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Abstract. A radiating point source is abruptly switched on and, thereupon, con-
stantly maintained while immersed within a multi-dimensional, non-dispersive,
originally uniform, unbounded, propagative medium with transverse isotropy,
equivalent to an intrinsic axisymmetry. The number of spatial dimensions concerned
is odd. The pertinent radiation problem is posed as a partial differential equation
coupled with a preactivation zero condition. This problem is, first, resolved by a
Fourier integral, which is then ‘frozen’ onto (i.e. evaluated at points on) the axis of
symmetry. Postulating appropriate hyperbolic-type as well as elliptic-type conditions,
a systematic reduction of the ‘frozen’ integral is carried out, enabling an analytic
exact solution to be constructed with reference to certain phase curves in a phase
plane. Away from the source, this solution is valid throughout the symmetry axis
except at certain discrete, moving singularities. These fall into three different cate-
gories. The behaviour near each typical singularity is estimated. Three significant
physical features are demonstrated (as corollaries); namely, the implicit compliance
with a radiation principle, the linear interception of the symmetry axis by a Petrow-
sky’s lacuna (associated with the instantaneous point impulse), and, the eventual
attainment of either a steady or quiet state after an infinite period. Interpretations are
provided in terms of the group velocity. To assist in probing into these various aspects,
two appendices are separately included. An application is made to consider mag-
netically aligned, radiation reception within a field permeated, electrically conducting
gas.

1. Introduction. Consider the radiation problem comprising the linear differential
equation

Q(a%,éi—l,vg) u=P(§;,aix1,V§) H() 6(x), (11)
accompanied by the (partial ) zero condition

#=0 when t<0O, (1-2)
ie.u = @H(t), for some quantity ¢, H(t) being the Heaviside unit step function of the

time variable ¢, while
8(x) = 8(2,) 8(z) ... 8(x,)
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is the Dirac delta function of the position vector X = (z;, %,, ..., %,) lying within the
infinite n-dimensional Cartesian space R,,: —c0 < z, < oo (v = 1, ..., n), for which

02 0

o2 t+ +8fo

is the (n — 1)-dimensional Laplacian. For our purposes, the integer » > 3 and is also
restricted to being odd. Furthermore,

o 9 o, o 0
P(at a V) Q(a_t’gx—l’VI)’

are each a (polynomial) operator which has real constant coefficients, is homogeneous in
ofot, 8]ox,, 0]ox,, ..., 0]dx,, and, whose respective (integral) orders are m —1, m. Thus,
in general appearances,

Vi =

0 9 o, - —— 2)7)2«—1—2#—0 .
P(at ’ oz, V) ﬂ§0u§0 AuVi (355) (3t ’ (1-3)
(2p+v<m—10) ’
3 3 ?) = s v a 3)m—2,¢—u .
(2/t+v\m)

where the 4}’s and Bj}’s are real constants. Throughout, let us assume the integer m
to be even and that

1<ligm. (1-5)
We shall refer to the operator P( ) as the P-operator and ¢( ) as the @-operator (of the
equation (1-1)). Generally speaking, (1-1) is derived from a system of linear differential
equations with homogeneous operators.

Physically, (1-1) and (1-2) are equations governing a time-dependent radiation
emission starting at time ¢ = 0 from a preceding state of rest throughout ¢ < 0. This
process is induced by the sudden activation at the instant ¢ = 0, followed immediately
by a constant maintenance, of the radiating source H(t) 6(x) whose distribution is,
effectively, point localized at x = 0 inside an anisotropic, real, homogeneous, non-
dispersive, transmitting medium having transverse isotropy and occupying the
entire unbounded R,, space.

The transverse isotropy in the medium is linked with a rotational symmetry about
the z,-axis, which we shall call the axis of transverse isotropy, and ensues from the
peculiar grouping of all spatial operators, other than 9/0z,, in the Laplace’s combina-
tion V2. In the present state of affairs, the axis of transverse isotropy passes through the
point source radiator. Transversely isotropic, non-dispersive media are encountered
in the studies of magnetogasdynamics, magneto-elasticity, and the elasticity of
certain crystals.

This paper is aimed, primarily, at the development and exact evaluation of certain
integral representations for the solution to (1-1), (1-2) under prescribed specifications.
In particular, as the title suggests, the reception point x is set to vary only axially, i.e.
along the axis of transverse isotropy. Any measurement recorded on this axis, is,
naturally, influenced by the cumulative radiation effects developing elsewhere all
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over R,. In this respect, then, the situation being explored does not really conform to
a one-dimensional wave motion in the usual accepted sense.

Results achieved depend, to a fair extent, upon the highest order of the Laplacian
term V% present in each of the P- and @-operators and, in particular, its relationship
with the orders m —I, m of both P() and @(), as well as the dimension 7. These results
and their subsequent interpretations are also dependent on the disposition of certain
phase curveswhich areimplicitly determined within a phase plane by certain hyperbolic-
cum-elliptic type of conditions. Among other things, one important concept is raised,
viz. that the solitary radiating singularity at x = 0 radiates many, what will be al-
luded to as, radiated singularities, corresponding to various fixed positions on the
phase curves and falling into three principal categories. In the physical x-space, the
so-called radiated singularities are points travelling along the z;-axis with definite
characteristical axial group velocities, i.e. velocities of energy transport. Therefore,
the emitted energy distribution must be heavily concentrated about these moving
points. On approaching them, it is ascertained that the analytic solution, valid else-
where, becomes mostly singular. It may be conjectured that the radiated singularities
are points at which the moving wave fronts intersect the axis of transverse isotropy.
Both partially infinite intervals beyond the two fastest, left and right, travelling
singularities are intervals of absolute silence. This phenomenon, which crops up as a
mathematical consequence, should be anticipated from a basic radiation condition
that the radiative energy must flow outwards from the source, presumably with finite
velocities.

The analysis of an initial value wave problem is never quite complete without some
endeavour made to construct any of the existing lacunas of Petrowsky (18); Garding (8),
(9). These lacunas are travelling zones of absolute quiet, bounded by slow wavefronts
interior to the fastest front, and, are normally associated with the Green’s function,
i.e. the solution corresponding to an instantaneous point impulse. The original con-
figuration confronted by Petrowsky is severely sophisticated. For a two-dimensional
medium, Bazerand Yen(19), (1) have thoroughly accomplished the construction during
their determination of the Riemann matrix of symmetric hyperbolic systems, while
Burridge(4) has beautifully succeeded in formulating sufficient existence conditions.
Examples in anisotropic elasticity have been illustrated by Miller and Musgrave(17),
Duff(7). As the crucial part of our investigation is focused upon the axis of transverse
isotropy, we can only manage to establish, deductively, the intercept of a lacuna along
this axis. Two radiated singularities coincide with the two end-points of such an inter-
cept, within which the radiation field of the constant but abruptly triggered point
source is either absolute zero or, simply, time-independent.

In passing, we note that the associated impulse (or Green’s) function, viz. the solution
to the related problem

Q(_aa-t,a%,vg)v =P(§t,a%1,V§)8(t)8(x) (1-6)

:v = 0(t < 0), for radiation from the instantaneous point impulse 8(¢) §(x) through
the same propagating medium, is conveniently derived from the solution «(X,?) to
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(1-1), (1-2) via v = oufdt. Also, if the point source of (1-1) is replaced by one with an
arbitrary spatial distribution p(x), then the solution to the appropriate governing

ti
equations Q(gt aa 2) P(at o V2) Ht)p(x) (1-7)

w = 0(t < 0), is, by the usual convolution (Duhamel’s principle),

w =f wx—y, 1) p(y) dy, (18)
Rn

the integration being performed over R, whose volumetric element with respect to
y is dy = dy,dy,...dy,,.

2. An integral formulation. We shall now proceed to tackle the radiation problem of
(1-1), (1-2). Let us introduce the n-dimensional wave vector a = (¢, &y, ..., ,), the
two following scalar magnitudes

o= laf = Jl@2+ad+...+ak), z=[x|=,/(al+ai+...+2T),

and the scalar product a.x = a2, +a, % +... + 2, Z,. In the manner of Lighthill’s
((14) Appendix B, (16)) procedure for a transient source, a Fourier integral representa-
tion of « with a Fourier transform uy(w, «), say, is

w+ie
f daf olw, a) exp [(e. X — wt)] dw,

- co+‘L€
in which, accommodating the fact that u = @¢H(f) = 0 whenever ¢ < 0, the path
(— o0+ 1€, 00+ te) for the inner integration is selected so as to pass above the R w axis

as well as above all singularities of u%,{w, «) within the complex w-plane, for any «
in R, over which the outer integral ranges. Likewise,

A
Hty=—|""

. adw
— sl —
73 B exp (—twt) o

and (via Lighthill(13), Jones(11)),
é(x) = ﬁf&'exp (tae.X) der.

Whereupon (1-1) transforms into

2m)" Hw@( —iw, 1o, ai — a?) uy(w, a) = 1P(—iw, ia,, a? —a?).

Hence
wtie  P(—iw,ia,, ol —a?) et

) .
- (27’)n+1fR,.exp (b %) daf—ao+ie Q(—iv,t0y, 08 —a?) w da. (2-1)

As from now, we assume that the observation point x # 0 and is azially aligned,
which is to say that it isnever coincident with the source, and, moreover, is constrained
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to vary only along the axis of transverse isotropy, ie. X = (%,,0,0,...,0): z; + 0.
Whence o, = a.X/[z;. So, by a law of the spherical mean (John(10)),

f fla.x)g(a,, a?) da
Bn

= 0, (1- o[ flage) gl ot e

N (1—52)%"-@015] ® flake)gak, a?)antda,
~1 —

where Q, = 2737|T'(3n) is the surface area of the n-dimensional unit sphere. Conse-
quently, (2-1) simplifies into

2(2 n:zl-}-lf (1- gz)fk(n—a)dgj ol eielnidy

do. (22)

J’oo+1.e P(—iw,tal, a?E2 — o) et
X —
—wotic @(—tw,taf,a?t?—a?) o

Suppose, with reference to the P- and @-operators of (1-1),
F(’\: g) = P(_’\: gyl_gz): G(/\: g) = Q(_A’ g} 1_‘52), (23)

which are polynomial functions (of A and £). On account of the homogeneity of both
the operators P( ) and @( ) (see (1-3), (1-4)), we have, for any parameter g,

P(—pA, BE, 21— B28%) = B~ F (A, §), Q(—pBA, BE, B> — B?E%) = pmG(A, £).  (24)

Regarding (2-2), the w-integral may be evaluated by means of contour integration.
To do this, let us first postulate

(i) deg poly G(A, §) = m, (2-5)
{in 1)

meaning that the degree of the polynomial G(A, £), when referred to A, is m;
(ii) for any real £ within the closed interval [ — 1, 1], all (subsequent) m roots

A=2(8) (G=1,...,m) (2-6)
G(A,E) =0 (27)

to the algebraic equation

are real and, moreover, if £ + 0, are non-vanishing as well as distinct.

Note (1). It is implicit from (ii) that, within — 1 < £ < 1, no member of the set (2-6)
coincides identically with the line A = 0 or with another member of the same set.
In particular, then, 9/2¢ is never a factor of the Q-operator. This is, therefore, reducible
to a non-trivial time independent form, viz.

e(0m 1) (0. (2:)
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(2) The necessary and sufficient condition that (2-5) is satisfied is that

€(1,0,0) + 0,

Q(1, 0, 0) being (via (1-4)) the constant B} = coefficient of (9/dt)™ in the @-operator.
(3) Evidently, G(A, £) is factorizablein —1 < £ < 1:

G(A, £) = Q(1, 0, O)jijl A= A)]- (2:9)

(4) Suppose the requirements of ‘non-vanishment’ and ‘distinctness’ on every
A;(£) are extended to the point £ = 0. Then the terms of the hypotheses (i) and (ii)
become specializations, to the present case for axial alignment, of the conditions
(cf. e.g. Garding(s), Courant and Hilbert(s), Bers et al.(2)) that the Q-operator is
strictly hyperbolic, and furthermore, evolves ultimately into a time-independent form
(2-8) which is elliptic since

Q(0, £, 1~ £2) = (1,0, 0) jf;igm

is now non-vanishing throughout —1 < § < 1.
(5) The reality of each A;(§) in —1 < £ < 1 is compatible with a desired stability
(cf. Lighthill(14), Appendix B).
Now, generally,
degpoly F(A, &) < m~I, (2-10)
: (in A)
so that, in view of (2-5),
deg poly wG(wa=1, §) —deg poly Flwa=2,£) > I+1 > 2. (2-11)
(in w) (in w)

Thus, regarding (2-2), the w-integrand factor
P()wQ() = (iz)” Flwa™, f)loG(wa™, §) (-1<E<1)

is a meromorphic (precisely, a rational) function of w which satisfies a uniform
convergence condition of Jordan’s lemma in the entire complex w-plane, and possesses
m + 1 real, simple poles at

w=0, ar(f) (=1,...,m). (2-12)

The representation (2-2) will then satisfy « = 0 for ¢ < 0 if ¢ is real and positive. In
this case, whent > 0 (or¢ < 0), the w-path ( — oo + i€, 00 + 2€) can be closed by an infinite
semicircle drawn into the half-domain Jw < € (or Jw > €). Along this semicircle, the
relevant integral extension vanishes under the effect (2:11), owing to Jordan’s lemma.
The complete contour so constructed is negatively (or positively) described and en-
closes every (or no) integrand singularity which goes to form the set (2-12). Whence,
in accordance with the residue theory, the w-integral of (2-2) is

(0,8, m FOE), £) exp[—iaA(£)1] .
— 2mH () (o) '=G<0 52 o0 @0 A® e

GA(24(£), &) being the A-derivative of G(A, £) at A = A;(§). Whereupon, after some
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manipulations, we arrive at the following conclusion: the solution v = ¢H(t) to (1-1),

(1-2) when X = (2,0, ...,0): 2; + 0 and £ > 0 is determined by either
e n-l-1 (X
b=t = pati(a) ) (w314, (214)
or !
0 \H1-n Q, . KX
()¢ - bt = 2 TR st (215)
where ! '

&) = 0 o ) [~ a-gmrongaoag

2 [E(0. ) iag F(2;(£), §) exp (ia[£—A,(£)/ X)) } _

SR O R Yo on e v d (210
and X = z,/t. We shall call K(X) the K-element and, ¢,(x,, t), ¢,(x,, t) radiation functions
of axial reception. Under all circumstances, X = 0 implies { =oo (since z, # 0). Now,
taking into consideration (2-5) and (2-10), the identity (A 9) of Appendix A assumes,
at | X| = oo, the form

F(O: §)+ g F(/\’(g), g) =
G(0, &) ;=1 4(8) Ga(A4(8), €)

which on application to (2-16) gives
lim K(X)= K(+o)=0. (2-17)

>+ ©
Henceforth, as far as further development is concerned, it is enough to base all argu-
ments upon | X| < co.
Suppose ®(x,t) determines the solution to the following problem

Q(gt aa Vz) P(:t 331 Vz) H(t) p(x,) 0(5) 6(25). .. 0(x,) (2-18)

:w = O(x,t) H(t), (with the same P- and @-operators of (1-1)) for radiation originating
from a suddenly applied source whose spatial distribution p(z;)8(z,) 8(xs)...0(z,) is
virtually restricted to an infinitesimally thin line along the axis of transverse isotropy.
Then throughout this axis, the Duhamel’s principle (1-8) yields

®(2,,0,...,0,%) =J':°w¢1(x1—y, Hpy)dy (n>=1+1), (2-19)

Fl I+1-n ©
(%—) ®(z,,0,...,0,%) =f_w¢2(x1—y, Hpyydy (n<l+1), (2-20)
@1(x,, t) and @,(z,, t) being the radiation functions of axial reception.

3. Phase curves. Before an explicit evaluation of the integral for K(X) can be made,
certain facts must first be established. In particular, certain properties pertaining to
the P- and @-operators are required. The highest order of the Vi term present in each of
these operators will influence subsequent analysis to some extent. Generally,

0
de(l%[;o)lyP(at Fry V)— Fm—p), (3-1)
degpoly 05,55, V1) = Hm ) (32)
{n'v})
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for even integers p, g satisfying I < p < m, 0 < ¢ < m.} The right inequalities p < m,
g < m ensure that both P( ) and ¢( ) are, together, meaningful as operators represent-
ing, in the sense of (1-1), a truly transversely isotropic system. Regarding the left
inequalities, p = ! if and only if P(0, 0, 1) # 0, while ¢ = 0 if and only if @(0,0, 1) % 0.
We shall refer to p and ¢ as being the Laplacian indices of, respectively, the P- and
@-operators. With reference to (1-3) and (1-4), (3-1) and (3-2) implies that 4} = 0
for p = §(m—p)+1,..., 4(m —1) while the A’i(m_ﬁ)’s are not all zeros for

v=0,1,..,p=1l, and B, =0 for u=4m—-q)+1,....,4m

while the B;(m_q)’s are not all zeros for v=0,1,...,q. Whence, via (2-3), we have
throughout —o0 < X < oo,

F(EX,8) = £ M(§, X), G(EX, §) = EaN (¢, X), (3-3)
where

Hm—p) m~1—2p
MEX) = 3 (1-gpgre2e 3 Ay(— Xynoi-e, (39

p=0 v=0

Hm—q) m—2u
N X) = 20 (1—gmfm-a-2n ZO By (— Xym=2—, (3-5)

r= v=

Obviously, M (£, X), N(£, X) are polynomial functions of £ and X, which we shall call
the associated polynomials of the P- and @-operators. We note that

q
N(0,X) =3 Bjg_p(—X)* %0 throughout —oo < X < c0. (3+6)
v=0

A similar expression holds for M(0,X). If p =1, M(0,X) = F(0,0) = P(0,0,1). If
q =0, N(0,X) =G(0,0) = @(0,0,1). We also observe that

M(E, X) = M(~¢£,X), N(§X)=DN(-§ X). (37)

Another important aspect to consider is the statement accompanying (2-6), (2:7).
This can be geometrically interpreted as follows: the characteristic equation (2-7)
defines within the vertical strip — 1 < £ < 1 of the §— A plane, a family of m real dis-
tinet curves A = A,(§) (j = 1, ...,m), none of which coincides identically with the seg-
ment —1 < § < 1 of the £-axis (A = 0). Moreover, off the A-axis (§ = 0), these curves
are non-intersecting and do not meet (or touch) the £-axis away from the origin.
Let us call each such curve a phase curve. Generally, the function A;(£) is differentiable
(i.e. analytic)at £ = 0.

The Laplacian index g has a special effect on the configuration of our phase curves,
To determine this effect, we first note that (2-9) gives

GIEX, £) = Q(1,0,0) IT [EX - 1) (39)

This shows that a (real) zero of G(£X, £) within — 1 < £ < 1 is the abscissa of a (real)
point of intersection between a specific phase curve and the straight line A = £{X
passing through the origin. Now, the second identity of (3:3) coupled with the fact

1 In megnetogasdynamic propagation of Alfvénic-acoustic waves (see Section 8), ¢ = 2,
and m = 4. The values p and I depend on the particular perturbation that ¢ represents.
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N(0,X) =% 0 (see (3-6)) implies that, throughout |X| < oo, G(£X,£) possesses at
least ¢ identical (simple) §-zeros coinciding at £ = 0. The number of these zeros ex-
ceeds g at each isolated X-zero of N(0,X), but is precisely ¢ elsewhere in | X| < co.
Therefore, exactly ¢ phase curves pass simultaneously through the origin to form a
restricted subfamily: A = A;(£)(j = 1, ..., q) satisfying
2,0)=0 (j=1,....q) while A0)+0 (j=g+1,...,m). (3-9)
Now, in view of (2-3) and (2-4), G(— A, — §) = G(A, £). So, if A = Af(£) denotes the
portion, within 0 < £ < 1 (or —1 < £ < 0), of the phase curve A = A,(§), then
G(—AF(£),-£=0 in 0<f<1 (or —1<E<O0).
Thus, equivalently,
G(—2¥(—£),6)=0 in —1<E£<0 (or 0<E<1),
i.e. A = —Af(—£) is the portion in —1 < £ < 0 (or 0 < £ < 1) of some phase curve
A = X;(£) (which may or may not be the phase curve A = A;(£)). This proves that the
entire family of phase curves is symmetric about the origin (£, A) = (0,0). N.B. For
the two functions A,(£) and A,(£), involved in the proof, to be one and the same, it is
necessary and sufficient that ¢ & 0and A = A;(£) is a phase curve of the restricted sub-

family. Consequently, the entire family of m phase curves can generally be divided
into three major subfamilies, viz.

(i) the restricted subfamily of the ¢ phase curves

A=08 (G=1,..,9 (3-10)
each of which is symmetric about the common point (£, A) = (0, 0), i.e.
(€)= —24(—§) (3-11)

with ,(0)=0(j=1,...,9);
(ii) a top subfamily of §(m — ¢) phase curves:

A=A8) (J=q+1,....3m+1{q), (3-12)

each lying exclusively within the upper half-strip A > 0, — 1 < £ < 1 (as well as above
every member of the restricted subfamily);
(iii) a bottom subfamily of L(m —¢) phase curves:

A= Aj+4}(m—q)(g) (.7 =q+ i,..., %m'*'%Q)’ (3'13)

each lying exclusively within the lower half-strip A < 0, —1 < £ < 1 (and below every
member of the restricted subfamily) and is, moreover, the image across the origin of a
specific phase curve in the top subfamily, i.e.

Ajrpm-o(8) = —A(—£), say (j=gq+1,....m+1ig). (3-14)

Remarks. The restricted subfamily is null if ¢ = 0, in which case all m phase curves
are equally divided, numerically, between the top and bottom subfamilies. Reverting
our attention to the statement associated with (2-12), we observe that for £ = 0, the
quantity (ia)? F(wat, 0)/wG(wa=?, 0) has, at @ = 0, a pole which is of order ¢+ 1 and
is, therefore, not simple unless ¢ = 0. This factor does not, however, violate the residue

24 PSP 74
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evaluation, precipitating the result (2-13) on the basis of simple poles, for which, the
condition that all m phase curves are distinct in — 1 < £ < 1 is quite sufficient. For
that matter, formula (2-13) is still valid if some or all phase curves of the top subfamily
(and, correspondingly, the bottom subfamily as well,) intersect each other somewhere
along the A-axis beyond the origin.
The Q-operator of (1-1) possesses two essential features. Firstly, from (2-3), (3-3),
(3:8), we have
N(1,X)=@Q(-X,1,0) =@(1,0,0) [T [X —2,(1)], (3-15)

i=1

implying @(0, 1,0) = @(1,0,0) A,(1) A(1)... A,,(1) % 0. Hence, necessarily,

d 1 , V2 3-16
eg poly @5 5=, V1) = m. @16

Next, using (3-3), (3-5), (3-8), (3-9) and the de I'Hoépital’s rule,

q q m
N@O,X)=2 Bi(m_@(-X)q‘” = Q(1,0, 0)'H1[X—/\§-( )N 11 L 4(0) (¢>0). (3:17)
v=0 i= j=q
Evidently, B (m_q) = @(1,0,0)A,,1(0)A,,2(0) ... A,(0) £ 0. So, in the @-operator of
(1-1), ,
coefficient of (0/0t)1(V3)tm—a 4 0, (3-18)

4. Non-singular reception. In this section, we shall determine, under appropriate
conditions, the K-element from (2-16). This becomes, on applying the symmetry rela-
tions (3-11) and (3-14) together with (2-3) and (2-4),

%(n—l) 1 _r2 1}(71.—3)11"
xx) = S en )| [ U Baf” ciesa

L(1 — £2)hn-9 F(E), .
+zf F L EG(E), g)dgf _ Zeos(@lE= A8/ XD) ; (1)

Let us now introduce the following definitions: for Laplacian index ¢ (of the Q-
operator) > 0,

Ai(0) (4 =1,...,q)is a radiated singularity of type 1 (R.S. 1); (4-2)
A1) (3 =1,...,m)is a radiated singularity of type 2 (R.S. 2); (4-3)

for any j = 1,...,m and 0 < £ < 1, Aj(£) is a radiated singularity of type 3 (R.S.3)
if and only if

Ai(8) = A0/ (4-4)

Thus, with reference to the entire family of m phase curves, the R.S. 1’s are the ¢
gradients of the restricted subfamily (3.10) at its common point, the R.S. 2’s are the
m ordinates at £ = 1, while the R.S. 3’s are the gradients of those tangents drawn from
the origin to the portions of all phase curves within 0 < £ < 1. Algebraically, via
(3-15) and (3-17), the R.S. 2’s are all the (m real) X-zeros of N(1, X), while the R.S. 1’s
are all the (g real) X-zeros of N(0, X). We shall now work under the hypothesis that
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the axial radiation reception is non-singular, viz. the observer’s velocity X is non-
coincident, in |X| < oo, with any radiated singularity, i.e. R.S.1, R.S.2, or R.8.3.
The infinite (velocity) range —o0 < X < oo is composed of a finite number of intervals
in which there is non-singular axial reception. These intervals are separated from each
other by the (travelling) radiated singularities, which are, essentially, isolated. Since
(via Lighthill (13), Jones(11))

‘217, " etda = 8(¢) (thedelta function), (4-5)
$0,in0 < £ < 1, -
27r|1X|f_wGOS (a[€— A;(£)/X]) dex = S(EX — A4(£)), (4-6)
E=xent & -meEy Ve (47
o —5) (j=q+1,...,m), 4 (4-8)

ETX=N(E)]

where each summation is performed over {£ };, the set of {-roots: £, = £,(X) to
EX =248) in 0<§£<1 (allnecessarily) satisfying X + A;(§), (4-9)

i.e. the set of abscissae of the (non-tangential) intersections, within 0 < £ < 1, be-
tween the straight line A = £X and the phase curve A = A,(£). Non-singular reception
ensures that all denominators occurring in (4-7), (4-8) are non-vanishing, and that
O(EX — A;(£)) receives no contribution from £ = 1. The first term in (4-7) exists only
if ¢ > 0, is contributed by the permanent simple root at £ = 0 to £X = A,(£) for
Jj=1,...,q (cf. (3-9)) and is, in view of the de 'Hopital’s rule, 8(£)/| X — 2;(§)/£|.

Since no phase curve cuts the £-axisat £ = 1 or touchesit (tangentially)in0 < § < 1,
there is neither a vanishing R.S. 2 nor a vanishing R.S. 3. Hence, because the reception
at X = 0 (i.e. when ¢ = o0) is non-singular by hypothesis, then, necessarily,

Aj(0) =0 forevery j=1,...,q. (4-10)

In particular, if ¢ = 0, no R.8. 1 exists so that the reception is definitely non-singular
at X = 0. Whereupon, in terms of the associated polynomials defined by (3:3)—(35),
the rational function

gHe-pF(0, £)[G(0, §) = M(£,0)/N(E,0) (4-11)
is differentiable at £ = 0 since, via (3-17),
N(0,0) = Q(1,0,0) TL A5(0) TT A,(0) + . (412)
i=1 j=q+1

With regards to the @-operator of (1-1), this is equivalent to
B{(n_p = coefficient of (9/0x,)? (V5)t ™9 £ 0,
a companion to the requirement (3-18). Also, from (3-3),

g PO, ) _ M5 A(8)E) (13)
MEYGAAE), B) ~ Nx(E, A(EVE) A(EVE
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Nx(&, 2;(£)/§) being the X -derivative of N(£, X) at X = A,(£)/£. Let us assume that all
R.S. 1’s are distinet, i.e.

X(0) £ A0) if j+k for jk=1,..,q. (4-14)

Then, for j=1,...,q, the expression (4-13) is differentiable at £ = 0 because, via
(3-8),

lim Ne(£, ,(E)/6) MEE = Q(1,0,0%0) 1T %(0)=24(0) TT 1(0),

which is non-zero. Consequently, substituting (4-5)—(4-8), (4-11), (4-13) into (4-1),
accounting for the fact (see Lighthill (13), Jones(11))

gn+q—p—1 '=

d \rta—p-1
a(é) [(d_g) 0E)/n+qg—p—1)! (n+q>p+1), (4-15)

0 (n+q < p+1), (4-16)

and invoking the usual convolution principle pertaining to the delta function and its
derivatives, we eventually arrive at the following results for non-singular reception in

| X| <,o0:
K(X) =K, ,(X) for nt+g<p+1, (4-17)
but,
_ (— l)é(n—'l) sgn X _Ci ntg—p-1 _ Hn— )M(g’ O)
K0 = Ko+ e 2 | ()™ - e ]
—1e-vx 4
St a— gy, 2, e (X - A0
Q\merl (1 g9 M(E, Ay (£)[E) ,
|G e v el (+19)
forn+q > p+1;where -
(1- &3 M(£,, X)
X) = (= 1)i=-D v .
K, g p(X)=(-1) El(g%, ErFas 1 X~ X(E) | N, X)’ (4-19)
with the double summation ranging over all (non-tangential) intersections in

0<é<1

between the line A = £X and the entire family of m phase curves. By virtue of (3-3)
and (3-8), the abscissae of these intersections constitute the set of all (real, distinet)
£-zeros of the associated polynomial N(£, X)in 0 < £ < 1. Now if £, = £(X)e{£};,
then (4-9) yields

(X = A4(E) &(X) = —&,. (4-20)

£ HX = X5(E,) Nx(£,, X) = — Nx(£,, X)/E,(X) = N(£,, X). (4-21)
Whereupon, (4-19) is alternatively expressible as

So,

e, (1= E)H0=9 M(E, X
Kosq-ptX) = (= DI 3 (5 £(X) gfg_wg(gw‘i) ), (a22)

where the single summation runs over every (distinct) £-zero £,(X) of N(£, X) in
O0< f<1.
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Note. (i) As N(£, X) is an even polynomial function of £ with a degree which < m—g¢
(cf. (3-5), (3:7)), the number of all such zeros cannot exceed §(m —g). For X > 0 (or
X < 0), they are determined by existing intersections in 0 < £ < 1 between A = £X
and the top subfamily (3-12) (or bottom subfamily (3-13)) of phase curves as well as
those members of the restricted subfamily (3-10) which do pass through the first
quadrant 0 < £ < 1, A > 0 (or fourth quadrant 0 < £ < 1, A < 0).

(ii) In (4-18), the third term involving the sum ﬁ is absent if ¢ = 0.
i=1

(iii) Via (4-4) and (4-21), we deduce that, provided 0 < |£| < 1, the real X-roots to
the two simultaneous equations N (£, X) = 0 and N(£, X) = 0 constitute the R.S. 3’s,
each obviously determined as a function of just the constant coefficients of N(£, X).
Corresponding to any R.S. 3, then, N(£, X) possesses at least two coincident zeros
in 0 < £ < 1. Whence, a necessary (but not sufficient) condition that R.8. 3’s exist is
that m—q > 4.

Taking into consideration the inequalities accompanying the formulae (2-14),
(2-15) for the radiation functions ¢, and ¢,, we assert: the relevant radiation function
(obtainable to problem (1-1), (1-2}) is ¢, if either

l+q—p <n+g—p—1<0 (with K(X) given by (4-17)), (4-23)
. I+¢g<p and n+qzp+1, or n+q—p—1>1l4+qg—p >0, (4-24)
(with K(X) given by (4-18)). But the relevant radiation function is ¢, if either
n+qg—p—1<l4+9g—p<0, or n+q<p+1l and l+q>0p, (4-25)
(with K (X) given by (4-17)), or
l+g—p=2n+q—p—120 (with K(X) given by (4-18)). (4-26)

All possible independent values of », 1, p, ¢ are covered in (4:23)—(4-26). Regarding the
differentiation derivation of ¢, (see (2-14)) under (4-23), (4-24), and via (4-17)—(4-19), we
note that all x,-derivatives of sgn X = sgnz,;, sgn (X —2;(0)) and sgn (X —2j(£,)
vanish during non-singular reception within 0 < |2,| < coand 0 < ¢ < co.

5. Intervals of steady state and silence. Suppose the finite, observer’s velocity X
varies in an interval within which

X+XE/E in 0<££<1 forevery j=1,...,m, (51)
and X200 j=1,...,q; (5-2)

i.e. the associated polynomial N (£, X) never vanishes for 0 < £ < 1. In such an X-
interval, radiation reception is obviously non-singular, and the results (4-17)—(4-19)
are applicable: K, ., ,(X) = 0. Thus if n+¢q < p+1, K(X) = 0 and so both relevant
radiation functions ¢, ¢, (corresponding, respectively, to (4-23) and (4-25)) vanish
identically. In this respect, our X-interval is one of absolute silence within which the
axially travelling observer never experiences any radiation. On the other hand, if
n+q > p+1, K(X)isjust the sum of the remaining two termsin (4-18), and is generally
time-dependent when g > 0. However, if ¢ = 0, (the provision (5-2) must be deleted, and)

24-2
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the third term involving Zq is absent, in which case, the radiation reception is non-
i=1
trivial but steady, i.e. time-independent.

That at least one interval of the type (5-1), (5-2) always exists can be easily proved
as follows. Since no phase curve ever encounters, tangentially or otherwise, the £-axis
away from the origin (see section 3) and since, if ¢ > 0, no phase curve of the restricted
subfamily (3-10) is, owing to (4-10), tangential to the £-axis at £ = 0, there is a wedge
about the £-axis with its vertex at the origin into which no phase curve ever penetrates
in 0 < £ < 1. Wherefore, we infer that there exist real finite values X (> 0) and
X_(< 0), precisely, X, = min [set of all positive radiated singularities] and X _ = max
[set of all negative radiated singularities], such that

X_ <X<2X, (53)

is an innermost interval (about the radiating point source at x = 0) consistent with
(5-1), (5-2). Any other such interval is normally bounded by two radiated singularities.
Obviously, X = 0 (i.e. t = o0) is contained within the interval (5-3). So the results
associated with (5:1), (5-2) are applicable in the limit as ¢ - co. Thus we conclude that
at time ¢ = co, the radiation reception at every axial position x = (2,,0,...,0) & 0
either (i) culminates in complete silence with absolute zero reception: K(0) =0
whenever n+¢ < p+ 1, or, (ii) attains a steady state:
_ (e Dsgnay [rd\mrept s MIE 0)] :

k0= S|l u-eer ey, 69
whenever n+q 2 p+ 1. Under the stipulations of this paper, the radiation process
governed by (2-18), for a line source of, effectively, finite length b —a(> 0):p(z,) = 0
inz, > band z;, < ais, therefore, determined (via (2-19) and (2-20)) at any axial point
and during time ¢ = co by ® = 0 under (4-23), (9/dz,)*-*® = 0 under either condition
of (4-25),

® = (—1)ie-0Q [(i) ntg—p=1 (1 — £2)30-3) J(£, 0) ] (_a)n—l—l > p(y) p
T 2(2ayt dg (m+g—p—1)IN(£,0)|g—0\0x; )% — Y]
under either condition of (4-24), and,
(_3_)l+1—nq) _ (- 1)1}(7»—1) Q.1 [(i)nﬂ—p—l
ox, 2(2m)n-1 dé
U-EoUEY ] [ o) g
(¥ g—p— 1IN 0)gmo) aJer—2] ™Y

under (4:26). The physical phenomenon evidently resembles that corresponding to
the point source.

We shall next demonstrate, among other things, that our non-singular solution
does substantiate a basic radiation condition that net energy flux propagates away from
the source and so, with finite characteristic speeds, a sufficiently ‘fast’ outgoing
observer can escape the advancing emission field. In view of the fact (2-17), escape
is certainly achieved at the extreme ends x, = + co. Consider the wedge

max A1)y < A/ <0
i=q+1, ..., H{m+q)
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contained inside the first quadrant of the £—A plane, A1) (j =¢+1,....,3m+3q)
being the ordinates of the top subfamily (3:12) at £ = 1. Any straight line A = £X
(X > 0), say, passing into this wedge through its vertex at the origin (£, 1) = (0, 0),
clearly intersects, within 0 < £ < 1, all }(m—gq) phase curves of the top subfamily
(3-12), each intersection corresponding to a zero of N(£, X)in 0 < £ < 1.8Since, accord-
ing to note (i) accompanying (4-22), these intersections cannot exceed }(m—gq) in
number, the specified line therefore intersects each phase curve of the top subfamily
exactly once and non-tangentially in 0 < £ < 1. Moreover,

X>45(8) G=g+1....4m+iq)
at every such intersection. Furthermore, if ¢ > 0, the same line neither touches any
member of the restricted subfamily (3-10), nor intersects it away from the origin.
Evidently, then, X > A;(0) (j = 1,...,q). Likewise, any line A = £X(X < 0), drawn
from the origin into the wedge

®© < ’\/g <j=q+1’l?ﬁ(m+q)/\j+1}(m—q)(1)
contained in the fourth quadrant, intersects non-tangentially, every phase curve of
the bottom subfamily (3-13) exactly once within 0 < § < 1, such that

X < Agﬁ(m—q)(g) (.7 =q+ 1., %m+%q)
at the particular intersection. Again, there is no tangential contact, or intersection
off the origin, between the given line and any member of the restricted subfamily
(3:10), and X < A}(0) (j = 1, ..., q). Hence, throughout each of the two partially infinite

(outer) intervals
-0 <X < min A(l), max A;(1) < X < oo, (5-5)
i=1,...,m j=1,...,m

the associated polynomial N(&, X) attains its highest possible degree (viz. m—g;
cf. (3-5)) in £, vanishing at exactly 3(m —q) distinct zeros £ = £, within 0 < § < 1.
Furthermore, the radiation reception is permanently non-singular. We can therefore
apply the results (4-17) and (4-18), using (4-22) with 3 taken over all these {(m—gq)

§,-zeros of N(£,X) and with sgnX = —sgn£,(X) =sgn(X—2;(0))(j=1,...,q if
g > 0). Whereupon, employing the results (A 1)-(A 4) of Appendix A, we arrive at the
conclusion that the particular radiation function (viz. ¢, or ¢,), whichever is ‘relevant’
in the context of (4-23)—(4-26), vanishes identically throughout both the ranges defined by
(5-5). These are therefore outermost ranges of absolute silence. Any observer who is
axially travelling right (or left) from the radiating source with a speed exceeding

max A 1) (or | min /\j(l)l ) will never receive any radiation. This phenomenon
i=1...,m j=1, ..,

is indeed fully compatlble with the radiation condition. Note. The above arguments
also prove that to the right (or left) of the source, the ‘fastest (axially) departing’
radiated singularity has the ‘velocity’ max /\j(l) (or mm /\ ;(1)). This singularity

j=1, 1,
is of type 2 and is non-coincident with any other radla,ted smgularlty of type 1, 2or 3.

Whenever a state of silence or of steady reception develops within some axial inter-
val, the corresponding solution to the related radiation problem (1-6) for the instan-
taneous point impulse is identically zero in this interval. Except for the two outer

24-3

https://doi.org/10.1017/50305004100048143 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100048143

384 Liv CHEE-SENG

regions of (5-5), which evidently lie just outside the fastest n-dimensional wavefront
generated by the source, any other such interval, interior to both ‘fastest’ singularities,
must in fact be the line intercept of a time-varying lacuna of Petrowsky ((18); see
also Burridge(4) for the two-dimensional case) along the axis of transverse isotropy.
In particular, any interval consistent with (5-1) and (5-2), e.g. the interval (5-3), is one
such ‘lacunary’ intercept for n+¢q < p+1, and, provided ¢ = 0, for n > p+ 1 as well.

6. Near-singular reception. We shall now attempt to estimate the behaviour of the
K-element for reception which is non-singular but significantly close to some radiated
singularity. Let us start with any R.S. 1, say, A;(0) for some k = 1, ...,q (g > 0). Since
the particular A, () is an odd function of £ (cf. (3-11)), then

EX — A4(8) = E(X — A(0)) — £225(0)/6 + ...
This has a permanent zero at § = 0 which, provided n+¢ > p + 1, yields a finite con-
tribution to K(X)accommodated within theseries % of (4-18). For | X — A,(0)| €| A% (0)],
i=1
two additional distinet £-zeros appear near £ = 0 at the approximate positions
Lo — &' £ = J[6(X — A (0))/A%(0)]. (6:1)
As X — 2,(0), both &, — £, — 0. Here X — A (£,) ~ — 2(X — A,,(0)). If (X — A;(0))/A%(0)
> 0, £, is real and provides K, , ,(X) (see (4:19)) with a contribution that is
approximately
(= 1) 2y (0))‘1’("+q‘p‘1’ M (0, X) sgn (X — 2;(0))

2 6 Nx (0, X) (X — A;(0))bn+a-p D)’
assuming M (0, X) # 0. Also assuming X — A;(0) = o(A;(0)—A;(0)) (j = 1, ...,m:j + k),
Nx(0, X), which is non-zero, is not small. So if n+¢q < p—1, the amount (6-2) is
negligible. It is finite at n4+¢ = p— 1, but maintains a modest singularity associated
with the factor sgn (X — 2;(0)). For the remaining case n+g > p+ 1, (6-2) represents
a large singular quantity dominating K,,,, ,(X) and tending to infinity as X —2;(0).
On the other hand, when (X — A;(0))/A[(0) < 0, the zero £, is imaginary and cannot
contribute to K,,, ,(X). Let us now concentrate solely on the important singular
case n+¢q > p+ 1. Whatever the sign of (X — 2;(0))/A;(0), there always exists one
singular contribution to the Zq‘, series in (4+18), viz.
i=1

( — l)é(n—l)X Y
. 'I:(i) n4-g-p-1 (1 — g2)%(‘n—3) M(g: Ak(g)/g) ] (6’3)

43 (X = A (8)/8) Nx (§,A; (£)/€) Al £)/[EJg=0'

which, as it stands, is not sufficiently informative. By direct differentiation, the
highest order term involving (X — A;(0))~™+2-?) vanishes, as well as several subsequent
terms. It is, generally, difficult to determine from (6-3), the ‘strongest’ non-vanishing
singular term. This can be accomplished, instead, by resorting to certain results
established in Appendix A. We assume that for the particular range of X near A;(0),
Q(—X,1, —1) % 0, so that the condition (A 5) is satisfied. In particular, then, N(§, X)
possesses m —q zeros. Among these, not necessarily all are confined to the real slit

(6-2)
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—1<RE< 1, F&=0. Those which are stay simple under non-singular reception.
The remaining zeros distributed outside this slit may be simple or multiple. Accord-
ingly, the identity (A 7) remains valid if its left side is replaced by

(1 — gﬁ)&(n—s) M(gﬂ’ X) + 1 Z(relevant residue at each £-zero of
gzﬂz-pNg(gl“ X) 9 “IN(£, X) outside—1<RESL,T £=0),

(6-4)
0<§u<l
the §,’s being those simple zeros of N(£, X) along 0 < R § < 1, J£ = 0. By the same

sequence of arguments carrying through to (A 11), we deduce that on substitution of
3(m—q)
the expression (6-4) for the leading series >, occurring in the expression (A2), the

v=1
latter retains either its zero identity for n+¢—p—1 < I+ ¢—p (cf (A 3)), or, for
ntg—p—12>l+g-p+1,
the form (A 11), this being finite when X ~ 2;(0). If (X — A;(0))/A{ (0) > 0, the expres-
sion (6-4) is dominated by the residue term associated with £, (given by (6:1)) and
participating in the series ¥ . If (X —2A;(0))/A;/(0) < 0, the dominant quantity is

0<tu<l
jointly contributed by both the simple zeros £,, — £,, which are now imaginary, to the

other residue series $X( ). In either case, the contribution dominating (6-4) is
(1- )P M, X) | 1 (/‘32'(0)) ¥nto-p-1) M0, X)

PPN(E, X) 2\ 6 Nx(0, X) (X — (0 FranTD’

which is comparable with just one other singular term present in (A 2), viz. the term
q
corresponding to j = k of the series 3} . Whereupon, in view of the above remarks
i=1
pertaining to the modified (A 2), we then see that the functions given by (6:-2) and
(6-3) are approximately equal. Besides these, K(X) acquires no other singular con-
tributions. Thus we conclude that forn+¢ > p+ 1, K(X) is dominated by either (i) the
expression (6-2) if (X — 2;(0))/AZ(0) < 0, or (ii) twice the expression (6-2) if
(X = 2;(0))/2%(0) R 0.
Let us next consider reception near the R.S. 2 at A,(1) (k = 1, ...,m). Now,
EX - 2(8) = X =2 ()+ (- 1) (X~ (1) +... '
which, assuming |X —2,(1)| < |X—A.(1)], has one simple £-zero near £ =1 at
approximately 1— (X — A,(1))/(X — A,(1)). This particular zero contributes (or does
not contribute) to K(X), depending on (X — A,(1))/(X — A;(1)) > 0 (or < 0). The appro-
priate contribution is therefore, via (4-19), approximately
' X—2,(V)pe-d (1, X) (X —A,(1)
— 1)1 é(n—s)l k ’ k .

(= e 20 =y 2 (=3 (©3)

Here, Nx(1, X) % 0, and is, moreover, not small if
X —2(1) = o(A4(1) = A (1)) (j=1,...,m:j * k).

In the non-trivial case, this contribution is, normally, relatively weak, tending to
zero as X approaches A, (1), unless the number of dimensions n = 3, in which event it
is characterized by a finite ‘jump’ discontinuity, disappearing suddenly across

X = 2,(1).
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Suppose there is a R.S. 3 at A;(§;) = A,(£,)/£;, with 0 < £; < 1. Then
EX — A(8) = E(X - (&) — (=& P ()2 + ...
which, for | X — A,(&,)| < |Ax(£,)], vanishes at two distinct £-zeros near £; at approxi-
‘mately
£+ (X = A(E))/A(&r) % V[281(X — A1)/ Al £1)]-

Provided (X — 2,(£,)) Ax(&,) > 0 (or < 0), these zeros are real (or complex) and so
do (or do not) contribute to K(X) (see (4-19)). Their net approximate contribution is

)Q(n—l) (1 _ g2)£(n—3) M(gh H{ X /\I’c gl ) /\;::(gl)} (66)
PP Ny (&, X)WI2(X — A(€0) AL(&)]

This contribution is singular, being infinitely and abruptly discontinuous across
X = A(£,). It dominates K(X) for (X — A,(£,)) Ax(&;) 2 O, but disappears altogether
when (X — (&) Ax(&) < 0.

7. A group velocity interpretation. The results (B 16)-(B 18) of Appendix B disclose
that the @-operator of (1-1) is associated with an n-dimensional travelling wave
system, propagating m real discrete modes of transmission in which the jth mode
(j = 1,...,m) is characterized by the phase velocity

2(—1

() = n;(8), (7-1)
and the group velocity

U;(n) = n[A,(8) — E(E)] + (25(£), 0, 0, ..., 0). (72)
Here n (1,935 -+, M,) denotes the unit wave vector: 7, = £ (—1< £ < 1), and
A= ) is a phase curve. From the classification of phase curves via (3-10)—(3-14),

we observe in passing, that
A = —a(=E)=7(-m) (G=1,....,9), (7-3)
Aigon—o(n) = —MA(=8) = X(-m) (G=gq+1,....4m+49), (7-4)
UsngmoM) = U(—m) (=q+1,....im+3q); (7-6)

i.e. the {U;} surface family (of sheets), as well as the {A;} surface family, are each sym-
metric about its origin of reference

Now, whenn = (0,0, ... .,0), i.e. in a direction perpendicular to (1,0, ..., 0),
0 (J=1,....9) (7°7)
(0,0,...,1,...,0) = :
24(0,0,.,1,.-,0) {(0,0,...,Aj(O),...,O) (1=¢q+1,...,m); (7-8)

U,.(O"O, eyl .., 0) = {(A;(o), 0,0,...,0) G=1,...,9), (1-9)

~1(25(0),0,...,2,0),...,0)  (j=gq+1,...,m), (7-10)
(cf. (B 22), (B 23) Appendix B). Also, comparable with (B 20), for y = (1,0, 0, ..., 0),
U,(1,0,0,...,0) = (4,(1),0,0,...,0) = 3,(1,0,0,...,0) (j=1,...,m).  (7-11)
Thus, the (axially moving) R.S. 1’s and R.8.2’s occur in X[t-space at, respectively,
Uf(0,0,...,1,...,0) (j=1,...,9) and Uy1,0,0,...,0) (k=1,...,m).
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Finally, it follows from (7-2) that, for 0 < £ < 1, /\'(g) = A4(£)/§ if and only if

| Ujn) = (%(£),0,0, ..., 0).
In this case, U;(n) coincides with an (axial) R.S. 3.

8. An application in magnetogasdynamics. The propagation of magnetogasdynamic
waves (see e.g. Kulikovskiy and Lyubimov(12)) in a perfect fluid is non-dispersive,
and the symmetry of the associated Friedrichs wavefronts reveals a transverse iso-
tropy about a magnetic line of force. These two phenomena satisfy the basic postulates
of this paper. To illustrate its magnetogasdynamie application, let us consider an
unbounded, undisturbed region of inviscid, infinitely conducting, adiabatic gas
having density p,, magnetic permeability x, speed of sound ¢, and traversed by a
magnetic field H,. For a homogeneous medium, p,, #, ¢, H,. are all constants. Suppose
within this configuration, small disturbances are generated by a point effect which is
suddenly triggered and constantly maintained from time ¢ = 0, exerting a force in the
magnetic field direction taken to be the positive z,-direction relative to a 3-dimensional
Cartesian frame: X = (,, %,, ¥3). Let p(x,t), v(x,t), h(x,t) denote, respectively, the
fluid pressure, velocity and magnetic field perturbations. The linearized equations
governing non-relativistic motion are then

Po Y +Vp+ 0 (Vx ) = (o H(t) 8%),0,0),

é}£+(:2/)0V v =0, %l; =Vx(vxH,), V.h=0.
Here, V is the gradient operator (9/ox,, d/ox,, 8]0x;). The solution to these equations,

accompanied by the Cauchy zero initial conditions

p(x,0)=0, Vv(x,0)=0, h(x,0)=0, (8:1)
for the x,-component of v is v, = d¢ /ot (t > 0) provided
o 9 o o 0 o
Q ( 55 ) SH() = ( 55 ) H(t) 8(x), (8:2)
0 0 2 Lt o\ 2 )
where P(_a—t’%_l’vl) P a——(a +c?) Ve, (8-3)
0 4 2) — az 4 2 2 2 202V/2 i .
Q(a—t,a—x—l,vl)—gt-é(a—tz'—(a +C)V +acV5:—E—%, (84)
with V2 = 92/022 + V3§ (the 3-dimensional Laplacian), and a = ,/(«H3/4mp,) (the Alfvén

speed).

Equation (8-2) is of the type (1-1), while the operators P( ), @( ) of (8:3) and (84)
conform to the general, transversely isotropic, homogeneous forms of (1-3), (1-4)
with m = 4,1 = 2. The axis of transverse isotropy (i.e. the z;-axis) coincides with the
equilibrium magnetic line of force passing through the point source. Regarding (8-4),
Q(1,0,0) =1, and Q(— A, £, 1 — £2) has four A-zeros determined by

A% = 2% () = Ha?+c? + . J{(a®+c?)®— 4a’?|£|%}), (8-5)
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all four zeros being obviously real in |£| < 1, and distinct as well as non-vanishing if
£ % 0. Thus, the sufficiency conditions of (2:5)—(2-7) are clearly satisfied. The principles
of this paper are therefore applicable for magnetically aligned reception: x[t = (X, 0, 0).
The Laplacian indices of the above P- and @-operators are, respectively, p = 2,
q = 2 (cf. (3-1), (3-2)). From (8-5), A_(0) = 0. Whereupon, the entire family of four
phase curves is composed of (cf. (3-10)—(3-14))

(i) the restricted subfamily of two phase curves A = A(£) (j=1,2):

HE)=-A(8) (—1<£<0), A(§) (0<E<1), X4(0)=0;
) =2_(8) (-1<E<0), —A(f) (0<E<1), A(0)=0;
(ii) the top subfamily: A = A3(§) = A, (§) (—1<E<1);

(iii) the bottom subfamily: A = A,(§) = — A, (§) (—1<E<K 1)
The associated polynomial of the P-operator of (8-3) is

M(E, X) = (X2+c?) E2—(a%+c?), (8-6)
while that of the @-operator of (8-4) is
N, X) = £2X4— (a?+c?) X%+ a2 (8-7)
The latter vanishes at £ = £, — £,:
£, = J(X%(a?+c?) —a’c?)[ X2 (8-8)
For | X| # ac(a®+c?)~%, both these zeros are non-vanishing and simple. There are two
R.S.1's at
A(0) = ac(a?+c2)~t,  A3(0) = —ac(a®+c2)F = —2(0); (8-9)
and four R.S. 2’s at ' ‘
A(1) = A_(1) = min(a,c), A, (1) =—-A_(1) = —min(a,c), (8-10)
Ag(1) = A (1) = max (a,c), A, (1) =—A,(1) = —max(a,c). (8-11)

Evidently, there are no R.S. 3’s. Also, A, (1) > A_(1) > A{(0).

Under zero initial conditions, the solution to (8-2) at any x = (z,,0,0) + 0 is, via
(2-14) or (2-15), expressible as ¢ = K(X)/27x,, where the K-element K(X) can be evalu-
ated from (4-18), (4-22) with n 4+ ¢~ p—1 = 2. But first, let us divert our attention to
Appendix A. The condition (A5) is obviously satisfied for X # 0 (i.e. £ & o0) since
Q(—X,1, —1) = X% 4 0. We can then apply a slightly modified (A2) coupled with
(A 3). For values of X for which N(£, X) does vanish, in the general problem, outside

Hm—q)
the real slit —1 < £ < 1 (as well as possibly inside it), the leading sum Eq occurring

in (A 2) (and (A 1)) must be replaced by
(1 EpeaY (£, X)
gr+aPN(§, X)

Z i residue [ } at each £-zero (real or complex) of N (£, X).

Consequently, with reference to (8:6)—(8-8),

M(E,, X) 1[&{ M(§,0)] X% [3_2 M(E, 44(£)/¢) ]
ESN (£, X) ~ 4|dE? N(E,0)]e— 08% (X — A,(£)/€) Nx (£, A4(£)/€) A()/Eds—0

— =0,
4 j=1
(8-12)
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if | X| + 0, A;(0). We shall use this identity to simplify the form for K(X). There are,
altogether, four different cases to examine. These correspond to seven consecutive

ranges of the observer’s velocity, separated from each other by the radiated singulari-
ties (8-9)—(8-11).

Case: A, (1) < |X| < . From (8-8), £, is real and, moreover, 0 < £, < 1. Also, since

X5£,-2% = a(c?— X?) +c¥a? - X?), (8-13)

dz,
X
then —sgn(df,/dX) = sgn X = sgn (X —2;(0)) (j = 1,2). Whence, combining (4-18),
(4-22) with (8-12), we see that

E(X)= 0. (8-14)

So, —o0< X < —A,(1) and A, (1) <X < oo are simply the (external) intervals of
absolute silence (cf. (5-5)).
Case: A_(1) < | X| < A,(1). Here, £, is real but £, > 1. Again,
and, utilizing (4-18), (8-12), we arrive at
K(X) = (sgn X) M(§,, X)[EE N y(£,, X) = dc(sgn X) (X2~ a?) [X2(a® +¢?) — a®c?] 2
(815)
Case: A1(0) < [X| < A_(1). We have 0 < £, < 1, and via (8-13),
sgn (d€,/dX) = sgn X = sgn (X —2j(0) (j = 1,2).
Thus, (4-18), (4-22), (8-12) lead to
K(X) = c*(sgn X) (X% —a?) [X*(a® + c?) —a2c?®]-2, (8-16)
which is twice the value expressed by (8-15).
Case: |X| < 2{(0). Both &-zeros of N(§, X) are imaginary. Whereupon, (4-18)

yields
_X[& M(E M (8)/8)
K& =3 [652 (X —2,(D[E) Nx (& A,(B)/E) Al(a/g]gso
_Xe M(E, A(£)/8) 1 .
4["’52 <X—Aa(€>/é>Nx<é,A2<g)/g)az(§)/g]g=o poen X, (817)

APPENDIX A. AN EXTENSION OF A LAGRANGE’S IDENTITY

Let M (£, X), N(£,X) and p, q denote (as usual), the associated polynomials and
Laplacian indices of the respective P- and @-operators of equation (1-1), » being
odd and > 3 while 1 < I < m (see (1-:3)-(1-5)). Let us assume the hypothesis associated
with (2-5)-(2-7), as well as the provisions (4-10), (4-14) if ¢ > 0. Suppose X = z,/t
is in an interval in which (i) the axial radiation reception is non-singular, and that
(ii) N(£, X) vanishes within the real'slit 0 < £ < 1 at exactly 4(m —q) points £ = &,
(v=1,...,4m—~4$q). It can then be proved that

’}("E‘I) (1 — gf) Hn-3) M(gu: X)
v=1 g:H—q—pNg(gu, X)

=0 for n+qg< p+1; (A1)
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while for n+¢ > p+ 1, the quantity
é(mi O (1 — £33 M (£, X) 1 [( d )w—v-l (1— £2)ind M(E, 0)]
vm1 ErPN(§,, X) 2(n+q-p-1)!{\d§ N(£,0)

___X__ q 3 n+g—p-1 (1— gZ)é(n—S)M(g’ A,(g)/g)
Y omrg—p- UL [(3;”) X = XEE) Nx(E 4,0/ ,\,.(g)/gL:O (A2)

I is identically zeroif l+q—p > n+q—p—1 > 0, (A3)

IT vanishes identically when operated on by

-1
(%)n x—l if either I+g<p (n+qg=p+1), or n+q—p—121l+g—p>0
1 1
(A4)
with A = A;(§) (j = 1, ...,¢) constituting the restricted subfamily (3-10).
Note. The condition (4-10), which need be imposed only if ¢ > 0, secures the validity

of the second term in (A 2). The third term involving Z is absent if ¢ = 0, but exists for
i=1

g > 0 under (4-10), (4-14) and the condition (i). From the condition (ii), it is implicit
that in the particular X-interval, N(£, X)) attains its highest possible degree in £,
V1Z.

deg poly N(£, X) = m—gq, (A 5)

(in £)

or equivalently, via (1-4), (3-2) and (3-5), @(—X, 1, — 1) + 0. Furthermore, all m—g¢q
zeros of N(£,X) (= N(—§,X), see (3-7)) are confined to the real slit —1 < £ < 1 in
symmetric pairs at £ =§,, —£,(v=1,...,3m—}q). By virtue of the condition (i),
these zeros are all distinet, and none appears at £ = 0, + 1, — 1. In particular, regard-
ing (A1) and (A2), the denominator factors Ny(§,, X) =+ 0.

The results (A1)-(A4) can be considered as representing an extension of the
Lagrange’s identity (Carrier, Krook and Pearson(s5)) for the partial fraction decom-
position of a rational function. To prove them, we first observe from (3-4) that,
generally, deg poly M(£, X) < m—p. Incorporating (A 5), we get,

deg poly [N (£, X)]—deg poly[£P—2-"(1 — £2)¥n-3M(£, X)] > 3
(in &) (in £)

in the specified X -interval. So, if C'is an infinite, closed, circular contour in the complex

£-plane, then

M(E, X)
N(EX)

Since the integrand here is, clearly, a rational function, its only singularities are poles,
all of which are enclosed inside C. If n +¢ < p+ 1, these poles are simple, being, pre-
cisely, the simple zeros £ = §,, — £, (v =1, ..., $m—1q) of N(£, X). Whence, applying
the residue theorem to (A 6), accounting for the fact (via (3-7)) that the sum of all rele-
vant residues is simply twice the sum of the residues at just those }(m —gq) £,’s inside
0 < £ < 1, wearrive at theresult (A 1). If n+ ¢ > p+ 1, we can follow similar arguments,
but must allow for one exception, viz. in addition to the simple poles at the £ s,

f gp—a—n (1 - 203 2 gt = 0, (A6)
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—£,’s, there is an extra residue-contributing pole of order n+¢—p at § = 0. Thus,
(A 6) leads to
tmoo (1 gH0-9 M(£, X) 1 [( 2 )w—v—l (1 - £340-9 BI(£, X) ] (A7)
=1 ETPN(E, X) 2[\o¢ (n+q—p—1)IN(E X))y

for n+q > p+ 1. Regarding the right side, N(0, X) + 0 during non-singular reception.

We shall now proceed to (A 2)-(A 4). To do this, we first require the fact
F(a,£)dA

cMEX—A)G(A, §)

where C again denotes the infinite closed circular contour, but described in the com-

plex A-plane, and F(A, £), G(A, £) are the polynomials defined by (2-3). The integral

vanishes because the integrand is a rational function of A such that, via (2-5) and (2-10),

degpoly [MEX — Q) G(A, )] —degpoly [F(A, £)] = 1+2 > 3.
(inA) (in )

=0, (A8)

The only integrand singularities lying inside C are simple poles at A = 0, A = £X,
as well as, in view of (2-6) and (2-7), simple poles at

A=) G=1,..,m) f —1<&
So, by the residue theorem, (A8) yieldsfor —1 < £ < 1,

N

1.

F(EX,£) _F(0,8) = F(ayf),§) £X
GEX, 5 60,5 1% Gay(®), £) LB EX—A,@)" (49)
Hence, using (3-3) and (4-13),
ME X) MEO), » 5 M(E, A4(£)/€)
N X)  N(E0) T /=1 (X =2A(8)/8) Nx(§, A(8)[) A,(6)[&
z F(2,(), £) Errartt
2 amm e ex-m: A0
This isnow multiplied by
d \ nta—p-1
(1- gyt ()" o +g—p- 11
and then integrated with respect to £ from £ = —1to £ = +1, accommodating the rule

(ef. Lighthill(13), Jones (11))
gHe-pHd[dE)n+a-P1§(E) [(n+q—p—1)! (n+q>p+1)

3 d n—I-2
{(—1)'+1(d—g) ME(m—1—2)! (ntq=p—13>l4q—p+1),

0 (n+q—-p—-1<l+q-p),

and appealing to the usual convolution principle involving derivatives of the delta
function 8(£). Substitution of the subsequent result (thus derived from (A10)) into
(A7) reveals that the function defined by (A 2) is indeed consistent with the phrase
(A 3) but assumes, whenever n+qg—p—1 > l+¢—-p+1, the form

X m [( 2 )n—l—2 GA(I —£2)3n-3) F(Q,(8), &) L=0'

sm—1-2),_ =, | \a B, BB (8~ EX)

(A11)
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In the case of equalities, viz. [+¢—p=0=n+g—p—1or
n+q—p—-1=1l4+qg—p=0
(A 4) overlaps with (A 3). However, for its remaining cases represented by
n+q—p—1=20z2l+q—p+1 or n+qg—-p—-121l+q—p+1>0,

the phrase (A 4) follows from the fact that the expression (A 11), when divided by z;,,
remains a polynomial in 2, but whose degree < n--1—2 and so vanishes identically
when further operated on by (8/dx,)» 1. The proof is now complete.

APPENDIX B. THE GROUP VELOCITY

Suppose the ‘free’ perturbation of a non-dispersive, anisotropic, real, homogeneous
medium conforms to the linear differential equation

] 3 6

in which L( ) isa homogeneous polynomlal functlon of o/ot, 0joxy, ..., d[x,, and;possesses
real constant coefficients. In this appendix, the dimension % can be either odd or even
and > 2. Let us introduce the unit wave vector y = (7,,7,, ..., 9,), satisfying

"I=S= {0ty Xgy ooy )
o NeZ+o+...+ak)

and associate (cf. Lighthill(14), (15); Bretherton and Garrett (3)) with the plane wave

(B2)

Uy Xp [i{a. X — wi)] (B3)
travelling in x-space, the phase velocity (velocity of a wave crest)
A= (Ap A, 7,) = Ay (B4)

having a magnitude A given by

(O]
A=-, (B35)
as well as the group velocity (velocity of energy propagation)
U=(,0,....U,) (B6)
ow
defined by U,= P (v=1,2,...,n). (B

Then (B 3) constitutes a non-trivial, constant amplitude plane wave solution to (B1)
provided the dispersion relation

L= 2,0, 7,) = 0 (B8)
determines A = A(%y, ..., 7,,) implicitly. Whence we obtain
» 377 2A
U,=2a9,+ Z
U 6771‘
But d%= 1—73, “‘aﬂ/—‘ ==77 (@+v).

v
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Consequently, denoting the scalar product between v and the gradient operator

9m ()
Too\o’ apy’ 7 oy,
] ] ]
b T o I
Yy " 7 1716?71 7726,’72 ”na,’]n:
we arrive at U=nA-7.V,)+V, A (B9)

If the anisotropic medium possesses transverse isotropy about the z,-axis, then
(B 1) specializes into 0 2 2 o)y o
(3t’ o 1) u =0, (B 10)
where @( ) is an operator of the type (1-4), having an arbitrary order m. We let
K=mn4+73+...+72. (B11)
In this case, the dispersion relation (B 8) reduces to
Q(—A,7,, k) = 0. (B12)

This implicitly establishes A = A(7,, k), leading to

() = 5 O 5o o) = MG (k) (0= 2,01

Whereupon, (B 9) yields U= pasx ( :_7;\1 o —2—2) , B13)

U,,=77"[A—771(aa—7;\l—27712—2)] (v=2,...,m). (B14)
Now, k=1-8 if 9, =& (-1<§E<1). (B 15)
So, if A = A(§) is implicitly given by

GAE=Q-251-8)=0 (-1<£<), (B16)
then, as A’(§) = 9A[dy, — 2, (9A[0K), we get (B 13) and (B 14) combining into

U = U(n) = n[A(§) - EX'(§)] +(X'(£),0,0,...,0) (—1<E< ). (B17)

Note that A = A(m) = nA(f). (B18)
Remarks (1) Since, by (B17) and (B 18),

Oi(§)-A(8) =(1-8)AX(§) (-1<£<), (B19)
we deduce that, anywhere in the open interval —1 < £ < 1,

Um) = 2(m)

if and only if Uj(§) = A,(§). Thus the group and phase velocities coincide whenever
their respective components along the axis of transverse isotropy coincide (and vice versa)
within the open interval —1 < £ < 1.
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(2) At =(1,0,0,...,0)and y = (- 1,0,0,...,0),
U(1,0,0, ...,0) = (A(1),0,0,...,0) = A(1,0,0,...,0), (B 20)
U(-1,0,0,...,0) = (= A(—1),0,0,...,0) = A(—1,0,0,...,0). (B21)

In particular, these results provide a sort of extension of the above result regarding
the group and phase velocities, to the right and left limits £ = 1, — 1. Also, (B 20) and
(B21) imply that corresponding sheets of the group velocity U-surface and the phase
velocity A-surface (determined by (B12)) always intersect simultaneously, the axis of
transverse isotropy at points defined by

x/t = (1(1),0,0,...,0) and X[t =(—A(—1),0,0,...,0).
(3) Whenn = (0,0,...,1,...,0), the unit vector in the xﬂ-direction, say, then
U(0,0,...,1,...,0) = (2'(0),0, ..., A(0), ..., 0), (B22)

whose only non-trivial components are U; = A’(0) and U, = A(0). If A(§) is an odd
function of £ (so that A(0) = 0), then

U(0,0,...,1,...,0) = (X(0),0,0,...,0), A(0,0,...,1,...,0) =0, (B23)

in which case, corresponding sheets of the U-surface and A-surface intersect the axis of
transverse isotropy at points given, respectively, by x/t = (1'(0), 0,0, ...,0) and X[t = 0,
whenever the vector parameler n points in any direction perpendicular to (1,0,0, ...,0).
On the other hand, if A(£§) is an even function of £ (so that A’(0) = 0), then

U(0,0, ...,1,...,0) = (0,0, ..., A(0), ..., 0) = A(0,0, ..., 1, ..., 0), (B 24)

i.e. corresponding sheets of the U-surface and A-surface intersect, simultaneously, a plane
normal to the axis of transverse isotropy, in a circle (n-dimensional) centred at X[t = 0
and having the radius |x[t| = |A(0)].
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