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PROBLEMS AND SOLUTIONS

PROBLEMS

00.5.1. An Exact Fitting Estimator for Linear Regressigoroposed by Oli-
ver Linton Suppose we have the linear regression model

Yi = BX +uj,

where (u;, ;) are ii.d. and mutually independent with finite variances and
E(u;) = 0. Suppose also that is bounded strictly away from zero and infinity
and that the density af; is positive at the originNow consider the following
estimator

(1) Compute the OLS estimatgt and residuals); = y; — Bx;.

(2) Sort the residuals so thafl;)| <...< |0 | and denote byy, X:,) the corre-
sponding data values

(3) Let

5_ Yo

P Xa)
Find the asymptotic distribution g8 and compare it with the distribution of
the OLS estimatop.

The natural extension of this procedurektgariable regression is to use the
k-best fitting observations and then solve the exact linear system that it im-
plies A generalization of this procedure is used by Fama and B985 to
estimate yield curveghe main difference being that their sorting procedure is
based on “extraneous” informatioifhe advantage is that this procedure ex-
actly fits a particular subset of the observations

REFERENCE

Fama E.F. & R.R. Bliss (1995 The information in long-maturity forward rateAmerican Eco-
nomic Review'7, 680—692

00.5.2. When Are Nested Reduced Rank Autoregressive Processes Integrated?
proposed by Paolo Paruol@onsider them-dimensional autoregressivAR)
process of ordep

Yie1

Y = (@g,...,Pp)| -+ | T =FX +¢, ()
Yip
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792 PROBLEMS AND SOLUTIONS

whereY; ande; arem X 1 vectors F := (®y,..., D), X == (Y.41,..., Y ),
ande, is a white-noise procesReinsel and Vel{1998 Chap 5) defined sev-
eral processes that satisfy the restrictions

q)J:yg], j:1,~~-»p~ (2)

Derive conditions ory andé; under whichy, is integrated of order,1 (1), at
frequency O(for a definition of integrationsee Johanseri996 Chap 3). II-
lustrate the results using the numerical example in SectibmbChapter 5 of
Reinsel and Vel1998 pp. 126—129 on U.S. hog data by applying the condi-
tions on the estimated parameter matrices

Hypothesis(2) is satisfied by nested reduced rank autoregressive progesses
which are defined as the subclass of AR processes for which

span(®;) D span®,) D...D span(®,). 3)

Defining y to be a basis o$pan(®,), restriction(3) can be represented in form
(2), wherespan(¢7) D...D span(&)). Reinsel and Vel 1998 also considered
the class of processes satisfying the rank restriat@ok(F) =: q < m, which
is equivalent to= = yB, wherey is m X q andB is g X n, both of full rankgq.
This restriction can be written in forr2), where ¢/ is of dimensiong X m
such thatB = (&1,...,&p) is of full rank q.

REFERENCES
JohansensS. (1996 Likelihood Based Inference on Cointegrated Vector Autoregressive Models.
Oxford: Oxford University Press

Reinse] G.C. & P. Velu (1998 Multivariate Reduced Rank Regression, Theory and Applications.
Lecture Notes in Statistics 138lew York: Springer-Verlag

SOLUTIONS

99.5.1. Use of the Moore—Penrose Inverse in Canonical Correspondence
Analysis—Solution® proposed by Jan Graffelmake can write the singular
value decomposition of CCA as

D, ¥2PZ(Z'D.Z) V2 = UDV’ = UDI'D.Z(Z'D.Z) "2
Postmultiply by(Z'D.Z) Y2Z'DY? to obtain
D; ¥2PD;V2D¥?7(2'D,Z)"'z'D¥? = UDI'D,Z(Z2'D.Z)"*Z'D¥?. (1)

Consider now the case whege> j andZ’'D.Z is singular We defineX =
DY27 and use the Moore—Penrose inverseZéb.Z, which we denote by
(X’X)*. Then we replac®¥?Z(Z2'D,Z) *Z'D¥? by X(X'X)*X" = XX X
(X)FX" = XXH(XT)' X" = XXF(XX™), where proofs of the properties
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(X'X)* = XT(X’)* and (X’)* = (XT)" can be found in Graybil(1983
pp. 108-110.

We use two of the Moore—Penrose conditioks = Xt XX and XX =
(X*X)', substituting the latter in the firsiX™ = (X*X)X* = (X*X)'X* =
X'(X*T)'X* = X'(XX’)*. BecauseX has full row rankj, (XX’) is nonsingu-
lar and thus(XX")™ = (XX")™! so thatX™ = X'(XX’)"L As a consequencge
the termXX " = XX'(XX’)"? = |. ConsequentlyDY2Z(z2'D.Z) *z'D¥? =
XX (XX ) = 11" =1.

Equation (1) thus reduces t®; ¥2PD, 2| = UDI'D¥2l, from which it
follows thatD; /2PD; Y2 = UDV’ = UDI'D¥2. Assuming no repetitions of
singular values and ignoring the indeterminacy of the sign of the singular vec-
tors the singular value decomposition will be uniguend we havel = U,
D = D (thus implyingF = F) andV = DY2F. Because/ = DYT' = DY2T,
alsol = T.

NOTE

1. An alternative solution has been proposed independently byavi de Velden

REFERENCE

Grayhbill, FA. (1983 Matrices with Applications in Statistickondon Wadsworth and Brook<ole

99.5.2. Relationship Between Two Eigenmatrices of a (Real) Symmetric
Matrix—Solution® proposed by Hong-Tu ZhiAssume that

Arly,

Apli,

wherek; is the frequency of;, (i =1,...,p).

PartitionU as[U;,U,,...,U,] andW as[W,,...,W,], whereU; and W are
n X k; matricesi = 1,...,p. BecauseAU = UA andAW = WA, it is easy to
see thatAU; = A;U; andAW = A;W. Define the space

u/\ = {X‘AX: )\X}’

wherex is ann X 1 vector Thus U, is a vector space with dit¥, ) = k;
(Schott 1997.

BecauseU'U = |, we can show that the columns &k is a basis of the
spacel,, . Similarly, the columns of/{ is also a basis of the spatg, . There-
fore, there exists a nonsingul#r X k; matrix ®; such thatVf = U, ®;;. Thus
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W = U®, where® = diag(®;3,...,®,p). SubstitutingW = U® into U'U =
W'W = I, we have

(I)’(I) = Ik'
This indicates tha® is orthogonal This completes the proof

NOTE

1. An excellent solution has been proposed independently byald de Velden and HNeudecker
the posers of the problem

REFERENCE

Schott JR. (1997) Matrix Analysis for StatisticsNew York: John Wiley & Sons

99.5.3. Does the Link Matter2-Solution proposed by Joao M. Santos Silva
The log-likelihood function of the binary model can be written as

-:21{yi In[F(Bo+ B1x)]+ (1 —y;) In[1—F(Bo + B1x:)]}

whereP(Y; = 1|x) = F(B + B1X;) andy; denotes a realization of the random
variableY;. The maximum likelihood estimatd$/LE’s) of the parameters are
obtained by solving

Ny —F(x) .o

2 EoL- F(x)]f( =0 (1)
. F(x) B
g—x)[l E( )]f(xi)xi_oa (2

whereF(x;) denotesF (B, + B1x;) evaluated at the MLE anfi(x;) is the de-
rivative of this function with respect to the indgg + B1X%;, also evaluated at
the MLE.

1. Consider now the case in which only assumes two different value®/ithout
loss of generalityassume thax; € {0,1}. Then (2) can be written a&, _;(y; —
F)[fW]AF@DW[L — F)]} = 0, from where it results thatF(l)
(Zx—1 Yi)/na, Wherenl is the number of observations for whieh = 1. ertlng
(1) as 3y oy, = FON[fOIAFO[L = FOI} + S,-1(y — FA[ D))/
{F()[1 - F@)]} = 0, and givenF(1), one has thak (0) = (=0 ¥)/(n—ny).
Therefore in this casethe estimates oF (8o + B1%;) and the value of the like-
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lihood function evaluated at the MLE are the samiatever the form of(-).
The obvious intuition behind this result is thB(By + B1%) = E[Y;|x] and
because; € {0,1}, any F(-) can be made to pass through the meang ofom-
puted at the different values af.

2. Under the conditions described abové is easy to show thatB, =
FU([Seoo¥il/[n = ni]) and By = F ([ yil/m) — F A [ S0 vil/
[n—n.]). If, as usuallim,_,_, F(x) = 0 and lim_,., F(x) = 1, identification of
Bo and B, requires 0< F(x) < 1.

99.5.4. Robustness of Tests for Functional Form to Serial Correlation
Solution proposed by Jeffrey MWooldridge

(i) From Wooldridge(1991), the nR2 statistic is identical tmR2 from the regression
0, onfy, t=1212,...,n, wheref, is the 1X g vector of OLS residuals from the
regressiorg; onx,, t = 1,2,...,n. So the statistic is

n 4 n -1 n
<n1/2 > r;ot> (&an > f{ft> <n1/2 > r;ot>,
t=1 t=1 t=1

whereg? = n™1 >}, 02. Following Wooldridge(1991), underHo, by the CLT
and the law of large numberdst can be shown than Y23 fi0, =
n Y23 riu+ 0,(1) andé2(n"t XL, Fify) = o 2E(r{r,) + 0y(1). Therefore
nR2 is asymptotically equivalent to

n ’ n
(n‘l/2 > r{ut> [azE(r{rt)]‘1<n‘1/2 > r{ut>,
t=1 t=1

where u; is the error at timet andry = g(x,8) — xII, andII is thek X q
matrix of population regression coefficienfBo prove the resultit suffices to
show that(a) Var(rju,) = o 2E(rir,) and (b) E(uuriry;) =0, j = 1. But
under(Al) and (A2), the law of iterated expectations implies that Wau,) =
E(u2rir,) = E[E(u2|x)rir.] = a?E(r;r,). To show(b), we again use iterated
expectations

E(UUpjTire) = E[E(U U ‘Xt,xtﬂ')r{rt—j] =0 E(riry)

by (A3), wheren; = E(UtU4j).

Finally, if {x.} is serially independent; andr.,; are independentnd so
E(rire) = E(r))E(ry;) = 0, becauseE(r,) = 0 for all t. (Becausex; contains
unity, the population residuals from regressigi¢;, 8) on x; have mean zerp

(i) Without (A4), E(U Uy jriry ) = mE(riry) = ozij(r{rHj), where p; =
Corr(ug, Ur+j). Therefore the asymptotic variance matrix of Y231 riu, can
be written as
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UzE(r{rt) + E nj{E(rérHj) + E(réﬂr:)}
j=1

= 0'2<E(r{l‘t) + i Py (A + A’j)>.
=1

This differs from the standard formula by the infinite sumhich depends on the
productsp; A;.
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The author of the “Corrigendum to Solution to Problem%&3” published
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Rodrigues

The following typographical corrections should also be made

page 459 line 3“the process” becomes “in the process”

page 459 line 13*U;" becomes Uz ="

page 460 line 6 from below (2)" becomes {4)”
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