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Two-layer electrified pressure-driven flow in
topographically structured channels
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(Received 2 June 2016; revised 30 December 2016; accepted 30 December 2016;
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The flow of two stratified viscous immiscible perfect dielectric fluids in a channel with
topographically structured walls is investigated. The flow is driven by a streamwise
pressure gradient and an electric field across the channel gap. This problem is
explored in detail by deriving and studying a nonlinear evolution equation for the
interface valid for large-amplitude long waves in the Stokes flow regime. For flat
walls, the electrified flow is long-wave unstable with a critical cutoff wavenumber
that increases linearly with the magnitude of the applied voltage. In the nonlinear
regime, it is found that the presence of pressure-driven flow prevents electrostatically
induced interface touchdown that has been observed previously – time-modulated
nonlinear travelling waves emerge instead. When topography is present, linearly stable
uniform flows become non-uniform spatially periodic steady states; a small-amplitude
asymptotic theory is carried out and compared with computations. In the linearly
unstable regime, intricate nonlinear structures emerge that depend, among other
things, on the magnitude of the wall corrugations. For a low-amplitude sinusoidal
boundary, time-modulated travelling waves are observed that are similar to those
found for flat walls but are influenced by the geometry of the wall and slide over it
without touching. The flow over a high-amplitude sinusoidal pattern is also examined
in detail and it is found that for sufficiently large voltages the interface evolves to
large-amplitude waves that span the channel and are subharmonic relative to the wall.
A type of ‘walking’ motion emerges that causes the lower fluid to wash through the
troughs and create strong vortices over the peaks of the lower boundary. Non-uniform
steady states induced by the topography are calculated numerically for moderate and
large values of the flow rate, and their stability is analysed using Floquet theory.
The effect of large flow rates is also considered asymptotically to find solutions that
compare very well with numerical computations.

Key words: interfacial flows (free surface), low-Reynolds-number flows, thin films

1. Introduction

Thin liquid films appear in a wide variety of applications, ranging from large-scale
geophysical flows, such as lava flows, to small-scale microfluidic devices, such as lab-
on-chip technology (see Oron, Davis & Bankoff 1997; Toner & Irimia 2005; Craster
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ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
7.

17
 P

ub
lis

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

mailto:d.papageorgiou@imperial.ac.uk
http://crossmark.crossref.org/dialog/?doi=10.1017/jfm.2017.17&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1017/jfm.2017.17&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1017/jfm.2017.17&domain=pdf
https://doi.org/10.1017/jfm.2017.17


Two-layer electrified flow in topographically structured channels 223

& Matar 2009; SooHoo & Walker 2009). In the present study, we consider pressure-
driven two-layer flows through channels of variable cross-section that are additionally
influenced by the presence of electric fields arising from imposing a constant voltage
potential across the channel walls. Sufficiently strong electric fields can destabilise the
flow and lead to nonlinear free surface patterns that can be useful in applications,
e.g. microlithography. The reader is referred to Melcher & Taylor (1969) and Saville
(1997) for general reviews of electrohydrodynamics.

In recent years there has been growing interest in the miniaturisation of electronic
tools, and much research has gone into finding appropriate techniques to pattern
polymers. Details on the applications and techniques of polymer patterning can be
found in the review by Nie & Kumacheva (2008). One such technique exploits
the electrohydrodynamic instabilities of a system to induce ordered patterns, and
it was first explored in two experimental papers contemporary with each other
(see Chou & Zhuang 1999; Schaffer et al. 2000). Since then, electrohydrodynamic
instability-induced structures have been the focus of much research due to the
simplicity and the low cost of this patterning method, details of which can be found
in the review by Wu & Russell (2009). Linear stability analyses have been conducted
using both the perfect dielectric (Schaffer et al. 2001) and the leaky dielectric (Pease
& Russell 2002) models. Both predict experimental data reasonably well, with the
leaky dielectric decreasing pillar spacing and increasing their rate of formation.

Linear stability analyses and full numerical simulations have been done for a
variety of similar set-ups. Ozen et al. (2006) and Li et al. (2007) considered the
linear stability of the interface between two conducting fluids bounded by two flat
electrodes at arbitrary Reynolds numbers, and found that the electric field has a
destabilising effect for perfect dielectrics, and either a stabilising or destabilising
effect for leaky dielectrics with either Couette or Poiseuille base flows. A comparison
of the instabilities observed when a horizontal or vertical electric field is acting was
carried out by Uguz & Aubry (2008) for inertialess flows, and horizontal fields were
shown to be stabilising while vertical ones lead to long-wave instabilities. Craster &
Matar (2005) carried out numerical simulations for a two-fluid system under a vertical
electric field in the absence of flow, and showed that initially small perturbations
developed into spatially periodic columnar structures. Thaokar & Kumaran (2005)
considered electrified two-fluid Couette flows of equal viscosities at zero Reynolds
numbers and presented a detailed study of linear and weakly nonlinear stability as
well as simulations using boundary integral methods. They found that the presence
of shear is stabilising in the sense that higher critical electric fields are required
for instability, and subcritical bifurcations give way to supercritical ones. Direct
numerical simulations of an equivalent problem with inertia present was carried out
by Maehlmann & Papageorgiou (2011), who found that the interface evolves into
finger-like structures that were driven away from the centreline due to the presence of
background flow. In this study we combine these set-ups and look at a pressure-driven
two-layer flow between one flat and one sinusoidal electrode.

There has been some recent work on the flow of fluids over surface topography
in a set-up similar to the one in this paper, mostly involving a fluid–air interface.
Lenz & Kumar (2007) analysed steady states of the interface between two viscous
fluids flowing between one flat boundary and one with periodic steps using lubrication
theory. This set-up was later considered by Zhou & Kumar (2012) with full numerical
simulations that showed good agreement with those from lubrication theory. Luo &
Pozrikidis (2006) considered a similar set-up but for a gravity-driven flow and with
a sinusoidal lower wall and found the interfacial features to be in phase with the
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topography. Tseluiko et al. (2008) looked at steady solutions for the gravity-driven
flow of a single layer of electrified viscous fluid over steps, trenches and mounds and
showed that the presence of an electric field can alter some of the interfacial features.
Heier, Groenewold & Steiner (2009) considered the instability of a polymer film
under the action of a heterogeneous electric field caused by placing a sinusoidally
shaped upper electrode above the film. They found theoretically and experimentally
that, below a critical value of the electric field, a non-uniform steady-state shape
appears, and at higher values an instability sets in, causing pillars to form and reach
the upper electrode. Ramkrishnan & Kumar (2014) investigated the fluid–air interface
in the flow between a patterned and a flat electrode with both perfect and leaky
dielectric materials considered. They found that, in the case of a perfect dielectric,
a small-amplitude sinusoidal pattern leads to an interface shape that mimics the
electrode pattern. Karapetsas & Bontozoglou (2015) carried out two-dimensional
numerical calculations for a Newtonian fluid and a viscoelastic polymeric fluid under
a patterned mask to find that perturbations grow until they reach the top electrode
and viscoelasticity affects their wavelength.

In the present study we extend previous work by considering two-fluid systems
in channels of variable thickness and under the action of electric fields applied in
the gap. Lubrication theory is used under negligible inertia conditions to derive an
evolution equation that describes the nonlinear dynamics in this limit. Our objectives
include the effect of the field in destabilising the flow and the coupling of such
instabilities with non-zero applied flow rates. Of particular interest is the ability of
flow to prevent fluid layer thinning and interface touchdown, and the description
of the resulting nonlinear dynamics as the flow rate changes. We note that, in the
absence of a field, the inertialess flow is linearly stable for arbitrary viscosity ratios
between the phases (see Yih 1967).

The paper is structured as follows. Section 2 provides details of the governing
equations and derives the long-wave model that is studied in detail. Section 3
presents results for flat-walled channels and describes the effect of flow on pattern
formation. Section 4 considers wavy wall effects and the resulting formation of
stable and unstable wavy solutions. Section 5 considers the stability of non-uniform
steady-state results using a Floquet analysis. Section 6 studies large-flow-rate solutions
numerically and asymptotically. Section 7 includes our conclusions.

2. Formulation
2.1. Governing equations

We consider the dynamics of two layers of immiscible viscous fluids that are placed
between two electrodes; the top electrode is parallel to the undisturbed interface while
the bottom electrode is patterned and its shape is given by y=−z(x) (figure 1). The
flow in the channel is driven by a pressure gradient and the overall flow rate through
the channel is taken to be constant. The fluids are assumed to be perfect dielectrics
and occupy the regions h(x, t)6 y 6 βH (fluid 1) and −z(x)H 6 y 6 h(x, t) (fluid 2),
where y = h(x, t) denotes the interface location. The electrodes are kept at constant
voltage potentials, V1 = 0 at the top and V2 = Ṽb at the bottom. In addition, the
interfacial tension is constant and equal to γ .

The fluids are taken to be Newtonian and incompressible, and the electric fields are
governed by the electrostatic approximation of Maxwell’s equations. Here we give the
general governing equations for the two fluids, assumed to be perfect dielectrics, and
denoted as fluid 1 (upper) and fluid 2 (lower), and having viscosities µ1,2, densities
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x

y

FIGURE 1. (Colour online) Schematic of the problem studied. The lower boundary is
structured topographically with a given position y=−z(x) and is held at constant voltage
V2 = Ṽb. The upper wall is at y= βH and is held at zero potential.

ρ1,2 and dielectric constants ε1,2, respectively. The velocity in fluid i (for i = 1, 2)
is ui = (ui, vi, 0), where ui and vi are the components in the x and y directions,
respectively; Pi is the pressure in fluid i. Owing to the small scale of the systems
of interest here, gravity can be neglected.

The fluid flow is governed by the Navier–Stokes and continuity equations in each
region i= 1, 2:

ρi(uit + ui · ∇ui)=−∇Pi +µi∇2ui, (2.1)
∇ · ui = 0. (2.2)

The above equations are solved together with interfacial boundary conditions that
correspond to continuity of the fluid velocity at the interface and jumps in the normal
and tangential stresses:

[u · n]12 = [u · t]12 = 0, [n · T · n]12 = γ κ, [t · T F
· n]12 = 0. (2.3a−c)

Here [(·)]12 denotes the jump in (·) as the interface is crossed from above; n =
(−hx, 1)/

√
1+ h2

x is the outward-pointing normal vector; t = (1, hx)/
√

1+ h2
x is the

tangent vector; and κ = hxx/(1+ h2
x)

3/2 is the mean curvature. The total stress tensor
T = T F + T E has both a fluid part and an electrical part, given by

T F =−pI +µ(∇u+∇uT), T E = εi(EE− 1
2 |E|2I). (2.4a,b)

Note that the Maxwell stress contribution drops out of the tangential stress balance in
(2.3) after use of Gauss’s law, given below in (2.6a,b). In addition, we have no slip
and no penetration at both boundaries, y=−z(x)H and y= βH.

The electric field Ei is irrotational, hence it can be expressed by Ei=−∇Vi, where
the voltage potentials Vi are governed by the Laplace equations

∇2Vi = 0. (2.5)

The boundary conditions across the interface are those of continuity of V and
continuity of the displacement field in the normal direction (the latter is Gauss’s
law),

V1 = V2, [εE · n]12 = 0 on y= h(x, t). (2.6a,b)
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At the walls, the voltages are kept constant according to

V1 = 0 at y= βH, V2 = Ṽb at y=−z(x)H. (2.7a,b)

To complete the system, we need a kinematic condition at the interface,

vi = ht + uihx on y= h(x, t), (2.8)

and an overall flow-rate condition that is prescribed (the resulting horizontal pressure
gradient comes as part of the solution),∫ βH

h(x,t)
u1 dy+

∫ h(x,t)

−z(x)
u2 dy=Q. (2.9)

This set of nonlinear equations plus boundary conditions are a formidable nonlinear
system, and to make progress we will utilise asymptotic methods to derive reduced-
dimension nonlinear evolution equations that are valid for thin films.

2.2. Dimensionless equations
The equations are non-dimensionalised using the following scales:

(x, y)=H(x′, y′), (u, v)=U(u′, v′), t= H
U

t′, V=VbV ′, P= µ1U
H

P′. (2.10a−e)

Here U is a typical velocity scale, for example the velocity at the undisturbed interface
of the equivalent straight-walled channel, and the scale Vb will be chosen later in order
to normalise to unity the coefficient of the electrical Maxwell stresses in the normal
stress balance (2.12) below. The following non-dimensional equations emerge, where
for simplicity all primes are dropped:

Re(uit + uiuix + viuiy)=−Pix +mi(uixx + uiyy), (2.8)
Re(vit + uivix + viviy)=−Piy +mi(vixx + viyy), (2.9)

uix + viv = 0, (2.10)
Vixx + Viyy = 0. (2.11)

The dimensionless normal and tangential stress balances (see (2.3)) become, at y =
h(x, t), [

−Pi + 2
1+ h2

x

[
miviy(1− h2

x)−mihx(uiy + vix)
]

+ ε̄i
1− h2

x

2(1+ h2
x)
(V2

iy − V2
ix)−

2ε̄ihx

1+ h2
x

VixViy

]1

2

= hxx

Ca(1+ h2
x)

3/2
, (2.12)[

4hxmiviy + (1− h2
x)(miuiy +mivix)

]1

2 = 0, (2.13)

while the continuity of velocity at the interface, the kinematic condition and the
overall flow-rate condition (see (2.9)) transform to

u1 = u2, v1 = v2 on y= h(x, t), (2.17a,b)
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v1,2 = ht + u1,2hx on y= h(x, t), (2.18)∫ β

h(x,t)
u1 dy+

∫ h(x,t)

−z(x)
u2 dy= Q̃. (2.19)

The voltage continuity and Gauss’s law conditions (2.6) become, at y= h(x, t),

V1 = V1, [ε̄i(hx Vix − Viy)]12 = 0. (2.20a,b)

Finally, the boundary conditions for the velocity and voltage at the upper and lower
walls become

u1 = 0, V1 = 0 at y= β, (2.21a,b)

u2 = 0, V2 = Vb at y=−z(x). (2.22a,b)

In the process of the non-dimensionalisation, the following dimensionless parameters
emerge:

Re= Uρ1H
µ1

, Ca= Uµ1

γ
, Vb =

(
Uµ1L
ε0

)1/2

,

mi = µi

µ1
, Q̃= Q

UH
, ε̄i = εi

ε0
.

 (2.23)

Here Re is the Reynolds number, Ca is the capillary number, Vb is the dimensionless
voltage imposed at the lower wall y = −z(x), Q̃ is the dimensionless flow rate,
m2 is the viscosity ratio of lower to upper fluid, and ε̄i are the relative electrical
permittivities in each region with respect to that of free space ε0. We also note that
the problem is solved subject to periodic boundary conditions in x when z(x) is
spatially periodic; in such cases the pressure gradient can be written as a constant
plus a spatially periodic part of zero spatial mean.

2.3. Long-wave analysis and derivation of evolution equations
In the analysis that follows we assume that the wavelength λ of interfacial
disturbances is long compared to the channel height H and take δ = H/λ � 1.
We make the following change of variables in each region i= 1, 2:

ui = ũi, vi = δṽi, x= x̂
δ
, t= t̂

δ
, Pi = P̃i

δ
, Vi = Ṽi. (2.24a−f )

For convenience, the hats on the independent variables x̂ and t̂ are now dropped. The
scaling for the vertical velocities vi comes from the continuity equations while the
one for the pressures is needed for the flow to be driven by the pressure gradient
at leading order (see e.g. Craster & Matar 2009, and references therein). In order
to retain electric field and surface tension effects, we are led to the canonical
asymptotic limit of strong surface tension and high contrast permittivities in the
two fluids, namely Ca ∼ δ3 and ε̄i ∼ 1/δ. Note that other limits are possible, for
example weaker surface tension and comparable electrical permittivities Ca ∼ δ2

and ε̄i ∼ 1, which can yield Benney-type equations with small regularising terms
containing inertia – see Tseluiko & Papageorgiou (2006) for electrified falling films
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on flat substrates. In addition we take the Reynolds number to be small, Re∼ δ, since
we are interested in small-scale geometries with applications in microfluidics. The
solutions are expanded in powers of δ as

(ũi, ṽi, P̃i, Ṽi)= (u(0)i , v
(0)
i , p(0)i , V (0)

i )+ δ(u(1)i , v
(1)
i , p(1)i , V (1)

i )+O(δ2), (2.25)

and at leading order the system (2.8)–(2.11) yields

miu
(0)
iyy = p(0)ix , p(0)iy = 0, u(0)ix + v(0)iy = 0, V (0)

iyy = 0. (2.26a−d)

The interfacial conditions (2.12)–(2.18) and (2.20) become, at leading order,[
−p(0)i + ε̄i

(V (0)
iy )

2

2

]1

2

= hxx, [miu
(0)
iy ]12 = 0, [u(0)i ]12 = 0,

[−ε̄iV
(0)
iy ]12 = 0, [V (0)

i ]12 = 0,

 (2.27)

while the overall flow-rate condition (2.19) gives∫ β

h
u(0)1 dy+

∫ h

−z
u(0)2 dy= Q̃. (2.28)

Solving (2.26) along with the interfacial conditions (2.27) and the boundary conditions
(2.21) and (2.22) gives the following expressions for the horizontal velocities and the
voltages:

u(0)1 =
p(0)1x

2m1
(y2 − β2)+ f1(x, t)(y− β), u(0)2 =

p(0)2x

2m2
(y2 − z2)+ f2(x, t)(y+ z),

(2.29a,b)

V (0)
1 = d1(x, t)(y− β), V (0)

2 = d2(x, t)(y+ z)+ Vb. (2.30a,b)

Here di(x, t), fi(x, t) and p(0)ix (x, t) for i= 1, 2 are functions of h(x, t) and its derivatives
– see appendix A for details. Finally, the kinematic condition is written in integral
form using the continuity equation (2.11) as in Papaefthymiou, Papageorgiou &
Pavliotis (2013) for example:

ht +
(∫ h(x,t)

−z(x)
u(0)2 dy

)
x

= 0. (2.31)

Substituting the leading-order solutions (2.29) and (2.30) found above into (2.31) leads
to the following evolution equation for the interfacial position h(x, t):

ht +
{

D3

6m2

[
D4p(0)2x + 3m2f2

]}
x

= 0, (2.32)

where D3= (h(x, t)+ z(x))2 and D4= h(x, t)− 2z(x) (see appendix A for details of the
functions involved). It should be stressed that, once the interfacial amplitude h(x, t) is
determined, then the leading-order flow and voltage potential throughout the channel
follow from the solutions (2.29) and (2.30). Such expressions are used in the sequel
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when constructing instantaneous (or steady-state) streamlines to visualise the flow and
obtain information about the distribution of vorticity in the microchannel.

Equation (2.32) is solved numerically using spectral methods in space and the stiff
ordinary differential equation (ODE) solver DASSL in time (see Petzold 1983). The
latter is a Fortran package that approximates derivatives using backward differentiation
formulae of order p with 1 6 p 6 5; the order p and the time step size are selected
adaptively in order to keep errors below a desired tolerance level. The discretisation
results in a large nonlinear system that is solved efficiently and accurately using a
Newton’s method. The initial condition used in our computations is

h(x, 0)= h0 cos(kx), (2.33)

with h0 = 0.01 (or h0 = 0 when stated) and different values of the wavenumber k.
The initial condition (2.33) is 2π/k periodic and typically the evolution equation
(2.32) is also solved on a periodic domain of length 2π/k. We have also carried
out computations on longer domains that are integer multiples of 2π/k, in order to
investigate the possibility of subharmonic instabilities. The numerical integration is
carried out to large enough times to enable identification of the types of solutions
that emerge.

2.4. Linear stability for flat boundaries
When the lower boundary is wavy, the base state is non-uniform and its stability is not
amenable to a normal-mode analysis – Floquet theory is used instead, as detailed later
in § 5. To gain an understanding of the underlying instabilities present, in what follows
we perform a linear stability analysis for a flat lower electrode placed at y=−Zc=0.9.
Note that this analysis is a special case of that in Ozen et al. (2006) and Li et al.
(2007) – it is the inertialess long-wave version of those studies and we include it
for completeness and guidance for the wavy-boundary nonlinear work that follows. In
this case the evolution equation is linearised about the steady state h≡ 0 and solutions
proportional to exp(ikx+ st) are sought, leading to a dispersion relation for the growth
rate s as a function of the wavenumber k. Figure 2(a) shows the real part of s, which
is the growth rate, and figure 2(b) shows its imaginary part, which is the frequency.
This is done for a typical set of physical parameters with an imposed dimensionless
voltage Vb= 3, a flow rate Q̃= 0.1, a unit channel height described by β = 1, relative
permittivities ε̄1 = 1 and ε̄2 = 5, and equal viscosities so that m1 = m2 = 1. In order
to reduce the large set of parameters that characterise our problem, we proceed with
equal viscosities throughout the rest of the paper. The results show that the flow is
long-wave unstable with a finite band of unstable modes with short waves (large k)
damped. In addition, the imaginary part of s is non-zero and in fact linear in k, hence
linear waves are predicted to travel with a constant phase velocity. Hence we can
expect that, after nonlinear saturation, the emerging structures will tend to travel in
the direction of increasing x. The precise nature of the emerging coherent structures
is undertaken next through detailed numerical computations.

3. Flat lower boundary: formation of directed assembly travelling wave structures
We begin our numerical studies by considering the case when the lower electrode

is flat and placed at y = −Zc, where Zc > 0 is a constant. Figure 3(a) shows the
interfacial deformation h(x, t) at four consecutive relatively large times, ensuring
transients have died out; here Zc = 0.9 so that the dimensionless channel thickness
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FIGURE 2. Linear growth rate for flat bottom walls at y = −0.9 and for an applied
dimensionless voltage Vb = 3. Other parameters are the dimensionless flow rate Q̃= 0.1,
β = 1 (i.e. the upper wall is at y= 1), dimensionless permittivities ε̄1 = 1 and ε̄2 = 5, and
viscosity ratio m2 = 1.

is 1.9 units, and the other parameters are as in figure 2 so that the k = 1 mode
is unstable. The solid curve corresponds to t = 200, the dashed curve to t = 200.6,
the dot-dashed curve to t = 201.2, and the dotted curve to t = 201.8. The linear
instabilities saturate to what appear to be nonlinear travelling waves that span almost
the whole extent of the channel. The interface approaches the boundaries but remains
at a small but finite distance from them for the whole duration of the computation –
such behaviour has been confirmed for much longer computations with times as large
as 104 and different parameters. This is in contrast to situations with no background
flow, i.e. Q̃ = 0 in our notation, where electrostatic instabilities lead to interfacial
contact with the wall – see for example the theoretical studies of Craster & Matar
(2005), Tseluiko & Papageorgiou (2007a,b) and Barannyk et al. (2015) for both
planar and cylindrical geometries as well as fields acting parallel to the undisturbed
interface, as well as the experiments of Schaffer et al. (2001). In figure 3(b) we
quantify these observations in the presence of flow by monitoring the minimum
distance of the interface to the walls as Q̃ varies – to fix matters we do this for
different runs and calculate minimal approaches at a large time t = 300. The results
indicate that the minimum distance increases as Q̃ increases, thus confirming the
earlier findings that there is a flow-induced stabilisation of touchdown events. As
mentioned already, when Q̃ = 0, we expect asymptotic thinning with touchdown as
t→∞, and the finite value of approximately 0.02 given in figure 3(b) reflects the fact
that t is not large enough – larger t would lead to smaller values (see e.g. Craster &
Matar 2005; Tseluiko & Papageorgiou 2007b). Similar stabilising effects due to flow
are found, for instance, when van der Waals forces are present that would otherwise
cause film rupture (Bielarz & Kalliadasis 2003; Kalpathy, Francis & Kumar 2010;
Davis, Gratton & Davis 2010).

Even though the solutions presented in figure 3(a) appear to be nonlinear travelling
waves, closer analysis of the data establishes that they are in fact travelling time-
periodic waves – such structures have been found in simpler weakly nonlinear model
equations such as the Kuramoto–Sivashinsky equation (see e.g. Akrivis, Papageorgiou
& Smyrlis 2011). To accurately predict such dynamics we make use of the energy of

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
7.

17
 P

ub
lis

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://doi.org/10.1017/jfm.2017.17


Two-layer electrified flow in topographically structured channels 231

 0.5

 0

 –0.5

1.0

 0.1

0.2

 0.3

0.4

 0.5

0 2 4 6 8 10–2 0 2

(a) (b)

M
in

FIGURE 3. (a) Interface h(x, t) at t= 200 (solid curve), t= 200.6 (dashed curve), t= 201.2
(dot-dashed curve) and t= 201.8 (dotted curve). Walls are at y=−0.9 (Zc= 0.9) and y= 1
(β = 1). Other parameters are Q̃ = 1, Vb = 3, ε̄1 = 1, ε̄2 = 5 and m2 = 1. (b) Minimum
distance between the interface and the lower boundary at time t= 300 as the flow rate Q̃
varies.

the solution defined as

E(t)=
∫ π/k

−π/k
h2(x, t) dx, (3.1)

and note that this is computed with spectral accuracy either using Parseval’s theorem,
since the Fourier coefficients are known, or using trapezoidal quadrature, which
is spectrally accurate for periodic functions; we also calculate dE/dt in order to
construct the phase planes presented below. Figure 4(a,b) gives the evolution of E(t)
for Q̃ = 10 and 100, respectively. In both cases we observe time-periodic behaviour
(approximately five periods of oscillation are included in each case) with the period
decreasing as Q̃ increases. In fact the period for Q̃ = 10 is approximately equal to
0.8 time units, while that for Q̃= 100 it is approximately 0.08 time units, a decrease
by a factor of 10, indicating that the frequency of oscillation is proportional to Q̃
when this becomes large – an asymptotic theory along with comparisons with the
numerical data is presented in § 6.1 for the more complicated case of wavy lower
boundaries. Another feature of the results in figure 4(a,b) is the small amplitude
of the time-dependent oscillations about a mean value, with these amplitudes again
decreasing as Q̃ increases. Confirmation of the time periodicity of the solution is
provided in the phase-plane plots in figure 4(c,d) that have been produced for longer
time intervals than those shown in figure 4(a,b). The two distinct loops correspond
to the small- and large-amplitude superimposed oscillations of the two time signals.

We conclude that the dynamics in channels with flat walls leads to the formation
of periodic ‘pillars’ similar to the ones found experimentally by Schaffer et al. (2001)
and theoretically by Craster & Matar (2005) in the absence of a background flow.
However, owing to the presence of flow, these structures travel down the channel and
also undergo time-periodic modulations while keeping a finite separation distance from
the walls.
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FIGURE 4. (a,b) Time evolution of the energy E(t) for (a) Q̃ = 10 and (b) Q̃ = 100.
(c,d) Phase planes of the energy, E versus dE/dt, for (c) Q̃ = 10 and (d) Q̃ = 100. All
other parameters are the same as in figure 3.

4. Wavy lower boundary: interfacial response to non-uniform confinement
geometries

In this section we present results of computations of (2.32) for a sinusoidal lower
boundary given by

y=−z(x)=−Zc + db cos(kb x). (4.1)

The initial condition is (2.33) as before – recall that 2π/k selects the length of
the computational domain. The parameter db measures the wall amplitude and kb

its wavenumber. When db = 0 we reduce to the flat case and we will use the
linear stability results of § 2.4 to guide the computations when db 6= 0. In particular,
for a given set of parameters, the linear theory predicts a critical wavenumber kc

below which instability is supported, and we investigate the two cases (a) k < kc

and (b) k > kc to show that they delineate distinct types of large-time solutions. In
case (b) the interface very quickly reaches a steady state and adopts the wavenumber
kb of the wavy boundary but with a much smaller amplitude; in case (a) we find
travelling time-periodic structures that are similar to those for the flat-boundary case
seen in figure 3, but are modulated due to the wavy confining wall and ‘squeeze’
past it. Typical results are given in figure 5 for wall parameters kb = 4 and db = 0.1
and mean position y = −Zc = −0.9; the other parameters are Q̃ = 0.1 and Vb = 3.
The results in figure 5(a) correspond to an initial condition having k = 2, i.e. it is
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FIGURE 5. (Colour online) Flow past a sinusoidal wavy wall of mean position y=−0.9
and having amplitude db = 0.1 and wavenumber kb = 4 and kc = 1.87; the scaled relative
permittivities are ε̄1 = 1 and ε̄2 = 5, the flow rate is Q̃= 0.1 and the lower wall potential
is Vb= 3. (a) Initial condition (2.33) with k= 2. Interface h(x, t) is shown at time t= 100
after the solution has reached steady state. (b) Longer initial perturbation having k = 1.
Interface h(x, t) at t = 1 (dotted line), t = 25 (dot-dashed line), t = 75 (dashed line) and
t = 100 (solid line). The shaded area represents the lower boundary. A movie of the
simulation for case (b) (movie 1) can be found in the supplementary material available
at https://doi.org/10.1017/jfm.2017.17.

twice the wavelength of the wavy wall. Note that this is larger than kc for the chosen
parameters and so the flow reaches a steady state (h is shown at t = 100 here) with
the interface inheriting the pattern of the wavy wall but with a smaller amplitude
of roughly 1.5 × 10−3 compared with db = 0.1. In figure 5(b) we set k = 1 < kc

and observe that the unstable longer-wavelength perturbation grows nonlinearly to
travelling pillar-like structures found for flat walls, but at the same time sweeps over
the topography, modulating its shape as it moves downstream. Profiles are shown
at times ranging from t = 1 (dotted curve) to t = 100 (solid curve) and, as found
previously for flat walls, throughout the evolution the interface gets close to the upper
and lower walls but does not touch them.

The results presented in figure 5 can be understood with a more detailed comparison
with linear theory for flat walls. We can anticipate that, as long as the wall amplitude
db is not large – in the results db = 0.1 – the bifurcation from a non-uniform steady
state to a more complicated modulated travelling wave should correlate with flat-wall
linear theory. This is confirmed in the results presented in figure 6. We fix k = 1
in the initial conditions and compute solutions for a wavy wall having db = 0.1 and
kb = 1 at increasing values of Vb starting from Vb = 1.5. We quantify the solutions
by estimating a wave speed c that measures the streamwise motion of the interfacial
wave – the solution is not exactly a travelling wave of permanent form – it is time-
periodic and travelling. This is done by following trajectories in the x–t plane of
given points on the interface and defining a speed by estimating the slope of given
trajectories using least-squares regression. The results are given in figure 6(a) and it
is seen that a bifurcation from stationary non-uniform steady-state waves to travelling
modulated waves takes place at a critical value Vb ≈ 1.75. A direct comparison with
the flat-case linear theory is possible from the critical stability curve in kc–Vb space
depicted in figure 6(b); in fact we find that kc varies linearly with Vb and at kc= 1 the
critical value Vcrit above which instability occurs is given by Vcrit = 1.75, in complete
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FIGURE 6. (a) Estimated interfacial wave speeds c for flows over a sinusoidal boundary
with db = 0.1, kb = 1 and Zc = 0.9. (b) Neutral stability curve showing the critical
wavenumber kc as a function of Vb from linear theory with a flat bottom wall. The star
corresponds to wavenumber kc = 1 and Vcrit = 1.75. The relative permittivities are ε̄1 = 1
and ε̄2 = 5 and the flow rate is Q̃= 0.1.

agreement for the bifurcation value from steady to time-modulated travelling waves for
wavy walls. We conclude that there is a direct correlation between the stability of the
flat- and wavy-wall cases; the critical voltage Vcrit found for the flat case corresponds
to the value Vb that marks the transition from steady-state solutions to time-modulated
travelling waves.

4.1. Non-uniform steady states for different wall amplitudes
The transition between the two different types of solutions for the wavy-boundary
problem was described above and quantified using linear theory for flat walls. We
now focus on calculating steady states of the evolution equation (2.32) by solving{

D3

6m2

[
D4p(0)2x + 3m2f2

]}
x

= 0. (4.2)

Equation (4.2) is solved using centred finite differences to discretise derivatives and
a Newton–Kantorovich method to solve the resulting set of nonlinear algebraic
equations. As a check the solutions were compared with those given by the
time-dependent code at least for values of Vb < Vcrit where the solutions are stable
– for completeness this is included in figure 7(a) for db = 0.1, kb = 4, Q̃ = 0.1 and
Vb = 3, and it is seen that agreement is excellent.

4.2. Analytical solution for small wall waviness
The steady states presented in § 4.1 were calculated numerically for arbitrary wall
waviness and in what follows we proceed analytically and construct asymptotic
solutions valid for small wall perturbations. We can do this by writing the lower wall
as z(x)= Zc+ εZ(x) where ε� 1, and looking for an asymptotic solution of the form
h(x)= εH0(x)+O(ε2). Substituting these into (4.2) gives, to leading order,

AH0 + BH0x +CH0xxx =−DZ − EZx, (4.3)

where A, B, C, D and E are constants that depend on the physical parameters in
the problem (they are found as needed by using the symbolic manipulator Maple).
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FIGURE 7. (Colour online) (a) Comparison between the full time-dependent numerical
solution (solid curve), the numerical solution of the steady-state ODE (crosses) and the
analytical solution (dots with (4.4)) with wall amplitude ε= 0.1. (b) Comparison between
the analytical solution (solid curve with (4.4)) and the numerical solutions h(x)/ε for ε=
0.1 (dashed curve), ε=0.2 (dot-dashed curve) and ε=0.3 (dotted curve). Same parameters
as in figure 5(a).

To fix things, we proceed with a sinusoidal wall perturbation of wavelength 2π/kb
and specifically take Z(x)=−cos(kbx) in order to enable comparisons with nonlinear
steady states computed for wavy wall perturbations given by (4.1). It follows that the
general solution of (4.3) is given by

H0(x)=
3∑

i=1

Cieλix +C4 +Re(p) cos(kkbx)− Im(p) sin(kkbx), (4.4)

where Ci, i=1,2,3,4, are constants and λi, i=1,2,3, are the roots of A+Bλ+Cλ3=
0. The complex number p is given by

p= D+ ikkbE
A+ ikkbB− i(kkb)3C

. (4.5)

The constants Ci, corresponding to the homogeneous solution, are found by imposing
periodic boundary conditions over x ∈ [−π/k, π/k] and the conservation of mass
integral constraint on H0, ∫ π/k

−π/k
H0(x) dx= 0. (4.6)

In the special case when kb and k are integers with kb 6= λi for i= 1, 2, 3, it can be
shown that the roots of A + Bλ + Cλ3 = 0 are such that Re(λ) 6= 0 and hence the
homogeneous contribution to the solution cannot be spatially periodic. In such cases,
the expression for the interface simplifies to

H0(x)=Re(p) cos(kkbx)− Im(p) sin(kkbx), (4.7)

which can be interpreted as a phase shift in the interface position relative to the wall.
In figure 7(a) we superimpose the leading-order analytical solution (4.7) with ε= 0.1
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FIGURE 8. (Colour online) Interface h(x, t) at final times (a) t=50, (b) t=100, (c) t=152
and (d) t= 200. Other parameters are Vb= 7, Q̃= 0.0345, db= 0.4, kb= 4, Zc= 0.6, β= 1,
ε̄1 = 1, ε̄2 = 2 and m2 = 1.

along with the full time-dependent numerical solution integrated to steady state, and
the numerical solution of (4.2). Figure 7(b) considers larger wall amplitudes ε = 0.2
and 0.3 and it can be seen that the leading-order solution (4.7) is reasonably accurate
even beyond its expected range of validity. Note that inclusion of ε2 corrections is
expected to improve the agreement as found in the related studies of falling films
over topography (e.g. Tseluiko et al. 2008).

4.3. Large-amplitude sinusoidal boundary
In this section we examine the flow through highly constricted channels with wavy
boundaries that occupy nearly half of the channel width. In the computations described
next, the initial condition is chosen to be h(x,0)=0. For weak fields or in the absence
of a field altogether, we would expect to reach the non-uniform steady states given
by solutions of (4.2). For large wall amplitudes, an additional physical feature of the
steady states is the formation of vortices in the troughs that are now deep enough
to accommodate them – see below for numerical results. For related single-phase
problems, such as falling films over sinusoidally corrugated walls, see the experiments
of Pollak & Aksel (2013). At large enough values of the voltage parameter Vb, the
unsteady numerical simulations predict that the interface initially reaches a steady
state, but eventually instability sets in, with the dynamics transitioning to what we
have termed ‘walking behaviour’. This behaviour can be mainly characterised by
three stages: first the flow loses stability and parts of the interface get attracted
to the lower wavy wall and other parts to the flat upper wall; this transient stage
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FIGURE 9. (a) Time evolution of the energy E(t) of the solution presented in figure 8.
(b) Phase plane of the energy, E versus dE/dt, for times between t= 200 and t= 600.

continues with the interface going into the troughs and over the crests in very close
proximity to the wavy wall, with regions ahead (or behind) reaching the upper wall;
finally the dynamics enters a final state that resembles a travelling wave, parts of
which hug the lower wavy wall and other parts the upper wall. It is quite striking to
discover that the resulting nonlinear dynamics are time-periodic for a large range of
parameters that were studied. Representative computations are provided in figure 8
for Vb= 7, Q̃= 0.0345, and a wavy wall with mean position y=−0.6, wall amplitude
db = 0.4 and wavenumber kb = 4. The scaled channel height is y= 1 (β = 1) and the
scaled relative permittivities are ε̄1 = 1 and ε̄2 = 2 (recall that m2 = 1). Figure 8(a)
shows the solution close to its unstable steady state at t = 50, while figure 8(b–d)
at times t = 100, 152, 200 depicts solutions from the three stages described above.
For t > 200 the dynamics enters the time-periodic attractor mentioned earlier and
this is quantified further in figure 9, which considers the flow from t = 200 to
t= 600. Figure 9(a) shows the evolution of the energy norm E(t) from t= 0 until the
final time t = 600. It is seen that the solution quickly reaches a non-uniform steady
state characterised by the constant value E(t) ≈ 0.2 until approximately t = 70, and
then rapidly loses stability to a much higher-energy state that eventually becomes
time-periodic. Conclusive evidence of the time periodicity is provided in figure 9(b),
which constructs the energy phase plane, which is seen to be a closed curve consisting
of four almost congruent loops – inspection of figure 9(a,b) shows that there are four
energy minima and four maxima over one period and the period is approximately
equal to 130 time units.

In order to inspect the flow more thoroughly and in particular to obtain insight
regarding the vorticity and subsequent mixing capabilities in such systems, we write
the fluid velocity in the lower layer (analogously in the upper layer) in terms of the
streamfunction ψ(x, y) such that u(0)2 =ψy and v(0)2 =−ψx. We note, however, that we
are working within the lubrication approximation and it is likely that this assumption
needs to be relaxed in order to obtain accurate recirculation zones and subsequent
mixing statistics. Using the expression for the horizontal fluid velocity given by (2.29)
readily yields

ψ(x, y, t)= p(0)2x

2m2

(
y3

3
− z(x)2y

)
+ f2

(
y2

2
+ z(x)y

)
+ c1(x), (4.8)
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FIGURE 10. (Colour online) Instantaneous streamlines at (a) t= 96, (b) t= 98, (c) t= 100
and (d) t= 106. All other parameters as in figure 8.

where c1(x) is found by setting ψ(x, −z(x), t) = 0, i.e. the lower wall is defined to
be a zero streamline. Figure 10 provides the instantaneous streamlines of the flow
depicted in figure 8, at four consecutive times t = 96, 98, 100, 106 (the bar on the
right shows the value of ψ in the contour plots). As described earlier and seen in
figure 10, a distinct feature of the flow, at a fixed time, is that parts of the interface
are in close proximity to troughs while ahead (behind) of these regions the interface
climbs over the hump to reach the upper wall. What is interesting is that every time
the interface goes over the wall humps and the lower fluid extends up to the upper
wall, two counter-rotating vortices form in close proximity to each other – see for
example figure 10(d). As time increases, these vortices get swept along downstream
by the flow. We conclude this section by considering the same large-amplitude wavy
boundary as above but now take a smaller value Vb = 2. In such cases the interface
reaches a steady state with vortices and flow recirculation taking place in the troughs,
with the remaining flow unidirectionally moving over the peaks. Numerical results are
given in figure 11 with panel (a) showing the interface at t = 100 after steady state
has been reached, and panel (b) showing the streamlines of the corresponding state.
The vortices are seen in the troughs and we note that they are fairly weak, with the
flow in their vicinity almost stagnant.

The results in this section indicate that, for a given imposed flow rate, the wall
geometry and electric field can be manipulated to obtain dynamical behaviour in
confined microscale geometries that may be useful in applications. The dynamics
arise due to loss of stability of non-uniform steady states, and in what follows we
consider such questions using linear Floquet analysis.
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FIGURE 11. (Colour online) (a) Interface h(x, t) and (b) streamlines at time t = 100.
Parameters are the same as in figure 8 but with a different voltage Vb = 2.

5. Floquet stability analysis of non-uniform flows
The objective of this section is to use linear stability theory to establish ranges

of values of Vb for which the flow transitions from non-uniform steady states to the
‘walking behaviour’ we described in the previous section. A natural setting for the
analysis is to use Floquet theory since the underlying flows are spatially periodic.
Given a steady state hs(x) that solves (4.2), we write h(x, t)= hs(x)+ h̃(x, t), substitute
into (2.32) and linearise to obtain

h̃t + [ f1h̃+ f2h̃x + f3h̃xxx]x = 0, (5.1)

where fi = fi(hs, hsx, hsxxx, z, zx) for i = 1, 2, 3 are periodic functions of x with the
same period as the steady-state solution, and they are found using Maple. Looking
for solutions of the form

h̃(x, t)= F(x) exp(λt+ ikx), (5.2)

where F(x) is a periodic function with the same spatial period as h̃(x, t) and the
eigenvalue λ is complex, (5.1) becomes

λF+ F
[

f1x + ik( f1 + f2x − k2f2 − ik3f3x + k4f3)
]

+F′
[

f1 + f2x + 2ikf2 − 3k2f3x − 4ik4f3
]

+F′′
[

f2 + 3ikf3x − 6k2f3
]+ F′′′

[
f3x + 4ikf3

]+ F′′′′
[

f3
]= 0. (5.3)

In the calculations that follow we consider perturbations of the same wavelength as
the underlying solution, and so set k= 0 in (5.3) – a full parametric study for arbitrary
k would be interesting but is omitted here for brevity. If instability is found for k= 0,
then we surmise that it will be present for a range of non-zero k also, since the flow
is long-wave unstable. On the other hand, if Re(λ) < 0 for k = 0, then we cannot
conclude that the flow is stable for all k without carrying out additional calculations.
In the results that follow, stability or instability is based on the calculations for k= 0.
In what follows, we analyse a typical case having flow rate Q̃= 0.1, and sinusoidal
lower wall topography of amplitude db = 0.4, wavenumber kb = 4 and mean value
y = −Zc = −0.6; other parameters are as before with β = 1, ε̄1 = 1, ε̄2 = 2 and
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FIGURE 12. (a) Real part of the growth rate λ as the applied voltage Vb is varied for a
flat boundary case. (b) Real part of the growth rate s versus wavenumber k as calculated
from the linear stability analysis in § 2.4 for Vb = 3 (solid line), Vb = 6 (dashed line),
Vb= 8.9 (dot-dashed line) and Vb= 11.8 (dotted line). Other parameters are Q̃= 0.1, β= 1,
ε̄1 = 1, ε̄2 = 2 and m2 = 1.

m2 = 1. Keeping these parameters fixed, we vary the voltage Vb and compute the
eigenvalues λ numerically. For each Vb we find n eigenvalues, where n is the number
of discretisation points in x. Derivatives of F(x) are found using spectral differentiation
matrices. Since we are essentially interested in detecting instability as Vb varies, we
found it useful to track only those eigenvalues whose real part is sufficiently large,
and used Re(λ) >−0.4.

The code was tested for the trivial case of a flat wall, and hence hs(x)= 0, against
the results given in § 2.4. In the Floquet setting of this problem, we need to solve

λF+ AFx + BFxx +CFxxxx = 0, (5.4)

where A, B and C are the same constants as the ones found in (4.3). The calculated
real part of λ versus Vb is given in figure 12(a) where, as noted above, only
eigenvalues greater than −0.4 are shown. The results show different modes and
how they become unstable as Vb increases. The first mode becomes unstable when
Vb = 3, and then there are subsequent crossings by the second mode at Vb = 6, the
third at Vb = 8.9 and the fourth at Vb = 11.8. Figure 12(b) shows the growth rate as
a function of wavenumber for different Vb as found in § 2.4. The values of Vb above
which the modes k= 1, 2, 3, 4 become successively unstable are confirmed to be the
same as those found using the Floquet analysis.

Next we consider the case with a wavy boundary and parameters as given above,
and compute the eigenvalues λ from (5.3) with k= 0. Figure 13(a) shows the variation
of the real part of λ with Vb; note that the first crossing yielding instability occurs at
Vb = 2.6. This has been confirmed from the nonlinear time-dependent computations
that predict stability of non-uniform states for these parameters when Vb < 2.6. The
next mode crossing to become unstable occurs at around Vb = 5.2. Some intricate
behaviour is found near this point and the inset in figure 13(a) depicts branches in
more detail. It is seen that the branch that crossed at Vb≈5.2 itself pitchfork bifurcates
at Vb ≈ 5.5 into two branches. To observe the differences in the dynamics, we took
values Vb = 5.4 and Vb = 5.6 that are below and above the critical value Vb = 5.5,
and ran large-time simulations of the nonlinear initial value problem. We find that
the solution transitions into the ‘walking behaviour’ described earlier and the energy
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FIGURE 13. (Colour online) (a) Real part of the growth rate λ versus applied voltage Vb.
Same parameters as in figure 12 with db = 0.4, kb = 4 and Zc = 0.6. (b) Time evolution
of the energy E(t). Applied voltage is Vb = 5.4 (dot-dashed line) and Vb = 5.6 (solid
line). The lower panels show the phase plane of the energy for (c) Vb = 5.4 and (d)
Vb = 5.6. Simulations of interfacial evolution for Vb = 5.4 and Vb = 5.6 can be found
in supplementary movies 2 and 3, respectively.

norms along with the corresponding phase planes are included in figure 13(b–d). The
lower-voltage energy norm is less intricate than that for Vb = 5.6 in the sense that
it does not contain as high-frequency oscillations. It is also clear from figure 13(b)
that the time-averaged energy values are different, and we can conclude that the two
solutions are on different branches. More information regarding the dynamics of these
solutions are given in the phase planes in figure 13(c,d); even though we cannot state
this conclusively, it appears that the dynamics for Vb= 5.4 are quasi-periodic in time
whereas those for Vb = 5.6 are periodic and more analogous to those found earlier
(e.g. figure 9).

The results presented in figure 13 are for moderate values of Vb 6 8. Even though
a detailed bifurcation study and the stability of the resulting branches is of intrinsic
interest, it is beyond the aims of this work, but we illustrate the richness of expected
behaviour by considering several larger values of Vb. For example, solution of the
initial value problem starting from a flat interface (all other parameters as in figure 13)
and for a relatively high voltage of Vb= 20 indicates that, after some initial transient
oscillations, the system appears to reach a steady state that is stuck at the lower wall
troughs but is well separated from the upper wall. Figure 14 shows the solution at
a final computed time tfinal = 300, and closer inspection of the results shows that the
thin films of the lower fluid that form on the wall humps are slowly draining with
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FIGURE 14. (Colour online) (a) Interface h(x, t) at tfinal = 300 for same parameters as
figure 13 and Vb = 20. (b) Minimum of the gap between the interface and the boundary
against time.
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FIGURE 15. Real part of the growth rate λ versus the applied voltage Vb. Same
parameters as figure 13 but with Q̃= 20.

time. The minimum thickness of these films is plotted against time in figure 14(b)
and the slow draining is clearly observed. This solution is another attracting state,
albeit quasi-static, and essentially asymptotically traps regions of fluid 2 between
successive wall humps with the upper fluid 2 flowing above them, as can be seen
from figure 14(a). We note that the simulations indicate that the film thickness does
not vanish in finite time in agreement with other related thinning film problems (see
e.g. Craster & Matar 2005; Tseluiko & Papageorgiou 2007b). (Physically, addition of
attracting van der Waals forces would rupture the thin film in finite time (see Erneaux
& Davis 1993; Savettaseranee et al. 2003).) For Vb = 8.5 we see the two attracting
states competing with each other, with the solution going to the ‘stuck’ behaviour first
and then going into a ‘walking’ behaviour. In the former state, the solution undergoes
time-periodic oscillations without translating down the channel, before losing stability
to the ‘walking’ state. Snapshots of the two solutions are included in figure 16(a)
at times t = 60 (dashed curve) and t = 300 (solid curve), along with the evolution
of the energy E(t), which indicates the time-periodic behaviour at smaller times and
the transition to the ‘walking’ state at larger times. Note that the ‘walking’ state
evolves time periodically with a much longer period than that of the ‘stuck’ solution.
A movie of the interfacial evolution is also included – see caption of figure 16.
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FIGURE 16. (a) Interface at times t = 60 (dashed curve) and t = 300 (solid curve) for
same parameters as figure 13 and Vb = 8.5. (b) Energy E(t) plotted as time is varied. A
simulation of the interfacial evolution is given in supplementary movie 4.

6. Flows at high fluxes Q̃

So far we have explored the behaviour of the system for low overall flow rates
characterised by small values of Q̃. In this section we consider the behaviour of the
confined electrified flow over large-amplitude sinusoidal topography and at relatively
large values of Q̃. To fix matters, we consider the same parameters as before (e.g.
figure 13) but now take Q̃= 20 and vary the voltage parameter Vb.

We begin by considering the linear stability of the non-uniform steady states for Q̃
as Vb varies. The results are shown in figure 15, which depicts the real part of λ for
different Vb. It is found that there is a crossing at Vb ≈ 9.1 so that all perturbations
with wavelength equal to the domain size are stable for voltages below this value.
Comparing these results with those in figure 13 that has Q̃ = 0.1, we can conclude
that generally a higher flow rate has a stabilising effect.

To investigate the dynamics in the unstable regime we pick Vb = 14, which
according to the results in figure 15 supports three unstable modes. The initial value
problem is solved starting from a flat interface initial condition and following the
nonlinear development until t = 100 or more. Representative results are given in
figure 17. Figure 17(a) shows the interfacial shape at t = 1, 25, 75 and 100, and
the results predict clearly that at this moderately large value of Q̃= 20 the interface
mimics the lower wall topography but at the same time performs small-amplitude
high-frequency time-dependent oscillations. Figure 17(b) shows the instantaneous
streamlines at the final time t = 100 and we can see that the fluid flows over the
topography without any vortices present.

6.1. Asymptotic solution for large Q̃

The results in figure 17 (as well as several other numerical experiments not
reported here) suggest that, as Q̃ increases, the flow is a steady state that is
modulated spatiotemporally by a small-amplitude and high-frequency component.
This observation is now formalised by considering asymptotic solutions to (2.32) for
large Q̃. Setting δ = 1/Q̃� 1, we seek a solution of (2.32) of the form

h(x, t)= h0(x)+ δH(x, τ )+ · · · , τ = t/δ, (6.1)
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FIGURE 17. (Colour online) (a) Interface h(x, t) at t= 1 (dotted line), t= 25 (dot-dashed
line), t = 75 (dashed line) and t = 100 (solid line). (b) Streamlines at time t = 100.
Parameters are the same as in figure 8 but with Vb = 14 and Q̃= 20.

where h0(x) is the steady-state solution at these parameter values, i.e. a solution of
(4.2). The equation for H(x, τ ) emerges at O(δ) and reads

Hτ +
{

F̃(h0(x), z(x))H
}

x = 0, (6.2)

where F̃ is a function of h0(x), the lower boundary shape z(x) and its only other
dependence is on the physical parameters of the system.

Equation (6.2) is solved numerically for an initial condition given by the full
time-dependent numerical solution at a selected time (and after transients have
died out) minus the steady state h0(x), and with Q̃ = 100 (so that δ = 0.01). The
asymptotic solution δH(x, t/δ) is compared with h(x, t) − h0(x) in figure 18(a) for
four different times and we see that the agreement between the two is excellent.
Figure 18(b) shows the phase plane of the energy of h(x, t) − h0(x) coming from
the full numerical computation – the spatiotemporal modulation mentioned above
is clearly seen from the figure. Figure 18(c) shows the evolution of E(t) over
approximately 10 oscillation cycles. In figure 18(d) we include the evolution in τ of
the energy Ea(τ )=

∫ π

−π
δ2H2(x, τ ) dx of the asymptotic correction, where once again

10 oscillation cycles are included. These data were used to estimate the frequencies
ft and fτ of oscillation of the full and asymptotic solutions, respectively. We find that
ft/fτ ≈ 100= Q̃= 1/δ as expected. This provides additional evidence of the relevance
of the asymptotic solutions at large Q̃. Good agreement was found for Q̃ as small
as 10.

7. Conclusions
We have examined the stability and nonlinear dynamics of electrified pressure-driven

two-fluid flows in channels with non-uniform cross-sections. A nonlinear evolution
equation is derived and studied to describe the nonlinear dynamics of the flow.
The system is parametrised by several physical parameters, including the flow
rate, the strength of the applied electric field, and the viscosity and permittivity
ratios. In addition, the geometry is described by the mean position of the sinusoidal
amplitude and wavelength of the lower channel wall, and the position of the upper
wall. The upper wall position and the viscosity ratio are set to unity in order to
reduce the number of parameters.
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FIGURE 18. (a) Full numerical solution minus the steady-state solution h(x, t) − h0(x)
(dashed line) compared with the asymptotic solution δH(x, τ ) (solid line) at four different
times with t= τ/Q̃. (b) Phase plane of the energy E(t). (c) Plot of E(t) as time t is varied.
(d) Plot of E(τ ) as time τ is varied.

Our main objective is the detailed study of the effect of imposed flow and electric
fields on the nonlinear dynamics for both flat and undulating channel walls. For flat
walls it is shown that the electric field destabilises the flow as observed in linear
studies in the literature. As the instability grows nonlinearly to large amplitudes and
towards the walls, it is prevented from touching by the imposed flow measured by
our parameter Q̃. As Q̃ increases, so does the minimum approach of the interface
to the lower wall, for example; note that when Q̃ = 0 interfacial touchdown occurs
as described by Craster & Matar (2005). We find that the emerging structures for
Q̃ 6= 0 are nonlinear time-periodic travelling waves whose time-oscillatory amplitudes
decrease as Q̃ increases. We did not study the effect of the domain length on these
structures; this would be interesting since additional long-wave modes will enter into
the nonlinear dynamical interactions.

For sinusoidal lower channel walls, the behaviour strongly depends on the wall
amplitude, the flow rate Q̃ and the applied electric field measured by the lower wall
potential Vb. When Vb is below a critical value, so that the straight channel flow is
stable, a non-uniform steady state emerges as expected, whereas above the critical
value time-periodic travelling wave structures develop as before but have their shape
additionally affected by the topography by sweeping over the undulations cushioned
by thin topography following films. These interfacial waves typically have longer
wavelengths than those of the topography. It is also shown that, as the wall amplitude
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increases, steady states with trapped vortices can form in the troughs when Vb is
below critical; in addition the interfacial amplitude is much smaller than that of
the wall. As Vb increases above critical, these steady states become unstable and
large-amplitude interfacial waves form that slide over the walls without touching. The
interface exhibits a ‘walking’ motion, which causes the fluid in the lower layer to
alternate between sliding through the troughs and forming vortices above the wall
crests. Many of these phenomena were linked to the Floquet stability of non-uniform
steady states.

Even though the present study did not analyse the mixing efficiency of the
resulting flows, it has been shown by Cimpeanu & Papageorgiou (2015) that
electric-field-induced instabilities in multilayer flows can increase mixing by an
order of magnitude relative to diffusive mixing. In addition, the use of AC electric
fields where time-periodic forcing is introduced through the field also, coupled with
imposed flow and spatial periodicity due to the topography, can enrich the dynamics
significantly and provide a viable methodology for mixing on the microscale. The use
of AC electrohydrodynamic instabilities in controlling pattern formation in bi- and
trilayer liquid films in the absence of imposed flow has been considered by Roberts
& Kumar (2009, 2010), and extending those studies in the presence of an imposed
flow would be interesting future work.
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Appendix A. Functions from § 2.3
In this appendix we provide the details of the constants and of the functions of

h(x, t) that feed into the evolution equation (2.32):

ht +
{

D3

6m2

[
D4p(0)2x + 3m2f2

]}
x

= 0, (A 1)

where

D1 =−(h− β)2, D2 = h+ 2β, D3 = (h+ z)2, D4 = h− 2z; (A 2a−d)

d1 = ε2Vb

ε2(h− β)− ε1(h+ z)
, d2 = ε1Vb

ε2(h− β)− ε1(h+ z)
; (A 3a,b)

E1 = (h− β)− m1

m2
(h+ z),

E2 =−
[

h2 − β2

2m1
− h(h+ z)

m2

]
,

E3 =− (h+ z)2

2m2
,

E6 =−D1D2

6m1
− E2D1

E1
− D3

2
[h+ (E2m1/E1)],

E7 =−D1E3

2E1
+ E3D4

3
− D3

2
[(E3m1/E1)− h];



(A 4)
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f1(x, t)= E2p(0)1x + E3p(0)2x

E1
,

f2(x, t)= 1
m2

{[
h+ E2

E1
m1

]
p(0)1x +

[
E3

E1
m1 − h

]
p(0)2x

}
,

p(0)1x = p(0)2x + hxxx + ε1d1xd1 − ε2d2xd2,

p(0)2x =
−E6(hxxx + ε1d1xd1 − ε2d2xd2)− Q̃

E6 + E7
.


(A 5)

Supplementary movies
Supplementary movies are available at https://doi.org/10.1017/jfm.2017.17.
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