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Abstract. We study the multifractal analysis of the pointwise dimension for equilibrium
measures on countable Markov shifts. The main difficulty is that the space is not compact.
In order to overcome this, we use an approximation argument based on the theory of
convergence of Fenchel pairs developed by Wijsman. The results of Pesin and Weiss on
multifractal analysis for compact spaces are used as well. We also prove a Bowen formula
for countable Markov shifts. It turns out that, in this setting, this formula provides the
Hausdorff dimension of the set of recurrent points.

1. Introduction
This paper is devoted to the study of multifractal analysis for countable Markov shifts. In a
general setting multifractal analysis can be described as follows. Let u be a finite measure
on a metric space (X, d) and B(x,r) :={y € X : d(x, y) < r}. The pointwise dimension
of u at the point x € ¥ is defined by

4 ol 1OEABCTD)

r—0 logr

provided the limit exists. This function describes the power-law behaviour of w(B(x,r))
as r — 0. The pointwise dimension quantifies how concentrated a measure is around a
point: the larger it is the less concentrated the measure is around that point. Note that if
p is an atomic measure supported at the point xg then d, (xo) = 0 and if x; # xo then
d, (x1) = oo. This function induces a decomposition of the space into level sets:

Jo ={x € X :du(x) = aj}, J' = {x € X : the limit dy(x) does not exist}.

The set J' is called the irregular set. The decomposition

2=(LﬂJa)L-|jJ/

o

is called multifractal decomposition. The multifractal spectrum is defined by

Ju(@) = dimy(Jo),
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where dimy denotes the Hausdorff dimension. Several authors have successfully studied
the case when X is a finite state Markov shift, see [9] for a general account. Pesin and
Weiss [10] developed techniques to describe the multifractal spectrum in very general
settings. They define an auxiliary function, usually denoted by 7' (g). It is possible to
describe this function by means of the thermodynamical formalism. It turns out that 7'(g)
and the multifractal spectrum form a Legendre pair, therefore it is possible to characterize
the multifractal spectrum based on the properties of T (g). In the finite-state case the
multifractal spectrum is real analytic, concave and with bounded domain [10, 20].

The countable alphabet case has been studied by Nakaishi [8], Pollicott and Weiss [11]
and Hanus et al [5], among others. They noticed that the multifractal spectrum does not
necessarily have the same properties as in the compact setting. In particular, it can have
points of non-analyticity or can have unbounded domain.

Let ¥ denote the symbolic space and u the equilibrium measure corresponding to the
potential log ¢ (see §2). Consider

T() = inf{r : Pg(—rlogy +qloge) <0} ifqg =g~
V= ifg <q*,
where Pg denotes the Gurevich pressure (Definition 2.5) and log vy a metric potential
(see Definition 2.10), for precise statements see Definitions 4.2 and 4.1. We prove the
following.

THEOREM 4.1. The multifractal spectrum f,, is the Fenchel transform of T .

Our approach is based on an approximation argument. Subsets K of X that are compact
and invariant will be considered. In those sets the Pesin and Weiss techniques can be
applied. For each such set K we obtain a Legendre pair (Tx, f, k), where f, g is the
multifractal spectrum of the measure associated to the potential restricted to K. Using the
infimal convergence introduced by Wijsman in [22] and [23], we prove the convergence of
(Tk, fu, k) to another Legendre pair. We prove that this limit corresponds to the function
T (g) and to the multifractal spectrum of the measure .

This approach allows us to explain the different properties of the multifractal spectrum
for countable Markov shifts in terms of the Fenchel transform relation between T (q)
and f,. In particular, if g* = O then f,, has unbounded domain (see Proposition 4.5).
The existence of points of non-analyticity of f,, can also be understood in terms of the
behaviour of T'(q) near g* (see Proposition 4.6, Theorem 4.7). Sufficient conditions will
be given in order for the multifractal spectrum to have unbounded domain and points of
non-analyticity (see Proposition 4.7, Theorem 5.2). The case in which the function 7T (g)
is linear for ¢ > ¢’ > 1 is also studied (see Theorem 5.3).

This approach also provides a framework to develop the multifractal analysis on spaces
that do not satisfy the big images and preimages (BIP) property (see § 5).

In the first part of this paper we prove a Bowen-type formula (see [2]) for countable
Markov shifts. In this setting this formula provides the Hausdorff dimension of the
recurrent set (Definition 3.1), which we denote by R. Assume the potential log ¥ to be a
metric potential (see Definition 2.10). We prove the following theorem.
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THEOREM 3.1.
dimg(R) = inf{t : Pg(—tlogy) < 0}.

This formula was first proved for finite Markov shifts by Bowen [2] and Ruelle [13].
Mauldin and Urbanski [7] generalized it to the case of countable Markov shifts with the BIP
property (Definition 2.9). They noticed, in contrast to the finite-state case, that the Bowen
equation might not have a root and that conformal measures might not exist. We treat the
case of arbitrarily topologically mixing countable Markov shifts (Definition 2.2). In this
setting the Bowen formula can only account for the Hausdorff dimension of the Recurrent
set. Note that it is possible for the Hausdorff dimension of this set to be strictly smaller
than the Hausdorff dimension of the repeller (Example 3.3). The problem of the existence
of conservative conformal measures is also treated (see Propositions 3.1 and 3.2).

2. Preliminaries
The purpose of this section is to define the objects and constructions needed later. Let S be
a countable (infinite) set and T = (f;j)sx s a matrix of zeros and ones. Let

¥ = {x e SN0, tyixiy = 1 foreveryi > 0}.
A cylinder of length n is defined by
Cigitoipy ={xeX:xj=i;jfor0<j<n-—1}.
An admissible word is an element a € " such that C, # #.

Definition 2.1. The function o : ¥ — ¥ defined by (ox); = x;41 is called the left shift.
The dynamical system (X, o) is called a topological Markov chain and the matrix T is
called the transition matrix. Note that 7' can be represented by a directed graph G.

Definition 2.2. A topologically Markov shift (X, o) is said to be topologically mixing if
for every a, b € S there exists N such that for all » > N there exists an admissible word a
of length n such that ag = @ and a,,_1 = b.

Unlike the finite-state case, this does not imply that some power of the transition matrix
is positive. Throughout this paper we will always assume the system to be topologically
mixing.

Definition 2.3. Letlog¢ : ¥ — R. The variations of log ¢ are defined by
Vi :=sup{|logg(x) —logp(y)|:x,y € T, xi =y;,0<i =n—1}.

Definition 2.4. Let loggp : ¥ — R. We say that log¢ is locally Holder continuous
(with parameter ) if there exists B > 0 and 6 € (0, 1) such that, foralln > 1,

Va(log¢) < BO".

This does not imply that log ¢ is bounded. In this setting it is possible to define the
pressure. The so-called Gurevich pressure, which was defined by Sarig [15] based on the
work of Gurevich [3], is the most appropriate to our purposes. Let log¢ : ¥ — R be a
locally Holder potential and fix a symbol ip € S.
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Definition 2.5. The Gurevich pressure of log ¢ is defined by

1 n—1 ]
Pollogg) = lim ~log exp(g 1og¢(alx>)1c,.0(x),

olx=x
where 1¢; is the indicator function of the cylinder C;. The Gurevich pressure is convex
and if I := {K C ¥ : K compact and o-invariant, K # @} then

Pc(log¢) = sup{P(log¢|K) : K € K}, 1)

where P(log¢|K) is the topological pressure of log ¢ restricted to the compact set K
(for definition and properties see [21, Ch. 9]). If the system is topologically mixing then
its value does not depend on the cylinder C;, considered in the indicator function.

Definition 2.6. The first return time map to C; is defined by
@i(x) :=1¢;(x)inf{n > 1 : 6"x € C;}.
Let
[p1 =n]:={x € ¥ :p1(x) =n}.

A locally Holder continuous potential log ¢ can be classified according to its recurrence
properties (see [17]). In order to do so, consider the first return time map ¢ .

Definition 2.7. Assume that log ¢ has finite Gurevich pressure Pg(log ¢) = log A. We call

log ¢:
(1) recurrent if

n—1
S A Y ew( L toeoton )i, = o
n>1 ol x=x i=0
and transient otherwise;
(2) positive recurrent if it is recurrent and

n—1
Q2 nA™ eXp<21°g¢(“ix)>1[w1=n](X) < 00

n>1 ollx=x i=0

(3) null recurrent if it is recurrent and

n—1
ZnA”1 Z exp( log¢(crix)>1[(pl=n](x)=oo.
=0

n>1 olx=x i

Remark 2.1. If we consider the potential log ¢ = 0 then we say that a graph G is recurrent
(positive or null) or transient according to the previous definition. The number Pg(0) is
called the Gurevich entropy. See [3, 4] for properties and related concepts.

In [17] Sarig generalizes the Ruelle—Perron—-Frobenius theorem to countable Markov
shifts. Let log ¢ be a locally Holder continuous potential of finite pressure log A, and let

Lioggg(x) := Y exp(log¢(y)g(y)

oy=x

denote the Ruelle operator (see [17]). Sarig proves that if log ¢ is:
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(1) positive recurrent, then there exist a conservative conformal measure v and a
continuous function g such that Lf‘og(pv = Av, Liog9pg = Ag and f gdv < o0;

(2) null recurrent, then there exist a conservative conformal measure v and a continuous
function g such that Likogqbv = Av, Liogpg = Ag and [ gdv = o0;

(3) transient, then there is no conservative conformal measure.

In the positive recurrent case the measure m = g dv is an equilibrium measure provided

—[log¢dm < oo.

The inducing procedure in the context of topological Markov chains will be
summarized. Let (X, o) be a topologically mixing Markov chain with transition matrix
T = (tij)sxs. The induced system on the symbol 1 will be denoted by (X1,7). It is
defined as the full-shift on the new alphabet

{Cz:a; = lifand only if i = 0, Cz; # @}.

Recall that ¢ is the first return map to Cj. For every locally Holder potential log¢ : ¥ —
R set

@1 —1
logg := (Z log ¢ ook> om,
k=0

where 7 : £1 — Cj is defined by
JT(CQO, Cq,s ) =(ag,aq,...).

The pair (21, log ¢) is called the induced system and log ¢ is called the induced potential.
Note that if the potential log ¢ is locally Holder then log ¢ is locally Holder. This follows
from the estimates V, (log ¢) < Z?;H_H V;(log ).

Next we define the notion of Gibbs measure.

Definition 2.8. A probability measure u is called a Gibbs measure for the potential log ¢
if there exists two constants M and P such that, for every cylinder C;,. ;,_, and every

x € Cig,.iy_y»
i < H‘(Cio...i,ifl) . <M.
M ™ exp(—nP + 27;0 log ¢ (07 x))
Let us consider a topologically mixing graph G with transition matrix 7" = (¢;).

The following definition appears in [19].

Definition 2.9. We say that the graph G (or the system X) satisfies the big images and
preimages (BIP) property if there exist {b1, by ... by} in the alphabet S such that

for all a € S there exists i, j such that Ibialab; = 1. 2)

Sarig [19] proved that a locally Holder potential log ¢ of finite Gurevich pressure has
an invariant Gibbs measure if and only if the system has the BIP property. Moreover, if ¥
satisfies the BIP property and Pg(log @) < oo then the function t — Pg(tlog¢) is real
analytic for # > 1. Note that the induced system satisfies the BIP property.

Let d be a metric on X.
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Definition 2.10. A positive, locally Holder potential log iy : ¥ — R with the property that
there exists a constant C > 0 such that

1 n—1 ) - . n—1 ) -
¢ [ o)™ < diam(Cy i, ) = € [ @)™, 3)
j=0 j=0
for every x = (io, i1, ...) € Cj,..i,_,» Will be called a metric potential.

We now describe part of the theory of sequences of Fenchel pairs developed by Wijsman
in [22, 23].

Definition 2.11. Let h be a convex function; we say that (k, g) form a Fenchel pair if
g(p) = sup{px — h(x)}.
X

Remark 2.2. If h is a convex C? function then the function g is also called a Legendre
transform. In this case,

g(a) = h(g) + qe,
where a(q) = —h'(g).
Let & be a convex function, p > 0 and
ph(x) :=nf{h(y) : |x — y| < p}.

Definition 2.12. (Wijsman [22, 23]) Let {h,} be a sequence of convex functions. We say
that {h, } converges infimally to the function A if

lim liminf ,h,(x) = lim limsup , A, (x) = h(x).
p—0 n—>00 p—0 n—oo

. e inf
We will write in this case /i, Ty

Remark 2.3. (Wijsman [23]) There are examples where this notion of convergence does
not coincide with the pointwise convergence. In general, we have that if {/,} converges
infimally to & and {£,} converges pointwise to &, then h(x) < hp(x).

THEOREM 2.1. (Wijsman [23]) Let (h,, g,) and (h, g) be Fenchel pairs. Then

B -2k if and only if gn - .

3. A dimension formula for the Gurevich pressure

In this section we prove a Bowen-type formula (see [2]) for the Gurevich pressure. In the
setting of countable Markov shifts this formula relates the pressure function with the
Hausdorff dimension of the recurrent set.

Definition 3.1. A point x € ¥ is said to be Recurrent if there exists a sequence of
non-equal natural numbers #n;, such that

lim o"x = x.

1—> 00

Denote by R be the set of recurrent points.
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P(?) P(7)

FIGURE 1. Possible behaviour of t — P(—tlog ).

Let (X, 0) be a topologically mixing Markov chain and log v a locally Holder metric
potential (see Definition 2.10).

THEOREM 3.1.
dimg(R) = inf{t : Pg(—tlogy) < 0}.

In the finite-state case, Ruelle [13] proved that the Bowen equation
P(—tlogy) =0

always has a root and that it is equal to the Hausdorff dimension of the repeller. In [7]
Mauldin and Urbanski generalized this result to the case of infinite iterated function
systems. They first noticed that the Bowen equation might not have a root (see Figure 1)
and that conservative conformal measures might not exist. We consider a broader class
of systems and prove that the pressure function can only account for the recurrent set.
We give an example of a piecewise linear map of the interval such that the Hausdorff
dimension of the recurrent set is strictly less than the Hausdorff dimension of the repeller
(see Example 3.2).

Proof of Theorem 3.1. Let d := inf{t : Pg(—tlogiy) < 0}. We begin by proving that
dimg(R) > d. Let K C X be a topologically mixing finite Markov shift. There exists a
unique g > 0 such that Pg(—tx logy) = 0 and dimy(K NR) = tx (see [9]). By the
approximation property of the Gurevich pressure (1) we have that tx < d. Moreover,

sup{tx : K € K} =d. “4)
In fact, assume by way of a contradiction that there exists € > 0 such that
sup{tx : K € K} =d —,

then
sup{ Pk ((d —€/2)log¥) : K € K} <0 < Pg((d — €/2)log ),

which contradicts (1). From the Bowen equation for finite shifts and equation (4) we obtain
that
dimyg(R) > d.
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In order to prove the other inequality we will consider the induced system. Denote

@1(x)—1

Vi) = [] Woo om(x).
k=0

Note that the diameter of a cylinder of length »n on the induced system is such that

diam(Cyy...i, ;) < CY1(x), 5)
where x € Cj,. i, ,. Lett > d. Associated to the induced potential —¢ log v/, there exists a
Gibbs measure m (the induced system satisfies the BIP property). Thus, there exists M > 0

such that
1 < m(cio...in_])

M = exp(—nP +log ¥ (1)

where P = Pg(—tlog ). Since P < 0 we have

1 —
M%(X) =m(Cij...i,_1)- (6)
Combining (5) and (6) we obtain
diam(C,,..i, )" < Mim(Ci;_.i, )
Denote by C(n) the set of cylinders belonging to the induced system of length n. We have

Y. am(©)' = Y Mim(C) < M.

CeC(n) CeC(n)

Note that C(n) is a cover and the diameters of the cylinders tend to zero as n tends to
infinity. Therefore, the 7-Hausdorff measure of R is finite. Since ¢ > d was arbitrary, this
completes the proof. O

Remark 3.1. Since the system is topologically mixing the result does not depend on the
symbol where we induce.

PROPOSITION 3.1. If ¥ has finite Gurevich entropy and dimy(X) < oo, then there exists

d > 0 such that Pg(—d log ) = 0. Moreover,

(1) if the potential —d log ¥ is recurrent then there exists a conservative d-conformal
measure;

(2) if the potential —dlog is transient then there is no conservative d-conformal

measure.

Proof. Since Pg(0) < oo the existence of d is a consequence of the continuity of the
pressure. The (non) existence of a conservative d-conformal measure follows from the
generalization of the Ruelle—Perron—Frobenius theorem (see §2). O

PROPOSITION 3.2. Assume X to have infinite Gurevich entropy and dimg(X) < oo.
(1) Ifthere exists d > O such that Pg(—dlogyr) = 0 then:
(a) if the potential —dlog is recurrent then there exists a conservative
d-conformal measure;
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(b) ifthe potential —d log s is transient then there is no conservative d-conformal
measure.
(2) If Pg(—dlogyr) < O then there is no conservative d-conformal measure.

Proof. 1t follows from the Ruelle—Perron—Frobenius theorem for countable Markov shifts
(see §2). O

Remark 3.2. Assume that X satisfies the BIP property. If there exists d > 0 such that
Pg(—dlogy) = 0, then —dlog is recurrent; therefore, there exists a d-conformal
measure. Mauldin and Urbanski [7] called such a system regular. If there is no such d
then there is no conservative d-conformal measure. In the terminology of Mauldin and
Urbanski, these systems are called irregular.

In what follows we give examples that illustrate Theorem 3.1. We give them in the
context of one-dimensional dynamics, but they can be translated to the countable Markov
shift setting.

Example 3.1. (No root for the Bowen equation) Let k' € N be such that
> 1
>t <!
k(log(2k))?

k=k'

Let {I; : k > k’} be a sequence of closed intervals contained in [0, 1] with disjoint interiors.
Assume that |I| = 1 /k(log(Zk))z, where | - | denotes the length of the interval. Define the
map F : U,fik, I — [0, 1] such that F|I is linear, onto [0, 1] and of positive slope for
every k > k’. The pressure function is given by

o
P(—tlog|F') =log ) 1/(K' (log 2k)*).
k=k'

If 1 < 1then Pg(—tlog|F’|) = oo and if ¢t > 1 then Pg(—tlog|F’|) < 0. Therefore, the
Bowen equation has no root and

dimg(R) = 1 = inf{t : Pg(—tlog|F’|) < 0}.

This potential was first used by Sarig [16] for another purpose. Mauldin and Urbanski [7]
produced other examples where the Bowen equation has no root.

Example 3.2. (Infinite number of roots for the Bowen equation) The Manneville—Pomeau
transformation F : [0, 1] — [0, 1] is defined by

F(x) :=x 4+ x'Te,

where « € (0, 1). This map has two branches defined on the intervals, [0, a], [a, 1].
The induced map on [a, 1] satisfies the assumptions of Theorem 3.1. The pressure function
Pg(—tlog|F’|) is positive for t < 1 and equal to zero for r > 1 (see [12]). Therefore,

dimyg(R) = 1 = inf{t : Pg(—tlog|F’|) < 0}.
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Example 3.3. (Small recurrent set) We construct a topologically mixing interval map such
that the Hausdorff dimension of the recurrent set is strictly less than the Hausdorff
dimension of the repeller. Recall that the repeller of a map F' is defined by

J:={x €[0,1]: F"(x) is well defined for all n € N}.

Letr = sand I} = [0,r]. Ifn > landn € N~ 2% i € N}, let [, =
[Z?;ll rt, Yo r']. For each positive integer n > 1 there exists a unique interval in
[0, 1]~ ) I; of length r2". Divide this interval into two intervals,

»-1 »-1 s
DL S I A RS i o
i=1 i=1 i=1 i=1

In this way we obtain a partition of the unit interval [0, 1]. Let F be a piecewise linear map

defined by
I ifn € {ajy1:i e N},
F(l,)={1,Ul,, Ul ifne {2t —1:ieN}, 7
I, U+ in any other case.

Let 0 < ¢ < 1. Consider a strictly increasing sequence (s;) such that s; € (0, c) and
¢ = sup{s;}. Denote by F; the restriction of F to the set I,, | J (U?:l 1;). Note that if
a> = 0 then the Hausdorff dimension of the recurrent set for Fj is zero. If ap = r* the
Hausdorff dimension of the recurrent set for F; is one. Choose a> such that the Hausdorff
dimension of the recurrent set is s1, thatis P(—sj log |F1/ ) =0.

We define a, inductively. Suppose that we have already defined {a> ...a,—1}. Denote
by F, the restriction of F to (UU}-, 1a;) U (U?n=1 1;). Note that if @, = 0 then the
Hausdorff dimension of the recurrent set of Fj, is s,—1, and if a,, = r?" then the Hausdorff
dimension of the recurrent set of F,, is one. Choose a; such that

P(—s,log|F,|) =0.

Note that ¢ = inf{r : Pg(—tlog|F’|) < 0}. Therefore, dimg(R) = ¢ < 1 = dimg(J) as
required.

4. Multifractal analysis, the BIP case

The purpose of this section is to develop techniques that enable us to carry out the
multifractal analysis for countable Markov shifts. Recall that Pesin and Weiss [10] studied
the case in which the space is compact (the finite-state case) and w is an equilibrium
measure for a Holder potential. They proved that the multifractal spectrum is concave and
real analytic. Schmeling [20] proved that it has bounded domain. Note that the domain is
defined by {o € R : J, # #}. As mentioned in the introduction, the multifractal analysis
for countable Markov shifts has also been studied in [5], [8] and [11]. Our techniques
are slightly different. The lower bounds for the Hausdorff dimension of the level sets
are obtained by means of an approximation argument that relies on some tools of convex
analysis (the infimal convergence). This approach allows us to develop the multifractal
analysis in more general symbolic spaces, gives a simple explanation to the differences

https://doi.org/10.1017/50143385705000350 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385705000350

Multifractal analysis for countable Markov shifts 1891

between the finite- and the countable-state cases and enables us to give sufficient conditions
in order for the multifractal spectrum to have unbounded domain and points of non-
analyticity. The main ingredients that will be used are:

o the infimal convergence of Wijsman;

° the multifractal analysis over compact spaces;

) the approximation property of the Gurevich pressure (1).

In this section we will consider a countable Markov shift that satisfies the BIP property
and a metric potential log ¥ (see Definition 2.10). Throughout the rest of the paper we will
work on the recurrent set of . Let log¢ : ¥ — R be a locally Holder potential of zero
pressure, not cohomologous to log . Denote by u the corresponding Gibbs measure.

Remark 4.1. The metric that we are considering is such that

log (B, 1) _ 108 14(Ciguiy, ()
logr n—00 log 1—17;(; (I//(Oix))*l

dy(x) = lim

Definition 4.1.
q* := inf{q : there exists ¢ € R such that Pg(—tlog ¥ + glog¢) < 0}.

LEMMA 4.1. Ifdimg(X) < oo then either g* = 0 or g* = —o0.

Proof. Note that Pg(— dimg(X) log ¥) < 0, therefore ¢* < 0.
Assume by way of a contradiction that g* € (—00,0). Let 0 < €,¢ < |g*|/2.
Since ¢* + € > g* and ¢* + €/ > g*, there exist T'(¢) and T (¢’) such that

PG(—T(e)logy + (¢" +€)logg) <0 and Pg(—T (") logy + (¢* + €') logp) < 0.
Since Pg(f + g) < Pg(f) + Pg(g) then

Po(—(T(€) + T () log ¥ + (24" + € + €') log$) < 0.
Therefore, € + €’ > |g*|. This contradiction proves the statement. O

Remark 4.2. 1f dimy(X) = oo it is possible for ¢* to be larger than zero. See Example 4.3.

Definition 4.2. The function T (¢) is implicitly defined by

T(g):=

{inf{t . Pg(—tlogy +qlogp) <0} ifg > g*, ®
o0

if g < qg*.
We prove the following.

THEOREM 4.1. The multifractal spectrum f,, is the Fenchel transform of T .

Equivalent definitions of 7 (g) will be required to prove the theorem. Let K € K and
let Pk (-) denote the topological pressure restricted to the set K.

PROPOSITION 4.1.

T(q) = sup{t: Px(—tlogy +qlogg) =0, K € K}.
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Proof. The result is clear for ¢ < g*. Let ¢ > ¢™*. For every compact invariant set K and
for every g € R there exists Tk (¢) such that (see [10])

Pk (=T (q)logy + g loge) = 0.

Since K C X, by (1) we have Pg(—tlogy + glog¢) < Pg(—tlogy + glog¢) and
therefore Tx (q) < T(q). Note that the pressure is monotone, that is, if K; C K> then

Pk (—tlog ¥ + qlog¢) < Pk,(—tlogy + g loge).
In particular, Tk, (q) < Tk,(q). Assume by way of a contradiction that
A :=sup{Tx(q): K € K} < T(q). 9)
Let B € (A, T (g)). Since the pressure function is decreasing in 7, we have that
PG(—Blogy 4+ glogg) > 0.
On the other hand, because of the approximation property (1) and the assumption (9),
Pg(=Blogy + glog¢) < 0.
This contradiction proves the proposition. O
PROPOSITION 4.2.
T(q) = sup{r : Px(—tlogyr + q(logp — Pk (log¢))) =0, K € K}.
Proof. Again the result is clear for ¢ < ¢*. Let K € K and ¢ > g*. Define T¢(q)
implicitly by
Px(=Tg(q)logy + g(log¢ — P (log¢))) = 0. (10)
Note that
| Pk (—tlog ¢ +qlog ¢ — g Pk (log¢)) — Pg (—tlog ¥ + g log@)| < |g Pk (logp)|. (11)
Since Pg(log¢) = 0 and because of (1) we have that
sup{g Px (log¢) : K € K} = 0. (12)
The result follows from (11), (12), (1) and Proposition 4.1. O
PROPOSITION 4.3. The function T (q) is convex and decreasing.

Proof. Let K € K. Pesin and Weiss [10], using the fact that the pressure is analytic and
considering the formulae for its derivatives, showed that the function T} (¢) is analytic,
decreasing and convex. Since

T(q) = sup{T¢(¢) : K C X compact invariant}

the desired properties follow. a
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The next proposition has been proved in different settings, in particular see [10].
It relates the pointwise dimension to the Birkhoff sums.

PROPOSITION 4.4. Ifx € X then

L n—1 i
o) = fim —2F G0t () 2o 029007 (0))

n—1 i m n—1 i ’
n=olog [Ty (W(otx) =m0 3705 log(¥(oix)) ™!

whenever one of the limits exists.

Proof. The proof follows from the Gibbs property of the measure p and from
Remark 4.1. O

Let g > g*. Associated to the potential ¢, := ¢7(g),q = —T (¢) log¥ + g log ¢ there
exists a (normalized) Gibbs measure i, (see [19]).

Definition 4.3. Let g > g™ and consider

_ f10g¢dﬂq
flngd,U«q .

Note that, since the system satisfies the BIP property, for ¢ > ¢* the potential ¢, is
strongly positive recurrent (see [16]). In particular, the function Pg(—?log v + g log¢)
is real analytic in each variable (when finite). Moreover, logy € LLq and log¢ € L}Lq.
Using the formula for the derivative of the pressure (see [9]) we have —T'(g) = a(q).

a(q) :=

Remark 4.3. Note that u,-almost every x € X is such that

o Yijlogg(at () [loggduy
O T ooy Jlogvdn, <

Let (K,) be a sequence in K, such that T;{‘n (q) := T, (q) converges pointwise to T (g).
We prove that T, (q) converges infimally to 7' (g).

LEMMA 4.2. T*(q) —% T(q).

Proof. Fix a positive integer n. The function 7,/ (g) is decreasing in g. Thus,
T = f(T; () : x — y| < p} = T (x + p).

Since 7, (g) converges pointwise to T'(¢g), we have

lim T (0) = T(x + p).

If g > g™ then T(g) is continuous and convex, so lim,_.o T' (¢ + p) = T(g). Assume
q* = 0. If g < 0 then for p small enough we have T'(q + p) = 00, so lim,—0 T (g + p)
= T(g). If ¢ = 0 then the result follows because 7'(0) = lim,_,o+ T (¢). Therefore,

inf

T, (q) — T(g). O

Proof of Theorem 4.1. Denote by L the Fenchel transform of 7. We first prove that if
g > gq* then dimy (Jy(q)) = T(q) + qa(g). Recall that p,(Jy(q)) = 1 and that g is a
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Gibbs measure. The arguments developed by Pesin and Weiss [10, Lemma 2] apply and
yield
dy, (x) < T(q) + qa(q)

for every x € Jy(g). Therefore, dimp(Jy(y)) < T(gq) + ga(q). Note that in order for the
argument to work we just need Pg(¢,) < 0. In particular, we have proved that f;, < L.

Let f, (o) be the Fenchel transform of 7, (g). We have already proved that 7, (q) l—nt>
T (g). By Wijsman’s theorem (see Theorem 2.1) we have
fun 25 L.
Note that f}, , is an increasing sequence and f, ,(«) < «. Thus, there exists a function f
which corresponds to the pointwise limit of f,, ,. By Wijsman’s remark (see Remark 2.3)
we have L < f,. But by definition we have that f), < f,, thatis

L=< fp=<fu

therefore L = f,.

If ¢* = 0 and lim,_,o+ —T'(q) = oo, the result follows from the previous argument.
If ¢* = 0 and lim,_,o+ —T"(q) < oo, then for every a > lim,_,o+ —7"(q) we have
fu(a) = dimyg R. This concludes the proof. O

Remark 4.4. 1t is possible to prove that f, = L just using the definition of infimal
convergence and the fact that the sequence of concave functions (fy,,) is monotonic.

In the next two theorems we prove that the behaviour of the multifractal spectrum for
countable Markov shifts can be different from the finite-state case (see Figures 2 and 3).

PROPOSITION 4.5. If g* = 0, then the multifractal spectrum f,, has unbounded domain.

Proof. If ¢* = 0, then T (¢) = oo for every ¢ < 0. Recall that
lim 7,(q) =T(q)
n—o0

and that the function 7}, (-) is an analytic function for every n € N.

Recall that, in this setting, when finite the pressure is analytic. Therefore 7'(q) is
analytic on (¢*, 00). Assume first that the Hausdorff dimension of the system is finite,
that is 7(0) < oo. Assume as well that the function 7' (¢) has bounded derivative for
q > g%, thatis

—-T'(0) = lim —T'(gq) < oc.
q—07t

The mean value theorem implies that for every @ > —T’/(0) there existn € Nand g < 0
such that —T/(¢) = «. Thatis f,, () > 0 and therefore f,,(e) > 0.
Assume now that
—T'(0) = lim —T'(q) = oo.
O = lim ~T'(q)

Then, for every o > —T'(1), there exists g € (0, 1) such that —T'(¢) = «. Therefore
fu(a) > 0, which concludes the proof. O
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I(q)

q
T(g)

q
T(g)

q

FIGURE 2. Possible behaviour of the function 7' (g).
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f(a)
d
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f(a)
d
a
f(a)
d
a

FIGURE 3. Possible behaviour of the multifractal spectrum.

Remark 4.5. Note that when considering compact spaces the domain is always a bounded
interval (see [20]).

Remark 4.6. Note that Proposition 4.5 follows from the Fenchel relation between 7' (q)
and f,.

If the multifractal spectrum has unbounded domain then two possible behaviours can
occur, as the following proposition shows (see Figures 2 and 3).
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PROPOSITION 4.6. Assume g* = 0.

(D) Iflimqﬁ(yr —T'(q) < 0o then there exists a(0) such that for every a > a(0) we
have f, (o) = dimg(R).

(2)  Iflim,_, o+ —T'(q) = 00 then the multifractal spectrum is strictly increasing.

Proof. First assume T (0) < oo and that

a(0) = -T'(0) = ql_iff)l+ —-T'(g) < 0.

Since g* = 0, for every g < 0 we have T'(q) = oo. In particular, the multifractal spectrum
has unbounded domain. Recall that

fule) = __inf_{T(g)+aq)

= inf {T(q)+ aq}.
0=<g=oo

Let o > —T’(0). The function T (g) is convex and —aq + T (0) is a support line of T (g).
Hence, for every g > 0 we have

T(q) > —aq +T(0).

In particular,
T(q) +ag > T(0).
Therefore,

fu@) = inf {T(q) +aq) =T(0) = dimy(R).

ASSume that
—] ! O - li“l —] ! q = OQ.

Then,
fuer=__inf (T(q)+aq)= inf {T(q)+aq}=T()=T"()q"

where ¢’ > 0is such that —T7(¢") = «. O

Remark 4.7. Note that in case (1) of the previous proposition the multifractal spectrum has
a point of non-analyticity. Recall that in the finite-state case the multifractal spectrum is
analytic (see [10]).

Remark 4.8. Note that in order for /(0) to be infinity we need —[ log ¢ d 1o = 0. Recall
that 1o is a Gibbs measure for —dimg (R) log ¢ and that it does not depend on log ¢.
Therefore, the integrability of log ¢ depends on the relation between ¥ ~9m# (R) and log ¢.

In the next proposition we provide sufficient conditions in order for the multifractal
spectrum to have bounded or unbounded domain.

PROPOSITION 4.7. Assume dimg(X) < 00.
() If, foreveryx € Z,
@) <Y,

then the multifractal spectrum of u has bounded domain.
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(2) If,foreveryq <0,t >0andx € %,

@) > (Y ),

then the multifractal spectrum of u has unbounded domain. Moreover:

(@) iflimy_ g+ —T'(q) < oo then there exists a point a(0) in the domain of f,
such that, for « < «(0), the multifractal spectrum is strictly increasing and,
fora > a(0), fu(e) = dimy(R);

(b)  iflim,_, g+ —T'(q) = oo then the multifractal spectrum is strictly increasing.

Proof. Note that if g* = —oo then f}, has bounded domain. If ¢ < 0, then from the
condition given in part (1) of the theorem we have
—tlogy +qlogep < —(t 4+ q)log .
Therefore,
Pg(—tlogy +qlog¢) < Po(—(t +¢)logy).
Ift > (dimg(R) — g) then

Ps(—tlogy + g logg) < 0.

Thus g* = —o0.

Note that if g* = 0 then f,, has unbounded domain. Recall that since the system
satisfies the BIP property, then Pg(0) = oco. The condition given in part (2) of the theorem
ensures that for every ¢ < 0 and for every r € R we have

—tlogy +qlogg > 0.

Therefore ¢* = 0. If lim,_,o+ —7T'(q) < oo and ¢* = 0, then f, is concave, has
unbounded domain and f,(—7'(0)) = dimu(R). Note that f, is bounded above by
dimgy (R). Therefore, if « > —7"(0), then f,, () = dimp(R).

If lim,_,o+ —7'(g) = oo and g* = 0, then f;, is concave, has unbounded domain and
does not have a maximum. a

Example 4.1. Let ¥ be the full shift over the positive integers. Let ¢|c, = 2" and let
¢lc, = (n))™°, where s € R™ is such that Pg(log¢) = 0. Let ¢ < 0. Then for fixed ¢t and
n large enough,

¢ = @)™ = 2" = yc,.

That is, the multifractal spectrum for the equilibrium measure p corresponding to the
potential log ¢, has unbounded domain.

Example 4.2. Let X be the full shift over the positive integers. Let
Vlc, =3" and ¢|c, =27".

Clearly ¢~! < v, therefore the multifractal spectrum for the equilibrium measure p
corresponding to the potential log ¢ has bounded domain.

If dimg(R) = oo the situation is different as the following example shows.
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Example 4.3. Assume X satisfies the BIP property and let log ¢ = logA, where A > 1.
Since the system has infinite Gurevich entropy then dimg(R) = oo. If log ¢ is a potential
of zero pressure and p is the corresponding Gibbs measure, then the multifractal spectrum
of u:

(1) has unbounded domain;

(2) has unbounded image;

(3) 1is an increasing concave function.

(4) If Pg(g*log¢) < oo then there exists an associated equilibrium measure fi,x.

We have:

(a) iflogg e L! o then there exists a point —7”/(¢*) such that for« < —T'(¢*)
the multifractal spectrum is strictly concave, and for @ > —T’(g*) it is linear
with slope ¢*;

(b) iflog¢ ¢ L. . then the multifractal spectrum is strictly concave and one of
the asymptoteg has slope g*.

(5) 1If Pg(g*log¢) = oo then the multifractal spectrum is strictly concave and one of

the asymptotes has slope g*.

Let (X, o) be the full-shift on a countable infinite alphabet. Consider the following
potentials that illustrate the possibilities in this example. For the locally constant potential
defined by log ¢1|c, = —log (n(n + 1)) we have g* = 1/2. For the potential log ¢, (x) =
—log (xo(log 2x0)2)r , where r > 1 is such that Pg(log ¢») = 0, the multifractal spectrum
of the corresponding measure is strictly concave for « < —7'(1) and for o > —T'(1) it
is linear with slope one. The potential log ¢3|c, = logn™"
such that Pg(log¢3) = 0, is such that the multifractal spectrum of the corresponding
measure is strictly concave.

", where r is a positive number

Remark 4.9. Note that dimg(R) = sup{dimyg(K) : K € K}. Let JI/< = {x € K :
the limit d,, (x) does not exist} be the irregular set of K. Barreira and Schmeling proved in
[1] that the set J has full Hausdorff dimension. Therefore,

dimp(R) = sup{dimg(Jg) : K € K}.

That is, the irregular set J' has the same Hausdorff dimension as the recurrent set.

5. Multifractal analysis, the non-BIP case

This section will be devoted to the case in which the graph G does not satisfy the BIP
property. Therefore, locally Holder potentials do not have corresponding Gibbs measures.
As in the previous section, we will assume the potential log¢ to be locally Holder
continuous of zero pressure not cohomologous to the metric potential log . We also
assume that it is positive recurrent. Our approach is based on the study of the induced
system X1 (see §2). Note that the induced system satisfies the BIP property. Therefore, the
results of the previous sections (with some modifications) can be translated to this setting.

Definition 5.1. Let T;(gq) be defined implicitly by
Pc(—=Ti(g)logy + g log¢) =0, (13)

provided such a number exists.
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Denote ¢_q = —Ti(q) logy + g log ¢ and denote by i, the associated Gibbs measure
(recall that this potential is defined on the induced system).

Remark 5.1. Three conditions will be required on the potentials. Assume that there exists

an interval  of values of ¢ for which:

(1) the function T;(q) is well defined (equation (13) has a root);

(2) the potential —T;(g) log ¥ + g log ¢ on the original system is positive recurrent;

(3) the potentials logyr, log¢ are integrable with respect to the Gibbs measure
associated to —T;(¢) log ¢ + ¢ log ¢.

Proposition 4.1 is still valid. So the function 7;(q) is convex and decreasing. Denote
by fu.i the Fenchel transform of 7;(g). As proved in the previous section, this is the
multifractal spectrum of the Gibbs measure p; associated to log ¢.

Remark 5.2. The potential ¢_q has zero pressure and is positive recurrent. This implies
that the potential on the original system, —7;(g) log ¢ + ¢ log ¢, has zero pressure and
is recurrent (see [16]). Therefore, if ¢ € I then the function 7;(q) defined on the induced
system coincides with the function T (¢) defined in the original system.

Denote the Fenchel transform of 7'(g) by f,, and the level sets of the induced system
by Ju.i-

THEOREM 5.1. Ifq € I then dimu(Jy(q)) = T(q) + q(—=T'(q)).

Proof. The lower bound dimy (Jy()) = T(q)+q(— T’(g)) can be obtained using the same
arguments (infimal convergence) as in the proof of Theorem 4.1.

In order to obtain the upper bound, note that Jy () C 7 (Ju(g),i). Since we have that
dimy(Ju(g),i)) =T (q) + q(—T’(q)) and the projection 7 is a Lipschitz function, we have

dimp (Jo(q)) < dimu (7 (Ja(g).i)) = T(q) +q(=T"(q)). (14D)

Remark 5.3. As in the previous section, the domain of the multifractal spectrum f, can be
unbounded. Moreover, assume dimg(R) = d < oo and that f;, has unbounded domain.
Since (fy,, T') form a Fenchel pair, we have two possible behaviours. Either f, is strictly
increasing and concave, or there exists a point «* such that for ¢ < «* the multifractal
spectrum is strictly increasing and strictly concave and for & > o* we have f, («) = d.

In the next theorem we give sufficient conditions in order for the multifractal spectrum
to have unbounded domain. Before stating it we need the following definitions.

Let A, := {Cij,..i, : ij#1,je{l,...,n},t;,1 = 1}, where 1i; ...i, are admissible
words. Denote by X 4, and X j 4, the full-shifts over the alphabet A, and Ui A,
respectively.

THEOREM 5.2. Let (by,) be an increasing sequence of real numbers with b,, > 1. Assume
that for every x € [@p1 = n] we have log ¥ (x) < logby,. If, for every g < 0,
PEU;}:l A (q IOg ¢)

lim = 00, (15)
n— o0 log by,

then the multifractal spectrum of  has unbounded domain.
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Proof. Note that
0=Ps, , (~Tu(@)log¥ +qlogd) > ~Tu(q) loghy + Ps , , (qlog).
=171 i=1""

Therefore,
PEU;j:l A (q IOg ¢)

T, >
n(q) > log by

From equation (15) we deduce that for negative values of g
lim 7,(q) = T(q) = oo.
n—o0

Recall that for every positive integer n the function 7}, (g) is analytic. Applying the mean
value theorem, we have that for every o > «(0) there exists n and g, < 0 such that

_Tn/(‘In) =0,

therefore dimy (J(«,;)) > 0. This implies that for every o > «(0) the multifractal spectrum
fu;: (@) > 0. Hence it has unbounded domain. O

Remark 5.4. Note that if the system has finite entropy then the sequence (b,) is always
well defined.

Remark 5.5. Let (ay) be a sequence of positive numbers satisfying
. loga,

lim =
n—o0 log b,

(16)

If there exists n* € N such that for every n > n* there exists a periodic point x,, € [¢; = n]
such that

n—1
[T ) < an, (17)
i=0

then, from the variational principle, for every g < 0

Py 4, (g log ¢) _ 4 log ay,
log b, ~ logh,

From equation (16) we obtain that 7 (¢) = oo. Hence the multifractal spectrum of x has
unbounded domain.

Remark 5.6. Assume the system to have finite entropy log/. Recall that the induced
measure u; on Cj is Gibbs and let Cy;,.;, € A,. If, for every x € [¢1 = n], we have

Ps 4, (qlog¢) _ 4 logay
log b, ~ logh, ’

where (a,), (b,) are as in Remark 5.5, then there exists a constant C that does not depend
on n or on the cylinder, such that

i (Criy..ip) < Cay.
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Since the system has finite entropy log /2, the number of cylinders of length » is bounded
above by h" (see [6, p. 213]). Therefore,

pi(lg1(x) =nl) < Ch"ay.

This allows us to estimate the tail

ulgr > nl) <u(CNC Y ha.

i=n+1
Example 5.1. The renewal graph G is defined over the positive integers by the transition
matrix T = (t;;), whose entries 11, t;; and t;;_1 fori = 2,3,... are one, and the rest

of the entries are equal to zero. This is a topologically mixing graph with finite entropy
(actually log 2) and is positive recurrent.

The combinatorial structure of the induced system on the cylinder C; is simple.
For every n > 1 we have that A, = {C1,—1)..32). A generalization of this graph arises
naturally when studying tower extensions. Let (d;) be an increasing sequence of positive
integers. The transition matrix 7 = (t;;) associated to this kind of graph has entries
111, t;;—1 and #1 4, equal to one. The rest of the entries are equal to zero. Depending on d,
the graph is transient or recurrent. If it is recurrent, that is

Zh_” Z 1(1)(x) = oo,
n>1 olx=x

where Pg(0) = logh is the entropy of the system, then the graph is positive recurrent.

In fact, note that n "
> i > ligi=n < "

n>1 o' x=x n>1
which converges because 7 > 1 (the system has positive entropy). Hence, there exists a
probability measure of maximal entropy.
Consider the case in which d, = 2n+ 1. Letlog{ = log A, where A > 1. The potential
is defined by
logn™ ifx e Cyandn > 1,

logd () =1, ifxecC (18)
1.

The constant 7 is such that Pg(log¢) = 0. In this case the multifractal spectrum of the
equilibrium measure y corresponding to log ¢ has unbounded domain. Moreover, since

< X

>, rlog(2n + 1)!
Z )LnT(O)

n=1

there exists a point «(0) such that for all & > «(0) the multifractal spectrum is constant.

Example 5.2. (Nakaishi) In [8] Nakaishi studied the multifractal spectrum of the measure
of maximal entropy of maps of the interval with a parabolic fixed point. He proved that it
has unbounded domain. His example can be understood in our setting as follows. Let G
be the renewal graph and log ¢ (x) = log2™" for x € C,. The metric considered is such
that log 1//|Cn = logn. Since

—nlog2

lim —00, (19)
n—00 logn

the multifractal spectrum has unbounded domain.
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P(qlog g) f(a)

FIGURE 4. The behaviour of the multifractal spectrum of concentrated measures.

The following example can be understood as a model for a piecewise linear geometrical
construction.

Example 5.3. Let (A;) be an increasing sequence with A; > 1. Assume log ¥|c; = A; and
that diam(Cj,..;,) = ;=0 )Ll.;l. Let G be a positive recurrent graph of finite Gurevich
entropy and let log ¢ be a positive recurrent, locally Holder continuous potential of zero

pressure. Denote by u the corresponding equilibrium measure. Let
M, := min{diam(C;,.;,) : Ci,...i, € An}.

Let (a,) be a sequence of positive numbers such that

1
lim OB dn = —00
n—oo log M,

If there exists n* such that for every n > n* and for every x € [¢| = n]
n—1 )
[T ) < an,
i=0

then the multifractal spectrum of p is continuous, concave and has unbounded domain.
(1) If the potential — 7 (0) log ¥ is positive recurrent we denote by i, the corresponding
equilibrium measure. One of the following alternatives occurs:

(a) ifloge € LLm then there exists a point «(0) in the domain of f, such that
for « < «(0) the multifractal spectrum is increasing and for « > «(0) it is
constant;

(b) iflogep ¢ L Lm then the multifractal spectrum is strictly increasing.

(2) If the potential —7 (0) log v is null recurrent then the multifractal spectrum is strictly
increasing.

The next theorem describes the multifractal spectrum for small values of «, when there
exists ¢’ > 1 such that the function T (g) is linear for ¢ > ¢’. Recall that those are the
level sets where the measure is highly concentrated (see Figure 4).

Definition 5.2.
alg) == lim —T'(g).
9—(q")~
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THEOREM 5.3. Let q' > 1. Assume the function T (q) to be strictly convex for q € (0,q’)
and linear with slope —A < 0 for g > q'. Then the multifractal spectrum of u is linear on
the interval (A, a(q')) with slope q'.

Proof. Leta € (A, a(q’)); we claim that the Fenchel transform of T (g) is given by

inf {T(q) +aq}=T(q") +q'o

—00<g <00

Note that if ¢ € (0, ¢) then
T(q)—T(q)
- . =~
q9 —49
In fact, assume by way of a contradiction that
T(q)—T(q)
/ > =
q9 —4q

(20)

The mean value theorem implies that there exists g1 € (g, q’) such that T'(q;) > —a.
This contradiction leads to the claim. In fact, from equation (20) we obtain

T(q')+aq" <T(q) +aq.
Assume now that g > ¢’. Let C > 0 be such that
T(g)=—-Aq+C.
Note that @ — A > 0. Therefore, since ¢’ < g, we have

q'(@—A)+C <qa—A)+C,

that is
T(q)+aq <T(q)+agq.
This implies
fule)=__inf {T(q)+aq}=T()+q'e
as required. a

PROPOSITION 5.1. If the potential log ¢ is such that Pg(q log¢) = 0 for every g > 1
then the multifractal spectrum is given by

fu(a) =,
fora € (0, a(1)).

Proof. Note that if ¢ > 1 then Pg(q log¢) = 0, therefore T (¢) < 0. We prove that it is
equal to zero. Assume by way of a contradiction that T (¢) < 0. Then the function

t - Pg(—tlogyr + q log¢)

is equal to zero for t € (T'(q),0) and negative for r > dimg(RR). This contradicts the
convexity of the function. Therefore, if ¢ > 1 then T (¢g) = 0. The result follows from
Theorem 5.3. O
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Example 5.4. Let G be the renewal graph. Sarig proved in [15] that if log ¢ is a locally

Holder potential then there exists a critical value g, (it might be infinity) such that:

(1) the potential g log ¢ is strongly positive recurrent for g € (0, g.) and transient for
q > qc;

(2) the pressure function Pg(g log ¢) is real analytic in (0, g.) and linear in (g, 00); it
is continuous but not analytic at g;

(3) the potential g. log ¢ can be positive recurrent, null recurrent or transient.

This framework provides a family of examples that illustrate Proposition 5.1.

We finally give an example where the multifractal spectrum has bounded domain.

Example 5.5. (Gauss map and the renewal graph) The Gauss map G : [0, 1] — [0, 1] is

defined by
1 1
X X

where [x] is the integer part of x. Denote by F the restriction of the Gauss map G to the
renewal graph, that is,

21)

G(x) ifx e ljjandt; =1,
F(x) =
not defined any other case,

where [I;; := ((i + D=Li HNGN((j+ 17!, j~1). Denote by f the induced system on
the set (%, 1). The combinatorics of the induced graph is simple, there is just one cylinder
of length n, which is Cy,(,—1)..2. Note thatif x € (1/(n 4+ 1), 1/n) then

2 2
L <|F') ! < n
n—-n+1/) ~ “\n24+1)

Ifx € (1, 1) and F(x) € (1/(n + 1), 1/n) then

n?+1 n?—n+1
€ , .
n?+n+1 n?

Using the combinatorics of the induced system and the above estimates we can bound the
derivatives of the induced system f. That enables us to bound the pressure function,

. 00 n2+1 2 n i—1 2\t
eefar0+ 3 ((2505) (=) )

i=2

, PR n?—n+1\> & i 2\
< Pg(—tlog|f']) <log <(4/9) +Z<<T) n<i2+1) >)
n=2

i=2

Computer estimates of the root d of the equation Pg(—tlog| f’|) = 0 and Theorem 3.1
yield
dimg(R) =d € (0.4, 0.6).

Note that R is the set of recurrent points such that their continued fraction expansion is
determined by the renewal graph.
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The potential —dlog|F’| has zero pressure and is recurrent (see Remark 5.2).
Using the bounds on the derivative of F we obtain

n—1 . 1 2d
Zn Z exp( 0(—d10g|F/(le)|)1[(p1=n](x)>SC“FZ(H) s

n>1 F'x=x [ n>1

i=

where C is a constant. This series converges, therefore the potential —d log | F’| is positive
recurrent and there exists a (finite) equilibrium measure m. Since the Gurevich entropy
is log2 and 0.4 < d, using the variational principle (see [15, 21]) we can estimate the
Lyapunov exponent,

5
Am 1= /log|F/|dm < 5 log2~1.732.

Note that X,, measures the exponential speed of approximation of a number by its
approximants. Recall that, Lebesgue almost everywhere, the Lyapunov exponent is
72/6log2 ~ 2.373.

Let log¢p = —log?2 be a constant potential. It has pressure zero, is positive recurrent

and the corresponding equilibrium measure is the measure of maximal entropy. Note that

q* = —oo. Therefore, the multifractal spectrum f,, is concave, has a unique maximum at

—T'(0) and has bounded domain.
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