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SUB-VALUE AND SUP-VALUE OF A LINEAR DIFFUSION GAME

SHANGZHEN LUO,* University of Northern lowa

Abstract

In this paper, we solve an exit probability game between two players, each of whom
controls a linear diffusion process. One player controls its process to minimize the prob-
ability that the difference of the processes reaches a low level before it reaches a high
level, while the other player aims to maximize the probability. By solving the Bellman—
Isaacs equations, we find the sub-value and sup-value functions of the game in explicit
forms, which are twice continuously differentiable. The optimal plays associated with
the sub-value and sup-value are also found explicitly.
Keywords: Stochastic differential game; sub-value; sup-value; Bellman-Isaacs equa-
tions; linear diffusion process
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1. Introduction

Stochastic differential games are used to model dynamic competition or cooperation. In
[2, 3], some noncooperative stochastic differential games are solved with explicit optimal
plays. It is shown that values of the games exist if the Isaacs condition holds. In [5], sub-value
and sup-value functions of a finite-horizon game are defined, which are shown to be the unique
viscosity solutions of Bellman—Isaacs (BI) equations. In [1], games between two investors are
considered using a general payoff function. Conditions under which a game has an achievable
value are provided. In some specific games (including an exit probability game) based on dif-
fusion processes, the value functions and equilibrium portfolio strategies are found explicitly,
where the optimal plays are constant strategies that are independent of the underlying process.
In [12], analytically tractable solutions of cooperative stochastic differential games with sub-
game consistency are derived. In [9], a theorem giving the Hamilton—Jacobi—Bellman—Isaacs
conditions for a two-player game in a jump diffusion setting is proved. The result is then used
to study risk minimization problems. In [14], an exit probability game between two insurers
is considered for the first time with proportional reinsurance control under a linear diffusion
model, where the Nash equilibrium of the game is given. In [11], a nonproportional zero-sum
game for insurers is studied. In [7], a proportional reinsurance game with a win scenario of
absolute dominance is considered. Parameter conditions under which the game is solvable are
given. In each case when the value of the game exists, the value function and the Nash equi-
librium strategy are found. A similar game based on uncorrelated quadratic-linear diffusion
processes is solved in [8].
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Sub-value and sup-value of diffusion game 1095

In this paper, we study a two-player exit probability game as in [1, 14]. Each player’s con-
trollable process is modeled by a diffusion process with one controllable variable, where the
diffusion term and the drift term are both linear in the variable. We note that the controlled
process of this form can represent the surplus process of an insurer with proportional reinsur-
ance, or the wealth process of an investor with investment in a Black—Scholes market. We first
define a winning event (for player 2) that the difference in the controlled processes (of the two
players) hits a given low level / before it hits a given high level u (I < u). In the game, player
1 tries to minimize the probability of the winning event of player 2, while player 2 tries to
maximize the probability. We define sub-value of the game as the optimized probability of the
winning event (of player 2) where player 1 plays first to minimize the probability (of winning
by player 2) and player 2 plays second to maximize it. The sup-value of the game is defined
as the optimized probability when the plays are in the opposite order, that is, player 2 plays
first to maximize the probability (of winning by player 2) and player 1 plays second to min-
imize it. The sub-value and sup-value of the game can be characterized by two BI equations,
which are second-order ordinary differential equations (see, for example, [5]). With detailed
parameter classifications, the BI equations are solved explicitly with classical C[I, u] solu-
tions given in all possible parameter cases. Using a verification result, the solutions (of the BI
equations) are shown to be the sub-value and sup-value functions. By solving the BI equations
with supremum and infimum operations, optimizers are derived which yield the optimal plays
in a feedback form.

We note that in the exit probability game of [1, 7, 11, 14], the focus is on the cases when the
Nash equilibrium strategy exists with equal sub-value and sup-value functions (in which the
order of the players is immaterial). In this paper, we solve the exit probability game completely
and investigate the impact of the order of players with full parameter classifications. We solve
all the cases to find the sub-value and sup-value functions and give the optimal plays explicitly,
based on which the existence (and nonexistence) of Nash equilibrium and the significance of
the order of players can be determined. We can compare the sub-value and sup-value func-
tions and also observe close relations of the optimal plays to the model parameters and the
underlying process.

The rest of the paper is organized as follows. In Section 2, we introduce the mathematical
model and formulate the game. We also define the sub-value and sup-value functions of the
game. In Section 3, we provide the BI equations and show a verification result. In Sections 4
and 5, we find the sub-value and sup-value functions and their associated optimal plays. In
Section 6, we show examples and demonstrate the game results.

2. Linear diffusion processes and the game problem

In this section, we formulate the game and define the sub- and sup-value functions. We
present the mathematical formulation as an investment game, where the controllable variable
for each player is the amount of investment in a Black—Scholes stock, and the controlled pro-
cess for each player is called a wealth process, which is a linear diffusion process. We note that
the mathematical model of the paper can cover the case of a proportional reinsurance game
with parameter substitutions (see Remark 2.1).

We assume that the wealth processes R; (for player i), i = 1, 2, follow arithmetic Brownian
motions (when investment is absent)

dR; = u;dt + v;dZzZ;,

where u;, i =1, 2, are drift constants, v; > 0 are volatilities, and {Z;};>¢ are standard Brownian
motions with correlation E(dZdZ,) = podt. We note that the arithmetic Brownian motions
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represent approximate insurance surplus levels under diffusion approximation models (see, for
example, [4, 7, 10, 14]).

Next we assume that for each player i, i = 1, 2, one stock is available for investment. The
prices are governed by the geometric Brownian motions

dS; = «;S;dt + BiSidw;,

where «;, i = 1, 2, are stock return rates, f;, i = 1, 2, are stock volatilities, and {w;}>0,i=1, 2,
are standard Brownian motions with correlation E(dwdw;) = pdt, —1 < p < 1, independent
of Z;, i=1, 2. Suppose that at time ¢ player i invests an amount 7;(¢) in stock i and the rest
of that player’s wealth [R; — m;(¢)] is invested in a risk-free asset. Denote I1; = {m;(f)};>0,
the investment amount process of player i. Then the wealth process of player i, under the
investment control IT;, becomes

dR}" = [u; + r(RY" — 1) + ;| dt + Bimvidw; + vidZ;,

where r is the risk-free rate.
Write the difference between the wealth processes as X M, . — Rll_Il — R? 2 which is then
governed by the following stochastic differential equation (SDE):

dthl’Hz = [}’(thl’n2 —m + 7'[2) +aym —aymy +up — uz]dl‘
2.1)
+ m B1dw1 — maBadwy +vidZy — vadZ;,

with X(l)_[ B x, which is the initial wealth difference. For convenience, we write

O =(a; —n)/Bi,  ai(t) = Bimi(D),

i=1, 2, where 6; is a constant, by assumption, called the Sharpe ratio (or market price of risk)

of stock i. We also let u =u; —up, o = \/v% —2poviVv2 + vg, and dZ = (vidZy, —vdZp) /o,
where Z is a standard Brownian motion independent of w;, i = 1, 2. Denote by A; = {a;(t)}>0
the investment control process for player i, i = 1, 2. Then the process (2.1) can be rewritten as

ax A — (rXtAl A2 40141 — Orar + M)dr +ajdwy — axdws + o dZ, 2.2)

with X64 142 _ ¢ In this paper, we assume the parameters 6;, r, and o are positive. We consider
constrained investment. Specifically, we assume that short-selling of stocks is not allowed and
the amount of investment for each player is limited. We now define admissible controls. A
nine-tuple (2, F, {Fi}i=0, P, w1, wa, Z, Ay, A), with A; ={a;(H)};>0 and complete filtered
probability space (2, F, {Fi}>0, P), is called an admissible control, and (A;, A) a pair of
admissible plays, if, in this space, (i) A, is progressively measurable to {F;};>0 with 0 < a;(¢) <
A;, where A; is a fixed positive number, i = 1, 2; and (ii) SDE (2.2) admits a unique solution.
This formulation allows non-Lipschitz controls and is called the weak formulation (see page
64 of [13]). We note that A;/B; is the maximal investment amount allowed in stock i, i = 1, 2.
We denote by A; the set of admissible plays .A; for player i.

For an initial difference x in interval (I, u), where [ is the lower boundary and u is the
upper boundary, we define a hitting time of the controlled difference process under a pair of
admissible policies (Aj, Aj):

e =inf fr= 00 x7 2 =y, 2.3)
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for any / <y < u. Now we give the definition of a performance function under (A1, Ay):

vALA (6 = P, (rlAl’Az < 00, r[A"AZ < rbftl’Az) , 2.4

where P,(-) =P(- |X64 A2 = x). The performance function can be viewed as the probability
that player 2 wins the game, that is, the difference reaches the low target level / (indicating a
relatively high wealth level of player 2) at a finite time (before reaching the high target level u).
We use a min—max criterion to define the values of the game (the sub-value and sup-value
functions):

V(x):= sup inf VA“AZ(x),

Azehy,A1€h
B (2.5)
V()= inf sup VA2

AleAlAzEAg

Obviously V(x) < V(x) for all x € (I, u). If Vx) = V(x) for all x € (I, u), we define the function
as the value function, denoted by V:

Vo) = V() = V(). (2.6)

In this paper, we find the sub- and sup-value functions in explicit forms, which are twice
continuously differentiable on (I, ). We also find the associated optimal plays.

Remark 2.1. We note that the mathematical formulation of this paper can cover the case of a
proportional reinsurance game. Suppose the surplus process of insurer i, i = 1, 2, is represented
by the following SDE (see [7, 10, 14]):

dRé'{i = [er{i + wi — A1 — u,)] dt + oju; dw; + v; dZ;,

in a diffusion approximation model with Brownian perturbation Z;, where r is the risk-free rate,
A; is the reinsurance premium rate, y; is the insurance premium rate, and u; is the controllable
risk exposure level. The difference between the surplus processes is governed by

dxthte — [rx”h”2 + Ay — Az + (A — Ay + g — Mz)] dr + oug dw

— opup dwy + o dZ,

which is in the same form as (2.2) by setting a; = oju;, 0; = A;j/oi, and L = Ay — A1 + (1 — Ua.

3. Bellman-Isaacs equations and verification theorem

In this section, we give the BI equations that govern the sub- and sup-value functions and
prove the verification theorem that the classical solutions to the BI equations satisfying appro-
priate boundary conditions are the sub- and sup-value functions of the game. The second-order
ordinary differential equation for the sub-value function is given by (see, for example, [5])

sup inf L2W(x)=0, (3.1
ay€[0,4,]91€[0,A1]

and the sup-value function solves

inf sup LY“W(x)=0, (3.2)
ap E[O’Al]aze[O,Az]
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where the operator L is defined by
1
WMW@:@Hﬁm—@@+me+§M+ﬁ—mW@+&mmm (3.3)

In the following, we prove the verification theorem that if a Cz[l, u] solution (with
continuous second derivative on [/, u]) to (3.1) with boundary conditions

wi)=1, Wwu)=0 (3.4)

exists, then the solution coincides with the sub-value function. Likewise, a C2[l , u] solution to
(3.2) with boundary conditions (3.4) coincides with the sup-value function.

The following result says that under any pair of admissible plays, the difference process
exits the interval (/, u) almost surely.

Lemma 3.1. For any pair of admissible plays (A1, Az), Ai ={ai(®}i>0, i=1, 2, we have
P, (rlA]’Az A 1,141’“42 < oo) =1,

where | < x < u.

The proof of Lemma 3.1 is given in Appendix A.
We now give the verification theorem.

Theorem 3.1. Suppose that functions W and W are C?[l, u solutions to the BI equations (3.1)
and (3.2), respectively subject to the boundary conditions (3.4). Further suppose that there
exist a pair of Borel-measurable functions ai(x) € [0, A1] and a3(x) € [0, A2] satisfying

inf L2 W(x) = L€ D@2 (x),
ai€[0,A1]

o (3.5)
sup inf LYW (x) = LAOGOW(x),
a,€[0,A,]91€10.A1]

for some Borel-measurable function a*(x,ap)€[0,A1] defined on (I, u) x [0, Ay] with
a*(x, ay(x)) = aj(x), and another pair of Borel-measurable functions aj(x) € [0, A] and
as(x) € [0, A] satisfying

sup LW (x) = LT SV (),
az€[0,A]
. e 3.6)
inf sup  LUC2W(x) = LAO-ROW(x),
ale[O*Al]aQE[O,AQ]
for some Borel-measurable function a*(x, ay) € [0, Ay] defined on (I, u) x [0, A1] such that
a*(x, aj(x)) =ay(x), for all x (I, u). Then we have W(x)=V(x) and W(_xi =_1_/*(x) for x e
[, u). Furthermore, the plays in the feeiifiik forms of (A}, A3) and (A, A,) given by

Af Z{Q?(X;AI’AZ)}[ZQ, and ﬂf:{af(x;“‘*&)},zo, i=1,2, are optimal plays such that

VA4 x)=V() and VXTJ; (x) = V(x), where {XtA 1A }t=0 is the surplus difference process
that solves SDE (2.2) under play (A}, A3), and {X,A1 A }is0 solves SDE (2.2) under (71?, 7\;)

The proof of the theorem is given in Appendix B.
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For any C?[I, u] function W with W” (x) # 0, write

. W'(x)
at,ay,wx) =—0 Wi + paz,
(3.7)
. W'(x)
az,a;,w(x) =62 W) + pai,
which satisfy
dLM-2 W (x) Lo LW B
daj a1=a1,q,,w(x) e day ay=az,q),w(x) -

Noticing that L**“2W is a quadratic function of a; and a, the expressions in (3.7) are used to
determine the optimizers in equations (3.1) and (3.2).

In the next two sections, we assume positive correlation 0 < p < 1. The case with
nonpositive correlation —1 < p < 0 is solved in Appendix C.

4. The sub-value function

In this section, we solve for the sub-value function V. We assume V is a classical C2[l, u]
solution to the BI equation (3.1) with boundary conditions (3.4). We also assume V’(x) < 0 on
(1, u) and the function V has at most one inflection point, denoted by xg, such that V" (xy) = 0,
on (I, u). The decreasing property of V(x) is because as surplus difference x increases, player
2 has a less advantageous surplus position and less likely to win. In the following two subsec-
tions, we proceed to find V via two regions — a concave region with V”(x) < 0 and a convex
region with V" (x) > 0.

4.1. The concave region with V" (x) < 0

a
Note that in this region, we have % > 0. Since L*"“2V(x) is a quadratic function in a; with
a negative coefficient on the second-aegree term, the minimizer of L*"2V(x) in a; € [0, A1] is
a*(x, ap) = Ay if its vertex point dy 4,,v satisfies

1% A

ar,a,,v(x) = —ﬂﬁ +pax < —

f— 2 9
or equivalently, a> € (=00, az y(x)] N [0, A2], where

61V A

s =, 4.1
P + P 4.1

ary(x) =

which is positive in the concave region. Meanwhile, the minimizer in a; is a*(x, az) =0 if
N %4 A . ~
a1,ay,v(x) = =01 37 + paz > =, thatis, ay € (az,y(x), 00) N [0, Az].

For convenience, we write the function a; = as y(x). The minimizer of L2V (x) in a;
(given aj € [0, Az]) can be expressed in the following form:

0 dx<Ar are(an, Asl,
a*(x,ap)={A1 a <A ay €0, azl, 4.2)
Al ary>Ay ax [0, As],

which takes the boundary values 0 and A;.
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We now define two regions:

Ri—={xel,u):V"'<0, aa <A} ={xel,u):V' <0, V//V' <B},
—fxew):V' <0, & =A) ={xel,u:V" <0, V/V' =By}, 3
where
Bi = (pA2 —A1/2)/61. (4.4)
Next we give results to find the maximizer in ap of Lg*(x’“”’”zz in Ry — and Ry, . Note
that the vertex point of LAl'“ZZ (as a quadratic function of ap) is a2 4,,v = 92‘71,/, + pA; >0,

and the vertex point of L%V is azov = 92% > 0.

Considering the maximization in as € [0,?12] of LA 2V and in ap € (az, A] of LO’“ZZ from
(4.2) in Ry — with 81 /6, < p, we obtain the following lemma.

Lemma 4.1. Forxe R —, ifz—; < p, we have

Ly (x:0<apav<a}= { Ly < Bz}
sup inf L[99V =
el0.a)t A [y =198y (x:d <doap)={xiB < ),
B (4.5)
and
sup inf L9y
are(, Ay 141 €10,A1]
0,a0y — JAL.G2 LA <7 :{ L/< }
LPRY =L70%2V {xiaoy <@} =x: 37 < B3, 4.6)
= LO,?lz.O,yz {x:ap < 212’0’! <Ay} = {x B3 < % < B4},
L%y {x:Ay=@moyv}= {x By < “////
where
A1(1/2 — p? Ay/2 A
py= MU= oy A2 g A 4.7)
06> — 0 pbr — 6 0>

We note that

iy =[Oy

_ 9_12 6162 2+ S O 6 A L’_i_l A_%_i_az
=\ )\ R 202 7 20) M v T2\ 42 '

(4.8)
We now consider the optimization in R _ in the case p < 6;/6>. Note that
Ar,a2.4,.v . A ~1_ .. v
[Araa vy {x.0<a2,Al,X<a2}_{x.Bz<w},
sup i[I(l)fA ]L‘”’“ZZ= B (4.9)
; ) _ . v
az€l0.a A ey (i@ <anav)= {x‘ i <B2}
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for p < 6;1/6,, and
{x O<aza,v <El2} if p < /1/2,
- (4.10)

[Ardary :
X: (12<(12A1 } if /1/2 <p,

sup  inf LRy = y
a2€[0,a11 €10.A1] A @y {
for p =01 /6, in the region R, —.
Further, from p <61 /65, the inequality 0 < as o,y < a» always holds, and we have
sup inf L%y = sup LO2y=[0®y=[AL0y 4.11)

ar€(a,Ay191€10.41] ar€(as,Az]

in the region R —
Comparlng 4. 9) and (4.10) with (4.11), and noticing that [Ara2a;. vy > [An "2V on

} we obtain the following lemma.

{x 32 < V”
Lemma 4.2. For x € R _ and p < 01/62, we have
[Areavy {x:0<apav<ar}= {x By < & }
sup inf L[99V = - (4.12)
arel0.Am DAl Aoy raw<aay { ZL
forxe R —and p= 9 , we have

Meavyp < /172,

sup inf L2V = y (4.13)
[Avay VI2<p.

ay€[0,4;]1€[0:41]
For x € R;,—, the minimizer in a; of L*"*V is always a*(x, ap) = A1, and the vertex point

of LAV (in ay) is a2 ALy =02 “,/,/, + pA1 > 0. Then we obtain the following result

Lemma 4.3. For x € Ra,—, we have
[Arézavy [x:0<aza,v <Ay} { Ly <B5}
sup inf L9V = (4.14)
are[0.a) €041l LAy {x:Ar<apa v} = { B EL}
where
Bs = (A2 — pA1)/6>. (4.15)
Short calculations yield the following lemma.
Lemma 4.4. If < p, then By < B3; B3 < By if and only zf <2(p — ); and By < By if
and only ifﬁ—; < 2(p - 5).
- %)? and By <B4 <Bj

From Lemma 4.4, we have B3 < B4 < By if % < p and A 2(p

91 )
< p then By < Bs if and only

1f <p and >2(p —
Lemma 4.5. We have Bl < By if and only lfA2 < 2%)922”2:) If
’f 2(;0«922)02:)' Ifp<gk , then Bi < Bs if and only ’fAz = 29(7092%2)
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!
Next we consider the following parameter cases to find the expression for % in the concave
region: B

1. 2p < ;‘—; (i.e. By <0);

A 0 A 01+.
A 6 A O1+.
A 6
4. A—; <2p, é > p.
In case 1 with B; <0, we have R1,— = ). We consider two subcases: subcase 11 with Bs <0

(.e. % < 2—;) and subcase 12 with Bs > 0.
In subcase 11, we have B; <0 and B; < 0. From Lemma 4.3 (with the first line degenerated)
and the assumption that V solves (3.1), we have

sup inf L@y =[ArA2y (4.16)
ar€[0,4,191€[0,A1]

in the concave region, which gives
1
LMY = (e 4+ 4 6141 — 02A0)V + E(A% +A3 —2pA1A, + 02V =0

by the BI equation (3.1), yielding XV/,/ = g(x), where

_2(}”)6 + u+601A; — 6LA2)

X) = . 4.17
80 AT +A —2pA1A; + 02 @1
Note that inequality g(x) > 0 is equivalent to x < xg, where
x0=—(01A1 — A2 + w)/r, (4.18)
which is the unique inflection point. Thus, in subcase 11, we have
1!
= = 8l(—co.xq)s 4.19)

v
which is a continuous, positive, and decreasing function, with the optimizers given in (4.16),
in R1,—- URy - =(—00, x9) N [I, u], which is the concave region, where 15 is the indicator
function for a set S of the real line such that Ig(x) =1ifxe S and 1s(x)=0if x ¢ S.
If B; <0 and Bs > 0 (subcase 12), from Lemma 4.3 we have

[Ardzavy {x: ‘71:, <BS}’
sup  inf LY@y = B ' e
ay€[0,A,]41€[0,A1] Ay {x +Bs < %}

Note that

2 /
%

LAI’&szlvMV — _VN
- .

V'\? 1%
( )—[rx—i—u—i-(el—,o@z)A]](

= - _l _ 22\42 2
Z// K”> 2[(1 1% )A1+U ]}

421
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The equation LA1®41YV = 0 yields ‘% =fi, where

fin = [rx+ 1+ (01— PODAL 4+ [rx+ 1+ (01 — pODAI > + 02[(1 — p?)A2 +021] /63

(4.22)

which is a positive and increasing function. Thus, the condition % =f1(x) < Bs yields x <

x5, where

_ (AT A5~ 2pAiAr +07)  —01A1+02Ar — b

(4.23)
2r(Az — pAy) r

X5, =

Also, [A142V =0 gives g—,/, =1/g, and 0 < g(x) < 1/Bs yields x5 <x <xp. Then we con-

clude that ,o

14 (—00.xs,-)

VS + 815 _ x0)» (4.24)
which is a continuous, positive, and decreasing function in the concave region (—oo, xg) N
[/, u] in subcase 12.

In case 2, we compare (4.5) and (4.6) to determine sup,, (o 4,] infa,€f0.4,] L*"*?V. From
Lemma 4.4 we have By < B3 <B4 < B and Bs < By. From Lemma 4.3 and Bs < B;, we
have

sup  inf L2y =AMy (4.25)
a2€[0,4,]91€[0,A1]

in the region R _. Next we consider the region R . We note that

. 02 V' \? V' o2
[O@ovy =y [(-%) (ﬁ) + (rx+ u)ﬁ t5 (4.26)
and
1
LoV = (rx 4+ — 6,4V + 3 (AT +o%)V". 4.27)

From (4.8), (4.26), and (4.27), we have

i . \ave vV AT
Ay _[0aovy — = |l =+—| <0 4.28
- - 2[(0 2)2”+2p]_ *29
and
o om VT 6\ vV A V[V 2
=5 (o-2) -3 -5 o)

Vo, YV g 01 v A (o v
) 0 1 Z// 2 0 _// 2p Zz// 2
Z// '01 K/ 91 K/ Z/
=5 ; BI_W 92—; = —B3||+62 W—B4 )

!
which is nonpositive when B3z < By < % < By and % < p.
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If B, >0 (i.e. p < 4/1/2), from (4.28), (4.29), (4.25) and Lemma 4.1 by comparing (4.5)
and (4.6), we conclude that

A V/
LAl,az_Al.zK {x:?<32}’
[Vdy — (ALY {x:Bzf‘%f&},
sup  inf L@y =][0&ory {x:B3 <L < 34}, (4.30)
ar€[0,4,191€[0,A1] -
042y { B4<%<Bl},
Ay [v:81= %],
in the concave region R, URy _ = (—00, x0) U[l, u] in case 2. In the following, we set

(4.30) equal to zero, due to BI equatlon (3.1), to find in the concave region. Note that the

V//
equation ! @2y YV =0yields ﬁ = f1, and the inequality fi(x) < B is equivalent tox < x _,

where
B%}%u—p%ﬁ+oﬁ+m@—mmr—

4.31
2rBy r ( )

Xy, =
Note that from (4.8), the equation L>%V =0 yields ‘% =f>, where
2 2
0 A 0 A 0 A
[rx—i— " +<71 - 92) ﬁ] + \/[rx—f- n+ (;‘ - 92) ﬁ] + p—'2(2,092 - 91)<¢ +02>

= ,
’ % (206, — 1)

(4.32)
which is a positive and increasing function when 61 /6, < 2p. Thus, By < v” =f> < B3 yields
X2,— <x <x3,_, where xp _ is given in (4.31) and

1 0242
_ el (4.33)
2rB; | 4 (62 — 61)

From (4.26), the equation Lo'azv"-!z =0 yields g—,,, = f3, where

(rx 4 0 + ) (rx + (0% + 6302
(4.34)

2 9
92

Hx) =

and B3 < f3 < By yields x3,_ < x <x4,—, where

) A2 _ 2
x4_=M _ ﬁ (4.35)
’ 2rA, r

From (4.27), the equation L%42V =0 yields ZV/// = g2, where

2(rx + n — 6A2)

4.36
A% + 02 ( )

&) =—
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and 1/B; < g2 < 1/B4 yields x4 — <x <xj,_, where x4 _ is given in (4.35) and

A2 4+ 52 6 Ay — 1L
2
X]—=— + . 4.37
L 2rBj r ( )

We have XV/,/ =g if 0 < g < 1/Bj, which is equivalent to x;, - < x < xgo. Thus, we obtain

V' ooy | w1 Lo
?z o;lxz’ * xz’f2x3’ - x}.f;% + 821y o) 81— xo)s (4.38)

which is a continuous, positive, and decreasing function in the concave region R - URy _ =
(=00, x9) N [I, u] if B > 0 in case 2.
If B <0 (i.e. p > 4/1/2), the set in the top line of (4.30) degenerates, and we have

LO’aZZZLA]’&ZZ {x:L,,,SB?,},
[O®ovy {x:B3 < 5—1 < 34},
sup inf L2V = - (4.39)
ar€[0,A2)1 €[0A1] Loy {x By < i < B }
V/
[A1A2 {x:Blfﬁ},
and
V" oo 1 Lo _uo)
= = 5, + A +g21[x4‘_,x1,—) + 81— x0)s (4.40)

v f bE)
which is a continuous, positive, and decreasing function in the concave region in case 2.
In case 3, we have 0 < By < B4 < B3. We consider three subcases: subcase 31 with B; < B»,
subcase 32 with By <0 < By, and subcase 33 with 0 < B> < Bj.
In subcase 31, the assumption B; <B; implies B; <Bs by Lemma 4.5. From
Lemma 4.1, noticing degenerated sets in (4.5) and (4.6), and in (4.28), we have

supap € [0, Ap]infa; € [0, A ]JLV92V = [Ara2a,, YV in R,_. From Lemma 4.3, in the region
v

Ra,— we have supaz € [0, Az]infa; € [0, A ]JLYRY = LAI a4, YV on B| < v < Bjs and
sup as € [0, Ax]infa; € [0, A{]LY92V = [A142V on Bs < —. Thus, (4.20) holds and —/ is
given in (4.24) in the concave region.

In subcase 32, we have B; <B4 <Bj3. From By <0< B;, we have Bs < B;. From
Lemma 4.1, we have sup as € [0, A2]infa; € [0, ALYV = LAl*aZZ in Ry —. From Lemma
(4.3), we have sup ay € [0, Ay]infa; € [0, A|]LY2V = [A142V in R, _. Thus, we have

ey =iy o< g <Bil,
sup inf L2V = - (4.41)
azé[O,Az]“le[O’Al] LA],Azz { | < ‘71}
and
V// 1(7 . 7)
v el (4.42)

which is a continuous, positive, and decreasing function in the concave region.
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In subcase 33, we have B; <B4 <Bj3. From 0 <B) <Bj, we have Bs < B;. From
Lemma 4.1, we have

A !
LAl’az’Al’XK {x:0<&2,Al,Z<a],X}={x:%<32},
sup  inf L2V = ) ) Y
ar€[0,4,]41€[0,A1] LO,azZ:LAl,azz {x: Ell,y < &Z,AI,Z} = {x By < 7],

in Ry —. From Lemma (4.3), we have supay € [0, Az]infa; € [O,Al]L‘“’“ZZ=LA1’AZZ in
R1,—. Thus, we obtain

LAl,&z,Al,ZZ {x V//’ <B2},
sup  inf L[4y ={[0ay=[Aray {x By < ;L/,/ <B }, (4.43)
ar€[0,A141 €10,A1] v
LAl,AzK {x Blf%],
and v 1
1% oo T
V5 Moo ) n (r2,—x1,-) + el o) (4.44)

v h 12
which is a continuous, positive, and decreasing function in the concave region R - URy _ =
(—00, x0) N[, ul.

To solve case 4, we consider four subcases. We assume p < 61 /6, for the first three sub-
cases: subcase 41 with By < B», subcase 42 with B, <0, and subcase 43 with 0 < B, < Bj.
The fourth subcase is subcase 44 with p = 6;/6,.

In subcase 41, from B < B, we have B; < B. From (4.12) and Lemma 4.3, equation (4.41)
holds and the sub-value function satisfies (4.42) in the concave region.

In subcase 42, from B, <0 < By, we have B| < Bs. From (4.12) and Lemma 4.3, equation
(4.20) holds and the sub-value function satisfies (4.24) in the concave region.

In subcase 43, from 0 < By < B, we have By < Bs. From (4.12) and Lemma 4.3, we have

0@y =[Aray {x:%<32},
sup  inf L@y =] [Areary {xiBz <L < Bs}, (4.45)
aze[O,Az]”le[O*Al] o
LA1,A2 {XIBSS%}»
and .
Y _ licom) + loa ) + 8lixs — x0) (4.46)

vVooh h

which is a continuous, positive, and decreasing function in the concave region.
In subcase 44, we have p=01/60,. If p <./1/2, we have B; < Bs. From (4.13) and
Lemma 4.3, equation (4.20) holds and the sub-value function is given by (4.24) in the concave
region. If \/1/2 < p, we have B;s < B;. From (4.13) and Lemma 4.3, equation (4.41) holds and

v . .
7 1s given by (4.42) in the concave region.
We have thus found % and the optimizers explicitly under all possible parameter cases

for the sub-value function in the concave region. The results are summarized in Table 1 of
Appendix D.

https://doi.org/10.1017/apr.2025.10047 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2025.10047

Sub-value and sup-value of diffusion game 1107

4.2. The convex region with V"’ > 0
In this region, we have % < 0. The quadratic function L**“2V (in a;) has a positive
coefficient on the second-degree term, and the vertex point @i g, v(x)= —91% + pay is

positive. If the vertex point satisfies a1 4, v(x) = —91% + par < A1, which is equivalent to
ap € (=00, az y) N[0, A2], where

(4.47)

then the minimizer of LV in ay is a*(x, a2) = a1,4,,v(x). If A| <@y 4, v(x), that is, as €
[d2,v, 00) N[0, A2], the minimizer in a; is a*(x, a2) =A;. Below we write da» =ayy for
convenience. The minimizer a*(x, ap) of L***2V in a; given a, € [0, A;] takes the form

Ay a <0 ar €[0, Aa],

A 0<ay <Ay ay€la, Asrl,
a'(x, ar) = (4.48)
aray 0<dy <Ay axel0,dl,

1,4y A2 <> az €[0, Az],

which assumes nonzero values. Note that a; 4, y =Aj.
We now define three regions which form a partition of the convex region:

V/
Ri+=1lxel, u)IZ”>0,é2§0}={XE(l, u): V" >0, ﬁSBs},

V/
Rot={xel,u):V'>0,0<a <Ar}= {xe(l, M)¢K”>0736<ﬁ <B7}, (4.49)

V/
Ray=f{xe(, u):y”>0,A2§c’zz}={xe(l, u):Z”>0,B7S$},

where
Be = _ﬂ’ By = w
01
We note that Bg < B7 and the region R3  degenerates when By > 0. Next we show results to
determine the maximizer in as of L& *%:42)-@2V in these three regions.
For x € R 4+, the minimizer in a; is equal to a*(x, az) = A1. The vertex point of 1A% i g,

(4.50)

isaya,v= 02% + pA1, and the maximizer in a> is 0 or A;. We obtain the following lemma.

Lemma 4.6. For x € Ry 4, we have

[ArAry {x:chlVg‘% :{x:%—;SBg},
sup inf L9V = - T - 4.51)
ar€[0,4191€(0,41] LAI’OZ {x: % < &2’,411} = {x :Bg < 7},

where
Bs = (A2/2 — pA1)/0s. (4.52)
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In R ., from (4.48), if as € [0, a2), the minimizer in a; is a*(x, a2) = a1 4,,v. The function
La2. Y2V simplifies to
02 V/2

LB@VaY =[x+ p+ (pf) — 62)ar)]V — 77+ - +o?lv, @5y

which is a quadratic function in a; with a positive coefficient on the second-degree term, and
its vertex point in a; is given by

y po1—6, V'

oy =— 1—p2_W’ (4.54)
which is positive when % < % in the convex region. The maximizer in a; € [0, ap] of
L‘A"vaz‘!’azz is 0 or ay. If ap € [az, A2], the minimizer in a; is a*(x, a;) = Aj. The vertex point
of A2V in ay is az.4,,v, and the maximizer in a; € [a2, A>] of LAV is s or Ay. We obtain
the following lemma.

Lemma 4.7. Forx € Ry 4, zf}—) < %, we have

LiovOy (a2 < i v) = [x: < Bol,
sup inf L2V =1 ) B
azel0.d)@ €10A1] [Ari vy — [Arby (i, y < dn)2) = {x By < {7 }
(4.55)
where 5
1—pHA
Bo=——U =P (4.56)
01(1+ p%) — 200>
forxeRao 4, lfe =<5, we have
sup  inf LY@y =[%avay — [Ariy, (4.57)

are[0,d,141€10,A1]

: 01
ForxeRo 4, if2p < g, we have

L@y (x: (G +A2)/2 <aga v} = {x: 7 < Bm},
sup inf LRV = N

weliaa€l0Al T ALY (ria < (G +A2)/2) = {x ‘Bl < ;1}
(4.58)
where pAz + (1 — 2pHA,
Bijo=— o — 200, ; (4.59)

forxeRy 4, if% < 2p, we have
[AvRY Iy (G +A)/2<apa,v)= {XIBlo < ‘71/,}

sup inf L9V = )
arelir. Ay 1 €10.A1] AV (xiagay < (@2 +A2)/2) = {x: L < Bm};
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forxeRo 4+, if% =2p, we have
[Arey Ay + (% —2p)A; <0,
sup inf L9922V = (4.61)
ar€ldn A1 €10A1] [Avhry Ay 4 (% - 2,0)A1 > 0.
To show (4.57), we note that Bg < Bg if 1+p2 < g; 5 and the set {x:d2/2 <ay v}

degenerates in R 4.

In R34+, from (4.48), the minimizer of L2V in a; is a*(x, a2) = a1,4,,v for all as €

[0, A>]. From (4.53), we note that L‘A”’“ZVX’”ZZ is a quadratic function of a; and its vertex point is
dp,y in (4.54). The maximizer in as € [0, As] of L0422V is 0 or A>. We obtain the following

lemma.

Lemma 4.8. For x € R3 4, if% > /l), we have

~ o V/
ap,ay Lal,oyz,oz {xlal,yz %} - Hx: ? SBII}’
sup inf L2V ={ v
arel0.Aya1€l0A1] trartey ey <% ={xbu <),
where 5
g =P
2(p61 — 62)

1 1
forxeRs3 4, lf@— 5 we have

sup  inf L@y =[NmvAy
az€[0,47191€10,A1]

In the sequel, we find 7 in the convex region via the following parameter cases:

0 1.
1. 2p < 5 50,
2. % /1—) 20 andA2+(——2,0)A1 > 0;
3. g < }-) 2p and Ay + (5 —2p)A; <0;
4. % §2pandA2+(——2p)A1>0
3. %<é§2pandA2+(;—2p)A1§0;
6. %,2p<g—;andA2+(%—2p)A1>O;
7. %,2p<g—;andA2+(%—2p)A1§O.

(4.62)

(4.63)

(4.64)

In case 1, the parameter conditions imply Bg < Bg and Bjg < Bg. From Lemma 4.6 and
B < Bg, we have supa € [0, Ay]infa; € [0, A{JL4 9V = A4V in R ;. From (4.57),
(4.58) and Bjo < Bg, we have sup as € [0, Ap]infa; € [0, A{]L2V =[A142V in R,y 4. In
addition, from (4.64), if B; < 0, we have sup a, € [0, Ay]infa; € [0, A{]JLV92V = L‘”’Az’X’AZZ

inR3+={x:By< %}. ‘We obtain

A2y RHURH_{ = <B7}
sup inf LYV =

a €0, Az]a|€[0 Ar] Lal‘Az,Z,AZZ R3’+ = {x N B7 < ‘7&,//},
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in the convex region. From (4.53), this yields
!

[@1ayvA2y v 012 v ’ 2] 62)A A4
TYESES =[x+ p+(pb1 — 62) Z]W—

20— )43 40 ]}.
(4.66)

Thus, the equation La‘vAZvK’Azy =0 yields ‘% =5, where

rx+ w4 (p6; — 62)Ar — \/[rx + 1L+ (0 — 02)A2]% + OF[(1 — p2)A3 + 02]
07

fs(x) =

’

(4.67)
which is a negative and increasing function. The inequality f5(x) > B7 gives x > x3 1, where

BIO} 0’ —(1=pA;  (pfi —6)Ar + 1

= - . 4.68
XS’JF 2}"B7 r ( )
The inequality 1/B7 < g(x) <0 gives xo < x <x3 4. Thus, incase 1,if B; <0 (i.e. i < p), we
have
v’ L 4,00
Vo 8lioxs 41+ 5 (4.69)

which is a continuous, negative, and decreasing function in the convex region R; + U Ry 4+ U
R3+=(x0,00)N[u,l]l.If B >0 (G.e. p < ﬁ—;), we have R3 4+ = ¥J; so we have

sup inf L@y =[ArA2y (4.70)
ar€[0,4,191€[0,A1]
and
1!
V/ = gl(xg.00)s (4.71)

which is a continuous, negative, and decreasing function in the convex region.
In case 2, we have Bg < Bg and Bjg <0 (1f < 2p) From Lemma 4.6, (4.57), (4.60) or

(4.61), and (4.64), we obtain the same expression for *, as in case 1.

In case 3, we have 0<Ay/A1<2p—1/p and gz <1/p<2p. We can show
that Bg <Bg, Bg <Bjp, and B7 <Bjp<0. From Lemma 4.6 and B¢ < Bg, we have
supas € [0, Ax]infa; € [0, A|]Lv2V = [A142V in Ry . From (4.57) and (4.60), we
obtain supap € [0, Az]infa; € [0,A1]L“"“2Z=LA"A2X in Ry 4. From (4.64), we have
sup as € [0, Ax]infa; € [0, A{]LY 2V = Lalvsz!’AZK in R3 4. Thus, we conclude that !7/,/
takes the form (4.69) with the optimizers given in (4.65) in the convex region in case 3. B

For the remaining parameter cases, we have % < %, under which the following quantities
are all positive:

£ — 01 6= (14 028 —2p62 _ 61— pb . (14 pH01 —2p6>
2061 — 62)’ 2061 —62) 001 — 6y’ 202(p01 — 62)
“4.72)

We give the following lemma which can be shown by simple algebra.
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Lemma 4.9. Assume % < %. Then the following results hold.

(1) We have & < &3, &4; Bg < Bo; Bg < B7 if and only if ﬁ—; < &, B11 < By if and only if
& <&; Bs <Bg ifand only if §* <&

(ii) If 2p < g then Bio < Bs if and only if 4+ <&; Bio < By if and only if 3+ < &; and
B1o < By if and only ifﬁ—; < &4.

(iii) If 5 <2p then Bio < Bs if and only if 4+ > & ; Bio < By if and only if 3+ > &; and
Bi1o < By if and only ifﬁ—; > &4.

(v) If2p < g—; then &1 < & < &4.
(V) If G <2p then &4 < & < £1.

In case 4, from Lemma 4.9, we have & < &, <& < &(. From A + (71) —2p)A; >0, we
have ﬁ—; < m < &4, where the second inequality is equivalent to % < 2p. We consider two

subcases: subcase 41 with & < g—;(<§4 < &3 < £&1) and subcase 42 with ﬁ—; <&H(<& <& <

&1).

In subcase 41, applying Lemma 4.9, we have Bg < By, B7 < Bj1, and B¢ < B7 < Bg <0 <
Bio. From Lemma 4.6 and Bg < Bg, we have

sup  inf L@y =[ArAy (4.73)
a2€[0,4,191€10.A1]

in Riy4. From (45), @&11), and Bs<B7<B9g<0<Bjp, we have
supap € [0, Ap]infa; € [0, A ]JLV92V = max{LAl’AZZ, L”lvaZ’OX} in Ry 4. From

; 02 (V' Vo1
Oy, 1 pS v 2

Lhovdy = y” [_? (F) + (rx+ H)F —3° 4.74)

we obtain /
Linovoy _ ity —yrg (L), (4.75)

V//

where G is a quadratic function given by
6’12 2 Lo o

G(A) := —?A + (6242 — 01A1)A — §(A1 + A5 — 2pA1A2). (4.76)

We have L4.0v0y — [A1LA2y > 0 if and only if A_ < ‘% < A4, where

bady — 0141 % /(622 — 0141 — O (A} + A3 — 2pA, )
A A= - @.77)
1

are roots of the quadratic equation G(A) =0, whose discriminant is positive if and only if
j:—; > &s (provided /1—) < %), where

07 — 63
" 2010061 — 62)°

By simple computations, we give the following lemmas.

&s (4.78)
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Lemma 4.10. Assume % < %. Then:

() <& <85 <&, A <By
(ii) if 3L > &s then the roots A_ and A are real and A— <Ay <0
(iii) ifﬁ—; > &5 then A+ < B7 if and only if‘:—; < &, Be <A_ if and only ifﬁ—; <&
To show (ii), we note that ’ﬂ > E5 > g—z, which yields 6,A; — 6141 <0

+ =2t < Bg, AL <Bg <Ay ifand only if & <

Lemma 4.11. If <0 andA‘ > & then 2
<E40r$4< L <&

&4, and A_ < Bl() <Aj zfand only if & <
%% < 4L Ttholds by showing %32 < &5, which

The inequality =——+ 4- + =% < By is equivalent to
is equivalent to ( % p)( 7 —1y>0. The other two results in Lemma 4.11 immediately
follow:
2p%(p61 — 62)*A7 (A Al
G(Bg) = — 3 2 (— - sz) (— - &)
[01(1 4 p?) —2pb,]

__20%(p0) — 0,)°A3 Al
0= e (-a) (%)

From Lemma 4.10, we see that A_, A4 exist and we have Bg < A_ < B7 <A in subcase

41. Thus, we have
Ay {x:B6 YA }
ai,a ALA a ,0 - 4
sup inf L2V = max{L' 2y, L1O0VTy
a2€[0,A;]1 €[0-A1] qu,o.z’oy [x:A_ < % < B7},
4.79)

in Ry, +. From (4.62) and B7 < B11, we have
[aovOy {x Br< ¥
- (4.80)

sup inf L2V =1 )
arel0.Ay] 1 €l0A1] pnviy Loy < Gl

in R3 4. Thus, from (4.73), (4.79), and (4.80), we obtain

Az fx: 9 <a ).
sup  inf L@y =][norOy {x:A_ <L < } (4.81)
a2€[0,4,]01€10.41] R -
L“I’Az’X’AZX {x:Bu < %},
in the convex region. The inequality 1/A_ < g(x) <0 gives xo < x < x7 4, where
Al +AT=2pA1A2 +07  61AI —6hAr+ 1 “4.82)
r

M+ = 2A_
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From (4.74), the equation La0av:0 = yields g—,/, = f4, where

I+ = /(x4 p)? + o207 i3
) (4.83)

o7

fax) =

The inequality A_ < f4(x) < By gives x7, + <Xx < X1 4, where

2 2\4A2 2n2
o2+ (1 —pHA2—02B
Xip=-— 2&f Ll — (061 — 62)As. (4.84)

And the inequality f5 > By gives x > x1 4, where f5 is given by (4.67). Thus, we obtain

1
_ —9gl +
Z/ 8 (x0,X%7,+) f4 fS
which is a continuous, negative, and decreasing function in the convex region in subcase 41.
In subcase 42 with ﬁ—; <& (< &4 <& < &), applying Lemmas 4.9 and 4.10, we have Bg <
Bg, B11 < B7,and Bg < By < B7 < Bjg. We alsohave Bg <A_ <A} <Bg < By (if &5 < 2—;) by
Lemma 4.11. From Lemma 4.6, (4.55), (4.60), (4.62), and (4.75), we have

Iy yx1 ) n Lz 4,00) (4.85)

)

ALA
L 1 ZZ { V// <A }
Lior0y {x:A, <L <A+}
sup inf L9922V = (4.86)
are[0.Ax101€[0.A1] [ArAry {x Ap<< 37}
L&l,Az,Z,AZZ {x B7 < V’/’ }’
and , . .
v [X7,4,x8,+) [x3,4,00)
7 gl(xo,x7_+) + aBRL S + gl [x8,4,X3,4) + B s (487)

4 ' Ja f5

which is a continuous, negative, and decreasing function in the convex region 1f > &5 and
B7 < 0in subcase 42, where

A2+ A2 —2pA1A; + 07 1AL =AM+

== 4.88
8+ 2)‘A+ r ( )
f > &5 and B7 > 0, the region R3 4 degenerates and we obtain
Ay {x Y <A }
sup inf L%y ={[nov0y {x tA_ < ‘71,/, <Ay } (4.89)
ar€[0,4,]91€[0,A1] Vv
V/
R A
and , |
\%4 (7,438, +)
v =8lenn+ # + 8lixg 1008 (4.90)
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which is a continuous, negative, and decreasmg function in the convex region 1f > &5 and
B7 > 0 in subcase 42 We note that 1f < &5, we have [Ar42 V> [A.0y.0 . Thus, we have the
same expression for as in (4.69) When B7 <0 and as in (4.71) when By > 0.

In case 5, we have 55 <& <&y <& <& From Ay + (% —2p)A; <0 we obtain Bjg <0,

and from ﬁ—; > p — > p we have B7 < 0. We consider six subcases (with different ordering
relations between —; and &, j=1, 5) as follows: subcase 51 with Al < &s; subcase 52
with &5 <4 4+ < &; subcase 53 with 3;2 < < 54, subcase 54 with & < < &3; subcase 55
with &3 < < &1; and subcase 56 with 51

In subcase 51, we have Bg <Bg, Bs <Bg < B7 < Bjp, and Bi; < B7. The inequality
a0y OV <M A2V holds due to < &s. We conclude (4.65) and the expression for “/,, is

the same as in (4.69).

In subcase 52, we have Bg < Bg, B < Bg < B7 < Bjg, and By < B7. We also have Bg <
A_ <Ay < Bg < B7. Thus, the expression for XV/’/ is the same as in (4.87) with the optimizers
given in (4.86). B

In subcase 53, we have Bg < Bg, Be < B7 < Bg <Bjo, B; <Bi1, and B <A_ <B7 <A..
The expression for %, is the same as in (4.85) with the optimizers given in (4.81).

In subcase 54, from Lemmas 4.9 and 4.10, we have Bg < By, Bs < B7 <Bjg <Bg9 <0,B7 <
B11, and B <A_ < B7 <A4. We conclude that the expression for V, is the same as in (4.85)
with the optimizers given in (4.81).

In subcase 55, we have Bg < Bg, B <B1o <B7 <B9 <0, By <Bjj,and B¢ <A_ <B7 <
A, . The expression for V, is the same as in (4.85) with the optimizers given in (4.81) in the
convex region.

In subcase 56, we have Bg < B¢, B1p < Bg < B7 < By, and B7 < B1;. The inequality A_ <
Bg < B7 < A4 holds. From Lemma 4.6, (4.55), (4.60), and (4.62), we have

Ay { Xy EBS}
A0y {x:38<;1,’,536},
sup inf L2y ={ - (4.91)
ar€[0.4,]01€10,A1] LovOy {x :Bg < % < B11],
vy fen =)
and - | |
¥ [x4,4.X1,4) [x1,4,00)
7 = gl(XO,X5.+) + 81 1[X5,+ax4,+) + X4}4XI . * le; = ' (452)
which is a continuous, negative, and decreasing function in the convex region in subcase 56,
where et it O1AD)
4 u+ 6141
)= 4.93
g1(x) X 1ol (4.93)
which is yielded by the equation L41:°V =0, and
N __A%+a2_91A1+u ; _el(Af+o2)_elA1+u 4.94)
3+ = 2rBg r ’ 4+ = 2rA; r ’ '

which are computed by solving g1(x) = 1/Bg and g1(x) = 1/Bs.

https://doi.org/10.1017/apr.2025.10047 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2025.10047

Sub-value and sup-value of diffusion game 1115

In case 6, we have Bjg <0 and Bj; < 0. From Lemma 4.9, we have &1, & < & < &;. We
consider the following subcases: subcase 61 with (§1, & < &3<)éy < 2—;; subcase 62 with

(&1, 6<)8 < ﬂ < &4; subcase 63 with £,6 < ﬂ < &3(<&4); subcase 64 with & < Al <
& (<& < &y); subcase 65 with & < < <&1(<& < 54) subcase 66 with 3 Al <&, &6(<& < 54)

and subcase 67 Wlth 2 <é&s.

In subcase 61, from Lemma 4.9, we have Bg < Bg, B¢ < B7 < B9 < By, and B7 < By;. From
Lemma 4.6, (4.55), (4.58), and (4.62), equation (4.91) holds. We have the same expression for
ZV,,/ as in (4.92) in the convex region.

"~ In subcase 62 we have Bg < Bg, Bg < B7 < Bjg < Bg, and B7 < Bi;. We have the same
expression for L 37 asin (4.92) in the convex region.

In subcase 63 from Lemma 4.9, we have Bg < Bg, B < B1g < B7 < By, and By < B;;. From
Lemma 4.10, we have A_ < Bg < B7 <A,. We also have the same expression for !/ as in
(4.92) with the optimizers given in (4.91) in the convex region.

In subcase 64, from Lemma 4.9, we have Bg < B¢, Bg < B1g < B9 < B7,and B1| < B7. From
Lemma 4.10, we have A_ < Bg <A, < Bg < B7. Thus, if B7 <0, from Lemma 4.6, (4.55),
(4.58), and (4.62), we obtain

1%
[Aray [x: 5 < Bg}
0y [x:Bs < < Bol.
sup inf L9V = LE’”’X’OZ {x:B6 < % <A+}, (4.95)
are[0,A,191€[0,41]
Ay {x:A+< z <B7},
LAavhy {x By < x }
and consequently,
1" 1 1
v [x4,+,x8,+) [x2,+,00)
T = 8loos ) 81 s 4w ) % + 8l 40 )+ xzf—;w (4.96)

Vv

which is a continuous, negative, and decreasing function, where

0iB3— 0%
_ _K® 4.97
2.+ 2rB7 r ( )

If B7 > 0, the region R3,+ degenerates and we have

Ay {x:‘%SBg},
410y [x:Bg < X <Bﬁ}
sup  inf L2y ={ . (4.98)
ar€l0,A; 11 €10.A1] [#0v0y { Be < 1 <A+},
LA],AZZ { A+§‘7L;/}’
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and
/!

Ly x5, 4)
= =8&8lixgxs ) T 811 [xs 4 xa )+ et

Vv ’ o Ja
which is a continuous, negative, and decreasing function in the convex region in subcase 64.
In subcase 65, we have Bg < Bg, B1y < Bg < B7 < By, and B7 < Bj;. We also have Bg <
A_ <B7 <A.. Thus, from Lemma 4 6, (4.55), (4.58), and (4.62), equation (4.81) holds and
we obtain the same expression for *, as in (4.85).
In subcase 66, we have Bg < Bg, Bio < B¢ < B9 < B7, and B < B7. The inequalit/y Be <

A_ <Ay < Bg < B7 holds. From Lemma 4.6, (4.55), (4.58), and (4.62), the function % is the

+ gl [xg'+,00)s (4’99)

same as in (4.87) when By < 0, and is the same as in (4.90) when B7 > 0.

In subcase 67, we have Bg < Bg, Big < B¢ < B9 < B7, and B < B7. The inequality
L41.0.v:0 < 1A1.42 holds. The function % is the same as in (4.69) when B7 < 0, and is the same
as in (4.71) when By > 0.

In case 7, we have &1,& <& < $4 From A + (1 —2p)A; <0, we have 2p%—

1 >0 and ‘21 > 2 2 > &4, using 2p < . Then we have By < Bg, Bs < B7 < Bg < Bjg, and

B7 < Bi; <0. Thus, equatlon 4.91) holds and we obtain the same expression for % as in
(4.92). a

We have thus found *, and the optimizers explicitly in the convex region for all possible
parameter cases. The results are summarized in Table 2 of Appendix D.

4.3. Explicit sub-value function

In this subsection, we use the boundary conditions (3.4) and combine the two regions to
give an explicit form of the sub-value function V in the entire region [/, u].

Letv_ and y, denote the function %—l,/ in the concave region and convex region, respectively.
From the previous subsections, we see that the concave region is (—00, x9) N[/, #] and the

convex region is (xp, 00) N [/, u]. Special properties of the functions v_ and v, can be seen
from their explicit forms, which are summarized in the following remarks.

Remark 4.1. The function v_ can take seven possible forms which are given in (4.19), (4.24),
(4.38), (4.40), (4.42), (4.44), (4.46), with their associated optimizers given in the equa-
tions (4.16), (4.20), (4.30), (4.40), (4.41), (4.43), (4.45), respectively. The function v_ is a
continuous, positive, and decreasing function on (—oo, xg) N [/, u].

Remark 4.2. The function v, can take eight possible forms which are given in (4.71), (4.69),
(4.85), (4.87), (4.90), (4.92), (4.96), and (4.99), with their associated optimizers given in the
equations (4.70), (4.65), (4.81), (4.86), (4.89), (4.91), (4.95), and (4.98), respectively. The
function v, is a continuous, negative, and decreasing function on (xp, 00) N [/, u].

Remark 4.3. If xo € (/, u) then the function v_(x) = g(x) for x < xo near xp, and v (x) = g(x)
for x > x( near xg.

For x € [/, u], define the function
v=V_1I(—c0,x9) +Z+1(x0,oo), (4.100)

and let v(xg) = g(xp) = 0 if xg € [/, u]. Then the function v is a continuous and decreasing func-
tion which satisfies % =v on [/, u]. The point xo is the only inflection point of the function V,
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that is, V" (xg) =0, if xo € (u, [). With the boundary conditions (3.4) we obtain the following
theorem.

Theorem 4.1. The sub-value function of the game is given by

el w0] &
[ exp{[; v(z)dz} dy’

where v is given in (4.100) which can be determined, given any parameter case, by using one
of the seven forms in (4.19), (4.24), (4.38), (4.40), (4.42), (4.44), and (4.46) in the concave
region, and one of the eight forms in (4.71), (4.69), (4.85), (4.87), (4.90), (4.92), (4.96), and
(4.99) in the convex region. The associated optimizers can be found in explicit forms using one
of the seven forms in (4.16), (4.20), (4.30), (4.39), (4.41), (4.43), and (4.45) in the concave
region, and one of the eight forms in (4.70), (4.65), (4.81), (4.86), (4.89), (4.91), (4.95), and
(4.98) in the convex region.

Vix) (4.101)

The function V given in (4.101) has a negative first derivative. Its second derivative satis-
fies V”(x) = v(x)V/(x), which is continuous on [/, u]. The function V solves the BI equation
(3.5) with optimizers which are bounded and piecewise continuous (thus Borel measurable).
Hence, the function given in (4.101) is the sub-value function by the verification theorem,
Theorem 3.1.

Below we show some game results when parameter conditions are specified, under which
the sub-value function and the optimizers can be obtained explicitly via the concave and convex
regions. The following theorems are special cases of Theorem 4.1.

Theorem 4.2. If p < ‘2—; <2(p — %) and p < /1/2 then the sub-value function is given by
(4.101) with

lcoomn 1 | lwoomo1 | los o) 113, 4.00)
e = @2l n ) F 8l + —f; (4.102)
on [l, u], and the optimizers of the game are given by
(A1, 02 11(x) + pA1) (=00, x2,—) N [1, ul,
(0. 25+ 32) or (A ZpW+5L) b xs )Nl ul
(0, 62 f3(x)) [x3,—, x4, ) N [L, ul,
(af(), a3(x)) =
0, Az) [xa,—, x1,-) N [L, ul,
(A1, A2) [x1,—, x3,4) N [L ul,
(=01 f5(x) + pA2z, A2) [x3,4, 00) N[, ul.
(4.103)

Proof. The parameter conditions imply B7 < 0, By > 0, and g—; <p,2p, %. This parameter
setting satisfies the parameter conditions in case 3 in the concave region, and those in cases 2
and 3 in the convex region. We see that (4.38) and (4.69) hold, which in turn imply (4.102).
The optimizers are obtained from (4.30) and (4.65). The function in (4.101) solves BI equations
(3.5) with the optimizers (c_z’l‘(x), g;(x)) given in (4.103), and hence it is equal to the sub-value
function by Theorem 3.1. U
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Theorem 4.3. If 51 > 2, max{p, &} < 4! <min (&, 3%-L2), and p > /1/2 then the sub-
value function is given by (4.101) with

Loy ) v x5 ) i 4 oxg 1)
v= e B L el s 81 s o) e 4 @l )
bi3 fi Ja
Lxa4.00 (4.104)
S5

on [1, u], and the optimizers of the game are given by

(0. 25+ 31) or (41 B +5) (=00, x20)N L ul,

(A1, O2f1(x) + pA1) [x2,—, x5, ) N [L, ul,

(A1, A2) [xs,—, x5,+) N [L, ul,
(@i, a5(0) = { (A1, 0) x5 4. xa4) N [1, 1],

(—61f3(x), 0) L4+, x8,4) N [1, .,

(A1, A2) [x8,+, x2,4+) N[, ul,

(—61f5(x) + pAz, Aa) [x2,+. 00) N [, ul.

(4.105)

Proof. Note that & < /1—) when % > %. The parameter conditions imply B7 <0, 0 < B <
B < Bs, 2—; <1/p,2p, 2,)}2.;—1’ and % >2/p,2p, 1/p. This parameter setting satisfies the
parameter conditions in subcase 43 in the concave region, and those in subcase 64 in the
convex region. We see that (4.46) and (4.96) hold, which in turn imply (4.104). The opti-
mizers are obtained from (4.45) and (4.95). The function in (4.101) solves BI equations (3.5)
with the optimizers (c_z’lk(x), g;(x)) given in (4.105), which equals the sub-value function by
Theorem 3.1. O

5. The sup-value function

In this section, we solve for the sup-value function V which is assumed to be a classical
C2[l, u] solution to the BI equation (3.2) subject to boundary conditions (3.4) with ‘_//(x) <0
on (I, u). We also assume that the function V has at most one inflection point at xo. Similarly
to the previous section, we find V via two regions: a concave region and a convex region.

5.1. The concave region with ‘_/"(x) <0

In this region, we have % > 0. To find V, we note that the maximization of L%-“2V in
ap now comes first. The quadratic function L%V (in ay) has a negative coefficient on the
second-degree term. The vertex point (in ay) is &27(1 1 ,V(x) = 92% + pay, which is positive for

all aj € [0, Aq]. If the vertex point satisfies &2’a| ’V(x) = 92% + pa; < Aj, or equivalently, a; €
(—o0, él,V) N[0, A;], where

6> Vv Ay
pu—yy _’

oV p

ay= (5.1)
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then the maximizer in a; is @*(x, a1) =a, a1, V). If the vertex point satisfies a, 4. VX)) = As,
that is, a; € [a, 37, 00) N[0, A1], then the maximizer in a> is @*(x, a1) = A>. For convenience,
we write a; = a; . Then the maximizer in as is given in the following form:
Ap ar <0 ap € [0, Aq],
Ar 0<a; <Ay aj €la, Al
a‘(x,a;) = (5.2)
@ay 0<ar <A ar€l0,all,

aay A1<a a; €[0, Al

We now define three regions which form a partition of the concave region:

_ _ Vv
Ry ={xel,u):V <0,A 5611",}:{)66(1, w:V' <0, 7535},

— — \v4
Ry =f{xed, u):V”<0,O<c’z1’V<A1}={xe(l, u):v”<0,35<ﬁ<34}, (5.3)

_ _ Vv
R3={xe(l,u):V”<0,c’zLV§O}={xe(l,u):V”<O,B4§ﬁ},

where B4 and Bs (with Bs < B4 and 0 < By) are given in (4.7) and (4.15). We note that the
region R degenerates when Bs < 0.
For x € R, the maximizer of L2V in gy is a*(x, a;) = aZ,al,V for all a; € [0, A1]. Note

that
A 92 72 1
LY VY =[x+ u+ (6 — ,092)611]‘// _ ?27 + 5[(1 — pz)a% +02]V//’ (5.4)

which is a quadratic function of a;. The vertex point of L“"“2a1.7V in ay is

-/

. por— 0,V

a1 v= R (5.5)
’ l—p=V

which is positive when % < g—? in the concave region. We obtain the following lemma to find

the minimizer in a; (equal to 0 or A) of L4 7V in R} .

Lemma 5.1. Forxe R7, ifl < 0—2, we have
1 P 01

B LO’&ZO.V‘_/ {x:al’v>‘%}={x:C]<:L///}’
inf ~sup LN®V=9y v . 60

a1€10,A114,€[0.A,] L 2avy {x ta;y < ﬂ} = {x: 7 < Cl}’

V=2 vV~
where
1—pHA
_a=pAr 57
2(p6 — 61)
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and for x e Ry, f9—2 % then

inf  sup L9V =[M%247 (5.8)
@1€[0.411a¢[0,47]

For x € R}, the maximizer of LV in a3 is @*(x, a1) =&, ,,  if a1 €[0, d1). We note
that @, ; 7 =Az. We also note that the quadratic function L®a1.VV (in a;) has the vertex
a LV in (5.5), which is positive 1f < 6 in the concave region. If a; € [a1, A1], the maximizer
of L2V in gy is a*(x, a;) = Az. The vertex point of L1 A2 in q is a1.4,,v. Then we obtain
the following lemma to find the minimizer in a; € [0, a;) of L“>@ 'YV and in a| € [a;, A{] of

L% in R3.
Lemma 5.2. Forxe R, , lf L % ywe have
LO’&Z,O.VV {x:d1/2§&1’!}={ G < ;/},
inf  sup LYRV=1 ; =
a1€[0,d1)a,€[0,A5] L1 %a. VY = [41.A2Y {x: le,Z <a1/2}= {x; % < C2},
(5.9)
where 5
1—p9A
S el (5.10)
02 (14 p%) — 2p0,
forxeR,, ifz—f < }—), we have
inf  sup L@V = [N%a vy = [arAy, (5.11)
a1€[0,a11g,€[0,4,]
ForxeR;, if2p < Z—f, we have
LARY i@ +AD2 Sag gl = v G T,
inf sup L2V = . Y (5.12)
ar€lar.A1lay€[0,45) ARV x4,y < (@2 +A2)/2) = {x: VL < C3],
where 5
A 1—2p9A
C3='0 1+( 0°) 2, (5.13)
92 — 2,091
orxeR, 2<2,wehave
Jf 25 if P
LAY (x: (a1 +AD/2<ay 4, 7) = {x: Vo cg},
inf sup L2V = v (5.14)

ar€lar,A1la,[0,4,] [A1LAYY {x:&1,A2>Z<(d2 +Ap)/2} = {x;C3 < %},
forxeR;, ifg—f =2p, we have

(LAY (ki@ +AD/2 <, v i AL+ (% —2,0)A2§0,
inf sup LRV = .
a1€lar,A1laye[0,4,] [AAYY {x: &1,142,! <(ap +A1)/2}if AL + (% — 2,0) Ar > 0.

(5.15)
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For x € R, the maximizer of L%®V in gy is a*(x, a1) = A, for all a1 € [0, A{]. We note
that L4142V has the vertex a 1.4,.v- Then we obtain the following lemma to find the minimizer
inaj € [0,A;] (equal to O or Ay) of LAY,

Lemma 5.3. For x € R3, we have

=/

xi%f&},

0,A2Y/ A _
L"22V ’x.al’AZ’V

v
o>

Ny
I
=

inf  sup L9V =

(5.16)
a1€[0,A1]g,€[0,45] [ALAY {x : &1 AV <
sA2,

:B| < ;L,//},
where By is given in (4.4).

Next we find Y—/,/ in the concave region via the following parameter cases:

1. 2p< 2 <

2. 2 <1 95and A, +(}-) —2p)Ay > 0;

4. %<§—§52pandA1+(%—2p)A2>o;

5. 2<% <2pand Al + (5 —2p) A2 <0;

6. +,2p < g_f and A1 + (5 —2p) A2 > 0;

7. %, 20 < g—f and A; +(/l) —2p)A; <0.

We note that the condition A; + (% —2p)As <0 implies 2‘—; <2p— % < %, which gives

Bs > 0.

In case 1, we have B4 <Cs3 and Bj < Bj. Frorp (5.8), (5.11), (5.12) and (5.16),
we have infaj € [0, Aj]supas € [0, Az]Lal'“z\_/:LAl'aZ*‘zV\_/ in R, and infa; €0, A1]
sup a; € [0, A]L42V = [A142V in R; UR;, if Bs > 0. Thus, we have

B [A1 0, Ty {x: :L/, 535}7
inf  sup L9V = Vi (5.17)
a1€[0,A114,€[0,45] [ALAYy {x:B5 < L//}’
v
and -,
V (_OO, xS,f]
=——— +8lxs_ ) (5.18)

v S
which is a continuous, positive, and decreasing function, where x5 _ is given in (4.23), fj is
in (4.22) and g is in (4.17), in the concave region if Bs > 0. And if Bs <0, the region R
degenerates and we obtain

inf  sup L@V =[AA2Y (5.19)
@1€10.41]g,€[0.4,]
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and
/!
77 = 8lioouo: (5.20)
which is a continuous, positive, and decreasing function in the concave region.
In case 2, we have C3 <0 (1f < 2p), B1 < By. The expression for %, is the same as in

case 1.
In case 3, from 0 < Al <2p— ; we see that Qf < ; < 2p. It can be shown that 0 < C3 <
Bs < B4 and By < By. From (5 8) (5.11), (5.14), and (5.16), equation (5.17) holds and we

obtain the same expression for £ 7 as in (5.18) in the concave region.

For the remaining cases, the parameter condition % < Z—f holds. Define

[ = 0> - (14 00> — 206, - 62 — p6i = (1+ pH0> —2p6,
2(p6r —61)’ 2(p02 —61) pbh — 6y’ 2p%(pbr — 01)
(5.21)

which are all positive 1f < By simple calculations, we have the following lemma.

Lemma 5.4. Assume % < %. Then the following results hold.

(1) We have &y < &3, Ca; Co < B4y, By < By if and only if ﬁ—f <1, Bs < Cy if and only if
2—? < &, Bs < Cy if and only ifﬁ—f < .

@{i) If 2p < Z—T, then B4 < C3 if and only if 2—? <1, Bs < C3 if and only if 2—? <3, and
Cy < C3 if and only if‘:—f < &a.

(iii) Ifz—f <2p, then By < Cs if and only ifﬁ—f > ¢1; Bs < C3 if and only ifg_? > 3 and
C> < C;3 if and only if‘z—f > L.

av) If2p < %, then {1 < {3 < L.
W) If G <2p, then &4 < 53 < 1.

In case 4, from Lemma 5.4, we have {5 < {» < {4 < ¢3 < ¢1 and C3 <0 (if g—f < 2p), where

1

g5 is given in (5.27). We also have ﬁz < 25=17p5 < G4 We consider three subcases: subcase 41

with s < < »; subcase 42 with {, < ﬁf < &4; and subcase 43 w1th <{s.
In subcase 41, we have B5; < Cj, Bs < Cy <B4, C3 <0, and 31 <B4 From (5.6), we
have

inf  sup L0V =[A0a Ty (5.22)
ay €[0, A]]aze[o Al

in R} . From (5.9) and (5.14) (with the first line degenerated due to C3 < 0), we have
min {LO"A’ZO,VV, [A142Y) {x: C < ;L,/, < B4},

inf  sup LYV =

- (5.23)
@1€l0-A1lay]0.45] [A1A2Y {x:Bs <Y < Cz}
V 9
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in R . From (5.16), we have infa; € [0, Aj]sup a € [0, Ap]L42V = [AM1A2V (x: By<Y =
in R . From (4.26), we have

L _ vV
L0007y — MY = V'H (=), (5.24)
1%
which is negative if and only if A~ < ;L,l, < AT, where H is a quadratic function given by

62 1
H(A) = %AZ — (6242 — 1 ADA + 5 (AT + A3 — 2pA1A2), (5.25)

and

0rAr — 01A) £ \/(92A2 — 01A1)% — 03 (AT + A — 2pA A7)
63

AT, A" = , (5.26)

which are both positive roots of H(A) =0 when 2—? > ¢5 under which the discriminant of H is
positive (provided % < g—f), where

2 2

65 — 0

== 1 5.27
202(p8 — 01) (521

We now give the following lemmas.

Lemma 5.5. Suppose % < z—f. Then the following results hold.

(i) We have % <5<l {5 <1y Bs <At

(i) 1 4 g5 then Bs < A~ if and only if/ﬁ < &y AT < By if and only i]“ﬁ <.
A A Aq

Lemma 5.6. If1 and >§5 then C2<A_+A+'A_ < Cy < AT ifand only lf{2<2—2<
C4; and A~ <C3<A+lfand0nlylf§1< <§‘4or§4<A <.

To show Cp < ATHAT , which is equivalent to 91 Q we only need to show & Q <5
2 ! P62 A1 y 0>

which is equivalent to ( 7 ,o)( i })) > 0. For the other two results in Lemma 5.6, we note
the following observations:

2,02(,092 — 91)2A% <A2 ) (Az >
(@) [62(1 + p2) — 2p611* \ A, & s

_ 20%(pth — 01)°AT (A A2
o= e () (3 %)

From Lemma 5.5, we have Bs < A~ <A™ < By in subcase 41. From Lemma 5.6, we have
Bs < C, <A~ <A™ < By. From (5.22) and (5.23), we obtain

[Avta Ty {x: = < Bs}a
B LAI’AZ‘_/ {x Bs < =7 SA_}v
inf sup LRV = . v o
i, OB 194207y [x:A <Y <A+],
7 =
LA"sz {_X A+ < % )
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and hence .,
\% (—00, x5 ]
— =—+4gl -1+
v fi =%l ™

l(xg X7 ]

+ g1

(x7,x0)°

S. LUO

(5.29)

which is a continuous, positive, and decreasing function in the concave region when Bs > 0 in

subcase 41, where

e A%-I—A%—ZpA]Az—i-az 01A1 — A2+ 1
6 — — - )
2rA r
- _A% + A3 —2pA1A; + 0 _6iA — A+
7 2rAt r ’
If Bs <0 (R, degenerates), we obtain
A4y [x:%gzr},
inf sup LUV = 1902077 [x:A_ < :L,, §A+},
@1 €[0.A114y€[0.4,] v
[ArA2Y {x:A+< %}
and ., |
\% (xg X7 ]
?Zgl(—oo,xg] + f3 +g1(x7_,x0)’

(5.30)

(5.31)

(5.32)

which is a continuous, positive, and decreasing function in the concave region in subcase 41.
In subcase 42 with ¢{ < 2—; < &4, from Lemmas 5.4 and 5.5, we have C{ <Bs, C, <A™ <

Bs <At < By, C3 <0, and By < B4. Then we obtain

A
inf  sup L2V =

~ B -/
[A1%.4,. 7y {XI%SCI]’

N _ —
a1€0.A11,€[0,4,] 1007y {x: C <Y < Bs},
Y, <

in R, and

inf  sup L2V =

10407V {x :Bs5 < VL//' §A+}7

_ —/
a1€10.A1lgy (0,45 ] Ay {x At < ,L}
\%

in R, UR; . Thus, we have

ALdy . v v
[A192.4, VY [x:%sCl},

inf sup L2V = 1902077 [x :C1 < ;L,/, §A+},

[ArAYY {x:A+ < :L,/,}
v

a1 €[0,A; ]azG[O,AZ]

and we obtain .,
AR G
% h 5
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which is a continuous, positive, and decreasing function in the concave region in subcase 42,

where

6:Ci—a>

2rCy r

.XIZ

(5.35)

In subcase 43, we have B; < C;, Bs < Cz <B4, C3<0,A” <Bs <By<At, and B4 <Bj.
Thus, we obtain the same expression for & - as (5.18) when Bs > 0 and as (5.20) when Bs <0

in the convex region.

In case 5, we have Bs > 0. From Lemma 5.4, we have {5 < {3 <4 <¢3 <¢1 and C3 <O.

We consider six subcases: subcase 51 with {1 < A2
with ¢4 < <
56 with 4

< ¢3; subcase 54 with ¢ < 42

<
2@5

< {4, subcase 55 with g5 <

; subcase 52 with ¢3 < 32 < {1; subcase 53

< {2; and subcase

In subcase 51, we have C; < Bs, Cp < B5s < B4 < C3, and B4 < Bj. We obtain

A

[0, 7Y {x: = =< Cl}v
ooy {x; a<Z < B4}7
1nf Sup Ltl],aZV — _ ’ (5-36)
a1€[0. Al]aze[() Aol LO,AzV {)C : B4 < X// S B] }a
LA[,Az‘_/ {x:Bl<;L///}’
and = 1
i% (—00,x7] o 43,1
I 63

which is a continuous, positive, and decreasing function in the concave region.
In subcase 52, we have C; < Bs, Cy <Bs < (C3 <By4, A™ <B5 <C3 <A™ < By, and B <

B4. Thus, (5.33) holds and we obtain the same expression for X, 7 as in (5.34).
In subcase 53, we have C; < B5, Cy<C3<Bs<By, A~ <Bs<AT < By, and By < Bj.

We obtain the same expression for ¥, o7 as in (5.34).

In subcase 54, we have C < Bs, C3 <Cy<Bs<B4,A” <Bs <At <B4, and B| < B4. We

also obtain the same expression for £ T as in (5.34).

In subcase 55, we have Bs <C;, C3 <Bs < C2 <By, Bs<Cy <A™ <At <By, and
B < By4. Thus, we obtain the same expression for %, 77 as in (5.18).
In subcase 56, we have Bs < C;, C3 < Bs < C, < By, and B| < B4. We obtain the same

expression for % as in (5.18).

In case 6, we have ¢y, {3 < {3 < ¢4. Note that C; > 0 and C3 > 0. We consider the follow-
ing subcases: subcase 61 with &1, 2 <83<)a < ‘22; subcase 62 with (¢1, £2<)¢3 < 2—2 < 45

T2 < (<83 < &4); subcase 65

subcase 63 with &1, & < <4 A < £3(<¢4); subcase 64 with ¢ <
with ¢, < <4 A < £1(<&3 < &4); subcase 66 with {5 <
A2 ={s.

=<1, ;“2(<g“3 < &4); and subcase 67 with

In subcase 61, we have C; < Bs, C3 < Cy < Bs < By, and B4 < Bj. From (5.6),(5.9),(5.12),
and (5.16), equation (5.36) holds and we obtain the same expression for %, 77 as in (5.37).
In subcase 6}, we have C|; < Bs, C» < C3 < Bs < By, and B4 < B;. We obtain the same

expression for % as in (5.37).
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In subcase 63, we have C; <Bs, Co <Bs <C3 <B4, A~ <Bs <Bjy <A™, and Bs; <Bj.
From (5.6), (5.9), (5.12), and (5.16), we also conclude (5.36) and obtain the same expression

for X, o as in (5.37).

In subcase 64, we have Bs < C1, Bs < C <A™ < C3 <B4 <A™, and B4 < By. From (5.6),
(5.9), (5.12), and (5.16), we obtain

LAl’aZvAlvVV {x:%SBS},
[A1LAYY {x:Bs<%SAi}v
it swp 20T 0%077 [ < T <sy), (5.38)
a1€[0,A11g,€[0,4,] V
1042y {x 1By < V,, =< Bl}
[ALAYY {x:Bl<%},
and then

—//

\% 1(7oo,x5,7] l(x_,x41_]

? = f—1 + gl(xs,f,xg] + 6f—3 + 8210 1+ 8Le - x0)s (5:39)

which is a continuous, positive, and decreasing function in the concave region if Bs > 0. When
Bs <0, we obtain

[A1Ay [x: ua <A—],
7 =

10407y {x:A_ < :L,/, < 34},

inf sup Lal,az‘_/z V/ (540)
a1€[0,A114,€[0,4,] LAY {X:B4 = ‘V/” <Bl}’
[ArAy [x:B1 < %},
and
-/
(xg X4, —

7 =8l t f—3 + &2l 1+ &l ) (5.41)

which is a continuous, positive, and decreasing function in the concave region in subcase 64.

In subcase 65, we have C; <Bs, Co <Bs <By < C3, A~ <Bs <At < By, and B; < Ba.
From (5 6),(5.9), (5.12), and (5.16), we see that (5.33) holds and we obtain the same expression
for X, o as in (5.34).

In subcase 66, we have Bs < C|, Bs < Cy <B4 <C3,B5 < Cy <A~ <AJr < By, and B] <
By4. From (5.6), (5.9), (5.12), and (5.16), we obtain the same expression for ¥ 77 as in (5.29) if
Bs > 0 and as in (5.32) if B5 < 0 in the concave region.

In subcase 67, we have Bs < C{,B5 < C) < B4 < C3, and By < B4. From (5.6), (5.9), (5.12),
and (5.16), we obtain the same expression for ¥ 77 as in (5.18) if Bs > 0, and as in (5.20) if

Bs <0 in the concave region.
In case 7, note that C3 < 0 and Bs > 0. From 2—2 > 2p§ > ¢y dueto2p < 9—2 ,wehave C| <
Bs, C3 < (Cy < Bs < By, and B4 < B;. Thus, (5.36) holds and we obtain the same expression

for ¥, o7 as in (5.37) in the concave region.
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We have thus found the expression for :L,,, in the concave region (—o00, xp) N [/, u] for all
possible parameter cases. The results are summarized in Table 3 of Appendix D.

fn 4
5.2. The convex region with V' x>0
In this region, we have % < 0. Since L%V (x) is a quadratic function in ay with a pos-
itive coefficient on the second-degree term, the maximizer of L2V (x) in ap is a*(x, a;) =
Ay if the vertex point a, , y satisfies &Zﬂly:@z% +par < ’%, which is equivalent to
ay € (—oo, a; 7] N[0, A], where
-/
- 6LV Ap
aLy@)=———=; + —, 5.42)
P 2p
which is positive in the convex region. And the maximizer in a; is a*(x, a;) =0 if &2 a V=
92% + pa; > %, which is equivalent to a; € [Zzlyv(x), o0)N [0, Aq].
For convenience, below we write a; = aj,y. Then the maximizer of L 42V (x) in ap (given
aj € [0, A1]) can be expressed as
0 ay <Ay arelar, A1l
a‘(x,a1)= Ay ap<Ap a;€[0,ap), (5.43)
Ay a1 =Ay a€l0,A],

which takes only the boundary values 0 and A».
We now define two regions which form a partition of the convex region:

/!

_ _ Vv
Ri=xel,u:V' >0, & zAl}z{xe(l, u:V' >0, 7538},
(5.44)

-/
/!

_ - Vv
RI=lxelu:V' >0, a1 <A} = {xe(l, w:V' >0, = >Bg},
where Bg is given in (4.52).

Forx € RT, the maximizer of L%V in ay is a*(x, a1) = A, for all a; € [0, A1]. The vertex
point of L4042V in ay is &1,A2,V =—0; % + pAz, which is positive in the convex region. We
obtain the following lemma to find the minimizer of L*42V in ;.

Lemma 5.7. For x € RT we have

Ay

<t

La],Az,V’
inf  sup L2V = . b
@1€[0A1laye[0.4,) LMA2Y (xra, 4, v=A1} = {x: VL 537},

Vv {x:0<211’A2’V<A1}={x:B7<

<l

}’ (5.45)
where B7 is given in (4.50).

For xeR;, the maximizer of LYV in ay is a*(x,a;)=A, if a; € (0, ], and

a@*(x, a1) =0 if aj € (@, Ay). The vertex point of L4V in ay is a, Oy:—@l%, which
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is positive in the convex region. We obtain the following lemma to find the

S. LUO

minimizer in

ay € (0, ar] of L2V and a; € (a1, A1) of L0V in the region R .

Lemma 5.8. For x € R;, ifz—T < p, we have

L&I,AZ,V’A2\7
inf sup LUV=1{
ai€[0,a1lgy€[0,A45] L9142y
and
LZH,O‘_/
inf sup L2V = { L1070y
ar€(@r,Arlaye[0,4,]
LAy

where Bg is given in (4.50) and

(2p* — DA
4=,
2(p61 — 62)
Forx€R+ if p < , we have
L&I,AZ,V’AZV
inf  sup L2V=1{
a1€[0.A1lg,€[0.45) LAYy
ForxeR+ if,o— o we have
Lal,Az,VvAZT/
inf  sup L2V=1{
a1€l0,A11a,€[0,4,] La1.A2Y

{x:0<a, V<Zzl}={x:C4<:L,/,},
. L v (5.46)
{XZ&LAZ,VZZJI}Z{X:%§C4},
A~ . z
{-x al’O!VSal}—{x'C%SV//}s
{x:a <&1’0’V<A1}={x:B6<%<C5},
. v
{x.a10V>A1}_{ V,,sBG},
5.47)
A
Cs=—— 2 (5.48)
T 206 — 6r)
{x:0<a, V<a1}={x:g<C4},
> vy (5.49)
{x alAz,V>&1}:{x:7>C4}.
{x:0<€ll v<a }zfp<«/1/
(5.50)
{x:al)A2 } if p=>4/1/2.

Short calculations yield the following lemma.

Lemma 5.9. If
and only ifﬁ—2 <2(p — S—z).

g—f<,0then Cs5 < C4; Bg < Bg if and only ifﬁ—f <2(p —

z—?); and Bg < Cs if

From Lemma 5.9, we have Bg < Bg < C5 < Cy 1f <p and <2(p — 0?); on the other
hand, we have C5 < Bg < Bg 1f <p and >2(p — ).
Lemma 5.10. We have C4 < Bg if and only thl < 29(;912’025) If < p then B7 < Bg if and only
2p0 0 2 0!
f ngi) If,o< 2 then By < Bg lfandonlylf Wfﬁi)'

Next we consider the following parameter cases to find the expression for

region:

V/!
v

in the convex

https://doi.org/10.1017/apr.2025.10047 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2025.10047

Sub-value and sup-value of diffusion game 1129
L 3 22p (Bs 2 0);
A [ A [

Ay 0. Ay 0 \.

4. ﬁ—f<2p,0—22,0.

In case 1, from Bg > 0, the region R; degenerates. If B; < 0, from (5.45), we have

L&I,Az,V’AZ‘_/ {x 0 < al As V < ]} {B7 < %/// },

inf sup L2V = . _ (5.51)
a1€[0.A11,€[0,4,] Ay |x iy 07 } {,1 <B7}
\%
and _,
L(xs 4.00)
V= 8lixgxs 1+ f—; (5.52)

which is a continuous, negative, and decreasing function where x3_ is defined in (4.68) and f5
in (4.67) in the convex region. If B; > 0, we obtain

inf  sup L9V =p42y (5.53)
a1€[0.A1]4,€[0,4,]
and
/!
LA (5.54)

which is a continuous, negative, and decreasing function in the convex region.
In case 2, we have Bg < B7 and Bg < Bg < C5 < C4 due to Z—? < p and ﬁ—f <2(p — Z—f). From
(5.45) and Bg < 0, we have inf a; € [0, A ] sup as € [0, Ap]L492V = [A142V in R . Note that

R

4

—\ 2 —
_ 02  00,\ [V 0\ A1V 1 [ A
v _272) 0 — 2 ) 2| 4 =
<2,02 ’ 7 +|mx+pu+|0; > ) 2 V/,-I—z 4,0 — +o0

(5.55)
Note that
_ . v’ o\ 7V A ]
140y _phovOy =~ | (g, — 2 = + = >0 (5.56)
2 p) V" 2p
and
v o\ 7V A 7\
L0y A0y = (91 ——2> 4= —(a+05
D) 0 V// 2p V//
(5.57)

17”02 B v (9 6> ) v c) 4o 4 3
N [ R— 1— —7 — L5 1 —; — D6 )
2 0 V// 0 V// V//
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which is nonnegative when Bg < % <Bg < Cs and g—? < p. Hence, if C4 <0 (i.e. p < /1/2),
we conclude that

AZV

s -/
a Vo . \4
LAY x.C4<:”},

L&.0y x:CsS%SCd,

a1€[0,A11g,€[0,4,]
inf{L21-0V, L4110V = L4107

inf sup L2V = Linf{L@0V, Lal,O’V’O\_/} = [M107 0y {x :Bg < ;L/l, < C5},
Ay {

and
Ga) Lot N 1
Ja fe /5

which is a continuous, negative, and decreasing function in the convex region, where x4 4 and
X5.4 are given in (4.94),

fe(x)

2 2 2
_[rx—i—p,—i—(@l—%z) ?—;]—l—\/[rx—l—u—i—(@l—%z) ‘;—;] —(%—20}.#92) <f722+02>

‘—/// 1
7= 8lxouxs 1+ 81 ws a1 F

(5 .00)

, (5.59)

ﬁ 20160 ’
0? 2
(5.60)
which is a negative and increasing function (due to % < p) yielded by the equation L-0V =0,
and
L 0jCi—0 u . 0iCI—0?—(1—pHA]  pu+(pf —6)A,
=2 = — . (5.61)
2rCs r 2rCy r
If C4 >0 (p > +/1/2), the top line of (5.58) degenerates, and we obtain
1410y {x:CSSVz’}’
. L4070y {x :Bg < :L,/, < Cs},
inf  sup L9V = v (5.62)
a1€[0.A1la,€[0,4] 410y {x By < %, <B6},
7 =
A4y {x: T ng},
and ., | |
1% Ca.x)) [x],00)
- = 8Legxs 11+ 811w x4 + i =+ }6 : (5.63)

which is a continuous, negative, and decreasing function in the convex region.
In case 3, we have Cs5 < Bg < Bg < 0 due to o - p and 2‘—? >2(p — z—f). ‘We consider three

7
subcases: subcase 31 with Bg < Cy4 < 0; subcasé 32 with C4 < Bg < 0; and subcase 33 with
Cs=0(p=+/1/2).
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In subcase 31, we have By < C4 < 0 which implies Bg < B7 by Lemma 5.10. From (5.45),
(5.46) and (5.47), we obtain

[ 72y {x: Cy < g—,,,],
inf sup LY@V =100y = [a.Ay x:Bg < ,z//, < Cy4t, (5.64)
p
ap G[O’Al]aze[O,Az] _ 14
A4y {x:%ng},
and
v’ 1 + |
(x5,4,%5 1 (x5 ,00)
— =8y, + + ) (5.65)
V/ ()C() x5,+] f6 f5

which is a continuous, negative, and decreasing function in the convex region.

In subcase 32, from C4 < Bg <0, we have By < Bg by Lemma 5.10. Thus, from (5.45),
(5.46) and (5.47), equation (5.51) holds and we obtain the same expression for ;L,/, as in (5.52)
in the convex region.

In subcase 33, from Bg < 0 < C4, we have Bg < B7. From (5.45), (5.46) and (5.47), we

obtain
Ly =10y gy < L),
inf  sup LYV = B Y (5.66)
ulGIO,Allazelo’AZ] LA]’AZV {x: % fBg},
and
=/ l(x o)
w7 =8loosi t — (5.67)

fo
which is a continuous, negative, and decreasing function in the convex region.
In case 4, we consider four subcases. The first three subcases are with p < g—f: subcase
41 with Bg < C4 < 0; subcase 42 with C4 < Bg < 0; and subcase 43 with C4 > 0. The fourth
subcase is with p = Z—f.
In subcase 41, with Bg < C4 < 0, we have B7 < Bg. From (5.45) and (5.49), we obtain

LAy {x:C4 < ;L,/,},
inf  sup L@V =] [HavAy {x:B7 <X - c4}, (5.68)
ale[O’AI]aze[O,Az] 7/ 14
1Ay {x: L 537],
and
hvid 1 + 1 +
(x3,4,x7 ] (x5 ,00)
— =gl + + : (5.69)
V, (x0,%3,+1 f fo

which is a continuous, negative, and decreasing function in the convex region.

In subcase 42, we have C4 <Bg <0 which implies Bg < B7. From (5.45) and (5.49),
equation (5.66) holds and we obtain the same expression for VL’/’ as in (5.67) in the convex
region.

In subcase 43, with Bg < 0 < Cy4, we have B7 < Bg. From (5.45) and (5.49), we obtain (5.51)
and (5.52) in the convex region.
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In subcase 44, from (5.45) and (5.50), when B7 < Bg (i.e. p < +/1/2), we obtain (5.51) and
(5.52) in the convex region. When B7 > Bg (i.e. p > +/1/2), we obtain (5.66) and (5.67) in the
convex region.

We have thus found the expression for %’ for the sup-value function in the convex region
for all possible parameter cases. The results are summarized in Table 4 of Appendix D.

5.3. Explicit sup-value function

In this subsection, we combine the two regions and find the complete form of the sup-value
function V on [1, u]. §

We denote by v_ and v the function % in the concave region and convex region respec-
tively, where the concave region is (—o00, x9) N [/, u] and the convex region is (xp, 0c0) N [/, u].
Below we give some special properties of v_ and v :

Remark 5.1. The function v_ can take eight possible forms which are given in (5.20), (5.18),
(5.29), (5.32), (5.34), (5.37), (5.39), and (5.41), with their associated optimizers given in the
equations (5.19), (5.17), (5.28), (5.31), (5.33), (5.36), (5.38), and (5.40) in the concave region,
respectively. The function v_ is a continuous, positive, and decreasing function on (—oc, xp) N

[, ul.

Remark 5.2. The function v can take seven possible forms which are given in (5.54), (5.52),
(5.59), (5.63), (5.65), (5.67), and (5.69), with their associated optimizers given in the equations
(5.53), (5.51), (5.58), (5.62), (5.64), (5.66), and (5.68) in the convex region, respectively. The
function v is a continuous, negative, and decreasing function on (xp, co0) N [/, u].

Remark 5.3. If xo € (/, u), the function v_(x) = g(x) for x < x¢ near xg, and vy (x) = g(x) for
X > X near xo.
For x € [/, u], define
V=V_1(—oco,xp) + V+1(x0,00)> (5.70)

and let v(xo) = g(xp) =0 if xp € [I, u]. Then the function v is continuous and decreasing and
satisfies ¥ 7= v on [I, u]. The point xq is the only inflection point of the function V, that is,

V' (xo) =0, if xo € (/, u). With the boundary conditions (3.4), we obtain the following theorem.

Theorem 5.1. The sup-value function of the game is given by

[ exp{[] ¥(x)dz}dy
[ exp{[; ¥(z)dz}dy

where v is given in (5.70) which is determined, given any parameter case, by using one of the
eight forms in (5.20), (5.18), (5.29), (5.32), (5.34), (5.37), (5.39), and (5.41) in the concave
region, and one of the seven forms in (5.54), (5.52), (5.59), (5.63), (5.65), (5.67), and (5.69)
in the convex region. The associated optimizers can be found in explicit forms using one of the
eight forms in (5.19), (5.17), (5.28), (5.31), (5.33), (5.36), (5.38), and (5.40) in the concave
region, and one of the seven forms in (5.53), (5.51), (5.58), (5.62), (5.64), (5.66), and (5.68) in
the convex region.

V(ix) =

(5.71)

Applying Theorem 5.1, below we give explicit game results under some specific parameter
settings.
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Theorem 5.2. If g—f < p </1/2, and 2(p — ) < Az < 265?912/)52) then the sup-value function
is given by (5.71) with

L(—o0,15 ) s | ligioo
= eI T 4 22 2 (5.72)
h 8lxs,—.x5.1) 2 s
on [l, u], and the optimizers of the game are given by

(A1, 02f1(x) + pAY) (=00, x5,-) N [L, ul,
(AlaAZ) [XS,—’X5,+)Q[L M],

(ﬁ’f(x), ﬁ;(x)) = . B . B N (5.73)
(~%fs+%2.45) or (~2fs+%.0) 546N [Lul,
(=01f5(x) + pA2, A2) [x3 . 00) N [L, ul.

Proof. The parameter conditions 1mp1y >0>2p— —, 91 <1/p,2p,and Bg < C4 <O.
The parameter setting of the theorem satlsﬁes the parameter condmons in case 2 in the concave
region, and in subcase 31 in the convex region. The equations (5.18) and (5.65) hold, which in
turn imply (5.72). The optimizers are obtained from (5.17) and (5.64). The function in (5.71)
solves BI equations (3.6) with the optimizers (a*(x) (x)) given in (5.73), which is shown to
be the sup-value function by the verification theorem, Theorem 3.1. (|

Theorem 5.3. If > 5 and max{2p, &1} < < min {{, 1} then the sup-value function is
given by (5.71) with

v= —1(_0;1'x5’) T8l ot —1[x6j;3x4’) + 821y ) F 8l % (5.74)
on [l, u], and the optimizers of the game are given by
(A1, 62f1(x) + pA1) (=00, x5, ) N [L, ul,
(A1, A2) [xs,—, xg ) NI, ul,
L (0, 62f3) [xg » xa,—) N1, ul,
(aT(x), aﬁ(x)) = (5.75)
0, A42) [xa,—, x1,-) NV [L, ul,
(A1, A2) [x1,—, x3,4) N[L ul,
(=01fs(x) + pA2, A2)  [x3,4, 00) N[, ul.

Proof. The parameter conditions imply B7 <0, 0 < Bs, 2—; >0>2p— % and % >
2/p,2p, 1/p. The parameter setting of the theorem satisfies the parameter conditions in sub-
case 64 in the concave region, and in case 1 in the convex region. We see that (5.39) and (5.52)
hold, which in turn imply (5.74). The optimizers are obtained from (5.38) and (5.51). The
function in (5.71) solves BI equations (3.6) with the optimizers (5’1k x), ﬁ; (x)) given in (5.75),

which equals the sup-value function by Theorem 3.1. (|
Theorem 5.4. If < 92 < 2p and max{p, s, 2p92 pel)} < <min {2p, ¢, 3 2 55—} then the
sup-value funcnon is glven by (5.71) with

R T g ) Uxs 4.00)

v= f + gl[Xs‘—’Xe_) + £ + gl[x;’xs,+) + fo (5.76)
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on [l, u], and the optimizers of the game are given by

(A1, O2f1(x) + pA1) (=00, x5, ) N [L, ul,
(A1, A2) [x5,—, xg ) N [L, ul,
(@), a3(x)) = { (0. 62f3) [xXg » x7) N [L, ul,
(Al ) A2) [x;7 x5,+) N [l’ M],
(=260 +$.42) or (=2f60+%3,0)  Lxs 00 NIl
(5.77)

Proof. The parameter conditions imply p > 1/1/2, 0 < Bs and C4 < Bg < 0. The parameter
setting satisfies the parameter conditions in subcase 41 in the concave region, and in subcase
42 in the convex region. We see that (5.29) and (5.67) hold, which in turn imply (5.76). The
optimizers are obtained from (5.28) and (5.66). The function in (5.71) solves BI equations
(3.6) with the optimizers (a}(x), @;(x)) given in (5.77), which equals the sup-value function by
Theorem 3.1. O

Theorem 5.5. If 0 < p < min {2‘%, 2%, 2%'2, 2%} then the sup-value function is equal to the

sub-value function, given by (5.71) or (4.101) with

l(—co.xs5) 1[X3+ 00)
v=v=—"-"—+gl} _, e
f [xs,—.x3,4) fs

on [l, u], and the optimizers of the game are given by

(5.78)

(A1, O2f1(x) + pA1) (=00, x5, )N [L, ul,
(@i (), @3() = (@] (), @) = { (A1, A2) [xs,—, x3, )N [Lul, (5.79)
(=01f5(x) + pA2, A2)  [x3,4,00) NI, ul.

Proof. The parameter conditions imply O < Bs and B;7 < 0, and the parameter setting satis-
fies the parameter conditions in case 1 in the concave region and the convex region of V (also
of V). Thus, (4.24), (5.52), (5.18), and (5.52) hold, which in turn imply (5.78). The optimizers
are obtained from (4.20), (4.65), (5.17), and (5.51). From (5.78), we have V=V = V. O

We note that the parameter conditions in Theorem 5.5 imply p < 1/2. The saddle point
of L4122 W exists and the optimizers do not depend on the order of play in the game. The
sub-value and sup-value functions are equal to the value function of the game in (2.6).

6. Examples

In this section, we show two examples when the model parameters are specified. We demon-
strate the optimal plays and compare the sup-value and sub-value functions using the explicit
results from Sections 4 and 5.

Example 6.1. In this example, the parameter values are A1 = 1.5, Ap =2, u =0.08, r =0.04,
p=0.6, 0 =0.3, 9 =0.02, and 6, =0.1. The boundaries of the difference wealth process
are | = —4 and u=>5. The parameter conditions satisfy those in Theorem 4.2, and hence the
sub-value function is obtained using (4.102) with optimizers given in (4.103). The inflection
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FIGURE 2. Sup-value and sub-value functions (left, with inflection point xp = 2.25) and their difference
function (right) in Example 6.1.

point is xo =2.25, and the threshold points in (4.103) are given by x - = —3.466, x3 _ =
0.2838, x4, =0.4438, x|, = 0.7278, and x3, 4 = 4.5333. The parameter settings imply 2/p <
0,/01, 2p <Ax/A1 < 1/p and &1 = 1.25 < Ay /A1 < & = 1.40, which satisfy the conditions of
subcase 64 in the concave region and case 1 in the convex region for the sup-value game.
Thus, the sup-value function is obtained using (5.39) and (5.52) (due to By = —15 < 0) with
optimizers given in (5.38) and (5.51), which imply

oo Lo 1 Lxs 4.00)
V= f—l + gl(xi_,xg] + f—2 +g21(x4,7,xl,,] +gl(x1,,,X3,+] + f—S
on [l, uj, where x5 = —0.8636 and x; = —0.5803. See Figures 1 and 2 for the graphs of

optimal plays and the sub-value and sup-value functions.

Example 6.2. In this example, the parameter values are A1 =1, A, = 1.4, u =0.08, »r =0.04,
p=0.85 0 =0.3, 61 =0.1, and 6, =0.16. The boundaries of the difference wealth process
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FIGURE 3. Optimal plays of sup-value and sub-value games in Example 6.2.
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FIGURE 4. Sup-value and sub-value functions (left, with inflection point xo = 1.10) and their difference
function (right) in Example 6.2.

are | = =2 and u=12. Note that {5 =1.3542 < Ay /A1 < { = 1.4667. The parameter condi-
tions satisfy those in Theorem 5.4, and hence the sup-value function is obtained using (5.76)
with optimizers given in (5.77). The inflection point is xy = 1.10, and the threshold points in
(5.77) are given by x5, = —1.3364, Xg = —1.0223, x; = —0.3587, and x5y =10.0333. The
parameter settings imply 01/6> < p, 2(p — 01/02) <A1/A> <2p, A+ (1/p —2p)A1 > 0, and
By = —6.1806 < 0 < By = 6.9, which satisfy the conditions of subcase 32 in the concave region
and case 2 in the convex region for the sub-value game. Thus, the sub-value function is obtained
using (4.42) and (4.71) (due to 0 < B7 = 1.9) with optimizers given in (4.41) and (4.70), which

vield
oo, ]
=
on [l, u], where x1 — = —0.1138. See Figures 3 and 4 for the graphs of optimal plays and the

sub-value and sup-value functions.
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Appendix A. Proof of Lemma 3.1

In this appendix, we prove Lemma 3.1. Let T = tlA' A2 ‘L’,}A pAz Applying Ito’s formula,

we obtain

AL Ay AT ALLA, AT Al A,
efXonr T oKy = K/ eKXi D;dt+ K al(t)eKXf dw
0 0

AT AL A AT AL A
1:32 1:32
-K / ax (e’ dw, + Ko / ekXi dz,
0 0

(A.1)

for any 7 > 0 and K > 0, where

1
Dy =X 40110 = 02020 + 1 + 5K [a10 = 2001 (a2(0) + @) + 02| (A2)

Taking expectation on both sides of (A.1), we obtain

AL A AT AqLA
E, (eKXm‘r 2) — K —KE, ( / KX p, dt) . (A3)
0

Note that
1
D;>rl —60)Ar + pu + 51@2,

for 0 <t < . Now choose K such that rl — 6,A> + u + %Ka2 > 1. From (A.3), we have

K K T rctia Kl
e —e™ > KE, 1{T>T}/ et dr ) > Ke™TP.(z > T).
0
Letting T — oo, we obtain lim 7 — coPy(t > T) = 0. The lemma is proved.

Appendix B. Proof of Theorem 3.1

In this appendix, we prove the verification theorem, Theorem 3.1. For convenience, write
the hitting time rALA — rlAl’Az N 154 "AZ, which is finite almost surely due to Lemma 3.1,
for any admissible play (A, Az) with A; = {ai()}s>0, i = 1, 2. Applying Ito’s formula, for any
T > 0, we obtain

A A
W (X2 L,) - W

TAtA A2 (XA*"AZ )
a ,ax(1) ), ax(t) *
:f La ' ax() ),az E(XA ,A2> ar
0

t

TATA" A2 A* A A* A
+ [ W (XA )a (x5, ) dw,
0
TATA™ A2 . TATA™ A2 .
- W (XA a0 dva +o [ w () az,
0 0

TATA" A A* A A* A
</ E/(Xf : Z)Q* (Xf 2, az) dw)
0

-,

TATA" A2 TATA" A2

W/ (X2 Yast) dwa + o /O w(xX )z, B
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where the play A* is given by A* = {c_l*(XtA*’Az, ax(1)}>0 and the inequality is because W
solves (3.1) and A* satisfies (3.5), yielding
& (a2),a W(x) <  sup 14 (a2).a W(x) = LQ*(x,aﬁ(X)),aﬁ(x)W(x) =0.
T @04 o o
Note that the terms in (B.1) are integrable since W and W” are bounded on [/, u] due to
continuity of W” on [/, u]. Taking expectation on both sides of inequality (B.1), we obtain
W@z E W (X272 )]

TATA" A2

A" A A* A
= b [1{TA*’A2<T}K (X:A*M“zz)] +Ex [l{rﬁ*v“z >n¥ (XT 2)]

%A A A A" A
=P, (A < T X2 =) 1B 1wy W (X770)]

using the boundary conditions. Letting 7 — co, we obtain

W@ = Py (t47 <00, X472 =1) = vA ), (B.2)
[ =t ay)
Thus, we have
W) > sup VA 2> sup inf VAR (x) = V(x). (B.3)
Areh, AzEAz-AIEAl

On the other hand, applying Ito’s formula again, we have

*

Ap A Tzt a.(t),ai(XrA I'Ag) ApLAS
E, [W(x 143 *>]—ﬂ(x):Ex L w(x, "*2) dt | >0,
TarAl4: 0

(B.4)

where the play A} is given by A5 = {gﬁ(X,AI’A;)}IZo, and the inequality is due to (3.1) and
(3.5) that give

191:45(%) W(x)> inf L% a5 (x) W(x) = 147 (x.a5()),a5(x) W(x) = 0.
T T ai€l0,Ay] - _

From (B.4), we obtain

ALAS ALA; * AyLAS
2B ()] 5 )] 5 <7 % )

TAT

Letting T — oo, from the boundedness of W and PX(rAl’Az >T)— 0 by Lemma 3.1, we

obtain e
W =P, (7414 < o0, X472 =1) = VA4, (B.5)
ALA
whence we have
W) < inf VA2 < sup  inf VAR = V(). (B.6)
Ajeh ArehyA1€A

From (B.3) and (B.6), we conclude that W(x) = V(x) on [/, u]. To check optimality of
(AT, A;), we note that SDE (2.2) is well posed and admits a continuous, progressively measur-
able solution under (A7, A3) due to the boundedness and measurability of the functions a} and
a3 with a uniformly nondegenerate condition g’f(x)2 —2pai(x)a;(x) + c_zg(x)2 +02>02>0
(see Theorem 1 on page 87 in [6]). Setting A> = A} in (B.2) and A; = A] in (B.5), we obtain
Wkx) = VALA (x). The results on V can be proved similarly and hence the theorem is proved.
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Appendix C. The case when p <0

In this appendix, we solve the case when p < 0 for the sake of completeness. The procedure
of solving the BI equations becomes less complicated, because the saddle-point strategy of
L4192V exists and the optimizers are easier to find.

We first consider the case when p is negatlve p < 0. In the concave region with V" < 0, we

have \‘//,, > 0. The vertex point aj q,, V= 91 v + pay is negative and hence aj g4, v <Ai/2,
which yields that the minimizer in a; is always a](x) = A;. Note that the vertex point of [Aray

A v .
isSaya,v= 927 + pA;. Then we obtain

LA"OZ {XZ&Z,A%ZSO} {x %<B }

sup inf L2y = LA"aszlv!Z {XI0<&2,A1,V<A2}: {X:B_ < % <BS},
ar€[0,A,]91€[0.41] A4 v

R v
ARy kA soa)={xiBs < ),
(C.1)
in the concave region, where B_ = — %‘.

In the convex region with V" > 0, we have % < 0. The vertex point as 4, v = 92% + paj is
negative for all a; € [0, A1], which yields that the maximizer in ar €10, Ap] is alwgys 5_13 )=
A». Note that the vertex point of L‘“’AZK is ai,4,,v=—01 % + pAj, and we obtain

LO,AzX {x al AV = < 0} { B < ‘\/{’ }
sup inf L9V = La“‘z-zz {x:0<apav<A}=
a,€[0,A,]91€10.A1] -

o,

x:By < <B+} (C.2)
Ay A <apav)= { 5— <B7},

in the convex region, where B = p@_x‘iz.

Hence, if p < 0, from (C.1) and (C.2), we obtain

v’ Lo x5 )
Y =g1l(—oox_1+ f—l

1(X3,+~x+)

+ 82115, 00)5 (C.3)
S5

+ 8l )+

for x € [I, u], which is a continuous and decreasing function, where

(AT +0%)  01AI + 1 01(A3 +0?) | oA
= — . XL = —
2prA; r 2prAn r

which solve g1(x_)=1/B_ and g2(x+)=1/B4.

We note that when p =0, the top lines of (C.1) and (C.2) degenerate. For x € [/, u], we
obtain (5.78) with the optimizers given in (5.79) in Theorem 5.5.

We also note that the saddle point of L*>“2W exists and the optimizers do not depend on the
order of play in the game, that is, (a*(x) a, ) = (E* ), a (x)) (which is the Nash equilibrium
strategy) when p <0. The sup-value and sub-value functlons are equal V =V =V, which is
the value function of the game.
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Appendix D. Summary of solutions

Tables D1-D4 summarize the solutions in this appendix.

TABLE D1. Parametric cases and solutions for the sub-value in the concave region (Section 4.1)

Parameter settings VA% Optimizers
Subcase 11 4.19) (4.16)
Subcases 12, 31 4.24) (4.20)
Case 2 and p < /1/2 (4.38) (4.30)
Case 2 and p > /1/2 (4.40) (4.39)
Subcases 32, 41, 42, 44 (4.42) (4.41)
Subcase 33 4.44) (4.43)
Subcase 43 (4.46) (4.45)

TABLE D2. Parametric cases and solutions for the sub-value in the convex region (Section 4.2)

Parameter settings V”/V'  Optimizers

Cases 1 or 2 and B7 < 0; case 3; subcase 42 and ’2—; <é&s and (4.69) (4.65)
B7 < 0; subcase 51; subcase 67 and B7 <0

Cases 1 or 2 and B7 > 0; subcase 42 and ﬁ—; <é&sand B7 > 0; “4.71) 4.70)
subcase 67 and B7 >0

Subcases 41, 53, 54, 55, 65 (4.85) (4.81)

Subcase 42 and j;—; > &5 and B7 < 0; subcase 52; subcase 66 and 4.87) (4.86)
B7 <0

Subcase 42 and 2‘—; > &5 and B7 > 0; subcase 66 and B7 > 0 (4.90) (4.89)

Subcases 56, 61, 62, 63; case 7 4.92) 4.91)

Subcase 64 and B7 < 0 (4.96) (4.95)

Subcase 64 and B7 >0 (4.99) (4.98)

TABLE D3. Parametric cases and solutions for the sup-value in the concave region (Section 5.1)

Parameter settings V' / Vv Optimizers

Cases 1 or 2 and Bs > 0; case 3; subcase 43 and Bs > 0; subcases (5.18) 5.17)
55, 56; subcase 67 and Bs > 0

Cases 1 or 2 and Bs < 0; subcase 43 and B5 < 0; subcase 67 and (5.20) (5.19)
Bs <0
Subcase 41 and Bs > 0; subcase 66 and Bs > 0 (5.29) (5.28)
Subcase 41 and B5 < 0; subcase 66 and Bs <0 (5.32) (5.31)
Subcases 42, 52, 53, 54, 65 (5.34) (5.33)
Subcases 51, 61, 62, 63; case 7 (5.37) (5.36)
Subcase 64 and Bs > 0 (5.39) (5.38)
Subcase 64 and Bs <0 (5.41) (5.40)
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TABLE D4. Parametric cases and solutions for the sup-value in the convex region (Section 5.2)

Parameter settings v’ /‘_// Optimizers
Case 1 and B7 >0 (5.54) (5.53)
Case 1 and B7 < 0; subcases 32, 43; subcase 44 and p < 4/1/2  (5.52) (5.51)
Case 2 and p < +/1/2 (5.59) (5.58)
Case2 and p > /1/2 (5.63) (5.62)
Subcase 31 (5.65) (5.64)
Subcases 33, 42; subcase 44 and p > /1/2 (5.67) (5.66)
Subcase 41 (5.69) (5.68)
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