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PROBLEMS AND SOLUTIONS

PROBLEMS

99.3.1. The Eigenvalue Decomposition of a Symmetric Mafioposed by
R.W. Farebrother_et XandY ben X k matrices satisfying'X=1,, Y'Y=1,, and
X"Y=0and leD be ak X kdiagonal matrix with positive diagonal elemeyitsen
S=XDY’ — YDX'is ann X nskew symmetric matrbDetermine the eigenvalue
decomposition of the associated 2 2n symmetric matrix

O —
S 0}
99.3.2. Maximume-Likelihood Estimation under Singularipyoposed by Heinz
NeudeckerThe regression equatign= a+ I'x + e with E(e) = 0 andD (&) = Q

and furthed/,a = l/,e = 0 under normality yields th@-concentrated loglikeli-
hood of the sampl¥’ := (y;...V,)

logL. = —2nlog|A| + constant

where
A‘—lE’E+1I I/ E = ( )
= n m mlms = (&1...8p).

The matrixA is nonsingular
Find first-order maximum conditions with respectao

99.3.3. Non-Normality and Exploratory Data Analysjgroposed by David M
Levy. Two of John Tukey’s memorable contributions to statistical practice have
beento teach statisticians the importance of non-normal error distrib(Tiokey,
196Q Andrews et al 1972 and to legitimize “exploratory data analysi€ZDA;
Tukey, 1977). EDA remains an avowedly vague conceptdeed Mosteller and
Tukey (1977) offer a subtle defense of vaguene$he question addressed is
whether there is an analytical connection between these two concerns of Tukey
The statistical context is that of linear regression

The problem has two partkirst, provide a formal definition of EDA in the
linear regression contexecondprove that in general when EDA is possible
the errors will not have a normal distribution
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99.3.4. The Overdispersion Test in Count Data as a Gauss—Newton Regres-
sion proposed by Badi HBaltagi and Dong LiConsider the Poisson regression
model
7Mil'l/iyi
Yi!

e
Pr(y|ui) = , yi=012,...

where the parameter of the Poissonis related to the regressoxs as follows

i = exp(X;B)

whereBisk X 1. Itis well known that the Poisson distribution has the property that
E(y;|X;) =Var(y;| X;) = u;. Criticisms of the Poisson regression model lead to the
negative binomial regression modete Cameron and Trivedi986), where the
mean and variance are not necessarily equal to each Afapular specification
isthe Negbin Il modelwhich satisfies Valry; | X;) = E(y;| Xi) (1+ aE(y;| X;)). This
implies that the variance-mean ratio is linear in the m&anthis modela test for
overdispersion is a test féfy: « = 0. Show that a test for overdispersion can be
derived as a Gauss—Newton regression for heteroskedadtoitydoes it differ
from the optimal regression based test in Cameron and Tr{i&&0?

REFERENCES
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applications of some estimates and tedtairnal of Applied Econometrick 29-53
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SOLUTIONS

98.3.1. Model Identification Based on Conditional MomentSelution pro-
posed by Xing MingSolving(2) and(3) in the problem for the reduced form and
expressing them in the form of conditional momemts obtain

E(y1x) = E[exp(e,)]-exp(—ao) - exp(—agX),
E(Y2|x) = —by — biE[exp(e,)]-exp(—ap) -exp(—agX) — bsX.
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Assume there exists another set of parameigrés, by, b;, andbs that gives the
same conditional momerithen

E[exp(ey)]-exp(—ap — azx)

= E[exp(ey)]-exp(—a, — azXx) (4)
by + b.E[exp(e; — ap)]-exp(—azXx) + bzx
= by + b,E[exp(e, — &o)]-exp(—azx) + bsx (5)
1. From(4),

89— ap = (ag — ag)x.

If as # as, the left hand side is a constant and the right hand side is a random variable
which is impossibleThus we must have

ao = Qo and 5.3 = ag,

i.e., equation(2) is identified
2. Whenaj # 0, as a result of the fact thap, exp(—azx), andx are linearly indepen-
dent from equation(5) andd, = ao, we have

bO = 601 bl = 617 b3 = 63a
i.e., equation(3) is identified
3. Whena; = 0, equation(5) can only give
bo + biE[exp(e;)] exp(ay) + byx = by + biE[exp(e;)]exp(ag) + by x.

From the preceding equatipwe can obtairb; = bs, i.e, by is identified But by, by
andbg, b, are interchangeahlee., by, b, are not identified

98.3.2. One—One Transformation of Multidimensional General Distribution to
Multidimensional Uniform Distributior-Solution proposed by Xing MingThe
following transformation is a one—one transformation avdY,,...,Y,) is uni-
formly distributed or{0,1]%

Xy

Yl = f f(Xl) Xm (l)
Xz

Y :f f(X2|X1) dx, ()
X3

Y3 = f f(X3] Xy, X2) dxg 3)
Xy

Yk: f f(Xk|X17X25-~"ka1) ka (4)
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wheref (x,) is the marginal density function of;; f (x,| X,) is the density func-
tion of X, conditional onXy; f(x3| X1, X,) is the density functioiX; conditional
on X; and Xy; f (x| X1, Xs,...,Xk_1) is the density functiorX, conditional on

X1, Xy ooy X1
Then the joint density function dfY;, Y,,...,Y,) is
P(Y1, Y2545 Vi)
(X, X, X0)
B (Y1, Y25+ -5 Yic)
(X1, X0y nvy Xi)
_ f(Xq, Xo, .00y Xe)
S f(x) O 0 0
* (X2 Xy) 0 0
: . f(x3| X, Xz) O
* * * (e X, Xy, X )

= f(Xl’XZ’”-7Xk)/f(xl7x2’-~-7xk) =1

Obviously (Yy,Ys,...,Y,) is valued on[0,1]% and has a joint density function
P(Y1,¥Y2,-..,Yx) = 1. Thus(Y,Y,, ..., Y) is a uniformly distributed random vector
on[0,1]%

One can see from transformatioflg—(4) that; is a strictly monotonic in-
creasing function oK, Y, a strictly monotonic increasing function &% given
X4, and Y, a strictly monotone increasing function X{ given Xy, Xo, ..., Xi_1.
Hence one can first solve fof; in terms ofY; from (1). Then solve foX, in terms
of Y; andY, from (2). Finally solve forY, in terms ofYy,Y,,...,Y, from (4). It is
easily seen that the inverse mapping is also unique

98.3.3. Prediction in the Equicorrelated Regression Mod&etution* pro-
posed by Seuck Heun Sontp matrix form the variance-covariance af=
(Uq,...,uT)" is written as

E(uu) = Q=0?[(1-p)lt + pJy], (1)

wherelt is theT X T identity matrix Jr = irit, andit = (1,...,1)" is theT X 1
vector of onesThis can be rearranged as

Q=0?[(Tp+1-p)J +(1-pEr], (2)

whereJ; = J;/T andEr = I+ — Jr. This is also the spectral decomposition(bf
This means that

ISR S T .
o2 Tp-l—l—pT 1—pT'
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Solution alt is well known (Kruskal 1968 p. 71) that ordinary least squares
(OL9) is equivalent to generalized least squdf@kS) if and only if QX € C(X),
whereC(X) is the column space of.

Letx’ be thejth column ofX. In the equicorrelated regression madmcause
x) andit € C(X),

.

axl = o2 (1-p)x) +p X x;ir | € C(X), forallj=1... .k (4)
i=1

Thereforethe result follows from Kruskal

Solution b.Let 0 be the vector of the OLS residuakhen( = Mu, whereM =
| — X(X'X)™IX". We have

E(00") = E(uMU) = tr Q — tr[ X(X'X)"1X'Q]
= 02T — o2 tr{X(X'X) " X'[(1 = p) I + pdr ]}
= 02T = ¢ 2[(1— p)tr(X(X'X)IX') + p tr (X(X'X) X" Jp)]
=o?[(T—K)(1—p)], becaus&X(X'X) X'ir =ir.

Therefore

E(s?) = E<T_,k> =a2(1- p). (5)

From equatiorf5), if 0 = p =1, we have 0= E(s?) = 02 Also, if —1/(T—1) =
p =0, we have 0= E(s?) = T/(T — 1). Finally, we obtain that

0=E(s?)=T/T-1), foranyvalue or?2 (6)

Solution cGoldbergef1962 showed thatfor any(), the best linear unbiased
predictor(BLUP) for yr. < is given by

Yris = XrasBors + W Q 1lgys, (7)

wherew’ = E(ur,sU’) andlg s =Y — XBsLs. We need to show that the last term
of (7) is zera For this modelthe last term of7) is given by

71/\ _ 71/\
W' Q H0g s = E[urysU' ]Q Mg s

l 1 - 1
=[o? P'T] Tp+1- pJT+1_pET UeLs
=TP+THUGLS
.
:Tp+1 2
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becaysé+ET = 0 andi}J; = i+. Now by (a), BeLs = ﬁOLS and it is verified that
XT+sBoLsis the BLUP foryy, .
NOTE

1. Excellent solutions have been proposed independentlylby By S. PuntanenG.PH. Styan
and HJ Werner by G. Trenkler and by BH. Baltagi the poser of the problem
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