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SUMMARY

Amethod for quantifying treatment comparisons for a situation in which there are too many zeros in
the dataset for a conventional analysis of variance to be valid is presented. The method assumes the
existence of a latent variable such that zero observations correspond to values below a threshold, and
non-zero observations are transformed to fit the part of the distribution above the threshold. The
method is known as Tobit analysis in econometrics. Parameters are estimated by maximum likeli-
hood and standard errors obtained, all using standard numerical routines. Use of the method is
demonstrated by analysis of a dataset of crop lodging, and it is anticipated to be widely applicable to
other types of data for which high numbers of zeros prevent conventional analysis.

INTRODUCTION

There are many situations in which routine statistical
analyses are performed, despite clear violation of the
assumptions underlying the method of analysis. In
such cases the results from the analysis will be invalid,
however they are still often quoted, due to the absence
of any established alternative method. One such ex-
ample of this is addressed in the present paper,
namely the use of analysis of variance (ANOVA)
when there are many zeros present in a dataset. This
will often cause the assumption of normality to be
violated, a histogram of the raw data having a large
spike at zero. The residual variation will be under-
estimated and so the value of F and hence significance
levels of any treatment effects are likely to be over-
estimated.
The analysis of a model dataset of lodging (flat-

tening of the crop) from a series of field trials evalu-
ating variety performance is considered. Current
practice in such trials is to estimate trial and variety
effects using a conventional ANOVA, performed on
untransformed data. However there is a preponder-
ance of zeros and so, for the reasons described above,
such analyses are clearly invalid. A possible alterna-
tive approach would be to use a two-stage process,
firstly modelling the probability of zero lodging with
a Bernoulli (0/1) variable and secondly using some
continuous distribution to describe the % lodging
when it occurs. Such modelling strategies were sug-
gested by Aitchison (1955) and have been used by

Pennington (1983) for plankton abundance esti-
mation and Feuerverger (1979) for rainfall occur-
rence. Similar approaches for count data have been
applied to defects in manufacturing by Lambert
(1992) and to animal abundance estimation by Welsh
et al. (1996). In the present paper an alternative,
simpler methodology is developed, which allows both
occurrence and amount of the measured quantity to
be described by a single variable. This latent Gaussian
variable is constructed such that zero observations
correspond to the part of the distribution below some
threshold, and non-zero observations are trans-
formed to fit the distribution above the threshold.
The method therefore effectively assumes that the
zero observations are censored, i.e. an observed zero
represents a response that simply did not score high
enough on the given scale to produce a non-zero ob-
servation. Such models are commonly used in the
field of econometrics, where they have been called
Tobit models, first introduced by Tobin (1958) as
limited dependent variable models. A good review of
the various methodologies developed can be found in
Amemiya (1984), and the main details are given in
some standard econometrics textbooks, e.g. Johnston
& DiNardo (1997). These models are relatively un-
known in other disciplines, yet the idea is appealing
for many physical and biological phenomena. Here,
in some trials, most varieties display some lodging,
but in other trials most do not, so the idea of a
threshold, with different levels in different trials,
seems entirely plausible. Similarly, with some var-
ieties being more prone to lodging than others, a
threshold that differs between varieties makes sense.
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The data and method are described in the next
sections. Then, after Results, model diagnostics are
considered; in addition, tests carried out to validate
the method are also described.

DATA

Three similar datasets for successive seasons are
considered, consisting of the percentage lodging of a
cereal crop for between four and seven trials, involv-
ing between 27 and 34 varieties. For reasons of com-
mercial confidentiality, further details cannot be
given. Each season can be regarded as a complete
block design, with variety the treatment effect and
trial the block effect. In this paper, the authors con-
centrate on the dataset from the first season, involv-
ing seven trials and 32 varieties. The full dataset for
this season is shown in Table 1. Sixty-six per cent of
the values (147 out of 224) are recorded as zero.

A naive ANOVA on these data concludes there to
be large variety and trial effects, but with so many
observed zeros, assumptions have clearly been vi-
olated. To illustrate this, Fig. 1 shows plots of re-
siduals, standardized to have unit variance, against
fitted values obtained from ANOVA on untrans-
formed data and square root transformed data.
Neither plot is as it should be for a valid ANOVA,
because for all the zero observations the residuals are
x1 times the fitted values, hence all these residuals
lie on a straight line. This also results in the variance
decreasing as the size of the fitted value decreases. The
square root transformation goes some way towards
improving the constant variance assumption, but
nevertheless the dominant feature of both plots is this
line of residuals corresponding to the observed zeros
and so whatever transformation is used, such a plot
will never satisfy the requirements of appearing ran-
dom with homogeneous variance.

METHOD

Transformation of data

The first step in this method is to find a transform-
ation to a latent Gaussian variable, such that ob-
served zeros correspond to the part of the distribution
below a threshold, and non-zero observations (greater
than zero) fit the part of the Gaussian distribution
above the threshold. In order to investigate suitable
transformations a large volume of data is desirable
and so the combined data from all three seasons (full
dataset not shown) are used for the exploratory work
in this section, giving n=495 values, of which n0=284
(57%) are zero. In the rest of the paper the data from
the first season only are used.
To maintain a simple approach, only simple trans-

formations of the data are considered, namely square
root and log. Figure 2 illustrates firstly that using a
square root transformation, a histogram of the
transformed non-zero data values is a reasonable fit
to the upper tail of a Gaussian distribution, and sec-
ondly that a plot of the normal scores of these non-
zero values is fairly linear, further indicating that the
transformation is a reasonable one. In order to pro-
duce these plots it was necessary to estimate both
the threshold level and the variance of the Gaussian
distribution. This is non-trivial, but not required
for the actual fitting of the model as described in
the next section, hence details are relegated to the
Appendix.
Using untransformed or log transformed data, the

corresponding graphs to Fig. 2 showed poor fits,
the histograms having worse fits to the upper tail of
the Gaussian distribution, and the normal probability
plots displaying curvature, convex and concave re-
spectively, reinforcing the choice here of the square
root transformation.

Table 1. Dataset for the first season. Figures are
per cent crop lodging

Trial

Variety 1 2 3 4 5 6 7

1 0.0 0.0 0.0 0.3 7.7 0.0 0.4
2 0.0 0.0 0.0 0.0 1.7 0.0 0.0
3 66.7 1.3 0.7 1.0 6.7 0.0 0.0
4 0.0 0.0 0.0 0.0 0.0 0.0 0.0
5 0.0 0.0 0.0 0.0 2.7 0.0 0.0
6 0.0 0.0 0.7 0.3 10.0 0.0 0.0
7 0.0 0.0 0.0 0.0 5.0 0.0 0.0
8 3.3 0.0 0.0 1.7 28.3 0.3 0.0
9 0.0 0.0 0.0 0.0 37.7 0.0 0.0
10 0.0 0.0 0.0 0.0 1.0 0.0 0.0
11 0.0 0.0 0.0 0.0 4.3 0.0 0.0
12 0.0 0.0 0.0 0.0 1.0 0.0 0.0
13 0.0 0.0 0.0 0.3 30.0 0.0 0.0
14 0.0 0.0 0.0 1.3 1.7 0.0 0.0
15 13.3 0.0 0.0 2.7 13.3 0.3 0.0
16 10.0 0.0 0.0 0.0 8.3 0.3 0.2
17 3.3 0.0 0.0 0.0 4.3 0.0 0.2
18 0.0 0.0 0.0 0.7 0.0 0.0 0.0
19 26.7 0.0 0.0 0.7 2.3 0.0 0.0
20 0.0 0.0 0.0 0.0 2.0 0.0 0.0
21 0.0 0.0 0.0 0.0 2.7 0.3 0.0
22 0.0 0.0 0.0 0.3 3.3 0.0 0.0
23 26.7 0.0 0.3 0.0 16.7 0.3 0.2
24 0.0 0.0 0.0 2.0 15.0 0.0 0.0
25 0.0 0.0 0.0 1.0 11.7 0.3 0.0
26 0.0 0.0 0.0 0.0 0.0 0.0 0.2
27 0.0 0.0 0.0 0.0 13.3 0.0 0.0
28 0.0 0.0 0.3 0.0 5.0 4.0 0.2
29 0.0 0.0 0.0 1.0 11.0 0.0 0.0
30 3.3 3.0 0.0 2.0 11.0 0.0 0.2
31 0.0 0.3 0.3 0.0 9.3 0.3 0.0
32 30.0 1.3 0.0 0.3 8.3 0.0 0.0
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Note that in ANOVA the assumption being made is
strictly that the errors are normally distributed, not the
data themselves, though in practice, if the errors are
normally distributed, the data will usually be approxi-
mately normal too, though this depends on the sizes
of treatment and block effects. Therefore the ideas
just described are useful in assessing the suitability of
a transformation, but it is more important to examine
the residuals after the model has been fitted.

Model estimation

The square root of the observed lodging for var-
iety i in trial j will be denoted by yij, and zij will

denote the corresponding value of the latent variable.
Thus

yij=
zij if zijo0
0 otherwise

�

Consider the fixed effects model for the complete
block design with V varieties and T trials :

zij=m+ni+tj+eij (1)

Here m is an overall mean, ni, i=1, …, V, are the
variety effects, tj, j=1, …, T, are the trial effects, and
the errors eij are independent and identically dis-
tributed N(0, s2). The last variety and trial effects are
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Fig. 1. Diagnostic plots resulting from conventional ANOVA – standardized residuals plotted against fitted values: (a)
untransformed data; (b) square root transformed data.
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Fig. 2. (a) Histogram of square root transformed lodging, with superimposed thresholded Gaussian distribution. (b) Normal
probability plot of upper tail to demonstrate suitability of square root transformation: (+) observed normal scores, (x)
expected normal scores.
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constrained such that the sum of each set of effects is
zero, i.e.

nV=x
XVx1

i=1

ni and tT=x
XTx1

j=1

tj

The complete set of (V+T) parameters will be written
as h=(m, s2, n1, …, nVx1, t1, …, tTx1).
Equation 1 states the model in terms of the latent

variable z, however it is also convenient to consider
the corresponding expression in terms of the (square
root transformed) lodging y :

yij=m+ni+tj+eij (2)

The terms denoted by eij are such that eij=eij if zijo0
and eij is an upper bound for eij if zij<0. The likeli-
hood for the model can be written as the product of
the VrT terms:

L=
Y
yij>0

w
eij
s

� � Y
yij=0

W
eij
s

� �
(3)

where W(.) is the cumulative distribution function of
the standard normal distribution,

W(x)=
Z x

X=x1
w(X) dX (4)

w(.) being the probability density function of the
standard normal distribution,

w(x)=
1ffiffiffiffiffiffi
2p

p exp x
1

2
x2

� �
(5)

The likelihood quoted is equivalent to that for the
Tobit model, given in e.g. Johnston & DiNardo
(1997). So when lodging greater than zero is observed,
a component for the associated error enters directly
into the likelihood using the probability density
function of the standard normal distribution, and
when zero lodging is observed, the component in the
likelihood reflects that we know that the error is less
than a value determined by its trial and variety, and
so the term involves the cumulative distribution
function. This likelihood can be maximized using a
suitable numerical routine to give maximum likeli-
hood estimates for all parameters, ĥh. See Validation
of method, Numerical routines for further details.
Note that for variety 4 there is no lodging in any

of the seven trials. Such varieties are potentially a
problem for the estimation procedure. A solution is to
artificially set the lodging in one of the trials to a small
positive number for any variety with completely zero
lodging. It is most natural to do this for the trial with
the highest level of lodging, here trial 5. This provides
an anchor for that variety and allows its effect to be
estimated, otherwise the maximum likelihood esti-
mate for that variety effect would be negative infinity.

Such an adjustment has negligible effect on the par-
ameter estimates for other varieties. This was checked
by re-running the analysis without the all-zero variety
present. A small positive number of 0.01 was used, so
one magnitude smaller than the smallest observed
non-zero observation. Other small positive numbers
were tried to confirm that the actual value used did
not affect the resulting variety comparisons.
In addition to the estimated parameters ĥh, it might

be useful to calculate and quote some alternative
quantities. For example, the estimated mean for var-
iety i on the latent scale is given by

m̂mi=m̂m+n̂ni

In the presentation of results from analyses involving
transformations, it is usually desirable to back-trans-
form estimates to the observed scale. For the present
problem, natural quantities to present for each var-
iety are the probability of observing zero lodging and
the expected level of lodging conditional on it being
non-zero. The probability of observing a zero value
for variety i may be estimated by W(ĵji), where
ĵji=xm̂mi=ŝs. The expected level of lodging, conditional
on it being non-zero, is equivalent to the expectation
of y2 for a truncated normal distribution. This may be
calculated using expressions given in Johnson et al.
(1994), as

1+
w(ĵji)

1xW(ĵji)
ĵji

" #
ŝs2+2

w(ĵji)

1xW(ĵji)
m̂miŝs+m̂m2

i

Comparison of variety effects

The main objective of the analysis is to assess whether
there are differences in levels of lodging between
varieties. The effects obtained above allow a ranking
of varieties, but standard errors are required if the
significance of differences is to be assessed. Because
maximum likelihood has been used to estimate par-
ameters, the variance–covariance matrix of the
parameter estimates can be obtained as the elements
of the inverse of the Hessian matrix H, with el-
ements given by

Hij=x
@2 logL

@hi@hj

The matrix is easily computed using a numerical
routine (see Validation of method, Numerical rou-
tines), and can then be inverted, again using a nu-
merical routine, to obtain Hx1. The variance of the
estimator ĥhi is then given by (Hx1)ii, and the covari-
ance between any pair of estimators ĥhi and ĥhj is given
by (Hx1)ij. In order to compare variety effects, the
(Vx1)r(Vx1) submatrix C of Hx1, corresponding
to n̂n,…, n̂nVx1, can be used. The diagonal elements of
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C then give the variances of the estimates of the var-
iety effects

Var(n̂ni)=Cii for i=1, …, Vx1

and the non-diagonal elements the covariances be-
tween pairs of variety effects

Cov(n̂ni, n̂nj)=Cij for i, j=1, …, Vx1

For the Vth variety, we have

Var(n̂nV)=
XVx1

i=1

XVx1

j=1

Cij

and

Cov(n̂ni, n̂nV)=x
XVx1

j=1

Cij

Note that to quote standard errors of variety means
(on the latent scale), information about the overall
mean m must be incorporated, i.e.

Var( m̂mi)=Var( m̂m)+Var(n̂ni)+2 Cov( m̂m, n̂ni)

The standard errors of differences (S.E.D.) between
pairs of varieties are determined by taking the square
root of

Var(n̂nixn̂nj)=Var(n̂ni)+Var(n̂nj)x2 Cov(n̂ni, n̂nj)

Pairwise comparisons can then be made via the usual
t-tests, i.e.

n̂nixn̂nj
�� ��ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var(n̂nixn̂nj)

p
By analogy with ANOVA, the degrees of freedom of
this t-statistic should be (Vx1)(Tx1). However, in
the presence of censoring, many of these degrees of
freedom are associated with censored observations
and so this will be optimistic. In the absence of any
obvious way to calculate the reduction in effective
degrees of freedom, the commonly adopted practice
of using 2.0 as the 95% level of the test statistic will be
followed.

RESULTS

Table 2 shows the parameter estimates for the dataset
from the first season. Estimated effects and standard
errors, all on the latent scale, are given for all par-
ameters. In addition, for each variety, the probability
of observing zero lodging and the corresponding ex-
pected level of lodging given that it is non-zero are
presented. As discussed below, if none of the data
were censored, the estimated standard errors (E.S.E.)
would be the same for all variety effects. However,
comparison with the raw data in Table 1 shows that
the varieties with the most censored values have the
largest E.S.E.s. This is also easily seen for the trial

effects – e.g. trials 2 and 3 have the least number of
non-zero lodgings and, consequently, the trial effects
for these trials have the largest E.S.E.s.
Table 3 displays the t-statistics for all pairwise

comparisons that resulted in a test statistic greater
than 2.0 and hence can be considered significant
at the 5% level. For ease of viewing, the varieties

Table 2. Parameter estimates for dataset from first
season. All estimates and estimated standard errors

(E.S.E.s) are on the latent scale

Estimate E.S.E.

Prob. of
observing

zero

Expected
value
given

non-zero

Grand mean x0.963 0.220
Residual
variance

2.495 0.427

Trial means:
1 x0.05 0.376
2 x2.51 0.562
3 x2.39 0.532
4 x0.61 0.358
5 2.47 0.282
6 x1.74 0.451
7 x1.93 0.465

Variety means:
1 x0.53 0.739 0.63 1.92
2 x2.80 1.237 0.96 0.72
3 1.67 0.623 0.15 6.00
4 x3.67 1.406 0.99 0.53
5 x2.61 1.195 0.95 0.78
6 x0.34 0.722 0.59 2.11
7 x2.30 1.132 0.93 0.88
8 0.62 0.674 0.35 3.43
9 x0.84 0.883 0.70 1.65
10 x2.99 1.274 0.97 0.67
11 x2.38 1.149 0.93 0.85
12 x2.99 1.273 0.97 0.67
13 x0.50 0.796 0.63 1.95
14 x1.48 0.890 0.83 1.24
15 0.71 0.671 0.33 3.59
16 0.35 0.671 0.41 2.99
17 x0.49 0.743 0.62 1.96
18 x2.32 1.026 0.93 0.87
19 0.06 0.729 0.48 2.58
20 x2.74 1.223 0.96 0.74
21 x1.34 0.849 0.80 1.32
22 x1.50 0.892 0.83 1.23
23 1.23 0.626 0.22 4.73
24 x0.69 0.812 0.67 1.78
25 x0.34 0.733 0.58 2.11
26 x2.08 0.955 0.91 0.96
27 x1.69 1.017 0.86 1.13
28 0.19 0.655 0.45 2.75
29 x0.94 0.835 0.72 1.58
30 0.86 0.637 0.29 3.89
31 0.15 0.650 0.46 2.69
32 0.86 0.659 0.29 3.90
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involved are listed in order of the size of their esti-
mated effects.

MODEL CHECKING

As discussed in Data, for a conventional ANOVA,
a plot of residuals versus fitted values allows the
checking of both the normality of residuals and the
homogeneity of variance assumptions. Figure 3(a)
shows such a plot for the model fitted by the authors.
If lodgings of zero are observed then the residuals are
censored; the 1 symbols on the graph represent not
residuals themselves, but indicate that these residuals
are censored at that value, i.e. may lie anywhere be-
low this value. Clearly this plot is less informative
than it would be for an uncensored dataset, never-
theless it seems plausible that had all the residuals
been observed, they would be normally distributed
with constant variance over the range of fitted values
shown. The other plots in Fig. 3 allow further as-
sessment of this. As the size of the fitted value de-
creases, there is more probability of the observation
being censored, and so Fig. 3(b) displays a histogram
of the observed and expected number of censored
data points in terms of the size of the fitted value.
The bins were created here such that each contains
approximately the same proportion of the overall
datapoints. The agreement seems reasonable. For

Fig. 3(c) the cumulative distribution function of the
standardized residuals is considered, estimating it by
a modification of the Kaplan–Meier (product-limit)
estimator, a common method for estimation of the
survivor function for survival data (see e.g. Cox &
Oakes 1984). In a typical survival dataset, the time
of death tk for patient k is either directly observed, or
known to be greater than a time tk, with the actual
time of death unknown. This second case leads to a
censored data point. If the time of death is known to
be greater than tk, the data point is right-censored.
In contrast, the censored residuals in the present
paper are left-censored, i.e. they are known to be less
than or equal to a certain value. If the set of residuals
from uncensored datapoints only are ordered, as
{"(k)}k=1, …, m and let {r(k)}k=1, …, m be the set of in-
tegers such that r(k) is the number of all residuals
(both observed and censored) less than or equal to
e(k), then the product-limit estimator of the cumulat-
ive distribution function is defined as

F̂F(e)=
Y

k:"(k)oe

1x
1

r(k)

� 	

This results in the step-function shown in Fig. 3(c),
which also shows the expected cumulative distri-
bution function for a standard normal distribution.
The fit is good.

Table 3. Pairwise variety comparisons with t-statistic greater than 2.0. Varieties are presented in order of their
estimated effects; the smallest effects correspond to rows, increasing down the table from the first row, and the

largest effects correspond to columns, increasing to the right-hand side

Increasing variety effects p Largest effects
17 6 25 19 31 28 16 8 15 30 32 23 3

Smallest effects 4 2.02 2.12 2.12 2.38 2.47 2.50 2.60 2.77 2.83 2.94 2.93 3.19 3.48
12 2.11 2.20 2.23 2.34 2.52 2.59 2.71 2.70 2.98 3.30
10 2.10 2.20 2.23 2.34 2.52 2.59 2.71 2.70 2.98 3.30
2 2.02 2.12 2.15 2.26 2.45 2.52 2.64 2.63 2.92 3.24
20 2.10 2.12 2.23 2.43 2.49 2.62 2.61 2.90 3.23
5 2.04 2.07 2.18 2.38 2.44 2.57 2.56 2.86 3.19

Increasing 11 2.08 2.28 2.35 2.48 2.47 2.77 3.12
variety effects 18 2.05 2.08 2.20 2.42 2.50 2.65 2.63 2.97 3.34
› 7 2.04 2.24 2.31 2.45 2.44 2.74 3.09

26 2.10 2.33 2.41 2.57 2.55 2.91 3.30
27 2.14 2.12 2.45 2.83
22 2.16 2.15 2.51 2.93
14 2.14 2.13 2.49 2.91
21 2.08 2.06 2.45 2.87
29 2.09 2.52
9 2.34
24 2.32
1 2.28
13 2.17
17 2.23
6 2.12
25 2.10
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Finally, another common way to assess the nor-
mality of residuals is via a normal probability plot.
The only way such a plot can be obtained in the
presence of censored data is to simulate values for the
censored residuals from the relevant part of the dis-
tribution, and use these as if they were from observed
datapoints. Many simulations can be done and
probability plots created for each realization. How-
ever, in the present paper many such plots have been
combined into one, Fig. 3(d ) showing the results ob-
tained from 10 simulations. The linearity of the plot
indicates that the residuals are indeed approximately
normally distributed. All these plots therefore confirm

the data to be broadly consistent with the fitted
model.
It is also useful to compare such plots with those

obtained using other transformations. Figure 4
therefore gives the corresponding plot to Fig. 3(a),
with both untransformed data and log transformed
data. It can be seen that in the untransformed case,
the variation in residuals clearly increases as the fitted
value increases. Conversely, for the log transform-
ation, the variation decreases as the fitted value in-
creases and there is some evidence of curvature. The
square root transformation can therefore be seen to
be the best of the three transformations considered.
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Fig. 3. Plots to assess goodness-of-fit of model fitted to square root transformed data. (a) Standardized residuals plotted
against fitted values: (+) uncensored residual, (1) residual censored at this value. (b) Proportion of censored values (ob-
served and expected), grouping ordered fitted values into groups of 20. (c) Cumulative distribution function: (…) product-
limit estimate, (—) expected function for a standard normal distribution. (d) Combined probability plot of residuals from
10 simulations of data: (+) uncensored residual, (#) simulated censored residual.

Latent variable analysis of crop lodging 389

https://doi.org/10.1017/S0021859603003332 Published online by Cambridge University Press

https://doi.org/10.1017/S0021859603003332


VALIDATION OF METHOD

Here some further work is described which was car-
ried out to verify that the method is valid and gives
the expected results.

Numerical routines

Both parameter estimates and standard errors have
been obtained by off-the-shelf numerical routines,
available in any programming language and many
statistical packages. Specifically, the Fortran 90 pro-
gramming language (Ellis et al. 1994) has been used,
with IMSL numerical routines (IMSL 2002). A copy
of the program used for the example in this paper is
available from the authors on request. The likelihood
was maximized using routine BCONF, a routine
which minimizes a function of several variables sub-
ject to bounds on the variables (to ensure s2>0) using
a quasi-Newton method and a finite-difference gradi-
ent; FDHES was used to approximate the Hessian
using forward differences and function values only.
For the problem in the present paper, both these
procedures could have been performed analytically,
through calculation of first and second derivatives of
the log-likelihood function explicitly. Parameter esti-
mates could then be obtained by solving the set of
equations of the first derivatives all equated to zero,
and the variance–covariance matrix found via the
exact Hessian matrix obtained from the second deri-
vatives (Stuart et al. 1999). These calculations were all
performed and produced results very similar to those
obtained numerically, the difference between par-
ameter estimates being negligible and the elements of
the Hessian all agreeing to at least 3 significant fig-
ures, hence the authors can be confident that the nu-
merical routines are performing as intended. For the

examples in the present paper, convergence was easily
achieved in the likelihood maximization, from start-
ing values of s2=1 and all other effects set to zero. If
lack of convergence was encountered, an alternative
set of starting values could be the estimates of variety
and trial effects from a simple ANOVA on the (square
root transformed) original data.
The model fitting could also be performed using

procedures for fitting Tobit models that are available
in some of the statistical and econometric packages.
For example, LIMDEP (Greene 1986) has a TOBIT
command and in the SAS package, Tobit models can
be fitted using the LIFEREG procedure (SAS Insti-
tute 2000). The authors have verified that this latter
package gives equivalent results to their own.

Uncensored data

For an uncensored dataset, the results obtained by
the authors’ program would be required to replicate
results from using a standard ANOVA procedure.
Here GenStat (GenStat 2000) has been used to verify
this. Taking the parameter estimates obtained above,
datasets were simulated of the same size as the ob-
served. The uncensored version of this simulated
dataset was then used directly to compare with the
results obtained from GenStat ANOVA. Identical
parameter estimates for the mean and all trial and
variety effects were obtained. The only difference was
in the estimation of the residual variation s2. This is,
however, simply a consequence of the estimation
method used. The method presented in the present
paper is maximum likelihood and so the residual
variation is estimated using a denominator of nVnT,
whereas ANOVA adjusts this estimate for the degrees
of freedom used to estimate the other parameters and
so uses (nVx1) (nTx1). This discrepancy would be
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Fig. 4. Standardized residuals plotted against fitted values for other data transformations: (+) uncensored residual, (1)
residual censored at this value: (a) untransformed data; (b) log transformed data.
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rectified if a residual maximum likelihood technique
were to be used, rather than full maximum likelihood;
however in the presence of censored data, it is not
obvious how this would be formulated. The result
of using maximum likelihood is therefore that S.E.D.s
are slightly more optimistic than those obtained by
ANOVA. In the uncensored case, all varieties are
equally replicated and so there is a single S.E.D. that
applies to all pairwise comparisons. In contrast, as
has already been observed, the estimated standard
errors of variety effects increase when there is in-
creased censoring.
Simulated datasets are also useful in verifying that

the censoring of the data does not bias the parameter
estimates. A simulated dataset can be censored in

order to mimic the observed data and then analyses of
uncensored and censored versions of the same dataset
can be compared. Figure 5(a) allows comparison of
estimated variety means for a single simulated data-
set, demonstrating that the model can still produce
reliable estimates when a dataset is heavily censored.
(For this particular simulated dataset, 63% of values
were censored.) There is more discrepancy for var-
ieties with smaller means, as this is where most cen-
soring occurs. Figure 5(b) shows the same picture
averaged over 100 simulated datasets. The agreement
confirms that any bias introduced as a consequence of
estimating from the censored dataset is small.
Such simulated datasets may also be used to pro-

vide more insight into the residual plots. Figure 6
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Fig. 5. Comparison of variety means estimated from censored and uncensored versions of the same simulated dataset: (a) for
a single simulated dataset; (b) averaged over 100 simulated datasets.
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Fig. 6. Standardized residuals plotted against fitted values for a simulated dataset: (a) from analysis of censored version
of dataset, (+) uncensored residual, (#) residual censored at this value; (b) from analysis of uncensored dataset, (+)
uncensored residual, (#) residual simulated for censored data point.
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shows residual plots obtained from a simulated data-
set, (a) showing the residuals when the simulated data
is censored before analysis, mimicking the observed
data, and (b) showing the residuals when the un-
censored dataset is analysed. Comparison of (a) and
(b) shows that the censored residuals in (a) become
approximately normally distributed in (b), as would
be expected. Further, comparison of Fig. 6(a) with
Fig. 3(a) confirms that the residual plot from the ob-
served data is similar to that from a dataset simulated
from the fitted model.

DISCUSSION

Using a dataset of crop lodging as an example, it has
been demonstrated that data unsuitable for analysis
by conventional ANOVA can be successfully trans-
formed to a thresholded latent Gaussian variable and
subsequently analysed by a valid full maximum like-
lihood method. The fact that the model can be fitted
and standard errors obtained using numerical rou-
tines makes this method accessible to the general
scientific community. In addition, the facilities for
fitting Tobit models in some standard statistical and
econometric packages should further encourage its
use. The authors find it surprising that such a well-
known technique within the econometrics discipline
should be so little known outside of this area. It is
anticipated that the method will be widely applicable
to many physical and biological phenomena, includ-
ing many in agriculture. Disease incidence is a good
example, for which some varieties will display more
resistance to disease than others, and there are many
other analogous examples. The present authors have
already used similar latent variable models for analy-
sis of cow feeding behaviour (Allcroft & Glasbey
2002) and rainfall data (Allcroft & Glasbey 2003).
The feeding data were binary and so the Gaussain
variable was simply such that non-feeding periods
corresponded to the part of the distribution below
the threshold, and feeding to the part above. For the
rainfall data, a quadratic power transformation was
used, involving the estimation of four parameters.
In that case 135 000 data values were available and
so there is plenty of information to estimate these
parameters. For the crop lodging data in the pres-
ent paper, there is not as much data (495 values),
and as the aim was to keep the model as simple as

possible, only standard transformations were con-
sidered. In general, transformation parameters could
be estimated simultaneously with the other par-
ameters, by replacing yij with f(xij) in the model,
Eqn 2, and in the subsequent likelihood, Eqn 3, where
f(.) is the form of transformation desired and xij are
data as observed.
Note that the pairwise t-tests between varieties are

being carried out without the protection of an F-test
for overall variety differences, as would be present in
an ANOVA. However, if desired, this could be re-
placed by a likelihood ratio test (see e.g. Stuart et al.
1999) to test the overall significance of a term in the
model. Typically though, F-tests are not required for
variety trials, as most varieties will be similar and only
unusual ones will be of interest (see e.g. Mead et al.
1993). Hence, even if the F-test is nonsignificant,
pairwise t-tests can still be of interest.
Alternative diagnostics would be useful to assess

the goodness-of-fit of these models. Zucchini (2002)
suggests using plots akin to Fig. 3(d ), but using
segments instead of points to represent the censored
data. However the data considered there were either
discrete or interval-censored, whereas the example in
the present paper has left-censored data and so seg-
ments would become half-lines here. Also, there are
many more datapoints in the present work and so if
all segments were plotted together the plot would be
too cluttered. Ideas from the literature for regression
using censored data have also been considered, e.g.
Buckley & James (1979). In this context, Smith &
Zhang (1995) suggest the use of renovated scatter-
plots, again representing censored points using line
segments. However this whole approach is also un-
suitable in the present work, as parameter estimates
will only be unbiased if censoring is independent of
the response; here this is certainly not the case.
Nevertheless, despite the lack of availability of a
sophisticated method for assessing model fit, all of the
investigations carried out in the present paper suggest
that the model is valid.
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APPENDIX

In order to produce the plots of Fig. 2, it is necessary
to estimate the threshold level that divides the Gaus-
sian distribution into the lower part corresponding to
the zero observations and the upper part corre-
sponding to the transformed non-zero observations.
The variance of the distribution must also be esti-
mated, thus allowing the scaling of the distribution to
a standard normal.
The threshold yT of the underlying standard

Gaussian distribution is simply estimated as the
value which divides the distribution such that the
proportion of it below the threshold matches
the proportion of zeros in the data, i.e.

yT=Wx1 n0
n

� �
where Wx1(.) is the inverse of the cumulative distri-
bution function of the standard normal distribution,
given by Eqn 4.
To estimate the variance s2 we can minimize the

sum of squares of observed and expected normal

scores for the non-zero data values. Observed normal
scores may be calculated from the ranked data, y(i),
i=1, …, n, as

Wx1 ix3=8

n+1=4

� 	

(see e.g. Davison 1998) and the expected values of
these normal scores are given by

yT+
1

ŝs
y(i)

Figure 2(b) has the order statistics y(i) on the x-axis
and normal scores on the y-axis. The observed nor-
mal scores are plotted as points and the expected as
the continuous line with slope 1=ŝs.
It should be stressed that the estimation of yT and

s2 in this way is only required for production of the
plots shown and not for the subsequent model esti-
mation.
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