ZPF,

p(@)=po(@)tpa(®),  pa(®) = po(®)ga(®), (17.197)
so that Eq. (17.191) can be written as
d({H), .
= —me §w2k enkl? [1 = (1 + ga(nk))signekn|
=mt Y o 1%kl [(8a)ogy>0 = 2 + gadag,<0] - (17.198)
k

The tern proportional to g, represents the absorptions (k > n) and the second one,
proportional to 2 + g,, the emissions (k < n). It is clear from this expression that
there can only be absorption if there is an additional field, p, # 0, which can there-
fore be identified with the photonic field. The emissions, on the other hand, can be
either “spontaneous” (in the presence of only the ZPF, as in the previous section) or
stimulated by the photonic field.

In terms of the A and B coefficients, Eq. (17.198) takes the form

d (H>n d sp em d ind em d ind abs
=— (H —(H —(H
dt dt \Hn dt (D dt D
= Z hagy B]?;?Spa(wnk) (17.199)
k>n
- Z henk [Ank + Bs;(npa(a)nk)] >
k<n

or, using (17.197),

d(H)
no_ Ziﬂa)nkl [(stspoga)wk e (Ank + Bz;:l’oog“)wk,,w} s (17.200)

dt p
whence
4e2w3k )
Ank = — 3 P ™, (> k) (17.201)
and
. 472e?
B = By =~ boul = Bu. (17.202)
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in agreement with the respective qed formulas. Notice in particular the factor 2 in the
relation

Apk o I |wnk |3

By w23

= 2p0(Wnk)- (17.203)

The structure of Eq. (17.198) indicates that one should actually write 2py = po(1 —
sighwyy ), wkn < 0, in order to keep track of the origin of each of the two terms: one is
due to the vacuum fluctuations and the other to the Larmor radiation. They turn out
to be of equal magnitude, as noted in relation to Eq. (17.187). In fact, it is precisely
their equality that leads to the exact balance between them when the system is in its
ground state.”

17.4.4 The Lamb shift

Another important radiative correction, which is considered a major success of QED
despite its relative smallness, is the shift of some atomic energy levels due to a
residual effect of the vacuum, known as the Lamb shift. The following is a rather
straightforward and transparent calculation of the Lamb shift, using the SED tools.

To calculate the radiative energy shift we take G = xp in the equation of evolution
for (G), Eq. (10.86),

d d .0 axp
Lopy = (E2) Lo (v E2) _ 2 (22 p), (17.204)
dt dt [, op op

with D given by Eq. (17.175), which gives

d 1

Py = <n ‘pz‘ n> + (nlxfIn) +mz (nlx Eln) + (0 [DP| ). (17.205)
m

This equation is a time-dependent version of the classical virial theorem (n | p?/m| n)—

(n|r-VV|n) = 0, with two additional terms that represent radiative corrections to the

average energy, given by § E, = — "5~ (n |x X|n)— % (n |DP*| n). The first term does not

contribute under stationarity, since

1d
1 L e .2
__1 S =0. 17.2
(n|x x| n) 5 (n XX + X x| n) 2dt<x )n 0 (17.206)
Thus, the Lamb shift is due entirely to the additional fluctuations impressed upon the
electrons through their dipolar coupling to the ZPF,

1 1
SE, :—z(n|Dpx|n):—§e(n |xE|n) . (17.207)
To calculate this term we write
4 ax(t
DPX(t) = e (xE) = e2/ ds 220 (E($)E(1))g, (17.208)
—oo  OP($) |0

7 It is often found in the literature that all spontaneous decay is attributed to one or the other of these
two sources, more commonly to Larmor radiation. In QED the two contributions are equal, provided a
symmetric operator order is used. Related discussions can be found in Davydov (2013), Dalibard et al. (1982),
and Milonni (2013).
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which, after we write the Poisson bracket in terms of the commutator, gives

2 t
DPX(1) = f—h / ds o(t — 5) [X(s), T0)]. (17.209)

—00

With the matrix elements of x given by xj,(t) = xi, exp (iwgnt), we get

(n |[R(), T n) =20 Y |xxn| sin g (t — ), (17.210)
k
which when introduced into (17.209), gives
< |Dpx’” Z|xkn| / ds ot — s) sinwg,(t — ).

Using (17.177) with po(w) = fiw? /27%c3 for the ZPF and taking into account that

t
/ ds cos (t — s)sinwy,(t —s) = 260#, (17.211)
—0 wp, — w?
we obtain
SEy = — (n | DP¥ o 17.212
"__5( | |I’l ch|xnk|wkn U)w]%n_wz. ( . )

The observable Lamb shift §E1, is obtained by subtracting from § E,, the free-particle
contribution, § Eg,, obtained in the limit of continuous electron energies (when wy, can
be ignored compared to w in the denominator),

2¢2 ) o0 e2n o0
3Efp=m;|xnm| omn | dow=—— i dw . (17.213)

The last equality follows from the Thomas—Reiche—-Kuhn sum rule %, |x,, 12 wpn =
3h/2m. Hence,

— e — w w——-, /. 4
Ln n fp 3 C3 - nk kn ]%n 2

in accordance with the (nonrelativistic) QED formula. Note that the integral is log-
arithmically divergent. The problem is solved as in QED by introducing a cutoff
frequency equal to the Compton frequency of the electron wc = mc?/h, thus giving®

(17.215)

2¢? c
SEL, = I3 Z %k |* @}, In o
k

The numerical evaluation of this result gives 1057.833 MHz (in units of &) or
4.372 x 10~%V for the energy difference between the 2s 2 and 2pj 2 H levels, which
corresponds almost exactly to the experimental value observed by Lamb.

8 Note that the logarithmic divergence here is a result of the previous approximations. If no approximation
is made in the radiation reaction term in the denominator of Eq. (17.214), instead of w?, »* will appear, and
the integral will converge (and lead to a correct prediction).
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17.4.5 External effects on the radiative corrections

We note from Eq. (17.208) that the Lamb shift is due to the coupling of the (instantane-
ous) electric dipole moment of the atom to the electric component of the background
field. But the background field can be modified externally, for example, by placing the
atom in a reflective cavity that changes the field’s boundary conditions and thus affects
the distribution of the normal field modes, or by adding a photonic field to the vacuum.
As a result, the Lamb shift is modified accordingly (Problem P17.11).

From the formulas obtained for the emission and absorption probabilities in Sec-
tion 17.4.3, it is clear that the atomic radiation lifetimes are also modified by the
addition of a photonic field or by placing the atom in a reflective cavity.

Such “environmental” effects have been studied and tested experimentally for more
than 50 years, leading to the development of cavity quantum electrodynamics (CQED).
The techniques developed to create and measure CQED states are now being applied
to the development of quantum computers and other modern systems. The calcula-
tions are typically done within the framework of QED, although they can usually be
done more easily within the framework of SED, as shown earlier, which reproduces
the (nonrelativistic) QED formulas with the advantage of physical transparency.

17.5 Canonical Field Quantization Clarified
1

In Section 17.3.1, the field was quantized a la Dirac, that is, by replacing the classical
field variables a, a* by the annihilation and creation operators a,a’ satisfying the com-
mutator (17.131). This formal quantization procedure, introduced as a postulate, was
instrumental in the development of QED and is used more generally to quantize other
fields. In the following we give a physical rationale for the replacement of variables by
operators to describe the quantized radiation field.

17.5.1 Describing a field component in interaction with matter

We have seen in previous sections that in radiative transitions, atomic matter interacts
resonantly with field modes of well-defined frequencies w,;. Any radiative transition
that changes the state of the atom is accompanied by a concomitant change in the
state of the field involved. To describe the effect on the radiation field resulting from
this process, we will focus on a single frequency w,; =  of the field.’

We call qu(?), pn(?) the canonical variables of the field in a stationary state n and
express them as linear combinations of the normal field amplitudes (a, a*) introduced
in Section 10.4.1.19 Using roman letters to distinguish the field variables from those of
the atomic system (which were expressed in italics), we have

9 As in the case of QM, our aim is to reveal the quantization — in this case of the field modes — as the
primary effect of this interaction; the secondary effects can then be treated as perturbations.

10° This applies as long as there are no nonlinear effects, produced by nonlinear optical materials or at very
high light intensities (> 108 Vm 1) such as those provided by lasers. The first nonlinear optical effect to be
predicted was two-photon absorption, by Maria Goppert Mayer for her PhD in 1931.
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qn(®) = Z QHn’ann’e_iwn/nt'i'C-C-a pn(?) = Z pnn’ann’e_iwn,“[+c-c-’ (17.216)
n’ n’

where the amplitudes ay,y, a’ , connect state n of the field with other possible states n’
of the field, and gy, py,, are the respective response coefficients. Since the field oscil-
lates with a single frequency w, it follows that wy,, = e and consequently, only two
terms connecting state n with a state n’ are different from zero. Since there are no inter-
mediate states, we denote the upper state (corresponding to wp, = +w)byn’ =n+1,
and the lower state (corresponding to w,,, = —w) by n’ = n — 1, so that Egs. (17.216)

become
An(t) = quns1a4e  +qnn_1a_e“* + c.c., and (17.217)
Pu(t) = —ioquus1are " +iogun_1a_e'" + c.c. (17.218)
From py(t) = qun(t), we have
OQont1 — iPims1 =0, @Qun_1 + ipan_1 = 0. (17.219)

17.5.2 From field variables to field operators

In analogy with the procedure followed in Chapter 10, which led to the quantum
mechanical canonical commutator [)?, ﬁ] = ih we now take the Poisson bracket of
the field variables given by Eqs. (17.217) and (17.218). The canonical Poisson bracket
must satisfy

{Qn(t), pn(t)}{q,p} = 1. (17220)

Since the normal amplitudes (a, a*) are related to the (canonical) quadratures (q, p)
by the transformation

wq = hw/2(a +a*), p= —i/ hw/2(a — a*), (17.221)
the transformed Poisson bracket reads

From (17.217) and (17.218) we see that the only pairs of normal amplitudes involved
in the Poisson bracket are (a4, a*4) and (a—, a*_); this gives explicitly

> (dunwP*aw — Pan @) = ih. (17.223)
n'=n=+l
By using Eq. (17.217) we get
q*nn’(wn’n) = qu'n(@nn'), p*nn’(a)n/n) = Pun(@nn), azn/(wn’n) = dyn(Wnn)s
(17.224)
so that Eq. (17.223) can be written in the alternative form

Z (dnn'Po'n — Pon’Qn/n) = ih. (17225)
n'=n+l

By identifying q,,v and p,, as the elements of matrices ¢ and p, respectively, Eq.
(17.225) becomes

[4.p],, = [a.p] = ih, (17.226)
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for any state n of the field. Therefore the canonical field commutator is the Poisson
bracket of qy(#), pn(?), with respect to the normal amplitudes (a4, a*1) that take the
field from any state n to states n+1.

From (17.219) we have pyy + iwpmQnn = 0; therefore, the matrix & and its adjoint,
defined as

A= (wd + ip), &7 = (wd — iD), (17.227)

1 1
v 2hw V2hw
have off-diagonal elements a,,,/, a*,,,y immediately above and below the main diagonal,
that is, they play the role of annihilation and creation operators respectively. Combining
Eqgs. (17.226) and (17.227) gives for their commutator

[a, a*] —1, (17.228)

which is exactly Eq. (17.131), the cornerstone of the quantum theory of radiation.
Note, however, that, according to this result, it is not the mode amplitudes «, a* that
are quantized; rather, the operators 4, 4" contain the response coefficients of the modes
involved in the matter—field interaction.

17.5.3 The interaction Hilbert space

In principle, any problem involving matter—field interaction forces us to work in an
extended Hilbert space which is the product of the particle and field Hilbert spaces. In
principle this means introducing an infinite-dimensional Hilbert space to account for
the continuous nature of the field spectrum. Fortunately, in practice, for the study of
matter—field exchange processes the field components are limited to those that are rele-
vant in each case, depending on the problem at hand, taking into account that different
field components do not interact among themselves and remain uncorrelated. There-
fore, it makes sense to complete the quantum field formalism by considering only one
field component, as earlier, and introducing the state vectors living in a single Hilbert
space, on which the respective 4,4a" operators act. To each field mode corresponds a
pair of operators an' acting on its own Hilbert space, different from the Hilbert space
of other field modes and of the particle interacting with it.

From here on, we will revert to conventional notation and write the field operators as
a,a" instead of 4,4; however, the reader should bear in mind the physical meaning of
these operators, which, as seen earlier, represent the response of the field in matter—field
exchange processes.

In Dirac’s notation, |n) stands for the state vector n, with |0) representing the ground
state, and (n| stands for the adjoint of |n). As we saw earlier the effect of @ or 4" on |n)
is to lower or raise the number n by one,

an)=vnmn—1),a" n)=vn+1n+1).

These are the basic elements used to describe how the field of frequency w, interacting
with matter, exchanges radiative energy in well-defined quantities +hw.
By writing the Hamiltonian operator in symmetrized form,

fl= % (w2q2 + 152) = %“’ (aa"' n a*a) , (17.229)
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we get the well-known result for the expectation value of the energy,
A 1
(n|Hn) =&, = (n + E) hw, (17.230)

so that the ground-state energy is indeed &y = hw/2, and |E, — Epr1] = hw, as
observed by Planck; see Section 2.9.

On its part, the normal operator order a'a gives the total number n of photons avail-
able, that is, those that can be absorbed in photodetection processes, and conversely, the
antinormal order aa’ gives the total probability of photoemission (both spontaneous
and induced), as shown in Section 17.2.

Note that Egs. (17.229)—-(17.230), like all the previous ones, refer to a field compo-
nent that exchanges energy as a result of its interaction with quantized matter; they tell
us nothing about the (quantum or nonquantum) nature of the free radiation field. Con-
sider, for example, the synchrotron radiation produced by highly accelerated orbiting
electrons. When such radiation strikes a detector, a resonant interaction of the atoms of
the detector at a well-defined frequency w can lead to the absorption of a correspond-
ing energy hw; the energy absorbed by an atom is quantized, but we cannot ascertain
that the energy emitted by the (free) accelerated electrons is.

By now the student may have realized that the image of an isolated atom or quan-
tum particle in empty space is an entelechy, as previously discussed in Chapter 2. Even
assuming that the system can be cooled to zero temperature, thereby eliminating the
photonic radiation, the atom would still be surrounded by the field in its ground state,
the ZPF. The inclusion of the ZPF transforms the apparently mechanical nature of
quantum systems into a truly electrodynamic one, even in the absence of external
fields. From the perspective gained by SED, we can say that quantum dynamics is
a distinctive extension of classical physics into the stochastic domain. This counters
the extended schizophrenic view of the world, in which its quantum and classical parts
occupy mutually exclusive compartments (with the nanoworld somewhere in between).

17.6 *Second Quantization. An Introduction
|

Fully symmetrized or antisymmetrized wave functions correctly describe the behavior
of the quantum system to which they refer, but, as we have seen in Chapter 15, they
tend to be remarkably complex and unwieldy. It suffices to consider a case as simple
as that of three equal particles, for the treatment of which it is necessary to deal with 6
(=3!) components of the wave function, to perceive the complexity that is soon reached
when the number of particles increases. In addition to this practical difficulty, it turns
out that for many purposes the wave function thus constructed contains much irrele-
vant or superfluous information, which, if eliminated, would simplify and clarify the
description.

What we need in many cases is merely the description of a system containing
identical particles that satisfy this or that statistics. The second-quantization method
leads precisely to a synthetic description of the states of several identical particles,
which makes it particularly suitable for carrying out the required calculations. What
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is being quantized are the fields that describe quantum particles, hence the name
second-quantization theory. In fact, quantum field theory is a second-quantized theory.

A common way of second-quantizing Schrodinger’s theory is to draw on the expe-
rience of using the creation and annihilation operators of the harmonic oscillator;
however, in this brief introduction to the subject we will appeal to considerations that
are more general in nature and therefore help to get a broader vision.

The starting point is the observation — which we will not prove here — that the
Schrédinger equation can be derived from a Lagrangian density, that is, that there
exists a Lagrangian density whose equations of motion (the corresponding Euler-
Lagrange equations) are the Schrodinger equation and its adjoint. If we have a
Lagrangian density'! we can use it to construct the canonical momentum density con-
jugate to the generalized coordinate of the field. Using this procedure, it is found that by
taking the wave function vr(x, r) as the generalized coordinate, the canonical conjugate
momentum density becomes 7 (x, 1) = i*(x, t). As expected, the second-quantization
method transforms wave functions into operators, that is,

Yx, 1) = Ylx, 1), T(x, 1) = iy (x,1) = 7(x, 1) = iy (x,1). (17.231)

This is the standard procedure to quantize a field. However, since the commutation
rules are different for bosonic and fermionic fields, one must study the two cases
separately.

17.6.1 Second quantization of the Schrodinger field for bosons

The canonical variables fh\(x,t) and 7(x',r) for a bosonic field must satisfy the
commutation rule (taking & = 1)

[Vx, 0,7, 0)] = is(x —x), (17.232)
or equivalently with 7 (x, 1) = ¢ (x, 1),
(I 0,970 = 6x — 2. (17.233)
In addition,
[Fx.0), ¥x',0)] =0, [W(x, AR t)] —0. (17.234)

As the fields evolve, it may well happen that some variables become dependent on the
others; for example, f/?(x’, t') can depend on v (x, 1) for ¢’ > t. The commutators for
t" # t will follow from the dynamics.
The quantized field v (x, ¢) satisfies the Schrodinger equation
Y, 1
; _

= —— Ut + V@)U, 1) = Hi(x, 1), (17.235)
ot 2m

where the operator # is the Hamiltonian density. Let us consider the eigenstates uy(x)
of H,
ﬁuk(x) = Erui(x), (17.236)

11 A field is a continuous system, so it is necessary to use the Lagrangian density and not simply the
Lagrangian.
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as forming a complete orthonormal basis {u(x)} that allows us to expand the @ state
in the form

V(1) =Y Gpug(x)e E (17.237)
k

The coefficients a; of the expansion are operators, in line with the operator structure
of the field; they are given by

= /uz(x)a(x,r)elfk'd%. (17.238)

The commutation rules (17.233) and (17.234) now allow us to determine the commu-
tation rules for the coefficients a;. Taking into account the orthonormality of {u(x)}

we have
[l = [ @ [ @xtuemend EE [T gien)]
= / dxue)up (x)e! E B = 5 (17.239)
thus,
[ak,ag,] — S (17.240)

Analogously, we get
(@l =0, [a.a,]=0. (17.241)

These commutation rules are what we expected for bosonic fields. In fact, one can go
the other way and postulate Eqs. (17.240) and (17.241), to derive the canonical rules
(17.233) and (17.234). The two procedures are equivalent and it is a matter of taste
rather than of principle which one is chosen. Given what we learned in Chapter 9, we
know that the newly derived rules assign to the operators ZIZ and ay. the character of
creation and annihilation operators for bosons, respectively.

To determine the commutation rule for arbitrary times we make the following
calculation, which is now direct,

[T 0 ] = 3 [ ap | up e ee ™ B =
k.k

=Y up () B, (17.242)
k

But this is precisely the expansion of the propagator (Green’s function) of the
Schrédinger equation for the problem at hand, as follows by comparison with Eq.
(7.145). Taking ¢t = t', and remembering that ), u;(x"u(x) = §(x — x’), we recover
Egs. (17.233) and (17.234).

The Hamiltonian of the system follows from its density,

ﬁ=/$*(x,t)ﬁ$(x,t)d3x (17.243)
=y / d3x BB GG oY Hug (x)
k&

— Zei(Ek—Ek/)tEk/a\Zla\k/ /d3xu7§(x/)uk(x),

k'
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whence
H =Y Eaja. (17.244)
k

This result, which holds for any external potential, describes the Hamiltonian as the
energy of independent (noninteracting) particles, each one with its own energy Ej. We
have thus obtained a description in terms of the states of the system instead of the
modes of the field, just as when we quantized the radiation field in Section 17.3. If we
introduce the number operators

Ny =@ ar, (17.245)

we see that they all commute with the Hamiltonian and with each other,
[Ne. H] =0, (17.246)
[Ni, N ] = 0. (17.247)

This means that H, {ﬁk} form a maximal set of commuting operators (MSCO) and
can be used with a complete basis for describing the system. This basis is denoted by
kets of the form |n,n,,n3, - - - ), each of which describes a state of n = n;+no+nz+- - -
particles, with n| particles in state 1, n, in state 2, etc., and ny =0, 1,2,3,--- . The set
of numbers {ny,ny,n3,---|n =n; +ny +n3 +---}is known as a partition of n, and
the set of all possible partitions represents the set of possible states of the system. The
space constructed on this basis is called Fock space or space of occupation numbers; the
representation is called number representation and its vectors can be constructed using
Eq. (7.145) to get

1 o ny e n2
|n1,n2,n3,~-) = m ((ll) (Clz> |0>, (17248)

where the vacuum state |0) represents the state without particles. Since it is not possible
to reduce any occupancy number from the empty state, it must be true that

@ 10) = 0. (17.249)

Note the economy of the description, since |ny, n2, n3, - - - ) specifies only the occupancy
number in each energy eigenstate, independent of any spatial location.

Exercise E17.7. Heisenberg equation for the quantized boson field
Show that the Heisenberg equation for the Schrodinger field operator defined in Eq.
(17.237) for bosons,
O o~ ~

iha—f =[v.d]. (17.250)
where H is the Hamiltonian operator given by (17.243), agrees with the Schrodinger
equation for V. Derive the continuity equation for the particle density operator p(x) =
V. What does the result mean? With the particle number operator given by

N = / U@ dix, (17.251)
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show that N = >k Ny, where N, = ?iZ’dk.

Solution. We have

[V, H] = / (700 0 R OE | (17.252)
where H represents the Hamiltonian density appearing in Eq. (17.235),
~ h?
Hx) = —— v +V(x). (17.253)
2m

The calculation is considerably simplified by applying the identity
[A,BC] = B[A.C] +[A.B]C, (17.254)
which gives
[0 ] = [ 56 [T 7o)
+ / d3x’ [J(x’), W(x@] HxD ). (17.255)
The first term on the right-hand side is zero, since
[V (o), Hx i (x)] = Hx) [F(x0), ¥ (x)] = 0, (17.256)
so that from (17.234) we get
[V(x),H] = / dx's(x — xYHE P (x), (17.257)
that is, the Schrodinger equation

ihi)—"t” = H(x)P (x). (17.258)

Note that this evolution equation is precisely the corresponding Heisenberg equation
for the quantized field.

We now take the time derivative of the particle density p(x) = AT using the
previous result,

L= g 31 L5 - (2515 -7 (+29)]

2m

=g (997 - (v)]. (17.259)

2m

which leads to the continuity equation
d ~
—px)=—v-j 17.260
2P0 v-J ( )
for the current density operator
ih [~ , ~ e\ o~
. __ T _ i
j==5- 7 (w9) = (vi7) 7). (17.261)

The equal-time particle density operators commute at any pair of points (see
problem P17.12),

[6(x), p(x")] = 0. (17.262)
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Because of its fundamental importance, this property could have been used as a
requirement to quantize the field.
We now take the number operator

N= / VP diy = / p(x)d*x (17.263)

and reduce this expression by steps similar to those that led to (17.244). It is sufficient
to suppress the Hamiltonian operator, which leads to

N=>Y Ne=) aa. (17.264)
k k

To determine N we must first determine ai(r) = are 'E+’. This is easily done by

considering Schrodinger’s equation (17.258) and using Eq. (17.237),

.. 0 ~ —iE ., 0 —~ . dﬁk(t)
lﬁg Zk:akuk(x)e K — lha Zk:ak(t)uk(x) = lhzk: " ur(x)

= Y GOH@u ) = Y @O Eur(x), (17265
k k

that is,
. day _
lhE = Ekak(l). (17266)

This equation describes the evolution of the field operator for a free field, that is, when
the possible interactions between the particles that make up the system are not taken
into account. By introducing such interactions, the equation is modified and the differ-
ent modes (the & indices) interact and become coupled, so that the number of particles
in each of the k states is no longer constant.

Note: Analogous results, mutatis mutandis, are obtained for fermions using anti-
commutators, as is demonstrated in the next section.

17.6.2 Second quantization of the Schrodinger-Pauli field
for fermions

The quantization of the Schrodinger—Pauli field in the case of fermions is done
in the same way as for bosons, with the only difference that the commutators are
replaced by anticommutators.'? If b, ﬁk are the operators for fermionic fields and their
anticommutators are

(6.5} = i), + B (17.267)
the appropriate (anti)commutation rules are

12 The observation that it is sufficient to replace commutators by anticommutators to make the transition
from B-E to F-D statistics is due to the German mathematician and theoretical physicist Pascual Jordan
(1902-1980).
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BB} = o (17.268)
(B b} =0, [E,;E,[} —o. (17.269)

Writing by instead of G everywhere leads to the theory for fermions, so the process will
not be repeated here. From (17.269) it follows that

{b. b} = by + byrby = 0, (17.270)
and taking k' = k, we obtain b; = 0; similarly, (bk) = 0. Now using (17.268) with
k' = k we can write the following equation for the number operator

o, ~ s ~\ ~ 2~
it = bjbibibi = b] (1= BB ) b = m — (B]) (Be)”, (17.271)
which means that
iy =Ty (17.272)

The eigenvalues of the number operator therefore satisfy the equation n,% —ng =0,
that is, the occupancy numbers n; can only take the values 0, 1, as corresponds to the
F-D statistics. Since the state vector is (taking into account that ni! = 1 for fermions)

ln1,n2,n3,---) = (@T)nl (i)\;)nz -+ 10), (17.273)

from the anticommutation of the operators it follows that |ny,ny,n3,---) is antisym-
metric with respect to the permutation of pairs of particles (or labels). We also have

that
Z;k |nlsn23"'nk"“> = (_1)nk \/n_k|n19n2a"' 1 _nk3"')9 (17'274)
bl ni,na, - ng, ) = (=1 T —ngny,na,- - 1 —ng---). (17.275)

These results exhibit 79\15 as a creation operator, since if the initial state is empty (n; =
0), the final state will be complete (n; = 1) and vice versa. Similarly, by acts as an
annihilation operator.

17.6.3 The two quantum statistics

The formalism introduced earlier can be applied to derive the B-E and the F-D statis-
tics, with the help of the density matrix formalism developed in Chapter 15; as this is
a subject for a more advanced course, we will skip the derivation but present the main

o~ /\T

results because of their importance. Using the commutation rule [a, a ] = lin the B-E
case and the anticommutation rule {?i, Zﬁ} in the F-D case, one obtains

tr (e*ﬁﬁafa) — tr (ae*ﬂﬁaf) — o Phoy (e*ﬂﬁazﬁ) (17.276)
= ¢ Phoyr (e_ﬂﬁ (1 q:fﬁ)) ,

where the upper sign corresponds to fermions and the lower sign to bosons. From here
it follows, multiplying by ¢ and solving, that

@ + Dire PTG = tre PH = 7., (17.277)
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where Z is the partition function, so that

@) = Lwetiggo L ™ 17.278
(a’a\)—z—itre a0 = g = L oo (17.278)

With the plus sign in the denominator, this formula applies to a gas of fermions, and
with the minus sign, it applies to massless bosons, as discussed in Section 15.3.

Problems
1

P17.1 Show that an adiabatic perturbation produces periodic transitions in a system
that has two degenerate states.

P17.2 Show that if the potential V(r) = As(1) is applied to a system in its ground
state, the probability of a transition to any excited state is

1
W= ((0|A2|O) (O|A|0)2> . (17.279)
P17.3 A harmonic oscillator in its ground state is perturbed by the sudden appli-
cation of a uniform electric field of intensity e (not necessarily small), which
remains constant from that moment on. Show that the probability of transi-
tion to the excited state n is given by the Poisson distribution

2n

. ) (17.280)

2mn1¢

where & = x/+/fi/mw and xy = ee/mw?. Find the mean value of n.

P17.4 A physical system having only the states |1) and |2), degenerate and orthogo-
nal, is perturbed by the action of a potential V that is applied in the interval
(0, T). Assuming (for simplicity) that the matrix elements of V are Vi = Vpp =
0, Vip = Vo1 = V), determine the exact probability of the transition from |1)
to |2), if the system was initially in the state |1). Then use perturbation the-
ory to determine the effect of the perturbation to first order and compare the
results. When is the perturbative solution valid?

P17.5 Calculate in detail the Einstein coefficient B for resonant absorption processes
and show that the Einstein relation B, = By, 1s satisfied.

P17.6 Show that the probability per unit time that an atom makes a spontaneous
quadrupole transition between states n and n’ is

Ao
Al = G013 Z! (nQijIn") | (17.281)
where Q;; are the components of the electric quadrupole moment,
Qij=e (3% - r25ij> . i j=123. (17.282)

P17.7 Find the selection rules for electrical quadrupole transitions of (a) particles
confined in a 1D infinite rectangular well; (b) particles in a 1D HO well; (¢) a
flat rigid rotor.
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P17.8 Determine the direction in which an electron is most likely to be emitted by
the absorption of 50-keV vy radiation.

P17.9 Calculate the probability of an electron in an atom making a transition
between stationary states under the influence of a charged particle passing
close to the atom.

P17.10 A 1D HO originally at rest is subjected to a force f (¢). Find the equation of
motion of the center of the wave packet using first-order perturbation theory
and compare with the exact result.

P17.11 The free-particle Lamb effect can be identified with the contribution of the
(free-space) ZPF to the particle’s energy, given by Eq. (17.213)

Zh wc
SEpy = e—/o do o, (17.283)

where the usual cutoff frequency we = mc?/h (equal to Compton’s frequency
of the electron) has been introduced. Assume that the distribution of ZPF
modes can be reduced by introducing the particle in a cavity that filters out
all modes of frequency w smaller than £2 without altering the isotropy of the
field and write down the formula for the resulting energy shift.

(a) Estimate the minimum value of £2 needed to produce an energy shift of
the order of the atomic Lamb effect.

(b) Estimate the size of the cavity needed to filter out the frequencies w <
£2 and compare it with the size of the H atom. Considering 5 nm as the
minimum size of current solid-state nanoelectronic devices, could such an
energy shift be detectable? Discuss your answer.

P17.12 Use the fact that the normal field amplitudes used in Section 17.5 are inde-
pendent from each other to prove that [d, f)]nn, = iRy

P17.13 By making repeated use of Eq. (17.254), determine the commutator of the
densities [,6(x), ox’ )], where p(x) is the boson density operator.
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