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0. Introduction

Let A = k@ © n ^ i ^ n be a connected graded, Noetherian algebra over a fixed,
central field k (formal definitions will be given in Section 1 but, for the most part, are
standard). If A were commutative, then the natural way to study A and its
representations would be to pass to the associated projective variety and use the
power of projective algebraic geometry. It has become clear over the last few years
that the same basic idea is powerful for non-commutative algebras; see, for example,
[ATV1, 2], [AV], [Sm], [SS] or [TV] for some of the more significant applications.
This suggests that it would be profitable to develop a general theory of 'non-
commutative projective geometry' and the foundations for such a theory have been
laid down in the companion paper [AZ]. The results proved there raise a number of
questions and the aim of this paper is to provide negative answers to several of these.

The starting point for these results is a classical result of Serre: Consider a
commutative, connected graded ^-algebra C with associated projective variety X.
Given a finitely generated, graded C-module M then one can form the associated
sheaf of modules n(M). Conversely, given a coherent sheaf of modules dt, then
dimt(H°(./#)) < oo and one can form the associated Noetherian, graded C-module
r+(Jf) = $ ( ? 0 H V ( ^ ) ) , where s is the 'shift functor' ® 0x(l). These functors are
more or less inverses to each other: if C is generated by C1 as a fc-algebra, then
n(YJr(Ji)) ^ Jl while M and F+(TT(M)) differ by at most a finite dimensional vector
space.

Remarkably, one can generalize this, and many related, results to modules over
certain non-commutative, Noetherian, connected graded rings A = k © ®n>1An. In
this case, following [AV] and [AZ], one replaces X (or, more formally the category of
coherent sheaves over X) by proj-^4. This is defined as follows: Let gr-̂ 4 denote the
category of finitely generated, graded right A -modules, with subcategory tors-^4
being the full subcategory of finite dimensional modules. Then, define qgr-A to be the
quotient category gr-^4/tors-^4 and write proj-J = (qgr-^4,6^,) where the distin-
guished object (9 A is the image of A in qgr-^4. [AZ] shows that the natural analogues
of Serre's Theorem (and related results on the cohomology of sheaves) do hold for
modules over any graded, right Noetherian ring A satisfying a certain condition X-
This is defined as follows: If i ^ 0, then A is said to satisfy Xt if Ext'^ (A / © n > x A n, M)
is a finite dimensional &-vector space for each finitely generated, graded right A-
module M. The ring A satisfies condition x if ^ satisfies Xt f° r a ^ * ^ 0. This
generalization of Serre's Theorem is particularly useful since proj-^4 is frequently
much nicer than A; to give a simple example, if U = C{x,y}/(yx — xy — x2) is the
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'Jordan quantum coordinate ring' of the plane, graded by deg(x) = 1 = deg(y), then
proj-£/= proj-CfZpZj. Some much less trivial examples and applications of non-
commutative analogues of Serre's Theorem can be found in [AV].

It is easy to show that any commutative Noetherian ring satisfies x, and the same
is true of many non-commutative rings. For example, [SZ] shows that x holds for any
graded, Noetherian PI algebra. Moreover, most of the results in [AZ] depend upon
this condition. This raises the basic question of whether x always holds.

The aim of this paper is to exhibit rings where x fails and to show that, for these
examples, proj has some rather unpleasant properties:

Example 01. Let U = C{x,y}/(xy — yx — x2). Then R = C + Uy is a Noetherian,
connected graded ring that does not satisfy Xj for any j > 0. (See Theorem 2-3 and
Corollary 2-5.)

Example 02. The analogue of Serre's Theorem fails for R. Indeed, T+((9R) = U and
U/R is infinite dimensional (see Corollary 2-8).

One should note that proj-i? S proj-C/ = Y>ro]-C[zlt z2] and so has every nice
property one could desire. However, with a slight modification this is no longer true:

Example 03. Let T = R[z] be a polynomial extension in a commuting in-
determinate z. Then T+(&T) = T. However, if M denotes the image of T/zT in qgr-77,
then r+(^2) is not even finitely generated as a right T-module. Moreover, the shift
functor s is not ample on proj-T (see Theorem 210 and Corollary 211).

Of course, in this last result, T+((9T) is Noetherian. However, by taking the trivial
extension of T by R one obtains a Noetherian ring A for which V+(GA) is not even
Noetherian. The ring R has a number of other curious properties. For example, if C
is a graded Noetherian, commutative ring then, for all d > 0, the Veronese ring
C(d) = ©nso^nd is generated by C<f> = Cd (see [Mu, lemma, p. 282]). In contrast,
ford ^ l,i?(<i)isaNoetherianringthatisnevergeneratedindegreeone(seeCorollary3-2).
However, one does have an equivalence of categories proj-/? = proj-fl(d> (see
Corollary 32, again).

Motivated by the examples of this paper, M. Artin and the first author have
recently been able to classify non-commutative, Noetherian, connected graded
domains of Gelfand-Kirillov dimension two. Roughly speaking, these algebras fall
into two families: Those in the first class are close to being twisted coordinate rings
in the sense of [AV], they satisfy the condition x a nd hence the non-commutative
version of Serre's theorem holds for these algebras. Those of the second class look
similar to the ring R of this paper; condition x a nd Serre's Theorem fail for these
algebras and their Veronese rings are never generated in degree one.

The category of graded 22-modules also exhibits some peculiarities. If C is a
commutative Noetherian, connected graded ring generated by C1 then the points of
the associated protective variety C can be identified with point modules; modules
M = ©t > 0Mt which are cyclic, 1-critical, and satisfy dimfc(iff) = 1 for all i ^ 0. Point
modules are also fundamental to the study of various non-commutative rings; see,
for example, [ATV1, 2], [SS] or [TV]. Now, for the rings studied in those papers a key
result is that, for m >̂ 0, each point module M is uniquely determined by its
truncation @^t0Mt. The corresponding result fails for R, thereby answering a version
of [ATV1, question 316]. The precise result is stated in Corollary 37. The structure
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of the point modules for R also answers a question of Artin from [Ar] concerning
extensions of point modules by torsion modules (see Theorems 3-5 and 3-6 and the
comments thereafter).

It is easy to modify R and obtain a ring S, generated by Sx, that satisfies the
conclusions given in (0-1), (0-2) and (0-3); for example take S = C + (%%Xvl uy) (see
Corollary 2-14).

We also consider non-commutative analogues of Serre's Vanishing Theorem ([Ha,
theorem III-5"2]). If A is a right Noetherian, graded ring that satisfies x then this
generalizes: [AZ, theorem 7-4] proves that, if Jteqgr-^4, then ~&{sl{Jt)) = 0 for all
i > 0 and I P 0. Here, s is the natural shift functor. Although we know of no
Noetherian ring for which this result falls, right Noetherian examples do exist:

Example O4. There exists a right Noetherian, connected graded ring A that
satisfies Xi but not ^2. Moreover, H1(s'((P4)) #= 0 for infinitely many choices of Is N (see
Corollary 4-4).

Finally, we note that, if A is a connected graded, right Noetherian ring that
satisfies a polynomial identity, then it is easy to determine when A satisfies x '• this
happens if and only if A is left Noetherian (see Theorem 4-1).

1. Proj-A and Serre's Theorem

In this short section we give the basic definitions and results about proj-^4 that are
relevant to this paper.

Throughout this paper, all rings will be algebras over a fixed, central field k. A
&-algebra^4 is graded, or more strictly N-graded, if A = ®n>0An where each^4n is a
finite dimensional k vector space and AnAm £ An+m for any n and TO. Set

If Ao = k, then A is called connected graded and we identify A/A+ with k. An
^4-module iW is called graded iOf = ©Be2-Mn, with MnAm £ Mn+m> for all n, TO. Define
M>m = ®{>mMt and define the shift ofM to be the graded module s(M) defined by
(s(M))n =Mn+1. Let gr-A denote the category of graded, finitely generated, right
A -modules with morphisms being graded A -module homomorphisms of degree zero.
Note that, for M,N6gr-^4, Ext^ (M,N) denotes the derived group of Horn,, (M,N) in
gr-^4. Thus, we denote © ^ H o m , , (M, sl(N)) by Horn {M,N), with derived groups
Ext1 (M,N). Under reasonable conditions (for example if M is Noetherian) Horn
(M,N) is simply the set of homomorphisms from M to N in the category of ungraded
A -modules.

Assume, now, that A is right Noetherian and let proj-^4 = (qgr-A,(9A) be defined as
in the introduction. Given Me gr-A, let T(M) denote the unique, largest finite
dimensional submodule of M and let n(M) denote the image of M in qgr-A. One
important object is the shift functor s = sA on proj-vl, which is simply the
autoequivalence of proj-J induced by the shift functor s on gr-^4. If Megr-A or
Meqgr-A, we will frequently write sr(M) =M\r\. The morphisms in qgr-^4 are those
induced from the morphisms in gr-A. Explicitly, if M,Negr-A, then

, , (n(M),n(N)) = lim Hom g M (M^t,N). (1-0-1)

PSPH6
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More details concerning these observations can be found in [AZ] or [Po, chapter 4].
Consider a triple (<&, (9, s), where ^ is a ^-linear, abelian category, & is an object of

^, and s is an autoequivalence of (£. The global section functor H° is denned by
W(M) = Hom^((P,^#) for Jl eOb(<$), with derived functors H^Jl). Set r+(Jl) =
® n > 0H°(sn(Jl)). Observe that F+(C) has a natural graded ring structure and that
T+(Jl) has a natural structure as a graded right r+(0)-module. HMegr-A, for some
ring A, then

r+(n(M)) = {limHorn^ (A>t,M/T(M))ho- U'0-2)
i-»00

This provides a natural embedding of M/T(M) into r+(n(M)). Indeed:

LEMMA 1-1. Suppose that Megr-A, with r(M) = 0 and Mi = 0 for i < 0. Then
T+(7i(M)) is the unique, largest, N-graded submodule L of the (graded) injective hullE(M)
of M with the property that L/M is torsion.

Proof. The natural map Hom(A>n,M[r])-*~Kom.(A>n+1,M[r]) is an injection for
all n and r. Now, let 0eHom (A>n,M[r]) and set J = Ker(0). Clearly, T(A^JJ) = 0.
UK/J = T(A/J), we may factor^ as 0: A>n^»(A>n+K)/K<L+M[r]. Since A/K is an
essential extension of (A^n+K)/K the second map extends to a graded injection
A/K c» £(J/[r]) and so 6 extends to ahomomorphism d1: A -^E(M[r])^0. If 6 extends
to two such homomorphisms, say d1 and 62, then (dl — 82)(A^n) = 0. Thus,

and #! is unique. Conversely, if xeE(M[r])0 is such that (xA +M[r])/M[r] is finite
dimensional, then the graded homomorphism <j>: A -+E(M[r]) denned by 1 *->x clearly
satisfies <^>(A^m)eM[r] for all m >̂ 0. Thus, the map 6^61 does define the required
isomorphism. I

The shift operator s in a triple ( ^ &,s) is called ample if:

1 1 1 . For each Ji G Ob(^), there exists an epimorphism ©f_x s~n'(&) -**• Jl', for some
njeN; and

1-1-2. Given Jf,^VeOb((^) and an epimorphism f:M-**Jf, then the maps
H°(s"(/)) are surjective for all n >̂ 0.

Given two such triples (%, &t, st), define ((S1, (9X, s^) to be isomorphic to (<̂ 2, O2, s2) if
there exists a category equivalence SF: ^ -> (€2 such that ^{G^ = C2 and there exists
a natural isomorphism between SFos^ and s2o&'. The desired non-commutative
analogue of Serre's Theorem is provided by the next two theorems and is proved in
[AZ, corollary 46].

THEOREM 1-2. Suppose that a triple {{€, &,s) satisfies: (HI) (9 is aNoetherian object,
(H2) IP(JH) is a finite dimensional over k for all objects Jl of^, and (H3) s is ample.
Then, A = T+(&) is a right Noetherian N-graded k-algebra that satisfies X\- Moreover,

THEOREM 1-3. Conversely, suppose that B is a right Noetherian graded algebra
satisfying X\- Then the triple (qgr-j?, &B, sB) satisfies the conditions (HI), (H2), and (H3).
IfMegr-B, then the natural ring homomorphism i: i?-> F+((9B) and the naturalB-module
homomorphism i:M^0^-r+(n(M)) have finite dimensional kernels and cokernels.
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2. The basic example

The aim of this section is to construct and study the basic properties of the
example R = k + yk{x,y}/(yx — zy — x2) mentioned in the introduction. That example
will only have the required properties in characteristic zero, and so, since we prefer
to give a construction that works in all characteristics, we will use a 'quantum'
version of that ring.

Notation 2 1 . Let qek\{0}. Throughout this paper, U = Uq will denote the ^-algebra
k{x, y}/(yx — qxy — x2), graded by defining deg (x) = deg (y) = 1. Set R = Rg = k+ Uy.

We will denote the images of x,y in U again as x and y. If q =t= 1, then

U ^ k{u,v}/(uv — qvu),

but the given presentation is more convenient for our purposes. Using the fact
that U is an Ore extension of k[x\, it is readily checked that U is a Noetherian
graded domain with (Rentshler—Gabriel) Krull dimension, Gelfand-Kirillov and
global homological dimensions all equal to 2. Moreover, U has standard fc-basis
{xy: 0 ^ i,j < oo} or, if one prefers, {yixi: 0 ^ i,j < oo}.

Given pek and weN, define [n]p = SJL,^1"1. Then, an induction beginning with
the relation yx — qxy — x2 yields the following useful identity:

xny = q-nyxn-q-n[n]qx
n+1. (2-1-1)

Some of the elementary properties of the rings Ug and Rg are provided by the
following lemma:

LKMMA 2-2. (i) U = R @xk[x\. (ii) As a subalgebra of U,R — k(y,xyy. Moreover,
U = R +Rx. (iii) IfR' = R'q = k + yU, then R = R' via the inner automorphism a -> yay~l

of the quotient division ring Q(R) = Q(U). (iv) U = Uq satisfies x and ExtJ/ (&, U) = 0.

Proof, (i) This is immediate from the fact that U has basis {x*1}/1}. In order to prove
part (ii), note that R has basis {l^1^: i ^ 0,j ^ 1}. By induction, the formula
xny. xy — qxn+1y. y = xn+2y ensures that k(y,xyy => {xmy: m ^ 0}. Multiplying these
elements on the right by appropriate powers of y ensures that R = k(y,yx}.
Similarly, the formula xny.x — qxn+1y = xn+1 implies that U = R+Rx. Part (iii)
follows easily from part (ii). Finally, part (iv) follows from [LS, lemma] combined
with [AZ, theorem 81].

THEOREM 2-3. (i) Assume that [n]q + 0, for any n ^ l . Then: (a) R = Rq is a
Noetherian domain of infinite global dimension, (b) Moreover, dimlc(Ext1

R(kR,R)) =
dim^ (Ext}; (Rk.R)) = oo : indeed, ExtR(kR.R) g U/R as graded left R-modules.
Consequently, R does not satisfy the condition Xi on either side, (c) IfR is a homomorphic
image of a Noetherian, graded ring S, then S also fails to satisfy Xv

(ii) / / [n]q = 0 for some n ^ 1, then Rq is not Noetherian.

Proof, (ia) The proof that R is Noetherian is very similar to that of [St2, theorem
33] but, since it is easy, we will give it here. Let / be a left ideal of R. Then UI and
Uyl are (finitely generated) left ideals of the Noetherian ring U. Since U = R+Rx,
this implies that UI and Uyl are finitely generated left ii-modules. Thus, in order to
prove that / is a finitely generated left i?-module, it suffices to prove that Ul/Uyl is
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a Noetherian left iJ-module. As a [/-module (or i?-module) Ul/Uyl is a homomorphic
image of a finite direct sum of copies of U/yU and so it is suffices to show that U/Uy,
or even U/R, is a Noetherian left i?-module.

LetB/R be a non-zero .R-submodule of U/R and pick ae.B\i?. Since U = R ®xk[x],
we may assume that aexk[x]. By hypothesis, [m]g 4= 0, for any TO ̂  1. Thus, if a has
degree TO, then (2-1-1) implies that q~mya — ay = Axm+1+f1(x)+f2(x)y, where Aefc*
and/ t G k[x], with deglfj ^ TO. Thus, by induction, B/Ra+R is at most m-dimensional
and so is certainly a finitely generated left i?-module. Thus, U/Uy and I are finitely
generated left i?-modules and R is left Noetherian. A dual argument implies that
R' = k + yU is right Noetherian. Thus, Lemma 2-2 (iii) implies that R is Noetherian.

The Hilbert series 0S3.odimfc (MJt' of a graded module M = ©i>0Mt is denoted
by HM(t), while the projective homological dimension of M is written hd(M). A
standard fact is that, if M is finitely generated left -R-module with hd (M) < oo, then
there exists a polynomial p(t) e Z[t] such that HM{t) = p(t) HR(t) (see [ATV2, p. 340]).
The standard bases of U and R ensure that Hv(t) = 1/(1— t)2 &n&HR{t) - 1 +t/(l — t)2.
Thus, hd(RU) = co. A more explicit proof can be obtained as follows: A
straightforward computation implies that

U(y2 — (1 +q)xy)x = U(qyx — qx2)y = R V\Rx.

Hence one has a short exact sequence

0^Uhx-+R®Rx->U^0, for h = (y2-(l+q)xy). (2-3-1)

Since U is a graded, uniform left i2-module that is not cyclic, it cannot be projective.
Thus, (2-3-1) implies that hd(RU) = oo.

(ib) I t remains to identify Ext1 (kR,R). From the short exact sequence (of right
i?-modules) 0-^-Uy^-R^-k^-O, one sees that JZxt1 (kR,R) = (Uy)R/R, where

(Uy)*={qeQ(R):qUy<=zUy}.

Trivially, (Uy)*^U. Conversely, suppose that de(Uy)*. Then, dUyU^U. But,
UyU 3 Ux2 + Uy^U>2 and so 6U^ 2 £ U. By Lemma 2-2 (iv), this forces 8e U and so
(Uy)* = U. In other words, IZxt1 (kR,R) = U/R = k[x] is infinite dimensional. Once
again, Lemma 2-2 (iii) can be used to show that Ext1 (Rk,R) is infinite dimensional.

(ic) This follows from part (ib) combined with [AZ, theorem 8-3].

(ii) Let Z(S) denote the centre of a ring 8. Since [n]q = 0, (2-1-1) implies that
C = k[xn] c Z(Rg). Thus, for any reR+ = Uy and seN, rxnseUy^R. Hence,
S s > 0 kxns +R is an infinitely generated left i2-module. Since U is a finitely generated left
i?-module, this implies that R is not left Noetherian. Similarly, using the isomorphism
R = R', R is not right Noetherian.

Remark 2-4. The reader should note the distinction in Theorem 23 between the
cases q 4= 1 and q = 1. Indeed: (i) If q 4= 1, then [ri]q = 0 for some n ̂  1 if and only
if q is a root of unity. Thus, if q 4= 1 then R — Rg is Noetherian if and only if q is not
a root of unity, (ii) If q = 1, then [n]q = 0, for some n > 1 if and only if char (k) > 0.
Thus, if q = 1, then R = R1 is Noetherian if and only if char (k) = 0.

COROLLARY 2-5. / / [n\ 4= 0 for n^-l, then dimfc (Ext^ (k,R)) = oo for all i > 0.
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Proof. The exact sequence (2-3-1) implies that Ext1 (U,R) = Ext1 (U,R), for all
i > 1. Similarly, the fact that U = Uy = R+ implies that

Ext*(k,R) ^ Ext'-1 (U,R) s

for all i ^ 2. Thus, it remains to compute Ext2 (Jc.R) = Ext1 (U,R). From the
sequence (23-1) we obtain the exact sequence

where d is the homomorphism defined by inclusion on each component. This
quickly implies that Ext1 (U.R) maps onto the infinite dimensional vector space
Uy/(hUy + h.lc + hx.k). I

Although condition x does not hold for R = Rg, the space proj-i? is very pleasant;
indeed, proj-i? = proj-t/ = proj-&[z1; z2]. This is easy to prove directly but also follows
from the next proposition.

LEMMA 2-6. (i) Let L be a finitely generated, right module over a Noetherian ring A and
N a finite dimensional left A-module. Then, for all i, Torf (L,N) is a finite dimensional
k-vector space.

(ii) Let 6: Nl^-N2 be a homomorphism of finitely generated, left A-modules for which
Ker(d) and Coker(6) are finite dimensional. Then both Ker(L ® d) and Coker(L (g) 6) are
finite dimensional.

Proof, (i) Pick a finitely generated, graded free resolution .F" ->L. Then Torf (L,N)
is a subfactor of Fl ®iV and so is finite dimensional.

(ii) This is a routine consequence of part (i).

PROPOSITION 2-7. Let B ^Abe graded, Noetherian rings. Assume that A /B is a torsion
right B-module and a finitely generated left B-module. Then

(qgr-A,&A,s)^(qgv-B,&B,s).

Proof. Let A = Yi™=xBav Since A/B is a torsion rights-module, there exists n such
that atB>n ^ B, for each i. Therefore, a^B^J c A>n nB = B^n. Thus,

n is an (^4,i?)-bimodule. The functors we will use to induce the equivalence of
categories are induced from the functors:

J5": gr-A -> gr-S given by M^-M <g)A B^ n

and ^ : gr-i?->• gr-̂ 4 given by Nv^-N®BA.

If Metoxs-A, then Lemma 2-6 implies that M%AB>n is finite dimensional
and hence lies in tors-£. Thus, fF induces a functor §F: qgr-̂ 4 -»• qgr-5. Similarly,
as gA is finitely generated, ^(tors-i?) S tors-^4 and so <§ induces a functor
^ : qgr-5 -> qgr-^4.

We first show that !F and ^ are inverse functors. Let Megr-A. Then,

As B/B^n is finite dimensional, Lemma 26 implies that the kernel and cokernel of
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the natural map B^ „ (x)BA -*-B ®BA = A are finite dimensional. Therefore, the same
is true of the map M®AB>n ®BA-+A ®A = M. Thus, <&o&r{ir(M)) = n(M). If
Negr-B, then ^o^(N) =N®BB^n and a similar argument implies that
^o^(n(N)) = n(N). Thus, 3F is a category equivalence qgr-4-*• qgr-B with in-
verse equivalence <£. Finally, it is clear that &{(9A) = &B and that !F commutes
with s. I

COROLLARY 2-8. Assume that [n]q 4= 0 for n ^ 1 and set R = Rq. Then (i) the triples
(qgr-i?,@R,S) and (<\gv-U,&v,s) are equivalent. Consequently, proj-i? is isomorphic to
VTOj-k[x,y]; (ii) r+(GR) = T+((9V) = U.

Proof, (i) Since U.R+ = Uy^R, Theorem 2-3 (i) and Lemma 2-2 (ii) imply that the
hypotheses of Proposition 2-7 are satisfied. The first assertion therefore follows from
that proposition. The second assertion then follows from [Zh, theorem 3-7].

(ii) Lemmas 2-2 (iv) and 1-1 combine to show that T+((9V) = U, while Proposition 2-7
implies that r+(0fi) = r+((Pc/). I

In summary, Corollary 2-8 shows that, although R does not satisfy x> the
projective scheme proj-i? does satisfy all the properties one could desire. However,
by replacing R by the polynomial extension T = R[z] we obtain a ring for which both
proj-T and the associated global section functor are badly behaved. (Given a graded
ring^l = ®i>0At we will always let^4[z] denote the polynomial extension of A in a
commutative indeterminate z and grade A[z] by A[z]t = © j ^ ^ z * ^ . )

LEMMA 2-9. Let A be a graded, right Noetherian ring and M,Ne gr-A. Then, for all n
and I, one has dimfc (Ext" (N,M))l < oo.

Proof. Take a finitely generated, graded free resolution F' ->iV^->0; thus,

X = Ext^ (N,M)

is a (graded) subfactor of the graded group L = Horn,, (Fn,M). Now, L = ®ieZLi,
where Lt = HomgrM (Fn,M\i\). Since each Lt is finite dimensional, certainly
dimfc (X() < oo for each i.

THEOREM 2-10. Let A be a right Noetherian, connected graded ring that does not satisfy
X-i {for example, take A = Rq for any q such that [ri]q =|= 0 for n > 0). Then (1-1-2) fails
for the polynomial extension ring A[z].

Proof. Identify A with ^4[z]/(z) and note that this identifies k = A/A+ with
^4[z]/^4[z]+. Letilf egr-^4 be such that dimfc (ExtJ, (k,M)) = oo. By induction, we may
assume that M is a cyclic A -module. Since Ext^ (k, k) is finite dimensional for all i,
we may replace M by M/T(M) and also assume that T(M) = 0. Thus, if A = A/T(A),

there exists a surjection / : A\z\-^-A^-M. Since Ext\ (k.M) is infinite dimensional,
Lemma 2-9 implies that Ext^ (k,M)n =t= 0 for infinitely many n ^ 0. Thus, for any
r0 > 0, there exists r ^ r0 and a graded, essential extension (of ^4-modules and there-
fore of .4[z]-modules) 0^-M-^-L-^k^-0 for which Lr=\=Mr. Pick leLr\Mr and let
g: A{z\^-sr(L) be defined by g(l) = I. Clearly, g(A[z]+)esr(M) and so g induces a
morphism n(g)eH°(srn(M)).

Suppose that n(g)elm (H°(srn(f)). By the definition of morphisms in qgr-^4[z] (see
(1-0-1)) this is equivalent to the following assertion: for some t >̂ 0, there exists
heUom (A[z]>t, sr(A[z])) such that, upon restriction to A[z]>t, one has g = sr(f)oh.
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As in the proof of Lemma VI, h extends to a homomorphism h: A [z] -*• sr(EA w (A[z])),
where E(A[z]) denotes the graded injective hull of A[z~]. Note that

(h(A[z]) + srA[z]))/s'(A[z])

is finite dimensional. Now, [Ro, corollary 11-68] implies that Ext4[7](fc,A\z]) =
Horn,) (k.A) = 0. Thus h(A[z])ssr(A[z]). Thus, g extends to a homomorphism
g = sr{f)h: A[z]^sr(M) a sr(L). Finally, since g and g coincide on A [z] >t, Ira (g — g) is
finite dimensional. As T(L) = T(M) = 0, this implies that g = g. But, as gr(l)^J/ and
g(l)eM, this is absurd. I

Consider the application of Theorem 2-10 to R = Rq and T = R[z], where [ri]g =j= 0
for any n ^ 1. In this case, we may take the module M to be R itself, and t a k e / to
be the natural surjection T^-R. Theorem 23 (i) implies that, under the identification
Ext}; (k,R) = U/R, one has a^eExt1 (k,R)r, for each r. Thus, the proof of Theorem
2-10 implies that H°(sr(/)) is not surjective for any r > 0. In contrast to Corollary 2-8,
the functor r+(77-( )) behaves badly for T:

COROLLARY 2-11. Assume that [n]g =1= 0/or n > 0 and setR = RQ and T = R\z]. Then,
r+(GT) = Tbut (11-2) fails for proj-T. Moreover, as a right T-module, r+{n(T/zT)) = U
is not even finitely generated.

Proof. By [Ro, corollary 11-68], Ex t^^ .T) = Hom^ (k.R) = 0. Thus, by Lemma
1-1, T+(0T) = T and, by Theorem 2-10, (1-1-2) fails for T. Let 0eHomr(7lsm,.R).
Then, for all f e T ^ . , , one has 0(zt)T+ = 6(tT+)z = 0. Since TT(R) = 0, this implies
that 0(zT>m_1) = 6. Hence, by Corollary 2-8 (ii),

By taking the trivial extension of T by R, one can obtain a Noetherian ring A for
which r+(0A) is not right Noetherian.

COROLLARY 2-12. Let R = Rq and T = R[z], where [n\ #= 0 for n > 0, and set

<T R\ , r (T U\

Then, T+(d)A) = A and r+(OA) is not right Noetherian.

Proof. As usual, we regard R and U as T-modules via the identification ii! = T/zT.
Let N(A) denote the nil-radical of A and observe that A/N(A) s T@ T, while
N(A)sR. Moreover, A+N(A) =N(A)A+. Given these observations, the proof
becomes very similar to that of Corollary 2-11 and is left to the reader. I

One should remark that the idea for the construction of Rq from Uq comes from the
examples of idealizers in [St2]: in particular it is easy to show that, if [n]q #= 0 for
n > 1, then Rq = iv(Uy) = {ueU: Uyu £ Uy}. There is nothing particularly special
about our choice of U; rather it is the simplest ring for which the proof of Theorem
2-3 (and hence the subsequent results of this section) will work. Thus, one should
expect that the same basic technique of taking an idealizer inside a graded ring U
ought to be useful in providing other examples of graded rings with peculiar
properties. In particular, the proof that Rq does not satisfy Xi generalizes
considerably:
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LEMMA 2-13. Let B c A be Noetherian rings such that A/B is an infinite dimensional
k-vector space that is finitely generated as a left B-module but torsion as a right B-module.
Then B does not satisfy the condition Xi-

Proof. As in the proof of Proposition 2-7, A(B>m) ^B>m, for any sufficiently
large TO. By Lemma 2-6, A/(B^mA) = B/B>m<S)BA is finite dimensional and so
B>mA 3 A^n, for some n. Thus, if J = {aeA : aB>m = 0}, thenJ^4>n = Oand, as A is
Noetherian, J is finite dimensional. Now, we have a natural exact sequence

where X* = HomB(X,B). Left multiplication by elements of A provides a natural
injection A/J<^, (B^m)*. Thus,

Thus, dimk (Ext B(B/B>m,B)) = oo. By [AZ, proposition 3-8(2)], B does not satisfy

Xi- I

An alternative proof of Lemma 2-13 can be obtained by using Theorem 13: We
may assume that T(A) = T(B) = 0. Proposition 27 now implies that

and so dimk(r+((9B)/B) = oo. Thus, Theorem 1-3 implies that B does not satisfy X\-
Although the ring Rq is a finitely generated ^-algebra, it is not generated in degree

one. If one is willing to work with prime rings that are not domains, then one can
easily adjust Rq in order to add this extra hypothesis:

COROLLARY 2-14. Assume that [n]g =}= 0 for n ^ 1 and let R = Rq. Set

y Ux+Uy\ a,_(R *A M (TJ\
JJy Ux+Uy)^ ~\Uy Uj C 2

Then S is a connected graded Noetherian ring, generated by 8lt which does not satisfy Xv

Proof. The ring M2(U) of 2 x 2 matrices over U is graded by M2(\J)i = M2(TJj).
Clearly, S is a connected graded subring of M2(U). Since the modules RU and (Uy)R

are finitely generated, S' is finitely generated as a left or right module over the
Noetherian subring (J o

v). Thus, S' is Noetherian. Since S'/S is finite dimensional,
[Stl, lemma 1-4] implies that S is Noetherian. Let ey denote the standard matrix
units inM2(U). Then, as a ^-algebra, S is generated by {yelv ye12, xe12, ye21, ye22, xe22},
and so S is indeed generated by S1. Finally, Lemma 213, with B = S cz A = M2(U),
implies that S does not satisfy condition Xi- *

Remark. If one replaces R by S in (210-2-12), then the conclusions of those results
still hold, but one may now add the extra conclusion that the ring in question is
generated in degree one.

3. Further properties of Rg

Let R = Rq be the ring defined by Notation 2-1. There are two main aims in this
section. First, we wish to describe R in terms of generators and relations. This has the
consequence that no Veronese ring of R is generated in degree one; this is in stark
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contrast to the commutative situation. Secondly, we will compute the point modules
for R (the definitions will be given later) as this enables us to answer some questions
raised by Artin.

Recall that, by Lemma 2-2(ii), R = k(y,wy, where w = xy. An easy induction on
TO provides the identity

ymx-qmxym-[m]gxym-lx = O. (3-0-1)

Set rm = ymiv — qmwym — [m]qwym~2w. Then, multiplying (3-0-1) on the right by y
shows that rm = 0 holds in R for all TO ̂  2. Let k{Y, W} denote the free algebra,
graded by deg(Y) = 1 and deg(W) = 2 and set Im = YmW-qmWYm-[m]gWYm-2W
for m ̂  2.

PROPOSITION 3-1. (i) R s k{Y, W}/(I2,I3).

(ii) / / [r]g 4= 0 for any r > 0, then a vector space basis of Rn, for n ^ 0, is given by

{yn,yiwyi:i,3 ^ 0 , i+ j + 2 = n}. (3-1-1)

(iii) / / \jpi\q = 0 and [r]q 4= 0 for all 0 < r < p, then a vector space basis of Rn for
ft ^ 0 is given by {yn, yi(wyp~2)s wyj: p > i > 0, s,j > 0; i + sp + j + 2 = n}.

Proof. We will only prove the result in the case when [r]g =(= 0 for all r. The other
case is similar and is left to the reader.

An easy computation proves that, in the free algebra k{Y, W],

+ qml, Ym ~ [2], WIm + [m]gI2 Y
m~2W (3-1-2)

for all TO 5= 4. Set A ••= k{Y, W}/(I2,I3). Since r2 = r3 = 0 holds in R, there is a unique
surjection <f>:A^»R, given by <f>(Y) = y and (j>{W) = w. To prove that (j) is an
isomorphism, it suffices to prove that d\mlc{An) ^ dimk(Rn) for all n ̂  2.

By (3-1-2), Im = 0 in A for all TO ̂  2. Thus An is spanned by the elements

{Yn,YiWYi:i,j ^ 0,;+j + 2 = n}.

Therefore, dimk(An) ^ l + (n— 1) = dimfc(.Rn). Consequently, <j> is an isomorphism
and the elements given in (3-1-1) do form a basis of R. I

Given a graded ring A and an integer d ̂  2, let A(d) denote the Veronese subring
®n>oAnd of A. We give Am a graded structure by defining A^ = And. The shift
functor for A(d} is simply sd. If C is a graded, commutative Noetherian ring, then it
is standard that some Veronese ring C(<t) will be generated in degree one (see, for
example, [Mu, lemma, p. 282]). The situation for Rg is rather different:

COROLLARY 3-2. Assume that [n]g 4= 0 for n ^ 1 and set R = Rg. Then:
(i) For each d^ I, the Veronese ring R<-d) is a Noetherian, finitely generated k-algebra

that is not generated in degree 1.
(ii) For each d ̂  1, there is an equivalence of categories (proj-i?, s%) = (proj-i?(<t), s^).

Remark. If [n]g = 0 for some n > 0, it is still the case that no Veronese ring (Rg)
(d)

is generated in degree one. However, this is of less interest since one can show that
(Rq)

in) is then a commutative ring that is not Noetherian. Thus, it is certainly not
finitely generated as a A;-algebra.

Proof, (i) As R is Noetherian and graded, [AZ, proposition 5-10] implies that R(d)

is also Noetherian and hence is finitely generated. Fix d ̂  2. By Proposition 3-1, the
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elements {yd,yiwy}: i,j ^ 0,i+j + 2 = d} form a basis of R{d). Consequently, (R{d))2 is
spanned by the elements

y2d, -f^wy1, yiwyd+i

and (using the identities rn — 0)

yl wy1. ykwyl = ayi+i+k+2wyl + b^wy1*"*1*2,

for some a,bek. Here, i, j , k, I run through all elements of 1̂1 satisfying i + j = k +1 =
d — 2. Since i, I ^ d — 2, this implies that the basis element yd~xwyd~x oiR(d) does not
lie in (R[d))2. Therefore R(d) is not generated in degree 1.

(ii) Since U.R+ £ R+, it follows easily that U(d) .R(d) c RW. As Rw is Noetherian,
®n^o^nd+icyd~'c *s a finitely generated left i?(tt)-module for all 1 ^ k < d. Thus both
R and U are finitely generated left R^d)-modules. Therefore, by Proposition 2-7 and
[AZ, theorem 5-10] (proj-R,s%) s (proj-£/,«&) ^ (pro j-£/«*>, 4 ) ^ (proj-2?<d),4). I

Part (ii) of Corollary 3-2 is perhaps slightly surprising since one does not expect the
projective schemes of a ring and its Veronese ring to be isomorphic, unless the ring
is generated in degree one. To give a simple illustration, take R = k\x2], graded by
deg (x2) = 2. Then, whatever the shift functor, proj-i? has two non-isomorphic simple
objects, R and xR, whereas proj-i?<2> has just one.

The aim of the rest of this section is to classify the 1-critical right .R-modules. Here,
a finitely generated, graded i?-module M is called (Gelfand-Kirillov) 1-critical if M
is not finite dimensional but every proper factor of M is finite dimensional. We will
actually do this for R' = R'q = k + yU rather than the isomorphic ring Rq. The reason
for this is purely technical; we want to use the fact that U is a finitely generated right
ii'-module. The analogous overring of R is y-1Uy and so, by using R', we avoid having
to deal with fractions. If yl is generated in degree one, then a point module for A is
a 1-critical, graded right ^4-moduleM with Hilbert series 1/(1 —t). Such a module is
automatically cyclic, generated by Mo. These have proved very useful to the study
of graded, non-commutative rings; see, in particular, [ATV2]. Since R' is not
generated in degree one, this definition is inappropriate and we will define a point
module to be a graded, 1-critical right A -module M = ®i>0Mt, generated by Mo, for
which dimfc (Mt) ^ 1 for all i. If A is generated by A t this does coincide with the earlier
definition.

The 1-critical modules over the ring U are easily classified:

LEMMA 3-3. Assume that k is algebraically closed and set U = Uq,for any qek*. The
non-isomorphic, 1-critical, graded right U-modules are:

{FC = U/(ax + by)U: p = (a,6)eP1},

together with their shifts sl(pC). Moreover, each pC is a point module.

Proof. Clearly U/(ax + by)U = U/ (acx + bey) U, for any O=t=cefc and so the
definition of pC does make sense. By [Zh, example 3-6], U is a twist of the
commutative polynomial ring k[x, y] corresponding to the automorphism
a: x\^-x,y\^q~xy — q~^x. In other words, define a new multiplication o on k\x,y] by
aob = aba", tor a ek[x,y]n and bek[x,y]m. T h e n U m a y be identified w i th (k[x,y], + , o ) .
By [Zh, theorem 3-1], gr-k[x,y] = gr-U. This equivalence sends a k[x,y]-module
M = © Mt to the module M', which is defined to be the same graded vector space as
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M, but whose [/-module structure is given by moa = maa , for meMn and
aeUr = k[x,y]r.

This equivalence clearly sends critical modules to critical modules and point
modules to point modules. Thus, it suffices to classify the 1-critical modules over
k[x, y], where the proposition is standard. I

Natural candidates for point modules over R' are the modules

since these modules do have Hilbert series 1/(1— t). The parametrization of these
modules by P1 becomes a little cumbersome and so we will write O3M = B'/vU, for
v = yx and Jd = R'/y(y + ax) U for aek. Observe that, if we write [r] for the image in
Jd of reR', then Jd has basis {z0 = [1], zi+1 = [yx1] :i^0}. Similarly, J\I has basis
{zt = [y1]: ieN}. Given aek, set a(a) = q~1(a+l). By induction, an(a) = q~n(a + [n]g)
and a~n{a) = qna—[n]g for all n ^ 0.

LEMMA 3-4. Assume that [n]g =t= 0 for n > 0 and write R' = R'g. Then:
(i) J\I is a cyclic, 1-critical right R'-module and (O3M)>n = ^Mf — n]for all n > 0. Set

(ii) / / aek and a =t= cr~n(O) for n^O, then JV = Jd is a cyclic, 1-critical right R'-
module.

(iii) Assume that a = <r~s(0) for some s > 0. Then zs+1. k = [yx8] k is a l-dimensional
R'-submodule of Jd. Moreover, J7 = Jd/zs+1k is a cyclic, 1-critical right R'-module.

(iv) Assume that aek\J {oo}. Then Jf has Hilbert series 1/(1—t), unless a = a~s(0),
for some s ^ 0, in which case JSf has Hilbert series (l/(l—t)) — ts+1. Moreover, the only
non-zero, graded submodules of JJ are the ziR', for i ^ 0.

(v) If a ^ 0, then (Jf)^ = (ff(a>iV) [ -1] . However, ( ^ i = 0 and (0AT)>1 = (0N)>2 =

Proof, (i) The equation xll C\R' = wU induces a ring isomorphism k[y] = U/xU =
R'/wU and the result follows.

(ii) By Lemma 2-2, R' = k(y,v}, for v = yx. Also, as Jd<^J/l = U/y(y + ax) U, one
sees that zt x is a well-defined element of Jd. Thus the structure of Jd as an fl'-module
is determined by the formulae: zoy = z1,zov = z2 and, for i ^ 0,

= z1(q-t(-ax^)-q-t[i\gx
l+1) = -<r\a)zM (3-4-1 a)

and zi+1 v = z<+1 j/a; = - a*(a) zi+3. (3-4-1 b)

Since o~ is a set-theoretic automorphism of k, o~l(a) = 0 if and only if a = <r""'(0)
which, by hypothesis, is forbidden. Thus (3-4-1) implies that the only (graded)
submodules of Jd are 0 and (Jd)^n = znR' for n $s 0. Hence ^ is a cyclic 1-critical
right fl'-module.

(iii) Equations (3-4-1) now imply that zs+1.y = zs+1.v = 0 and so zs+1k is a 1-
dimensional i?'-submodule. Similarly, as o~n(a) =# 0 for n =t= s, these equations imply
that JH/zs+1 k is a cyclic 1-critical right i?'-module.

(iv) This is an immediate consequence of the proofs of parts (i)-(iii).
(v) We may assume that aek. Equations (3-4-1) imply that

zny(y + an(a)x) = zny
2 + crn(a)znv = 0 for all n > 0.
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As an element of the [/-module U/y(y + ax) U, this imples that

ann (zn) 2 y{y + crn(a) x) U.

Thus, zn(y(y + <rn(a)x) U) = 0 also holds in the iT-modules Jd and JSf. Therefore, if
zn 4= 0 in Jf, then, up to a shift, znR' is a (necessarily 1-critical) factor of ^^^M.
Hence znR' = ((r.(a)N) [ - » - 1 ] .

Consequently, if a 4= 0 then (Jf)>1 = (rria)N)[-i]. If a = 0, then ^ = 0 but

THEOREM 3-5. Assume that k is algebraically closed and that [n]g 4= 0 for n > 0. Set
R' =R'q. Then:

(i) The non-isomorphic, cyclic, l-critical graded right R'-modules are precisely the JJ,
for aek\J {oo}, together with their shifts si(aN), for ieI.\{0}. The JV are all point
modules.

(ii) No cyclic, l-critical, graded right R'-module properly contains a(0)N.

Proof, (i) In order to prove that these modules are non-isomorphic, it suffices to
prove that the Jti are non-isomorphic. Combined with the description of the JSl given
by Lemma 3-4, the non-isomorphism follows immediately from the fact that, if there
exists a graded isomorphism of right modules R'/I-+R'/J, then 1 = J. By Lemma
34, each JJis a point module.

Let P = R'/I be a cyclic, l-critical, graded right i?'-module, generated by Po. We
need to prove that P ^ JV, for some ae k U {oo}. Now, / <=• R'+ = yU and I/IyU is finite
dimensional. Let yJ/IyU be the maximal [7-submodule of yU/IyU for which yJ/IyU
is finite dimensional. Since yU/I is a l-critical i?'-module, certainly yj c / . As an R'-
module, yV/yJ has a (possibly zero) finite dimensional submodule, with the factor
being l-critical. Thus, the same assertion holds for yU/yJ regarded as a f/-module.
The definition of yJ therefore implies that yU/yJ is a l-critical f/-module. Thus,
Lemma 3-3 implies that J = (cx + by) U, for some c,bek. Therefore, P = R'/I is a
factor of R'/y(cx + by) U and so, by Lemma 3-4, P = JV, for the appropriate
aek U {oo}.

(ii) If ^o)^ £ (aN)[r], for some a and r > 0, then Lemma 3-4(iv) implies that
aN>r = (a{0)N) [ —r]. This contradicts Lemma 3-4(v). I

By Lemma 3-4, dimk('Ext)v(k.^OyN)) ^ 2. the corresponding extensions being
^ojiVfl] and ,>2V[2]. More generally, ^(OyN has essential extensions a.-'(0yN[2 + r], for
r ^ 0 and aiOyN[l]. Since neither of these embeds in the other this implies that the
injective hull E^^yN) [ —r] contains a module, say L = ^-r^L, that is the sum of two
submodules that are isomorphic to ^ Q ^ and ^oyN[ — r— 1], respectively. It is easy to
write L down explicitly:

where A = {(r, r): re(CTs(0)A^)[ — r—2]}, under the natural embeddings of ( ^ ^ ^ [ — r—2]
into o.-̂ oj-'V and (^o^H — r—1]. Note that a-'mL has Hilbert series 1/(1— 0-

Clearly, a-^0)L is a l-critical .R'-module and so Theorem 35 needs to be modified in
order to classify the (possibly non-cyclic) l-critical ^'-modules:

THEOREM 3-6. Suppose k is algebraically closed and that [n]g 4= 0 for all n > 0. Set
R' =R'g. Then:
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(i) The non-isomorphic, finitely generated, graded 1-critical right R'-modules are
precisely the JV, for nek[) {co} and a-r(())L, for r ^ 0, together with their shifts.

(ii) Let L = limr_>00(o.-r(0)L[r+l]). Then every finitely generated submodule of L is
l-critical. Moreover, Ext];. (k,L) = 0, yet LR'+ 4= L.

Proof, (i) Any 1-critical, graded right i?'-module P contains a cyclic submodule
and hence contains some aN. Thus, the result follows by induction if one can prove:
Let Q be a graded essential extension of some JV or ^L by k. Then Q = ,N or Q = ,L
for some c. The proof of this assertion follows from a routine but tedious case by case
analysis and will be omitted.

(ii) This follows from part (i). Note that LR'+ = limr_,00((r-r(0)iV[>+l]), under the
natural inclusion. I

There are a number of remarks that should be made about Theorems 35 and
3-6. First, the existence of the modules given by part (ii) of each theorem answers a
question raised by M. Artin in his lecture [Ar]. The point of this question was that,
if (among other things) such modules do not exist, then he would be able to classify
Noetherian, graded prime rings of Gelfand-Kirillov dimension two. Since the ring^'
does not appear in his classification, the existence of these modules is to be expected.
Actually, Artin's question was raised for rings generated in degree one, and so these
example do not, formally, answer his question. However, if one uses the ring S of
Corollary 2-14 in place of R', then one will obtain the desired counterexample. We
have not described the 1-critical modules over that ring, since the classification is
considerably messier than it is for R''.

Secondly, Theorem 3-5 answers a variant of [ATV1, question 3-16] concerning the
variety of truncated point modules Fd. The first problem is one of definition. Let A
be a connected graded ring, generated in degree one. Then Megr-A is defined
to be a truncated point module of length d if M = 0f_oMj is generated by MO and
dimt (Mt) = 1 for 0 ^ i < d (see [ATV1, definition 3-8]). However if A is not generated
in degree one, it is unreasonable — even when A is commutative — to demand that
Mi 4= 0 for each i ^ d. Given that one must allow some Mt to be zero, the natural
definition is:

DEFINITION. Let A be a connected graded ring. Then a graded right A-module M is
defined to be a truncated point module of length d if M = ®\-0Mt is generated by M^,
dimfc (M) = d + 1 and dimfc (Mt) < 1 for 0 ^ i < e. Let T'd denote the set of isomorphism
classes of truncated point modules of length < d over A.

If A is generated by Ax, and MeT'd, then &\mk{Mi) = 1 for 0 < i < d and so
our definition does coincide with that from [ATV1, section 3]. Note that the
map M\-+M/Mf, where / is the largest integer such that Mf 4= 0, defines a map
<fid- r"d~>r^_1. The generalization of [ATV1, question 3-16] to rings that are not
necessarily generated in degree one asks: Let A be a connected graded, Noetherian
k-algebra that is finitely presented. Then, is <f>d an isomorphism for d P 0?

COROLLARY 3-7. Assume that k is algebraically closed and [n]g 4= 0 for all n > 0. If
A = R'g, then A is a connected graded, Noetherian k-algebra that is finitely presented.
However, the map <j>d is not injective, for any d > 2.

Proof. A is Noetherian by Theorem 23 and finitely presented by Proposition 31.
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In the notation of Lemma 3*4, set M = o.-<j+i(0>Af and N = o.-<m(0>Af. Consider the
modules X = M/M>d+1 and Y = N/N>d+2. Then, Yd = 0 and so X, Ye T'd. However,
<j>d{X) =M/M^d = (f>d{Y) and so <f)d is not injective. I

There are a number of other definitions of V'd that generalize that from [ATV1]; for
example, one could define T'd to be the set of all cyclic, graded modules M = @%_0Mt

for which Mo 4= 0,Md =f= 0 and dimfc (M^ ^ 1 for 1 ̂  i < d. In this case, the truncation
map <pd: Y'd -> Vd_1 is not even defined. Indeed, for any d, let N = O.-<J+I(0>ZV and
Z=N/N,M. Then, ZeVd+l, but Z/Zi+1sYd_v

Obviously, our solution of [ATV1, question 316] would be much more satisfactory
if one could replace R' by a ring that is generated in degree one, but we know of no
such example. In particular, the ring S from Corollary 2-14 does not provide a
counterexample, since it has no point modules.

4. Right noetherian examples

Most of the results in [AZ], in particular Theorems 1-2 and 1-3, are proved for rings
that are assumed to be right Noetherian rather than two-sided Noetherian. It is
therefore natural to study the various questions raised by [AZ] for rings that are just
Noetherian on one side, particularly since it is usually easier to find counterexamples
in this case. This we do in this section and, among other things, we exhibit a right
Noetherian ring for which the non-commutative analogue of Serre's Vanishing
Theorem will fail. As we first show, condition % will never hold in PI rings that are
only Noetherian on one side:

THEOREM 4-1. Let A be a graded, right Noetherian PI ring. Then the following are
equivalent: (i) A is left Noetherian; (ii) A satisfies Xi', (iii) A satisfies x-

Remark. We emphasize that a ring A is defined to satisfy Xi> respectively x> if the
appropriate Ext condition holds for graded right ^4-modules.

Proof, (iii) => (ii) is a triviality while (i) => (iii) follows from [SZ, theorem 3-5]. Let
A be a graded, right Noetherian, PI ring that is not left Noetherian. It remains to
show that Xi fails for some right A -module.

The nilradical N of A is graded and nilpotent while the factor ring A/N is left and
right Noetherian [MR, theorem 13"6'15]. Since A is not left Noetherian, there
therefore exists i such that Nl/Ni+1 is not Noetherian, and hence not finitely
generated, as a left ^4/iV-module. Thus, there exists a graded ideal I, maximal with
respect to AI not being finitely generated. Set B = A/I and note that, by the same
argument applied to B, the ring B is left and right Noetherian. Consider the right B-
module Y = Tor^ (A/A+,B). By [Ro, corollary 11-27(iii)], Y ^ A+f]I/A+I. Since Jis
not finitely generated, dimlc(I/A+I) = oo, whereas I/A+()I = (I+A+)/A+ is finite
dimensional. Thus ,dimk(Y) = oo. Since A is right Noetherian, Y is a right Noetherian
j3-module and so has a graded, 1-critical factor module, say M. By [MR, corollary
8-3-16 and theorem 6-8-26], annBM is a prime ideal. Thus, [MR, corollary 13-6-7 (i)]
implies that there is a central element x of positive degree in the ring B/ann{M).
Hence multiplication by xl, for i ^ 0, provides infinitely many linearly independent
elements in HomB (M,M). Consequently, HomB (Tor̂ 1 (A/A+.B),M) is infinite
dimensional.
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Now consider the convergent spectral sequence of right ^-modules:

Extg (Tor£ (A/A+,B),M) => Ext^ (A/A+,M)

(see [SZ, equation (2-2)]). By [Ro, theorem 11-2] the five-term exact sequence of this
spectral sequence is

J, {A/A+ ®AB,M)^m^A U/A+MA)^Yi.omB (Tor? (A/A+,AB),M)
MA). (4-1-1)

Since B is a Noetherian left vl-module, A/A+ ®AB is a finite dimensional module.
Thus, [SZ, theorem 3-5] implies that 1ExtB(A/A] @)AB.M) is finite dimensional for
each i. But, by the last paragraph, HomB (Tor? (A/A+,B),M) is infinite dimensional.
Thus, (4-1-1) implies that dimfc(Ext^, (A/A+,MA)) = oo and so Xi does not hold. I

COROLLARY 4-2. Let A be any graded PI ring that is right Noetherian but not left
Noetherian. Then (1-1-2) fails for the polynomial extension A[z].

Proof. Combine Theorems 4-1 and 2-10. I

A typical example of a right but not left Noetherian, graded PI ring is (* £[*]) or,
if one desires the ring to be connected graded,

A

If A is either of these rings, then Corollary 4-2 implies that (1-1-2) fails for right
modules over the ring A [z].

Let A be a graded, right Noetherian ring in which X\ holds. Then Theorem 1-3
applies. However, one would also like A to satisfy Xt> f° r * > 1, since this would imply
that the functors Hl behave well on proj-^4. For example, one would have the
following analogue of Serre's Vanishing Theorem: Suppose that A is a right
Noetherian ring that satisfies x- Then, for every ^eOb(qgr-A) and i> 0, there
exists an integer l0 such that H'(^[?]) = 0, for I > l0 (see [AZ, theorem 7-4]).

We know of no graded, Noetherian ring A for which ^j holds but x fails. However,
we can construct a right Noetherian example and, for this example, Serre's Vanishing
Theorem also fails:

Example 4-3. Assume that [ri\q =t= 0 for n ^ 1 and let U = Uq be defined by (2-1). Set

o\ T1 2T1\ (u o\i( o o\
Aj:Xek,ueU+ and meyU/tfU^^ ^ ^ Q j .

Then, W is a right Noetherian, connected graded ring. Moreover, W satisfies Xi but
does not satisfy Xi-

Proof. As usual, M2(U) is graded by (M2(U))r = M2(Ur) and so, under the induced
grading, W is connected graded. Also, W is a finitely generated right module over the
subring

^:Aek and

and so W is a right Noetherian ring. LetiV = N(W) denote the nilradical of W. Then

https://doi.org/10.1017/S0305004100072716 Published online by Cambridge University Press

https://doi.org/10.1017/S0305004100072716


432 J. T. STAFFORD AND J. J. ZHANG

we may identify W/N = U and so, as a right [/-module, N = yU/y2U. However, note
that W+N = 0.

We first prove that W satisfies Xi- To begin with, consider yU/y2U as a right
[/-module. Then, using (2-1-1),

(yU/y2U)>n+1 = (yx»U+y*U)/y*USI U/(y + q-n[n]gx)U,

up to a shift. Since [n]g is never zero, this implies that yU/y2U is isomorphic to no
shift of a proper submodule of itself. Hence, Hom^ (yU/y2U, yU/y2U) — k. It follows
that dimfc (Hom^ (yU/y2U,M)) < oo for everyMegr-A. To see this, note that, by the
obvious inductions, one may assume that M is a cyclic, critical [/-module. Now, as
U has Gelfand-Kirillov dimension two, the only non-trivial case is when M is 1-
critical. In this case, lemma 3-3 implies that M can contain at most one graded sub-
module isomorphic to a shift of yU/y2U. Therefore, dim .̂ (Homc, (yU/y2U,M)) ^ 1.

Since W+ =>N, and W+N = 0, [Ro, corollary 11-27 (hi)] implies that

TarY (W/W+,U) ^ (W+ [)N)/W+N = N^ yU/y2U.

Thus, by the last paragraph, dimft (Homt, (Tor^7 (W/W+, U),M)) < oo, for any finitely
generated right [/-module M. Since (W/W+) ®WU = U/U+ = k, Lemma 2-2(iv)
implies that Ext*, HW/W+) &}w U,M) is finite dimensional. Now combine these
observations with the exact sequence (4-1-1) in the case where A = W and
B = W/N= U. Then, (4-1-1) implies that &imk(&x\}w(W/W+,M)) < oo. Therefore, W
satisfies Xi-

I t remains to prove that W does not satisfy ^2 and to do this, we will prove that
dimfc (Extfy (k, W)) = oo. Note that, for any right Noetherian, connected graded ring
A andilf egr-4, dimfc(Ext^, (M,k)) < oo. Hence, for any j ,

dimfc (Ext^j (M,A)) < oo ^ d i m ^ (Ext^ (M,A+)) < oo (4-3-1)

Now, certainly Bxt\,(yU/y2U,U) S Uy^/Uy-1 is infinite dimensional. Thus, (4-3-1)
implies that

tl(yU/y2U, U+)) = oo.

As any non-split extension of (W/N)-modules is a non-split extension of PF-modules,
this implies that dimk(Ext]v(yU/y2U,U+)) = oo. However,

W+ * U+ © (yU/y*U),

as right JF-modules. Thus, dimfc(Ext1
H/(PF+, W+)) = oo. Finally, using (4-3-1), this

implies that Extf^ (k, W) = Ext}y (W+, W) is infinite dimensional. I

COROLLARY 4-4. Let W be defined by Example 4-3 and consider (qgr-J-F, &w, s). Then,
for any l0 ^ 0, there exists l> l0 such that H1^^]) =t= 0.

Proof. To begin with, consider X = Ext^ (W/W+, W). By the proof of Example 43,
dimfc(X) = oo. Thus, Lemma 2-9 implies that Xj =)= 0 for infinitely many jeN.

For n e N consider the exact sequence

As W satisfies Xi> the first term in this sequence is finite dimensional; indeed, [AZ,
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proposition 3-5] implies that there exists I such that Extjy (W+/W>n,M)>t = 0 for all
n. Hence, for all n ^ 1, there is an injection X^f c_» Ext2,, (W/W^n, W)^t. Conse-
quently,

X>tc+ Km Extl,{W/W>n,W)>t = ®E}(0w[j]).

By the first paragraph, this implies that H^fl^fj]) 4= 0 for infinitely many values
ofj. I

The proof of Example 4-3 can be extended to show that dinij. (Ext" (W/W+, W)) =
oo for all n > 0. In contrast, for every n > 1 and . / / eOb (qgr-W), one can prove that
H"(^#) = 0. In outline, the argument is as follows: Since gldim (U) = 2, it is easy to
see that H2 = 0 in (qgr-U, &v, s). The techniques of [AZ, proposition 6-11] can be used
to prove that qgr-W« qgr-U. Although the two distinguished objects &w>
respectively &v, are not identified under this equivalence, one can still use it to prove
that H2 = 0 also holds in (qgr-W, &w,s).

It would be interesting to know if there exists a Noetherian (or even right
Noetherian) graded ring W with the property that, for every n > 1, there exists
JieOb (qgr-W) with H"M0 4= 0.

The authors would like to thank M. Artin for several conversations on the subject.
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