FACTORING FACTOR MAPS

MIKE BOYLE

ABSTRACT

A noninjective bounded-to-one factor map from an irreducible shift of finite type onto a sofic system
can be factored as a composition of other such maps in only finitely many ways (up to isomorphism). This
generalizes to factor maps from systems with canonical coordinates to finitely presented dynamical
systems.

0. Introduction

The analysis of bounded-to-one and especially of resolving factor maps has played
a key role in the study of various coding relations among shifts of finite type and
Markov chains [2, 3, 7, 14, 20]. The classification of sofic systems up to topological
conjugacy reduces to the classification of such maps, because sofic systems come with
canonical resolving factor maps from shifts of finite type [15, 6]. The study of these
maps is also at the heart of applications of symbolic dynamical ideas to the problem
of efficiently coding data into and out of magnetic media [1, 12, 17].

The problem of determining when there exists a resolving map between two given
irreducible shifts of finite type (SFTs) was solved by Ashley [3]. This problem for
bounded-to-one maps is still open, but the necessary conditions of [14] are
conjectured [4, p. 34] to be sufficient. The only known general constructions of such
maps are as resolving maps and their compositions (see, for example, [2, 3, 7]).

Let # be the class of bounded-to-one factor maps from irreducible shifts of finite
type onto sofic systems. With the operation of composition (when defined), 4 is a
category. One natural goal in this setting is to understand the factorizations of maps
in 4. Adler and Marcus [2] asked if bounded-to-one factor maps between irreducible
SFT are always compositions of resolving maps, a question answered in the negative
by Kitchens [14]. Certain sofic systems T (the AFT systems of Marcus [17]) are the
images of factor maps which are ‘minimal covers’ through which every factor map
in 4 onto T must factor, and all irreducible sofic systems have ‘minimal resolving
covers’ [6]. Recently Trow [21] proved that a map in 4 can have only finitely many
factorizations (up to isomorphism) as a left resolving map followed by a right
resolving map, and such a factorization is unique (up to isomorphism) if the map has
degree 1. His proofs rest on nontrivial constructions of accessory factor maps,
generalizing constructions of Nasu [19] and built up via magic words in an
elaboration of ideas in [14]. It was this work of Trow which stimulated the current
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In this paper we prove that in 4 every element y has a finite factorization into
irreducibles, and there are (up to isomorphism) only finitely many such factorizations
for y, and they can all be computed. It turns out that this can be done quite simply
and concretely by studying relations among equivalence relations of these factor
maps. The key point is to relate the ‘no diamonds’ property of maps in 4 (that is,
these maps do not collapse distinct biasymptotic points) to the equivalence relations.
The approach then gives similar results for factor maps from systems with canonical
coordinates to finitely presented systems. We also recover in this setting the results of
Trow [21] described above.

As one application of the tools developed here, some conditions (2.10-12) are
given which rule out the possibility that a system is a quotient of an SFT. As another
we prove a proposition (4.3) useful for describing certain invariants of AFT sofic
systems.

1. Background and definitions

In this section we assemble some background facts and definitions and establish
a little notation. For more details (and proofs) we mention some further references.
The book of Lind and Marcus [16] is an excellent introduction to the coding theory
of symbolic dynamics. For closing maps, a good place to start is the important paper
[14]. The essential reference for finitely presented systems is David Fried’s paper [10].

By a (dynamical) system (X, S) (or just S) we shall mean a self-homeomorphism
S of a compact metrizable space X. Usually, to minimize notation, we shall use the
same name for the homeomorphism and its domain (for example, by referring to a
point x in S). A homomorphism y: S— T between two systems (X, S) and (Y, T) is a
continuous map y: X — Y such that the obvious diagram commutes:

S
X— X

L

Y —Y

A homomorphism of systems y is an isomorphism (or topological conjugacy) of
systems if it is bijective, a monomorphism (or embedding) if it is injective, and an
epimorphism (or factor map, or quotient map) if it is surjective. In this latter case we
may write y: S— T and refer to T as a quotient or factor of S. Let # denote the class
of factor maps; & is a category with the operation of composition.

Standing Convention. We always write our compositions from left to right, that
is, off means o followed by f.

For any subclass & of %, a factorization of y in & is a tuple (o, ..., a,) such that
each o, is in & and y = o, ... a,. Less formally we shall refer to the factorization as
just y = o ... ,. The factorization is proper if every o, is noninjective. A factor map
y in & is irreducible in & if y is not a product of two noninjective factor maps in &.
If y = af, then we say a is an initial factor of y and f is a terminal factor of y.

If Fis a finite set of N symbols, then a point x in the zero dimensional compact
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metrizable space F” is a bisequence ...x_, X, X, ..., where each x, is in F. This space
admits a self homeomorphism S called the N-shift, given by the rule (Sx), = x,,, with
neZ. The restriction of an N-shift to a closed invariant subset is called a subshift. A
subshift 7'is a shift of finite type (SFT) if there is a finite collection of words such that
the domain of T is the set of all bisequences (in some N-shift) in which those words
never occur.

A block code is a homomorphism of subshifts y: S— T such that there exists ke N
and a function g from the set of S-words of length 2k+1 to the symbol set of T
such that (yx),, = g(x,_ ... x,.,,) forall xe Sand ne Z. The easy but fundamental result
of Curtis, Hedlund and Lyndon (see [16]) is that every homomorphism of subshifts
is a block code. When k = 0, the function g is just a map on symbols, and y is called
a one-block code. If f is a homomorphism of subshifts, then there is an isomorphism
o of subshifts such that off is a one-block code. Thus for many purposes we can
assume without loss of generality that a factor map between subshifts is a one-block
code.

Now suppose that G is a finite graph (in this paper, graph always means directed
graph) with adjacency matrix A. The associated vertex SFT S, is the subshift whose
symbols are vertices in G and whose domain is the set of bisequences x such that
A(x,,x,,,) > 0 for all n. The associated edge SFT S, is the subshift whose symbols
are edges in G and whose domain is the set of bisequences x such that for all n, the
terminal vertex of x, equals the initial vertex of x, ,. Every SFT is isomorphic to a
vertex SFT and an edge SFT. If the adjacency matrix is a zero-one matrix, then its
vertex SFT and edge SFT are isomorphic. A matrix A4 is irreducible if it is square and
entrywise nonnegative, and if for every entry coordinate (7, j) there is some positive
n such that A"(i,j) > 0. An SFT is irreducible if it is isomorphic to S, for some
irreducible nonnegative integral matrix 4. Equivalently, the SFT has a dense forward
orbit.

An irreducible component of an SFT is a maximal invariant closed subset with a
dense forward orbit (equivalently, a maximal invariant closed subset with a dense
orbit and dense periodic points). The irreducible components of S, are in bijective
correspondence with the maximal principal irreducible submatrices of 4. Associated
to an SFT S is its finite graph %(S) of irreducible components. The vertices of %(S)
are the irreducible components of S. There is at most one edge between two vertices.
There is an edge from C to C’ if and only if in S there is a point forwardly asymptotic
to C’ and backwardly asymptotic to C. (In a system S, we say that a point x
is forwardly asymptotic, backwardly asymptotic, or biasymptotic to a set L if
dist (S"x, L) >0 as n—>o00, n—— 00, or |n|—oo (respectively).)

A sofic shift is a subshift which is a quotient of an SFT. Every sofic shift T is a
quotient of an SFT by a factor map which is bounded-to-one (for some neN, every
point of T has at most n preimage points). A sofic shift is irreducible if it is a quotient
of an irreducible SFT; equivalently, it is a quotient of an irreducible SFT by a
bounded-to-one factor map; equivalently, it has a dense forward orbit.

A system S is expansive if there exists ¢ > 0 such that for all distinct points x, y
in S, there exists ne Z such that dist (S"x, S"y) > ¢. This definition does not depend
on the choice of compatible metric (although of course the constant ¢ does). A system
with zero dimensional domain is isomorphic to a subshift if and only if it is expansive.
A finitely presented (FP) system is an expansive quotient of an SFT. A CC system is
a FP system with canonical coordinates, that is, with a local product structure [10].
The zero dimensional FP systems are the sofic systems, and the zero dimensional CC
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systems are the SFT. Krieger [15] showed that certain SFT— T factor maps are
canonically associated to a sofic system 7, and Fried generalized this result to show
that certain CC— T factor maps are canonically associated to an FP system 7T [10].

A factor map y: S— T is right closing if it never collapses distinct backwardly
asymptotic points (that is, if yx = yy and lim, __ dist(S"x,S"y) =0, then x = y).
Similarly, y is left closing if it never collapses distinct forwardly asymptotic points,
v is closing if it is left closing or right closing, and y is biclosing if it is both left closing
and right closing. A bounded-to-one factor map between irreducible SFT is biclosing
if and only if it is constant-to-one.

There is a notion of a resolving factor map between subshifts which is important
for constructions [2, 7, 14]. If a factor map f between subshifts is right/left resolving,
then it is right/left closing. If it is right/left closing, then there is an isomorphism o
of subshifts such that af is right/left resolving. In other words, closing is a
topologically invariant formulation of resolving. In some papers (including this one),
the identification of isomorphic maps is made tacitly and ‘resolving’ is used as a
synonym for ‘closing’.

If y: S— T is a factor map between irreducible FP systems, then y satisfies one of
the following (mutually exclusive) conditions (in which A denotes the topological
entropy):

(1) A(S) > h(T) and y is generically uncountable-to-one;

(2) h(S) = h(T) and y is bounded-to-one.

If in addition S is CC, then (2) holds if and only if y never collapses distinct
biasymptotic points. Define subcategories %4, %" and % of # as follows. For ye %,
y: S—T, we define

o yeHA <7y is bounded-to-one, S is irreducible SFT and T is sofic,
o ye% <y is bounded-to-one, S is irreducible CC and T is FP,
o y€% <y never collapses distinct biasymptotic points.

Observe that these really are categories (each class is closed under composition of
factor maps where compositions are well defined), and # < %4’ < €. Note, a closing
map in particular cannot collapse distinct biasymptotic points. If y is a factor map
from one irreducible FP system onto another, then there is a residual set in the range
system all of whose preimage sets have the same cardinality, which is called the degree
of the factor map.

If y: S—T is a factor map, then we let E(y) denote the system which is the
restriction of S x S to {(x, y): yx = yy}, a closed (T x T)-invariant equivalence relation
(which we also call E(y)). (Thus, for example, y is right closing if and only if in E(y)
no point outside the diagonal is backwardly asymptotic to the diagonal.) A closed
invariant equivalence relation E gives rise to a quotient system S/E. Two factor maps
o and f are isomorphic if there are isomorphisms (bijective factor maps) y and ¢ such
that «d = pp. If two factor maps have the same equivalence relation, then in particular
they are isomorphic (with ¢ above given by the identity map). If S is SFT and
y: S—T is a factor map, then 7 is expansive (hence FP) if and only if E(y) is SFT
[10, Lemma 1].

2. Finitely many factorizations

DErFINITION 2.1. A subsystem E of a system E’ is convex in E’ if every point of
E’ biasymptotic to E is in E.
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LEMMA 2.2.  Suppose that E is convex in an SFTE’.

(1) If E intersects an irreducible component C of E’, then E contains C.

(2) If E intersects irreducible components C,, C, of E’, then E contains all orbits
backwardly asymptotic to C, and forwardly asymptotic to C,.

(3) If E intersects irreducible components C,, C, of E’, and in G(E(y)) there are
transitions C,— C,— C,, then the component C, is also contained in E.

Proof. Let p be the period of C (the greatest common divisor of the periods of
its periodic orbits). The component C is the disjoint union of closed open sets D, ...,
D, | which are cyclically permuted by the shift. Suppose that y is a point in D,.
Because E is invariant and intersects C, there is a point x in £ N D,. There exists M
such that for any positive integer 7, there is a point w in C such that w, = x, when
lil > n+ M and w, = y, when [i| < n. Because w is biasymptotic to x, it lies in E. It
follows that £n C is dense in C, and therefore E contains C. This proves (1).

The claim (2) follows from (1). The claim (3) follows because any point of C, is
a limit of points which are left asymptotic to C, and right asymptotic to Cs.

The lemma explains the following simple proposition.

PrOPOSITION 2.3.  Suppose that E’ is an SFT. If E is convex in E’, then E is an
SFT, and E is determined by the set of irreducible components of E’ which it contains.
In particular, there are only finitely many subsystems convex in E’.

PrROPOSITION 2.4.  Suppose that y = o8, where o and f are factor maps. Then E(o)
is convex in E(y) if and only if fe€.

Proof. Note that fe% if and only if the diagonal A is convex in E(f). Also, E(x)
and E(y) are the inverse images under o x o« of A and E(f). Clearly, if E(x) is not
convex in E(y), then A is not convex in E(ff). By a compactness argument the converse
also holds.

DEFINITION 2.5.  Suppose that y is a composition of factor maps in two ways, y =
o ..o, and y =a} ..., in €. We say that these factorizations of y are isomorphic

if k = m and there exist isomorphisms (topological conjugacies) f3,, ..., 5, such that
the following diagram commutes:

Ocl OCZ “3 ak*] OC/\'
) » o ) »
lld yﬂ lﬁz lﬁ“ lﬁk
’ ’ ’ ’ ’
OCI OCZ OCS O(k 1 Ock
) ) Y ... N N
7 7 7 L4 7

Given k = m, such a diagram exists if and only if E(x, ...a;) = E(o] ... o) for 1 <
j<k

There is another natural equivalence relation on factorizations, obtained by
allowing Id and g, in the diagram above to be arbitrary isomorphisms. This second
relation is a coarser equivalence relation. (For example, if y and 9" are two factor maps
from the 3-shift, each of which collapses two fixed points to a single point and makes
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no other identifications, then with the coarser relation y and )" are isomorphic,
whereas with Definition 2.5 they are isomorphic if and only if they are equal.) Our
finiteness results below imply finiteness results for this coarser relation.

THEOREM 2.6.  Suppose that v: S— T is a factor map of finitely presented systems.
Then up to isomorphism, there are only finitely many factorizations y = aff with feE.

Proof. Letn: R— S be a factor map such that Ris an SFT. A factorization y =
of3 of y determines a factorization ny = () (f) of 7y, and under this correspondence
nonisomorphic factorizations of y give nonisomorphic factorizations of zny. So to
prove the theorem, without loss of generality we may assume that S is an SFT.

A factorization y = aff with fe% is determined by E(«) which is convex in E(y).
Because Sis an SFT and T is expansive, E(y) is an SFT, so there can be only finitely
many subsystems convex in E(y).

THEOREM 2.7.  Suppose that y: S— T is a factor map of finitely presented systems.
Then up to isomorphism, y has only finitely many proper factorizations in €.

Proof. As in the previous theorem, without loss of generality we may assume
that S'is SFT. A proper factorization y = a, ... a, in ¥ determines a strictly increasing
sequence of SFT convex in E(y): A & E(o) & E(ot,00,) & ... E(ot, ..., _) & E(y). Two
factorizations are isomorphic if and only if they determine the same sequence. There
are only finitely many such sequences.

COROLLARY 2.8. Up to isomorphism, an element of B has only finitely many
proper factorizations in 4.

REMARKS 2.9. 1. Suppose that f: S— T'is a bounded-to-one factor map between
irreducible FP systems. Let R be an irreducible SFT with a: R— S bounded-to-one.
A proper factorization of f§ in € corresponds to a strictly increasing chain of SFT
which are convex in E(«f) and contain E(x). Therefore the maximal length of a
factorization of f in ¥ is bounded above by the length of the longest such chain
(crudely, by the number of irreducible components of the SFT E(af)). This applies in
particular to factorizations in 4 or %’.

2. Theorem 2.7 implies that for & = % or #’, every element in & is a product of
irreducible elements in &. In contrast, every infinite-to-one factor map between
irreducible SFT is a composition of two maps of the same sort [8, Proposition 7.3].

3. Theorem 2.7 also fails for the category of bounded-to-one maps between
irreducible sofic systems. It is still possible to make sense of irreducible components
of a sofic shift (maximal subsets with dense periodic points and a dense orbit),
although they can overlap; the essential problem is that a bounded-to-one map from
a sofic shift onto a sofic shift (or onto an SFT) can collapse distinct biasymptotic
points. For an example, define a quotient 7 of a mixing SFT S as follows. Find disjoint
positive-entropy mixing SFT U, V contained in S such that there is an isomorphism
f: U—V. Let E be the equivalence relation on S generated by {(x,fx): xe U}. Then
E = E(y) for a map y in % onto an AFT sofic system [5, Lemma 2.4]. For any k we
can find a properly nested finite sequence of SFTin U, U, S U, < - & U, = U. Let
E, be the equivalence relation on S generated by {(x, fx): x€ U}. The sequence E, gives
a factorization of y into k noninjective factor maps between AFT sofic systems.
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4. By Theorem 2.6, up to isomorphism, a factor map y between FP systems has
only finitely many factorizations y = of with f§ a closing map. The previous example
shows that y can have infinitely many nonisomorphic factorizations y = aff where «
is a closing map between FP systems.

As a matter of general symbolic dynamics, one would like to understand which
dynamical systems are quotients of SFT. Below is an application of our viewpoint to
this problem. First we recall the definition of an inverse limit of dynamical systems.
We are given systems 7,,: X, — X, with n > 1, and homomorphisms (‘bonding maps’)
n,: T, —T,_,. The resulting inverse limit system is defined to be the restriction of the
product system | |7, to the subset of | [ X,, consisting of the sequences (x,, X,, ...) such
that n,(x,) = x,_, for every n.

THEOREM 2.10. Suppose that T is the inverse limit of irreducible CC systems T, with
1 <n<oo, by surjective, bounded-to-one, noninjective bonding maps n,: T,—~T,_,.
Then T is not a quotient of an SFT.

Proof. Suppose there is a factor map y from some SFT S onto 7. Let y, be the
factor map defined by following y with the projection of T onto 7,. This gives a system
of factor maps y,: ST, such that y, =y,,,7,,1, s0 ¥, = (,) (0, 7,_,...7,) if n = 2.
But the factor maps (%, 7,_,...7,) are all in %, and this contradicts Theorem 2.6.

ExampPLE 2.11. Define an inverse limit system 7 by letting each 7, equal the 2-
shift, and taking for each bonding map the standard two-to-one map x+y given by
Y = X;+x,,,; (mod 2). Despite its simple algebraic structure, 7 is not a quotient of a
shift of finite type.

REMARK 2.12.  We mention one more application: if f: S— T is a factor map in
%, where T is finitely presented and S is not expansive, then S cannot be the quotient
of an SFT. Forif Risan SFT and o: R— S'is a factor map, then (by Proposition 2.4)
E(a) is convex in the SFT E(af), so (by Proposition 2.3) E(x) is SFT and therefore
S/E(x) is expansive.

3. Left/right factorizations

By a left/right factorization of a factor map y we shall mean a proper factorization
y = off where a is left closing and f is right closing. (Of course all our statements about
left/right factorizations can be translated to statements about right/left factor-
izations.) The only known general methods for constructing bounded-to-one factor
maps between irreducible SFT and sofic systems involve closing maps and their
compositions, but such maps do constitute a rich and useful class (see, for example,
[2, 3,7, 14]). The existence of left/right factorizations for a given factor map ye %4
was considered in [14] and especially in [21]. In this section, we shall simplify and
extend results of Trow [21] using equivalence relations.

DEerINITION 3.1. A subsystem E of a system E” is forward-closed in E’ if whenever
a point x of E’ is backwardly asymptotic to E, then xe E.

Note that if E is forward-closed in E’, then E is convex in E’.
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LEMMA 3.2.  Suppose that y = af is a factorization of factor maps.

(1) The map o is left closing if and only if E(a)— A contains no point forwardly
asymptotic to A.

(2) The map p is right closing if and only if E(x) is forward closed in E(y).

Proof. Statement (1) is clear. For (2), note that £ is right closing if and only if
no point of E(f)—A is backwardly asymptotic to A. Taking inverse images under o
and applying compactness, we see this holds if and only if no point of E(y) — E(«) is
backwardly asymptotic to E(«), that is, if and only if E(x) is forward closed in E(y).

ProOPOSITION 3.3.  Suppose that ye B, y.:S— T, and E is a closed (S x S)-invariant
equivalence relation contained in E(y). Then the following are equivalent.

(1) There are factor maps a, p between sofic shifts such that y = o8 where o is left
closing, B is right closing, and E(x) = E.

(2) The equivalence relation E is forward-closed in E(y), and contains no point
outside the diagonal which is forwardly asymptotic to the diagonal.

Proof. Given Lemma 3.2, it remains to check, for a factorization S—S/E—~T
given by E from (2), that S/F is sofic. Since E is forward closed in E(y), it is convex
in E(y). Therefore E is SFT, so the quotient system S/E is expansive. As a bounded-
to-one extension of the zero-dimensional system 7, it must also be zero dimensional
[13, Theorem VI7]. Therefore S/E is sofic.

ExaMmpPLE 3.4. For concreteness, we describe a factor map y: S— T between
irreducible SFT such that y has a right/left factorization in 4, but y has no left/right
factorization. (In [14], there is a factor map y: S— T between irreducible SFT, where
y has a right/left factorization in 4, but no (!) factor map S— T has a left/right
factorization in 4.) Also there are E convex in E(y) such that S/ E is strictly sofic (that
is, sofic but not SFT).

Let S be a vertex SFT defined by the graph on vertices {a, b, ¢, ¢,, ¢;, d, e} with
edges a—c,, ¢,; b—>cy, 35 ¢ —>Cy, €5 Cy—> €y, d; C3—>c5, €; d—e; e—>a, b. Define
y: S— T as the one-block code which deletes subscripts. The initial (right-closing)
factor for the right/left factorization of y is the one-block code which identifies only
¢, and c;. The only other factor maps with equivalence relations convex in E(y) are
given by the one-block code which identifies only ¢, and ¢, and the one-block code
which identifies only ¢, and ¢,. For each of these, S/E is strictly sofic.

DEerINITION 3.5.  Given a factor map y, let E£,(y) be the smallest closed invariant
equivalence relation in E(y) which is forward-closed in E(y).

ProrosITION 3.6. Suppose that y:S—T is a bounded-to-one factor map of
irreducible sofic systems. Then y has only finitely many left/right factorizations (up to
isomorphism). When S is SFT, the following are equivalent :

(1) y has a left/right factorization,

(2) S—S/E.(y)—>T is a left/right factorization,

(3) E.(y)—Ag has no points forwardly asymptotic to Ag.

Proof. For S SFT, the finiteness claim follows from Propositions 2.3 and 3.3
(recall that, if E(x) is forward-closed in E(y), then E(x) is convex in E(y)). The
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finiteness claim for S sofic is a corollary, by considering the precomposition of y with
a left closing factor map from an irreducible SFT. The equivalence of (2) and (3)
follows from Lemma 3.2, and it is trivial that (2) implies (1). If y = af is a left/right
factorization, then by Proposition 3.3, E(«) is forward-closed, and thus contains
E.(y). By Proposition 3.3, E(x) — A has no points forwardly asymptotic to A, and
therefore neither does E,(y) —Ag.

Trow [21] proved that a map y in % has only finitely many left/right factorizations
in 4, and if degree(y) = 1 then y has at most one such factorization. We can now
recover his result.

THEOREM 3.7.  Suppose that ye B has a left/right factorization S— S/E— T such
that S/E is SFT. Then S/E,(y) is SFT and the natural factor map p: S/E (y) > S/E
is constant-to-one. In particular, if y has degree 1, then p =1d and the left/right
factorization of y is unique (up to isomorphism).

Proof. Necessarily, E.(y) = E. We provide some names for our commuting
diagram of factor maps:

!

s s LT

‘ld va lld
M

S—— SE —5T

The maps /, /" are left closing and the maps r, 7’ are right closing. Let E” denote E.(y).

The map p must be right closing because it is an initial factor of the right closing
map . Because S/E’ is irreducible and S/E is SFT and there is a right closing map
(p) from S/E’ onto S/E, it follows that S/E” is SFT [7, Proposition 4.12]. Because
a left closing map (/) between irreducible sofic systems has p as a terminal factor and
p is a factor map between SFT, it follows that p is left closing [7, Propositions 4.10
and 4.11]. Now p is a biclosing map between two irreducible SFT, and therefore is
constant-to-one [18, Theorem 7.3; 5, Proposition 1].

ExampLE 3.8. The uniqueness claim in the last theorem can fail when S/E.(y) is
not SFT. For example, let S be the full shift on ;V symbols and define y: S— T to be
the map collapsing all fixed points of S to a single point, and making no other
identifications. Then T'is a ‘near Markov’ [6] sofic shift and any equivalence relation
contained in E(y) is the equivalence relation for an initial factor of a left/right
factorization of y.

ExampPLE 3.9. For a degree 1 factor map y: S— T in 4, it can happen that y has
two left/right factorizations S—S/E.(y)—T and S—S/E— T where the induced
map p: S/E.(y)—S/E is not left closing (p is always right closing). (By Theorem 3.7,
in this case S/E and S/E.(y) must be strictly sofic.) For completeness we give an
example. Define S as a vertex SFT from a graph with vertex set {a,, a,, b,, b,, ¢, d,
e, f1, >} The map y will be the one-block code which erases subscripts. In the graph,
each subscripted vertex has an edge to itself, and the remaining transitions are
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firc—a,—~d—~f; [,>c—>a,>e—~f,; d>b,—~a,; and e—~b,—~a, The identifi-
cation a, = a, gives S— S/FE.(y). The identifications a, = a,, b, = b, give S— S/E.

4. Decision procedures

FAcCTORIZATIONS IN 4 (4.1). Given ye 4, we shall indicate how to list, up to
isomorphism, all proper factorizations of y in 4. Then we shall point out how to
determine which maps in these factorizations are closing maps.

A proper factorization y = «, ..., in 4 determines equivalence relations E, =
E(o, ..., for 1 <i< k, such that each FE, is convex in E(y), each S/E;is SFT, A &
E, S E(y) for each i, and E, & E,,, if 1 <i<k—1. Conversely, such a sequence of
equivalence relations E,,..., E,_;, determines the isomorphism class of a proper
factorization of y in 4. By the convexity (Lemma 2.2), any such equivalence relation
E, is determined by the set K(E,) of its irreducible components, which form a proper
subset of the irreducible components of the SFT E(y). Thus the increasing sequences
E, < - £ E,_, are determined by the increasing sequences K(E,) & - & K(E,_,) of
their sets of irreducible components. Because we can enumerate the finite collection
of proper subsets of the irreducible components of E(y), it follows that we can list the
proper factorizations of y in 4 if we have a decision procedure for the following
problem: given a proper subset K of the irreducible components of E(y), determine
whether K is the set of irreducible components of an equivalence relation E such that
E is convex in E(y) and S/E is an SFT. (If there is no such K, then y has no proper
factorization in £4.) it remains to describe a decision procedure for the problem.

For a given K, let E, be the subset of E(y) consisting of all points forwardly and
backwardly asymptotic to components in K. If E,, contains any irreducible component
of E(y) which is not in K, then K cannot be the set of irreducible components of a
convex equivalence relation in E(y), and we are done. So suppose that K does equal
K(E,). Then E, will be an equivalence relation convex in E(y) if E, is an equivalence
relation.

Itis trivial to check whether E, is reflexive and symmetric; if it is not, then we have
determined that K is not a set of the required form; so suppose that E, is reflexive
and symmetric. We have that E(y) is contained in the product S x S, and the symbols
of the SFT E(y) are pairs (a, b) of symbols from S. Without loss of generality we may
suppose that E(y) is a one-step SFT: a point (x, y) lies in the SFT E(y) if and only if
for every n the words (x,,, ¥,,) (X1 V.+1) Occur in E(y) (this holds if y is given as a one-
block code). Then E, is also a one-step SFT. Form a new one-step SFT R whose
symbols are triples (a, b, ¢) of symbols from S, where a word (a, b, ¢)(a’, b’, ¢’) is
allowed if and only if (a, b) (a’, b’) and (b, ¢) (b’, ¢’) are allowed words in E,.. Now, the
relation E, is not transitive if and only if there are points x, y, z in S such that (x, y)
and (y,z) are in E, but (x, z) is not. This happens if and only if the image of R under
the map (x, y, z) (X, z) contains a point outside E,. This is straightforward to check.
Therefore we can determine whether £, is transitive. If it is not, then we are done;
so suppose that E, is transitive, that is, £, is an equivalence relation convex in £(y).

Even when E is an equivalence relation convex in E(y), it can happen that S/E,
is strictly sofic (see Example 3.4). However, Coven and Paul [9] gave an algorithm for
checking whether a factor map from an SFT onto a subshift has image which is SFT.
We appeal to their algorithm to conclude our decision procedure.

Finally, given a factorization y = a, ... «, in %4, we can easily determine which «,,
are closing maps. By Lemma 3.2, «;, is right closing if and only if E(«,...a, ;) is
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forward closed in E(o, ..., ,a,) (where E(a, ...o,_,) is interpreted as the diagonal if
i=1). Here E(y) is SFT and this condition can be easily checked from a graph
presenting E(y). A similar procedure (with ‘backward closed’ replacing ‘forward
closed’) works to check left closing.

In [21] Trow gave a procedure for determining, given y € %, whether there exists
a left/right factorization y = aff in # for which f has degree 1. In [22] he gave a
procedure for determining the factorizations in 4 in which f is biclosing.

FACTORIZATION IN 4" (4.2). Let #’ be the category of bounded-to-one factor
maps from irreducible CC systems to FP systems. Suppose that fe %', f: S— T. By
Theorem 2.7, up to isomorphism f has only finitely many factorizations in 4’. Let
o«: R—S be a bounded-to-one factor map from an irreducible SFT. Up to
isomorphism, the factorizations of f in 4 are in bijective correspondence with the
strictly increasing chains of closed invariant equivalence relations £ convex in E(af)
such that E contains E(x) and S/E is CC. The collection of such relations £ can be
determined as in the procedure for %, except that another procedure is required to
determine whether S/E is CC. Nicolai Haydn was the first to offer such a procedure
[11].

There is probably no really simple algorithm for determining whether an FP
image of a CC system is CC (in the zero-dimensional case, this is asking when a
subshift image of an SFT is SFT). In general this seems to be a more or less accidental
matter of whether images of stable and unstable sets overlap in a way satisfying the
Markov condition.

The equivalence relation viewpoint gives the following easy answer to a problem
which arises in studying AFT sofic systems [5].

ProrosITION 4.3.  Suppose that S’ is a subshift of an SFTS and E’ is an
equivalence relation on S’ such that S"— S’/ E is a biclosing map onto a subshift. Let
E=E"UAg Then S/E is sofic if and only if E’— A is SFT.

Proof. Now S/E is zero dimensional because it is the union of the closed zero
dimensional set S’/E’ and the zero dimensional set S/E—S’/E’ (which is
homeomorphic to the zero dimensional set S—S”) [13, Corollary 2 of Theorem I112].
Thus S/E will be sofic if and only if it is expansive if and only if E is SFT. Because
S’—S’/E’ is biclosing, A is an isolated subset of E’, so E'—A, is a closed set.
Because Ag is SFT and E is the disjoint union of the closed invariant sets A and
E’"— A, it follows that £ is SFT if and only if E'—Ay is SFT.

Given an irreducible SFT S, the proposition can be used with Krieger’s
Embedding Theorem to characterize the factor maps « such that there exists an AFT
sofic system 7 and a biclosing degree 1 factor map =n: S— T whose restriction to
{x: |77 (n(x))| > 1} is isomorphic to o (see [5]). Such a cover z is canonically associated
to T'[15, 6], so the isomorphism classes of S (as a dynamical system) and « (as a factor
map) are invariants of the dynamical system 7.

The hypothesis in the proposition that S’/E" is a subshift can be removed. This
is because an FP system which is the image of an SFT under a biclosing map must
be zero-dimensional. We forego a proof here to avoid a digression into the topology
of FP systems.
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