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Abstract. This paper deals with families of conformal iterated function systems (CIFSs).
The space CIFS(X, I ) of all CIFSs, with common seed space X and alphabet I , is
successively endowed with the topology of pointwise convergence and the so-called
λ-topology. We show just how bad the topology of pointwise convergence is: although
the Hausdorff dimension function is continuous on a dense Gδ-set, it is also discontinuous
on a dense subset of CIFS(X, I ). Moreover, all of the different types of systems (irregular,
critically regular, etc.), have empty interior, have the whole space as boundary, and thus
are dense in CIFS(X, I ), which goes against intuition and conception of a natural topology
on CIFS(X, I ). We then prove how good the λ-topology is: Roy and Urbański [Regularity
properties of Hausdorff dimension in infinite conformal IFSs. Ergod. Th. & Dynam.
Sys. 25(6) (2005), 1961–1983] have previously pointed out that the Hausdorff dimension
function is then continuous everywhere on CIFS(X, I ). We go further in this paper. We
show that (almost) all of the different types of systems have natural topological properties.
We also show that, despite not being metrizable (as it does not satisfy the first axiom of
countability), the λ-topology makes the space CIFS(X, I ) normal. Moreover, this space
has no isolated points. We further prove that the conformal Gibbs measures and invariant
Gibbs measures depend continuously on 8 ∈ CIFS(X, I ) and on the parameter t of the
potential and pressure functions. However, we demonstrate that the coding map and the
closure of the limit set are discontinuous on an important subset of CIFS(X, I ).

1. Introduction
The last 15 years have been a period of extensive study of single conformal iterated
function systems (CIFSs). Recently, interest in families of such systems has emerged (see
[1, 2, 8, 9], among others). In [8], Roy and Urbański studied the space CIFS(X, I ) of
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all CIFSs sharing the same seed space X and the same alphabet I . When I is finite,
they endowed CIFS(X, I ) with a natural metric of pointwise convergence (pointwise
meaning that corresponding generators get C1(X)-close to one another). They showed that
the topological pressure and the Hausdorff dimension functions are then continuous (see
[8, Lemma 4.2 and Theorem 4.3]). When I is infinite, they discovered that these latter
are generally not continuous when CIFS(X, I ) is equipped with a ‘generalized’ metric
of pointwise convergence (see [8, Theorem 5.2 and Lemma 5.3], as well as the example
following these results). They thereafter introduced a new, weaker topology called λ-
topology (see [8, (5.1)]). In that topology, they proved that the topological pressure and
the Hausdorff dimension functions are both continuous (see [8, Theorems 5.7 and 5.10]).

The aim of this paper is to further our understanding of the pointwise and λ- topologies.
We contrast the λ-topology with the pointwise topology, show that the λ-topology is more
convenient, and describe the λ-topology further.

This article is organized as follows. In §2, we collect the definitions, concepts, and most
of the known results concerning single iterated function systems. In §3, we introduce new
notation for the different types of systems and gather a few simple observations about these
types.

In §4, we first revisit the question of continuity of the Hausdorff dimension function
when the set CIFS(X, I ) is endowed with the pointwise topology and I is infinite. We
show that the only points of continuity of the Hausdorff dimension function are those
systems whose limit sets have the same Hausdorff dimension as the surrounding Euclidean
space in which they live (see Theorem 4.2 and Lemmas 4.3 and 4.4). We further show
that this set of continuity points is dense in CIFS(X, I ), but so is its complement (see
Lemmas 4.5–4.7). Then we investigate the topological properties of the different types of
systems. We show that all of these different types have empty interior, have the whole
space as boundary, and thus are dense in CIFS(X, I ) (see Proposition 4.8).

Finally, in §5 we study the topological structure of CIFS(X, I ) when it is equipped
with the λ-topology and I is infinite. We partially describe the connected and arcwise
connected components of this space in Propositions 5.3 and 5.4. This description shows,
in particular, that CIFS(X, I ) has no isolated points. We also prove that this space is
normal (see Theorem 5.9). However, it is not metrizable, as it does not even satisfy
the first axiom of countability (see Propositions 5.6 and 5.7). We further prove that
CIFS(X, I ) is not sequentially compact (see Proposition 5.10). Then, just as we did in
the pointwise topology, we investigate the topological properties of the different types of
systems. We show that, in contradistinction with the counter-intuitive properties that we
observed in the pointwise topology, (almost) all of the types exhibit natural properties as
one would expect in an appropriate topology (see Propositions 5.11–5.17). Despite that the
finiteness parameter, the pressure, and the Hausdorff dimension functions are continuous
when CIFS(X, I ) is endowed with the λ-topology, we show that the coding map and
the closure of the limit set do not depend continuously on the underlying system 8 (see
Proposition 5.18 and Corollary 5.19). Finally, we consider the continuity of measures. We
prove that the conformal Gibbs measures and the invariant Gibbs measures are continuous
functions of the system 8 and the parameter t of the potential (see Theorem 5.20).
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2. Preliminaries on iterated function systems

Let us first describe the setting of conformal iterated function systems introduced in [5].
Let I be a countable (finite or infinite) index set (often called an alphabet) with at least
two elements, and let 8= {ϕi : X→ X | i ∈ I } be a collection of injective contractions of
a compact metric space (X, dX ) (sometimes called a seed space) for which there exists
a constant 0< s < 1 such that dX (ϕi (x), ϕi (y))≤ sdX (x, y) for every x, y ∈ X and for
every i ∈ I . Any such collection 8 is called an iterated function system (IFS). We define
the limit set J8 of this system as the image of the coding space I∞ under a coding map π8
as follows. Let I n denote the space of words of length n with letters in I , let I ∗ :=

⋃
n∈N I n

be the space of finite words, and I∞ the space of one-sided infinite words (sequences) of
letters in I . For every ω ∈ I ∗ ∪ I∞, we write |ω| for the length of ω, that is, the unique
n ∈ N ∪ {∞} such that ω ∈ I n . For ω ∈ I n , n ∈ N, let ϕω := ϕω1 ◦ ϕω2 ◦ · · · ◦ ϕωn . If
ω ∈ I ∗ ∪ I∞ and n ∈ N does not exceed the length of ω, we denote by ω|n the word
ω1ω2 . . . ωn . Since, given ω ∈ I∞, the diameters of the compact sets ϕω|n (X), n ∈ N,
converge to zero and since these sets form a decreasing family, the set

∞⋂
n=1

ϕω|n (X)

is a singleton, and we denote its element by π8(ω). This defines the coding map π8 :
I∞→ X . Clearly, π8 is a continuous function when I∞ is equipped with the topology
generated by the cylinders [i]n = {ω ∈ I∞ | ωn = i}, i ∈ I , n ∈ N. The main object of our
interest will be the limit set

J8 = π8(I
∞)=

⋃
ω∈I∞

∞⋂
n=1

ϕω|n(X).

Observe that J8 satisfies the natural invariance equality, J8 =
⋃

i∈I ϕi (J8). Note that if I
is finite, then J8 is compact, and this property usually fails when I is infinite.

An IFS8= {ϕi : X→ X | i ∈ I } is said to satisfy the open set condition (OSC) if there
exists a non-empty open set U ⊂ X (in the topology of X ) such that ϕi (U )⊂U for every
i ∈ I and ϕi (U ) ∩ ϕ j (U )= ∅ for every pair i, j ∈ I , i 6= j . (However, we do not exclude
the possibility that ϕi (U ) ∩ ϕ j (U ) 6= ∅ for some i, j ∈ I .)

An IFS 8 is called conformal (and thereafter a CIFS) if X is connected, X = IntRd (X)
for some d ∈ N, and the following conditions are satisfied:

(i) 8 satisfies the OSC with U = IntRd (X);
(ii) there exists an open connected set V , with X ⊂ V ⊂ Rd , such that all maps ϕi , i ∈ I ,

extend to C1 conformal diffeomorphisms of V into V ;
(iii) there exist γ, l > 0 such that for every x ∈ X there is an open cone Con(x, γ, l)

⊂ Int(X) with vertex x , central angle of Lebesgue measure γ , and altitude l;
(iv) there are two constants L ≥ 1 and α > 0 such that

||ϕ′i (y)| − |ϕ
′

i (x)|| ≤ L‖(ϕ′i )
−1
‖
−1
V ‖y − x‖α

for all x, y ∈ V and all i ∈ I , where ‖ · ‖V is the supremum norm taken over V .
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Remark 2.1. It has been proved in [7, Proposition 4.2.1] that if d ≥ 2, then condition (iv) is
automatically satisfied with α = 1. This condition is also automatically satisfied if d = 1,
the set I is finite and the generators ϕi are of class C1+ε.

The following useful fact has also been proved in [7, Lemma 4.2.2].

LEMMA 2.2. For all ω ∈ I ∗ and all x, y ∈ V we have that

|log|ϕ′ω(y)| − log |ϕ′ω(x)|| ≤ L(1− s)−1
‖y − x‖α.

As an immediate consequence of this lemma we get the following.
(iv′) Bounded distortion property (BDP): there exists a constant K ≥ 1 such that

|ϕ′ω(y)| ≤ K |ϕ′ω(x)|

for every x, y ∈ V and every ω ∈ I ∗, where |ϕ′ω(x)| denotes the norm of the
derivative.

As demonstrated in [5], infinite CIFSs, unlike finite CIFSs, may not possess a conformal
measure. There are even continued fraction systems which do not admit a conformal
measure (see [6, Example 6.5]). Thus, the infinite systems naturally break into two main
types, irregular and regular systems. This dichotomy can be determined from the existence
of a conformal measure or, equivalently, the existence of a zero of the topological pressure
function. Recall that the topological pressure P8(t), t ≥ 0, is defined as follows. For every
n ∈ N, set

P(n)8 (t)=
∑
ω∈I n

‖ϕ′ω‖
t ,

where ‖ · ‖ := ‖ · ‖X is the supremum norm over X . Then

P8(t)= lim
n→∞

1
n

log P(n)8 (t)= inf
n∈N

1
n

log P(n)8 (t).

Recall also that the shift map σ : I ∗ ∪ I∞→ I ∗ ∪ I∞ is defined for each ω ∈ I ∗ ∪ I∞ as

σ({ωn}
|ω|
n=1)= {ωn+1}

|ω|−1
n=1 .

If the function ζ8 : I∞→ R is given by the formula

ζ8(ω)= log |ϕ′ω1
(π(σ (ω)))|,

then P8(t)= P(tζ8), where P(tζ8) is the classical topological pressure of the function
tζ8 when I is finite (so the space I∞ is compact), and is understood in the sense of
[4] and [7] when I is infinite. The finiteness parameter θ8 of the system is defined by
inf{t ≥ 0 | P(1)8 (t) <∞}. In [5], it was shown that the topological pressure function P8
is non-increasing on [0,∞), (strictly) decreasing, continuous and convex on [θ8,∞),
and P8(d)≤ 0. Of course, P8(0)=∞ if and only if I is infinite. The following
characterization of the Hausdorff dimension h8 of the limit set J8 was proved in [5,
Theorem 3.15]. For every F ⊂ I , we write 8|F for the subsystem {ϕi }i∈F of 8.

THEOREM 2.3.

h8 = sup{h8|F | F ⊂ I is finite} = inf{t ≥ 0 | P8(t)≤ 0}.

If P8(t)= 0, then t = h8.
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The system 8 was called regular provided that there is some t ≥ 0 such that P8(t)= 0.
It follows from the strict decrease of P8 on [θ8,∞) that such a t is unique. Also, the
system is regular if and only if it admits a t-conformal measure. A Borel probability
measure m is said to be t-conformal provided m(J )= 1 and for every Borel set A ⊂ X and
every i ∈ I

m(ϕi (A))=
∫

A
|ϕ′i |

t dm,

and

m(ϕi (X) ∩ ϕ j (X))= 0

for every pair i, j ∈ I , i 6= j .
There are natural subtypes of regular systems. Following [5] still, a system 8 is said

to be strongly regular if 0< P8(t) <∞ for some t ≥ 0. As an immediate application of
Theorem 2.3 we get the following.

THEOREM 2.4. A system 8 is strongly regular if and only if h8 > θ8.

Also, a system8= {ϕi }i∈I was called hereditarily regular or cofinitely regular provided
that every non-empty cofinite subsystem 8′ = {ϕi }i∈I ′ (i.e. I ′ is a cofinite subset of I ) is
regular. A finite system is clearly cofinitely regular, and it was shown in [5] that an infinite
system is cofinitely regular exactly when the pressure is infinite at the finiteness parameter.

THEOREM 2.5. An infinite system 8 is cofinitely regular if and only if

P8(θ8)=∞⇔ P(1)8 (θ8)=∞

⇔ {t ≥ 0 | P8(t) <∞} = (θ8,∞)

⇔ {t ≥ 0 | P(1)8 (t) <∞} = (θ8,∞).

We remark that every cofinitely regular system is strongly regular, and every strongly
regular system is regular. Finally, recall that critically regular systems are regular systems
intuitively located at the threshold between strongly regular and irregular systems.

Definition 2.6. A system 8 is called critically regular if P8(θ8)= 0.

We will see in §5 that this intuition is fundamentally correct.

3. Preliminaries on families of IFSs
When dealing with families of IFSs, we denote the set of all conformal iterated function
systems with phase space X and alphabet I by CIFS(X, I ). Moreover, we let SIFS(X, I )
represent the subset of CIFS(X, I ) comprising all similarity iterated function systems, that
is, systems consisting of similarities only.

Recall that when I is finite, all systems in CIFS(X, I ) are regular. When I is infinite,
the classification is more involved. In this case, note that we may assume that I = N
without loss of generality. Henceforth, we thus abbreviate CIFS(X, N) to CIFS(X). We let
IR(X)⊂ CIFS(X) be the subset of irregular systems, while R(X)⊂ CIFS(X) represents
the subset of regular systems. We also denote the subset of critically regular systems by
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CR(X)⊂ R(X), the subset of strongly regular systems by SR(X)⊂ R(X), and the subset
of cofinitely regular systems by CFR(X)⊂ SR(X).

LEMMA 3.1. Let B be a closed ball in Rd . If S is a contracting similarity of Rd such
that S(X)⊂ B and 8= {ϕi } ∈ CIFS(B) is such that ϕi (S(X))⊂ S(X) for each i , then
S−1
◦8 ◦ S = {S−1

◦ ϕi ◦ S} ∈ CIFS(X) and has the same pressure function as 8. In
particular, S−1

◦8 ◦ S belongs to the same type as 8.

Proof. Since 8 satisfies the OSC with Int(B), we have that S−1
◦8 ◦ S satisfies the OSC

with Int(X). Moreover, since there exists an open connected set V , with B ⊂ V ⊂ Rd ,
such that all of the maps ϕi , i ∈ N, extend to C1 conformal diffeomorphisms of V into V ,
we have that S−1(V ) is an open connected set with X ⊂ S−1(V )⊂ Rd and is such that all
of the maps S−1

◦ ϕi ◦ S, i ∈ N, extend to C1 conformal diffeomorphisms of S−1(V ) into
S−1(V ). Finally, since there are two constants L ≥ 1 and α > 0 such that

||ϕ′i (y)| − |ϕ
′

i (ỹ)|| ≤ L‖(ϕ′i )
−1
‖
−1
V |y − ỹ|α (3.1)

for all i ∈ N and all y, ỹ ∈ B, the chain rule asserts that |(S−1
◦ ϕi ◦ S)′(x)| = |ϕ′i (S(x))|

for all x ∈ S−1(V ) and thus we have that

||(S−1
◦ ϕi ◦ S)′(x)| − |(S−1

◦ ϕi ◦ S)′(x̃)|| = ||ϕ′i (S(x))| − |ϕ
′

i (S(x̃))||

≤ L‖(ϕ′i )
−1
‖
−1
V |S(x)− S(x̃)|α

≤ L‖((S−1
◦ ϕi ◦ S)′)−1

‖
−1
S−1(V )

sα|x − x̃ |α

for all i ∈ N and all x, x̃ ∈ S−1(V ), where s is the similarity ratio of S. This proves that
S−1
◦8 ◦ S ∈ CIFS(X).

Regarding the behavior of the pressure function, observe that since

K−1
‖ϕ′ω‖ ≤ |(S

−1
◦ ϕω ◦ S)′(x)| = |ϕ′ω(S(x))| ≤ ‖ϕ

′
ω‖

for all x ∈ X and ω ∈ N∗, where K is a bounded distortion constant for 8, we have that
K−1
‖ϕ′ω‖ ≤ ‖(S

−1
◦ ϕω ◦ S)′‖ ≤ ‖ϕ′ω‖ and thus for every n ∈ N and t ≥ 0,

K−t P(n)8 (t) = K−t
∑
ω∈Nn

‖ϕ′ω‖
t
≤ P(n)

S−1◦8◦S
(t)

=

∑
ω∈Nn

‖(S−1
◦ ϕω ◦ S)′‖t ≤

∑
ω∈Nn

‖ϕ′ω‖
t
= P(n)8 (t).

Then

PS−1◦8◦S(t)= lim
n→∞

1
n

log P(n)
S−1◦8◦S

(t)= lim
n→∞

1
n

log P(n)8 (t)= P8(t).

This shows that S−1
◦8 ◦ S ∈ CIFS(X) and8 ∈ CIFS(B) have the same pressure function

and thus are of the same type. In particular, if 8 ∈ SIFS(B), then S−1
◦8 ◦ S ∈

SIFS(X). 2

https://doi.org/10.1017/S0143385708080292 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385708080292


Lambda-topology versus pointwise topology 691

From this we make a simple but important observation. Given 0≤ θ ≤ d,
P ∈ R ∪ {∞} and an open subset U of Int(X), let CIFS(X,U, θ, P) denote the subspace
of all systems8= {ϕi } ∈ CIFS(X)with finiteness parameter θ8 = θ , with P8(θ)= P and
with ϕi (X)⊂U for each i .

LEMMA 3.2. The following statements hold:
(i) for each 0< θ < d, each P ∈ R ∪ {∞}, and every open subset U of Int(X), we have

SIFS(X) ∩ CIFS(X,U, θ, P) 6= ∅;
(ii) for every open subset U of Int(X), there exists P(X,U ) < 0 such that for every

P < P(X,U ) we have SIFS(X) ∩ CIFS(X,U, d, P) 6= ∅;
(iii) there is no system 8 ∈ CIFS(X) with finiteness parameter θ8 = d and with

P8(d) > 0.

Proof. The third assertion is obvious. Indeed, if there were such a system 8, then we
would have that h8 > d, which is clearly impossible since the system lives in Rd and thus
h8 ≤ d .

Now, let us prove the first two assertions. We first consider the case in which X is
a closed ball B. To establish the first statement, let 0< θ < d and let U be an open
subset of Int(B). Let us begin with the case P =∞. One can always find a sequence
of positive real numbers {ri } such that the series

∑
i r t

i is infinite when t ≤ θ and finite
when t > θ . Multiplying this sequence by a constant R, we can make

∑
i (Rri )

d as small
as desired and, in particular, small enough that one can construct a system 8= {ϕi } ∈

SIFS(B) such that each ϕi is a similarity with ratio Rri which maps B into U . Then
8 ∈ SIFS(B) ∩ CIFS(B,U, θ,∞).

Now we tackle the case 0< P <∞. Pick two disjoint balls U1 and U2 both contained
in U . According to the previous paragraph with U replaced by U1, there exists

8= {ϕi } ∈ SIFS(B) ∩ CIFS(B,U1, θ,∞).

One can also find a sequence of positive real numbers {si } such that the series
∑

i st
i is

infinite when t < θ and finite when t ≥ θ . Multiplying this sequence by a constant S,
we can make

∑
i (Ssi )

d small enough that one can build a system 9 = {ψi } ∈ SIFS(B)
such that each ψi is a similarity with ratio Ssi which maps B into U2. One can further
choose S so that

∑
i (Ssi )

θ < 1. Despite these adjustments, note that θ9 = θ . Thus,
9 ∈ SIFS(B) ∩ CIFS(X,U2, θ, p) for some p < 0. Thereafter, define for each n ∈ N the
system 4(n) = {ξ

(n)
i }i∈N by

ξ
(n)
i =

{
ϕi if i < n,

ψi−n+1 if i ≥ n.

It follows immediately from the fact that 8 ∈ SIFS(B) ∩ CIFS(B,U1, θ,∞), 9 ∈
SIFS(B) ∩ CIFS(B,U2, θ, p), and U1 ∩U2 = ∅ that 4(n) ∈ SIFS(B) for every n ∈ N and
that ξ (n)i (B)⊂U for every i and n. Moreover, since 4(n) and 9 share all but finitely many
generators, we have that θ4(n) = θ9 = θ for every n. Finally, note that

eP
4(n) (θ) =

∑
i∈N
‖(ξ

(n)
i )′‖θ =

∑
1≤i<n

‖ϕ′i‖
θ
+

∑
j∈N
‖ψ ′j‖

θ <∞.
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Since
∑

i∈N ‖ϕ
′

i‖
θ
=∞, there exists a unique n ∈ N such that∑

1≤i<n

‖ϕ′i‖
θ
+

∑
j∈N
‖ψ ′j‖

θ
≤ eP <

∑
1≤i<n+1

‖ϕ′i‖
θ
+

∑
j∈N
‖ψ ′j‖

θ

or, equivalently, such that
P4(n)(θ)≤ P < P4(n+1)(θ).

If P4(n)(θ)= P , then χ :=4(n) ∈ SIFS(B) ∩ CIFS(X,U, θ, P) and is thus the system we
have been looking for. If, however, this is not the case, then we have instead the system
χ = {χi }i∈N defined by

χi =

{
ξ
(n+1)
i if i 6= n,

τ if i = n,

where τ is a similarity with ratio 0< T < ‖ϕ′n‖ such that∑
1≤i<n

‖ϕ′i‖
θ
+

∑
j∈N
‖ψ ′j‖

θ
+ T θ = eP

and such that τ(B)⊂ ϕn(B). Then χ ∈ SIFS(B) ∩ CIFS(X,U, θ, P).
Finally, we treat the case P ≤ 0. Take Q > 0 and χ = {χi } ∈ SIFS(B) ∩ CIFS

(X,U, θ, Q). Then one can construct a system ζ = {ζi } ∈ SIFS(B) ∩ CIFS(X,U, θ, P)
by choosing for each i a similarity ζi with ratio ‖χ ′i‖e

(P−Q)/θ such that ζi (B)⊂ χi (B).
This completes the proof of the first statement in the case X = B.

When θ = d , one can always find a sequence of positive real numbers {ri } such that the
series

∑
i r t

i is infinite when t < d and finite when t = d. Multiplying this sequence by a
constant R, we can make

∑
i (Rri )

d as small as desired and, in particular, small enough
that one can construct a system 8= {ϕi } ∈ SIFS(B) such that each ϕi is a similarity with
ratio Rri which maps B into U . Then 8 ∈ SIFS(B) ∩ CIFS(B,U, d, p) for some p < 0.
By letting R↘ 0, the second statement clearly holds in the case X = B.

Now we consider a general set X , and let U be an open subset of X . Let B be a closed
ball in Rd and S a contracting similarity of Rd such that S(X)⊂ B. Take an open ball
B̃ ⊂ S(X). Conjugating a given system8 ∈ SIFS(B) ∩ CIFS(B, B̃, θ, P) by S, it follows
from Lemma 3.1 that9 := S−1

◦8 ◦ S ∈ SIFS(X) and that P9(t)= P8(t) for every t . By
post-composing9 with a contracting similarity T of Rd such that T (X)⊂U , we conclude
that T ◦9 ∈ SIFS(X) with PT ◦9(t)= P9(t)+ t log ‖T ′‖ = P8(t)+ t log ‖T ′‖ and T ◦
ψi (X)⊂U for each i . Thus, T ◦9 ∈ SIFS(X) ∩ CIFS(X,U, θ, P + θ log ‖T ′‖). Each
of the first two statements for a general set X hence follows from the previous line and its
homologue for a ball. 2

4. The pointwise topology
We now study the set CIFS(X) equipped with the metric of pointwise convergence, that is,
when the distance between 8 and 9 in CIFS(X) is given by

ρ∞(8, 9)=

∞∑
i=1

2−i min{1, ‖ϕi − ψi‖ + ‖ϕ
′

i − ψ
′

i‖}.
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Remark 4.1. It is important to recall that ‖ · ‖ := ‖ · ‖X is the supremum norm over X . In
particular, this implies that each term in a sequence {8(n)} admits a neighborhood V8(n)
of X (cf. the definition of CIFS) and the intersection of these neighborhoods may not be
a neighborhood of X . A potential consequence of this is that each 8(n) has a minimal
constant of bounded distortion K8(n) but these constants may not be bounded.

Roy and Urbański observed that the Hausdorff dimension function is generally not
continuous in the topology induced by ρ∞ (see the example following [8, Lemma 5.3]).
This raises the question: What are the points of continuity of the Hausdorff dimension
function in the pointwise topology?

THEOREM 4.2. 8 ∈ CIFS(X) is a point of continuity of the Hausdorff dimension function
h : CIFS(X)→ (0,∞) if and only if h8 = d. Moreover, the set {8 | h8 = d} of points
of continuity of the Hausdorff dimension function is an uncountable dense Gδ-subset
of CIFS(X) (although CIFS(X) is not a complete metric space). Nevertheless, the set
{8 | h8 < d} of points of discontinuity of the Hausdorff dimension function is also an
uncountable dense subset of CIFS(X) in the pointwise topology.

Proof. The theorem is a straightforward consequence of the following five lemmas. 2

LEMMA 4.3. If 8 ∈ CIFS(X) is such that h8 = d, then 8 is a point of continuity of the
Hausdorff dimension function h : CIFS(X)→ (0,∞).

Proof. Since the Hausdorff dimension of the limit set of a system cannot exceed the
dimension of the space in which that set resides, we know that the Hausdorff dimension
is always less than or equal to d. Thus, the Hausdorff dimension function is upper
semicontinuous at every point where it equals d. Moreover, according to [8, Theorem 5.2],
the Hausdorff dimension function is lower semicontinuous in the topology induced by ρ∞.
Consequently, this function is continuous at every 8 ∈ CIFS(X) such that h8 = d. 2

The following lemma is the object of the converse result. It relies on the fact that,
given any compact subset Y in Rd with non-empty interior, one can construct a system
9 ∈ SIFS(Y )with any prescribed finiteness parameter 0< θ ≤ d according to Lemma 3.2.

LEMMA 4.4. Let 8 ∈ CIFS(X) be a system whose limit set has Hausdorff dimension
h8 < d. Then 8 is a point of discontinuity of the finiteness parameter function, the
Hausdorff dimension function and the pressure function in the pointwise topology.

Proof. Let 8= {ϕi } ∈ CIFS(X) be such that h8 < d. Fix 0< ε < d − h8. For each
n ∈ N, pick a contracting similarity S(n) of Rd such that S(n)(X)⊂ Int(ϕn(X)). Take 9(n)

= {ψ
(n)
i }i∈N ∈ CIFS(S(n)(X)) such that θ9(n) = h8 + ε. Then 9(n) ◦ S(n) ∈ CIFS(X) and

θ9(n)◦S(n) = θ9(n) = h8 + ε. Now, for each n ∈ N define the CIFS 4(n) = {ξ (n)i }i∈N as

ξ
(n)
i =

{
ϕi if i < n,

ψ
(n)
i ◦ S(n) if i ≥ n.

Noting that8, 9(n) ◦ S(n) ∈ CIFS(X) and9(n) ◦ S(n)(X)⊂ ϕn(X), we deduce that4(n) ∈
CIFS(X) for every n ∈ N. Moreover, since4(n) and8 have the same first n − 1 generators,
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we have that ρ∞(4(n), 8)≤
∑
∞

i=n 1/2i and it follows immediately that 4(n)→8 as
n→∞ in the pointwise topology.

We claim that the finiteness parameter function θ is not upper semicontinuous at 8.
Indeed, for every n ∈ N, we have θ4(n) = h8 + ε since 4(n) and 9(n) ◦ S(n) share all but
finitely many (the first n − 1) generators, and thus have the same finiteness parameter.
Moreover, as observed earlier, θ9(n)◦S(n) = θ9(n) = h8 + ε. It follows immediately that the
finiteness parameter function is not upper semicontinuous at 8, for 4(n)→8 as n→∞
in the pointwise topology, although θ4(n) = h8 + ε ≥ θ8 + ε > θ8 for all n ∈ N.

In the same vein, the Hausdorff dimension function h is not upper semicontinuous at8.
Indeed, 4(n)→8 as n→∞ in the pointwise topology, while h4(n) ≥ θ4(n) = h8 + ε for
all n ∈ N.

Finally, the pressure function χ 7→ Pχ (t) is not upper semicontinuous at 8. Indeed,
taking θ8 < t < h8 + ε, we have P4(n)(t)=∞ for all n ∈ N since θ4(n) = h8 + ε for all
n ∈ N, whereas P8(t) <∞. 2

Thus, when CIFS(X) is endowed with the pointwise topology, the points of continuity
of the Hausdorff dimension function are those systems whose limit sets have the same
Hausdorff dimension as the Euclidean space in which they live. We now describe some
topological properties of this set.

LEMMA 4.5. {8 | θ8 = d} = CIFS(X) in the pointwise topology. In particular, the set
{8 | h8 = d} of points of continuity of the Hausdorff dimension function is dense in
CIFS(X) in the pointwise topology.

Proof. Let 8= {ϕi } ∈ CIFS(X). For each n ∈ N, pick a contracting similarity S(n) of
Rd such that S(n)(X)⊂ Int(ϕn(X)). Take 9(n) = {ψ (n)i }i∈N ∈ CIFS(S(n)(X)) such that
θ9(n) = d. Then 9(n) ◦ S(n) ∈ CIFS(X) and θ9(n)◦S(n) = θ9(n) = d. Now, for each n ∈ N
define the CIFS 4(n) = {ξ (n)i }i∈N as

ξ
(n)
i =

{
ϕi if i < n,

ψ
(n)
i ◦ S(n) if i ≥ n.

Noting that8, 9(n) ◦ S(n) ∈ CIFS(X) and9(n) ◦ S(n)(X)⊂ ϕn(X), we deduce that4(n) ∈
CIFS(X) for every n ∈ N. Moreover, since4(n) and8 have the same first n − 1 generators,
we have that ρ∞(4(n), 8)≤

∑
∞

i=n 1/2i and it follows immediately that 4(n)→8 as
n→∞ in the pointwise topology. Furthermore, note that for every n ∈ N, we have
θ4(n) = d since 4(n) and 9(n) ◦ S(n) share all but finitely many (the first n − 1) generators,
and thus have the same finiteness parameter. 2

From the lower semicontinuity of the Hausdorff dimension function and from the above
lemma, we obtain the following result.

LEMMA 4.6. Let 0< θ < d. Then {8 | h8 ≤ θ} is closed and nowhere dense in CIFS(X)
in the pointwise topology. In particular, the set {8 | h8 = d} of points of continuity of
the Hausdorff dimension function is a countable intersection of open dense subsets of
CIFS(X).
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Thus, the set of points of continuity of the Hausdorff dimension function is fairly large.
However, its complement, the set of points of discontinuity, is also large.

LEMMA 4.7. CIFS(X) \ {8 | h8 = d} = CIFS(X) in the pointwise topology.

Proof. Let 8= {ϕi } ∈ CIFS(X). For each n ∈ N, pick a contracting similarity S(n)

of Rd such that S(n)(X)⊂ Int(ϕn(X)). Take 9(n) = {ψ (n)i }i∈N ∈ CFR(S(n)(X)). Then
9(n) ◦ S(n) ∈ CFR(X) and θ9(n)◦S(n) = θ9(n) . Now, for each n ∈ N define the CIFS 4(n)

= {ξ
(n)
i }i∈N by

ξ
(n)
i =

{
ϕi if i < n,

ψ
(n)
i ◦ S(n) if i ≥ n.

Then 4(n) ∈ CFR(X) for every n ∈ N and 4(n)→8 as n→∞ in the pointwise topology.
Furthermore, since λd(Int(X) \

⋃
∞

i=1 ξ
(n)
i (X))≥ λd(Int(ϕn+1(X))) > 0, it follows from

[7, Theorem 4.5.10] that h4(n) < d . 2

In particular, this shows that the finiteness parameter function, the Hausdorff dimension
function and the pressure function are discontinuous on a dense subset of CIFS(X) when
CIFS(X) is equipped with the pointwise topology. Recall that, according to [8], these three
functions are continuous everywhere on CIFS(X) when CIFS(X) is instead endowed with
the λ-topology.

We now describe the interior and the boundary of each type of systems.

PROPOSITION 4.8. Let C be any type of systems, that is, IR(X), CR(X), SR(X) \
CFR(X), CFR(X), or any union of some but not all of these types. Then Int(C)= ∅ and
∂C = CIFS(X) in the pointwise topology.

Proof. The proposition can be deduced from the forthcoming four lemmas. 2

We first show that any CIFS is the limit of a sequence of irregular systems in the
pointwise topology. That is, IR(X) is dense in CIFS(X). This is in stark contrast to
the description of this set in the λ-topology, in which, more naturally, IR(X)= IR(X)
∪ CR(X) as an immediate consequence of Proposition 5.11.

LEMMA 4.9. IR(X)= CIFS(X) in the pointwise topology.

Proof. By Lemma 4.7, it is sufficient to prove that IR(X)⊃ CIFS(X) \ {8 | h8 = d}. To
do this, let8= {ϕi } ∈ CIFS(X) be such that h8 < d . Fix 0< ε < d − h8. For each n ∈ N,
pick a contracting similarity S(n) of Rd such that S(n)(X)⊂ Int(ϕn(X)). Take 9(n) =
{ψ

(n)
i }i∈N ∈ CIFS(S(n)(X)) \ CFR(S(n)(X)) such that θ9(n) = h8 + ε and such that the

sequence {‖(ψ (n)i )′‖}n∈N is decreasing for every i ∈ N. Then 9(n) ◦ S(n) ∈ CIFS(X) \

CFR(X) and θ9(n)◦S(n) = θ9(n) . Now, for each n ∈ N, define the CIFS 4(n) = {ξ (n)i }i∈N
by

ξ
(n)
i =

{
ϕi if i < n,

ψ
(n)
i ◦ S(n) if i ≥ n.

Then 4(n) ∈ CIFS(X) for every n ∈ N, 4(n)→8 as n→∞ in the pointwise topology,
and θ4(n) = θ9(n)◦S(n) = θ9(n) = h8 + ε for every n ∈ N. We claim that all but finitely
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many of the 4(n) are irregular. Indeed, since P8(h8 + ε) < 0 there is L ∈ N such that
P(L)8 (h8 + ε) < 1. Now, for every n ∈ N we have

P(L)
4(n)

(h8 + ε) =
∑
ω∈NL

‖(ξ (n)ω )′‖h8+ε

=

∑
ω∈{1,...,n−1}L

‖ϕ′ω‖
h8+ε +

L−1∑
k=0

∑
ω ∈NL ,

ω j < n for exactly k ω j

‖(ξ (n)ω )′‖h8+ε

≤

∑
ω∈NL

‖ϕ′ω‖
h8+ε +

L−1∑
k=0

∑
ω ∈NL ,

ω j < n for exactly k ω j

L∏
i=1

‖(ξ (n)ωi
)′‖h8+ε

≤ P(L)8 (h8 + ε)+
L−1∑
k=0

Lk
( n−1∑

i=1

‖ϕ′i‖
h8+ε

)k( ∞∑
i=n

‖(ψ
(n)
i ◦ S(n))′‖h8+ε

)L−k

≤ P(L)8 (h8 + ε)+
L−1∑
k=0

Lk
( ∞∑

i=1

‖ϕ′i‖
h8+ε

)k( ∞∑
i=n

‖(ψ
(n)
i )′‖h8+ε

)L−k

≤ P(L)8 (h8 + ε)+
L−1∑
k=0

Lk(P(1)8 (h8 + ε))
k
( ∞∑

i=n

‖(ψ
(1)
i )′‖h8+ε

)L−k

,

where the last inequality follows from the fact that the sequence {‖(ψ (n)i )′‖}n∈N is

decreasing for every i ∈ N. The right-hand side tends to P(L)8 (h8 + ε) < 1 as n→∞ since

P(1)8 (h8 + ε) <∞ (because P8(h8 + ε) <∞) and
∑
∞

i=n ‖(ψ
(1)
i )′‖h8+ε↘ 0 as n→∞

(because P9(1)(h8 + ε)= P9(1)(θ9(1)) <∞). It follows that P(L)
4(n)

(θ4(n))= P(L)
4(n)

(h8 + ε)
< 1 for all n large enough, which implies that P4(n)(θ4(n)) < 0 for all n sufficiently large.
Therefore, 4(n) ∈ IR(X) for all n ∈ N large enough and 4(n)→8 as n→∞ in the
pointwise topology. 2

We now show that any CIFS is the limit of a sequence of critically regular systems in
the pointwise topology. That is, CR(X) is dense in CIFS(X). This is in sharp contrast with
the description of this set in the λ-topology, in which CR(X)= CR(X) according to [8,
Lemma 5.9(iii)]. Our proof further shows that the finiteness parameter is generally neither
lower nor upper semicontinuous in the pointwise topology. Recall that in the λ-topology,
the finiteness parameter function is locally constant (see [8, Lemma 5.4]).

LEMMA 4.10. CR(X)= CIFS(X) in the pointwise topology.

Proof. By Lemma 4.7, it is sufficient to prove that CR(X)⊃ CIFS(X) \ {8 | h8 = d}. To
do this, let 8= {ϕi } ∈ CIFS(X) be such that h8 < d. Fix 0< ε < d − h8. For each
n ∈ N, pick a contracting similarity S(n) of Rd such that S(n)(X)⊂ Bn ⊂ ϕn(X), where
Bn is an open ball. Take a SIFS 9(n) = {ψ (n)i }i∈N ∈ SR(S(n)(X)) \ CFR(S(n)(X)) such
that θ9(n) = h8 + ε and 9(n) ◦ S(n) ∈ SR(X). Then 9(n) ◦ S(n) ∈ SR(X) \ CFR(X) and
θ9(n)◦S(n) = θ9(n) . Now, for each n ∈ N and 0< s ≤ 1, denote by m(s)

xn the similarity
x 7→ s(x − xn)+ xn and define the CIFS 4(n,s) = {ξ (n,s)i }i∈N by
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ξ
(n,s)
i =

{
ϕi if i < n,

m(s)
xn ◦ ψ

(n)
i−n+1 ◦ S(n) if i ≥ n,

where xn is the center of the ball Bn . Then 4(n,s) ∈ CIFS(X), 4(n,s)→8 uniformly in
s as n→∞ in the pointwise topology, and θ4(n,s) = θ9(n)◦S(n) = θ9(n) = h8 + ε for every
n and s. Observe also that 4(n,1) ∈ SR(X) \ CFR(X) for each n ∈ N. However, for each
n ∈ N there is sn > 0 such that 4(n,sn) is critically regular (and 4(n,s) irregular for every
0< s < sn). Indeed, since P8(h8 + ε) < 0 there is L ∈ N such that P(L)8 (h8 + ε) < 1.
Now, for every n ∈ N and 0< s ≤ 1, we have

P(L)
4(n,s)

(h8 + ε) =
∑
ω∈NL

‖(ξ (n,s)ω )′‖h8+ε

=

∑
ω∈{1,...,n−1}L

‖ϕ′ω‖
h8+ε +

L−1∑
k=0

∑
ω ∈NL ,

ω j < n for exactly k ω j

‖(ξ (n,s)ω )′‖h8+ε

≤

∑
ω∈NL

‖ϕ′ω‖
h8+ε +

L−1∑
k=0

∑
ω ∈NL ,

ω j < n for exactly k ω j

L∏
i=1

‖(ξ (n,s)ωi
)′‖h8+ε

≤ P(L)8 (h8 + ε)+
L−1∑
k=0

Lk
( n−1∑

i=1

‖ϕ′i‖
h8+ε

)k( ∞∑
i=1

‖(ψ
(n,s)
i ◦ S(n))′‖h8+ε

)L−k

≤ P(L)8 (h8 + ε)+
L−1∑
k=0

Lk
( ∞∑

i=1

‖ϕ′i‖
h8+ε

)k( ∞∑
i=1

‖(ψ
(n,s)
i )′‖h8+ε

)L−k

= P(L)8 (h8 + ε)+
L−1∑
k=0

Lk(P(1)8 (h8 + ε))
k
(

sh8+ε
∞∑

i=1

‖(ψ
(n)
i )′‖h8+ε

)L−k

≤ P(L)8 (h8 + ε)+ sh8+ε
L−1∑
k=0

Lk(P(1)8 (h8 + ε))
k(P(1)

9(n)
(h8 + ε))

L−k .

For any fixed n ∈ N, the right-hand side tends to P(L)8 (h8 + ε) < 1 as s↘ 0

since P(1)8 (h8 + ε) <∞ and P(1)
9(n)

(h8 + ε)= P(1)
9(n)

(θ9(n)) <∞. It follows that

P(L)
4(n,s)

(θ4(n,s))= P(L)
4(n,s)

(h8 + ε) < 1 for all s small enough, which implies that

P4(n,s)(θ4(n,s)) < 0 for all s small enough. Thus, 4(n,s) is irregular for all s sufficiently
small, whereas 4(n,1) is strongly regular (but not cofinitely regular). It is also clear that the
map s 7→4(n,s) is continuous on (0, 1] when CIFS(X) is endowed with the λ-topology.
Since the pressure function ? 7→ P?(h8 + ε) is continuous in that topology, there is sn > 0
such that P4(n,sn )(θ4(n,sn ))= 0. Then 4(n,sn) ∈ CR(X) for all n ∈ N and 4(n,sn)→8 as
n→∞ in the pointwise topology. 2

We now show that any CIFS is the limit of a sequence of strongly, but not cofinitely,
regular systems in the pointwise topology. That is, SR(X) \ CFR(X) is dense in
CIFS(X). This is in stark contrast to the description of this set in the λ-topology,
in which SR(X) \ CFR(X)⊂ R(X) \ CFR(X). This is an immediate consequence of
Proposition 5.13.
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LEMMA 4.11. SR(X) \ CFR(X)= CIFS(X) in the pointwise topology.

Proof. Let 8= {ϕi } ∈ CIFS(X). For each n ∈ N, pick a contracting simi-
larity S(n) of Rd such that S(n)(X)⊂ Int(ϕn(X)). Take 9(n) = {ψ

(n)
i }i∈N ∈

SR(S(n)(X)) \ CFR(S(n)(X)) such that 9(n) ◦ S(n) ∈ SR(X). Then 9(n) ◦ S(n) ∈
SR(X) \ CFR(X) and θ9(n)◦S(n) = θ9(n) . Now, for each n ∈ N define the CIFS 4(n)

= {ξ
(n)
i }i∈N by

ξ
(n)
i =

{
ϕi if i < n,

ψ
(n)
i−n+1 ◦ S(n) if i ≥ n.

Then 4(n) ∈ CIFS(X) for every n ∈ N, 4(n)→8 as n→∞ in the pointwise topology,
θ4(n) = θ9(n)◦S(n) = θ9(n) for every n ∈ N and P4(n)(t)≥ P9(n)◦S(n)(t) for every t ≥ 0. In
particular,

P4(n)(θ4(n))≥ P9(n)◦S(n)(θ9(n)◦S(n)) > 0.

Note also that P4(n)(θ4(n)) <∞ since

P4(n)(θ4(n))≤
∑
i∈N
‖(ξ

(n)
i )′‖θ4(n) ≤

∑
i<n

‖ϕ′i‖
θ
4(n) +

∑
j∈N
‖(ψ

(n)
j ◦ S(n))′‖θ9(n)◦S(n) <∞.

Therefore, 4(n) ∈ SR(X) \ CFR(X) for all n ∈ N and 4(n)→8 as n→∞ in the
pointwise topology. 2

We finally show that any CIFS is the limit of a sequence of cofinitely regular systems in
the pointwise topology. That is, CFR(X) is dense in CIFS(X). This is in stark contrast to
the description of this set in the λ-topology, in which CFR(X)= CFR(X), for CFR(X) is
a clopen set in the λ-topology according to [8, Lemma 5.9].

LEMMA 4.12. CFR(X)= CIFS(X) in the pointwise topology.

Proof. Let 8= {ϕi } ∈ CIFS(X). For each n ∈ N, pick a contracting similarity S(n)

of Rd such that S(n)(X)⊂ Int(ϕn(X)). Take 9(n) = {ψ (n)i }i∈N ∈ CFR(S(n)(X)). Then

9(n) ◦ S(n) ∈ CFR(X). Now, for each n ∈ N, define the CIFS 4(n) = {ξ (n)i }i∈N by

ξ
(n)
i =

{
ϕi if i < n,

ψ
(n)
i−n+1 ◦ S(n) if i ≥ n.

Then 4(n) ∈ CIFS(X) for every n ∈ N, 4(n)→8 as n→∞ in the pointwise topology,
θ4(n) = θ9(n)◦S(n) for every n ∈ N and P4(n)(t)≥ P9(n)◦S(n)(t) for every t ≥ 0. In particular,

P4(n)(θ4(n))≥ P9(n)◦S(n)(θ9(n)◦S(n))=∞.

Therefore, 4(n) ∈ CFR(X) for all n ∈ N and 4(n)→8 as n→∞ in the pointwise
topology. 2
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5. The λ-topology
From this point on, we assume that the set CIFS(X) is endowed with the λ-topology.
Recall from [8] that a sequence {8(n)} converges to 8 in the λ-topology provided that
{8(n)} converges to 8 in the pointwise topology and that there exist constants C > 0 and
N ∈ N such that

|log‖ϕ′i‖ − log ‖(ϕ(n)i )′‖| ≤ C (5.1)

for all i ∈ N and all n ≥ N . A set F ⊂ CIFS(X) is declared closed if the λ-limit of every
λ-converging sequence of points from F belongs to F . In this way the λ-topology defines
CIFS(X) as a sequential space. For some purposes, it is more convenient to express this
convergence in slightly different terms. For every 8, 9 ∈ CIFS(X), define

d(8, 9) := sup
i∈N

max
{
‖ϕ′i‖

‖ψ ′i‖
,
‖ψ ′i‖

‖ϕ′i‖

}
.

Recall that ‖ · ‖ := ‖ · ‖X is the supremum norm over X (cf. Remark 4.1). For every R ≥ 0,
define also

D(8, R)= {9 | d(8, 9) < R} and D(8, R)= {9 | d(8, 9)≤ R}.

In view of these definitions, we may express the convergence of a sequence {8(n)} to 8
in the λ-topology by saying that {8(n)} converges to 8 in the pointwise topology and that
there exist constants C ≥ 1 and N ∈ N such that 8(n) ∈ D(8, C) for every n ≥ N .

Now, we define the relation

8∼9 if d(8, 9) <∞.

It is easy to see that ∼ is an equivalence relation on CIFS(X). Note that the transitivity
of ∼ simply follows from the inequality d(8, χ)≤ d(8, 9) · d(9, χ). Henceforth, we
denote the equivalence class of 8 by [8], that is,

[8] = {9 | d(8, 9) <∞}.

Finally, observe that the finiteness parameter function is constant on every equivalence
class, that is, if 8∼9, then θ8 = θ9 .

The following few results describe the topological properties of the sets D(8, R),
D(8, R) and [8] for any 8.

LEMMA 5.1. For every 8 ∈ CIFS(X) and R ≥ 1, we have that Int(D(8, R))= ∅.

Proof. Let 9 ∈ CIFS(X) and R ≥ 1. We first prove that 9 /∈ Int(D(9, R)). Take a
similarity S : X→ X such that ‖S′‖< (K R)−1, where K ≥ 1 is a constant of bounded
distortion for 9. Consider the sequence {9(n)} whose generators are

ψ
(n)
i =

{
ψi if i 6= n,

ψi ◦ S if i = n.

For all n ∈ N we have that 9(n) ∈ CIFS(X), and clearly {9(n)} converges to 9 in the
pointwise topology. Moreover, for every x ∈ X ,

|(ψ
(n)
n )′(x)|

|ψ ′n(x)|
=
|ψ ′n(S(x))| · ‖S

′
‖

|ψ ′n(x)|
∈ [K−1

‖S′‖, K‖S′‖].
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Hence, d(9(n), 9)≤ K‖S′‖−1. Thus, {9(n)} converges to 9 in the λ-topology.
Furthermore, d(9(n), 9)≥ (K‖S′‖)−1 > R, that is, 9(n) /∈ D(9, R) for every n ∈ N.
Hence, 9 /∈ Int(D(9, R)).

Now, suppose that Int(D(8, R)) 6= ∅ for some 8 ∈ CIFS(X) and some R ≥ 1. For
any 9 ∈ Int(D(8, R)), we have 9 ∈ D(8, R)⊂ D(9, R d(9, 8)). However, according
to the previous paragraph, 9 /∈ Int(D(9, R d(9, 8)))⊃ Int(D(8, R)). This is a
contradiction, and we conclude that Int(D(8, R))= ∅. 2

It follows immediately that no set D(8, R), R ≥ 1, is open. However, all sets D(8, R),
R ≥ 1, are closed in [8] and in CIFS(X).

LEMMA 5.2. For every 8 ∈ CIFS(X) and R ≥ 1, the set D(8, R) is a closed subset
of [8].

Proof. Let {9(n)} be a sequence in D(8, R) which λ-converges to 9 ∈ CIFS(X). Then,
given i ∈ N, we have that

lim
n→∞

‖ψ ′i‖

‖(ψ
(n)
i )′‖

= 1

since the sequence converges in the pointwise topology. Observing that

‖ψ ′i‖

‖ϕ′i‖
=
‖ψ ′i‖

‖(ψ
(n)
i )′‖

·
‖(ψ

(n)
i )′‖

‖ϕ′i‖
,

we deduce that
‖ψ ′i‖

‖ϕ′i‖
∈ [R−1, R].

Since this is true for every i ∈ N, we conclude that 9 ∈ D(8, R). 2

It has already been observed that the space CIFS(X) is disconnected, for CFR(X) 6= ∅
is clopen in the λ-topology according to [8, Lemma 5.9(i)]. It follows immediately
from the proposition below that every connected component is contained in some
equivalence class.

PROPOSITION 5.3. For every 8 ∈ CIFS(X), the equivalence class [8] is clopen.

Proof. Let {9(n)} be a sequence in [8] which λ-converges to 9 ∈ CIFS(X). The
λ-convergence guarantees that there exist C ≥ 1 and N ∈ N such that 9(n) ∈ D(9, C) for
every n ≥ N . This implies that 9 ∼9(n) for every n ≥ N . Moreover, since 9(n) ∈ [8]
for every n ∈ N, we have that 9(n) ∼8 for every n ∈ N. Consequently, 9 ∼9(n) ∼8 for
every n ≥ N , that is, 9 ∈ [8]. This shows that [8] is closed.

Now, let {9(n)} be a sequence in CIFS(X) \ [8] which λ-converges to 9 ∈ CIFS(X).
This implies, in particular, that 9(n) ∼9 for all n large enough. If 9 ∼8, then 9(n) ∼
9 ∼8 for all n large enough. In other words, if 9 ∈ [8], then 9(n) ∈ [8] for all n large
enough. This is a contradiction. Thus, 9 /∈ [8]. This shows that CIFS(X) \ [8] is closed
and therefore [8] is open. 2
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Hence, if 8 and 9 belong to different equivalence classes, that is, if d(8, 9)=∞,
then 8 and 9 belong to different connected components. Moreover, since the finiteness
parameter function is constant on each equivalence class and, for each 0< θ ≤ d, there
exists a 8 ∈ CIFS(X) with θ8 = θ , the space CIFS(X) has uncountably many connected
components. We can say even more about these components.

PROPOSITION 5.4. If Int(X) is star shaped, then for each 8 ∈ CIFS(X) the arcwise
connected component of 8 in [8] (or in CIFS(X)) is non-degenerate.

Proof. Let 8 ∈ CIFS(X). Choose z ∈ Int(X) such that Int(X) is star shaped with respect
to z, that is, such that {(1− t)x + t z | t ∈ [0, 1], x ∈ Int(X)} = Int(X). For each x ∈ X
and t ∈ [0, 1), define rt (x)= (1− t)x + t z. Observe that rt (Int(X))⊂ Int(X) for every
t ∈ [0, 1). Thereafter define, for every t ∈ [0, 1) the CIFS 8(t) = {ϕ

(t)
i }i∈N, where

ϕ
(t)
1 := ϕ1 ◦ rt and ϕ(t)i := ϕi for every i ≥ 2. Observe that 8(0) =8. Note also that

(ϕ
(t)
1 )′(x)= (1− t)ϕ′1(rt (x)) for every x ∈ X and t ∈ [0, 1). It follows easily that the map

t 7→8(t) is continuous on [0, 1) and, in particular, that 8(t) λ-converges to 8 as t→ 0.
Then {8(t)}t∈[0,1) is the required arc. 2

The previous result implies, in particular, that CIFS(X) has no isolated points when
Int(X) is star shaped. More generally, for any X , we have the following.

PROPOSITION 5.5. For each 8 ∈ CIFS(X), the class [8] is non-degenerate.

Proof. Let 8= {ϕi } ∈ CIFS(X) and let V be a neighborhood of X that makes 8

conformal. Choose a similarity S of Rd such that S(V )⊂ ϕ1(X). Pick z ∈ Int(S(X)).
For each x ∈ Rd and t ∈ [0, 1], define rt (x)= (1− t)x + t z. Observe that there exists
T ∈ [0, 1] such that rt (S(V ))⊂ S(V ) for every t ∈ [T, 1]. Thereafter, define for every
t ∈ [T, 1) the CIFS 8(t) = {ϕ(t)i }i∈N, where ϕ(t)1 := rt ◦ S and ϕ(t)i := ϕi for every i ≥ 2.
Observe that 8(t) ∈ [8] for every t ∈ [T, 1). It is also easy to see that the map t 7→8(t) is
continuous on [T, 1). Then {8(t)}t∈[T,1) is the required arc. 2

We now describe the type of topology the λ-topology constitutes. Obviously, the
λ-topology is Hausdorff because it is finer than the pointwise topology, which is metrizable.
However, it turns out that the λ-topology is itself not metrizable. This is a straightforward
consequence of the following.

PROPOSITION 5.6. For every 8 ∈ CIFS(X), the equivalence class [8] is not metrizable.

Proof. This is an immediate consequence of the following proposition. 2

PROPOSITION 5.7. Every equivalence class of ∼ fails to satisfy the first axiom of
countability at each of its points.

Proof. Let 8 ∈ CIFS(X). Suppose to the contrary that there exists 9 ∈ [8] that has
a countable system {Un}n∈N of neighborhoods in [8]. By Lemma 5.1, there exists
9(n) ∈Un \ D(9, n) for every n ∈ N. Since 9(n) ∈Un , we know that {9(n)} converges
to 9. However, since 9(n) /∈ D(9, n), we deduce that {9(n)} cannot converge to 9. This
contradiction completes the proof. 2
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Nonetheless, the space CIFS(X) is normal. In order to prove this, we need the following
characterization of closed subsets of equivalence classes.

PROPOSITION 5.8. Fix a strictly increasing unbounded sequence {Rn}n∈N of real
numbers larger than or equal to one. For every 8 ∈ CIFS(X), the following statements
are equivalent.
(a) The set F is a closed subset of [8].
(b) For every R ≥ 1, the set D(8, R) ∩ F is a closed subset of [8].
(c) For every n ∈ N, the set D(8, Rn) ∩ F is a closed subset of [8].

Proof. The implications (a) ⇒ (b) ⇒ (c) are obvious. Suppose that (c) holds and that
{9(n)} is a sequence in F which converges to 9 ∈ [8]. Then there exist C ≥ 1 and N ∈ N
such that d(9(n), 9)≤ C and Rn ≥ Cd(9, 8) for all n ≥ N . Therefore, we have that

d(9(n), 8)≤ d(9(n), 9) · d(9, 8)≤ Cd(9, 8)≤ RN for all n ≥ N .

Hence, 9(n) ∈ D(8, RN ) ∩ F for all n sufficiently large. By (c), we deduce that 9 ∈
D(8, RN ) ∩ F for all n large enough. In particular, 9 ∈ F and F is closed. 2

THEOREM 5.9. The space CIFS(X) endowed with the λ-topology is normal and
Hausdorff.

Proof. We have already observed that CIFS(X) is Hausdorff. Since all of the equivalence
classes [8], 8 ∈ CIFS(X), are clopen, it suffices to show that all of the subspaces [8] are
normal. So, take 8 ∈ CIFS(X) and set Dn := D(8, n), n ≥ 0. Fix two disjoint closed
subsets A and B of [8]. By induction, we construct two sequences {Un}

∞

n=0 and {Vn}
∞

n=0
of open subsets of Dn (in the relative topology on Dn) with the following properties. For
all n ≥ 0:
(an) A ∩ Dn ⊂Un and B ∩ Dn ⊂ Vn ;
(bn) Un ⊂Un+1 and Vn ⊂ Vn+1;
(cn) Un ∩ Vn = ∅.

Set U0 = V0 = ∅. Then (a0) and (c0) are trivially satisfied (since D0 = ∅). For
the inductive step, suppose that Un and Vn , n ≥ 0, have been constructed in such a
way that properties (an) and (cn) hold. We construct subsets Un+1 and Vn+1 of Dn+1

so that properties (an+1), (cn+1), and (bn) hold. Indeed, both (A ∩ Dn+1) ∪Un and
(B ∩ Dn+1) ∪ Vn are closed subsets of Dn+1. Using, in turn, the disjointness of A and
B, property (cn), the inclusions Un, Vn ⊂ Dn , property (an), and (cn) again, we obtain

((A ∩ Dn+1) ∪Un) ∩ ((B ∩ Dn+1) ∪ Vn) = (A ∩ B ∩ Dn+1) ∪ (A ∩ Dn+1 ∩ Vn)

∪ (Un ∩ B ∩ Dn+1) ∪ (Un ∩ Vn)

= (A ∩ Dn+1 ∩ Vn) ∪ (Un ∩ B ∩ Dn+1)

= (A ∩ Dn ∩ Vn) ∪ (B ∩ Dn ∩Un)

⊂ (Un ∩ Vn) ∪ (Vn ∩Un)= ∅ ∪ ∅ = ∅.

Since the space Dn+1 is normal (as it is metrizable), there thus exist two open subsets Un+1

and Vn+1 of Dn+1 (in the relative topology of Dn+1) such that

(A ∩ Dn+1) ∪Un ⊂Un+1, (B ∩ Dn+1) ∪ Vn ⊂ Vn+1

https://doi.org/10.1017/S0143385708080292 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385708080292


Lambda-topology versus pointwise topology 703

and
Un+1 ∩ Vn+1 = ∅.

So, conditions (an+1), (bn), and (cn+1) are readily satisfied, and the inductive construction
is complete. Now, set

U =
∞⋃

n=0

Un and V =
∞⋃

n=0

Vn .

Conditions (cn) and (bn) imply immediately that

U ∩ V = ∅.

It follows from (an) that

A =
∞⋃

n=0

A ∩ Dn ⊂

∞⋃
n=0

Un =U.

Likewise,
B ⊂ V .

We are left to show that the sets U and V are open. To do this, fix k ≥ 1. Using (bn), we
obtain

Dk ∩ ([8] \U ) = Dk \U = Dk \

∞⋃
n=0

Un = Dk \

∞⋃
n=k

Un =

∞⋂
n=k

Dk \Un

=

∞⋂
n=k

Dk ∩ (Dn \Un).

However, each set Dn \Un is closed in Dn , and since for all n ≥ k the topology on
Dk is induced from Dn , all of the sets Dk ∩ (Dn \Un) are closed in Dk . Therefore,
Dk ∩ ([8] \U ) is a closed subset of Dk and thus it follows from Proposition 5.8 that
[8] \U is a closed subset of [8], that is, U is an open subset of [8]. Likewise, V is an
open subset of [8], and we are done. 2

We now consider the question of compactness of the space CIFS(X).

PROPOSITION 5.10. The space CIFS(X) endowed with the λ-topology is not sequentially
compact.

Proof. Let 8 ∈ CIFS(X). For each n ∈ N let S(n) be a similarity such that S(n)(X)
⊂ Int(ϕn(X)) and |(S(n))′| ≤ (1/n)‖ϕ′n‖. For each n ≥ N , define 8(n) = {ϕi }

n−1
i=1 ∪

{S(n)} ∪ {ϕi }
∞

i=n+1. Then 8(n)→8 in the pointwise topology as n→∞. However,
every subsequence of {8(n)} diverges in the λ-topology. Indeed, if a subsequence
converged in the λ-topology, then it would converge to 8. However, for every n we have
d(8(n), 8)≥ n. 2

We now study the boundaries of the different types of CIFSs that live on X . Let us begin
with the irregular systems.

PROPOSITION 5.11. ∂(IR(X))= ∂(R(X))= CR(X) in the λ-topology.
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Proof. Observe first that ∂(IR(X))= ∂(R(X)), for IR(X)= CIFS(X) \ R(X).
Now we show that ∂(IR(X))⊂ CR(X). By [8, Lemma 5.9(iv)], we know that IR(X)

is open in the λ-topology. Thus, ∂(IR(X)) ∩ IR(X)= ∅. Moreover, according to [8,
Lemma 5.9(i)+(ii)], we have that SR(X) is open. Thus, ∂(IR(X)) ∩ SR(X)= ∅. Hence,
∂(IR(X)) ∩ (IR(X) ∪ SR(X))= ∅, and therefore ∂(IR(X))⊂ CR(X).

To prove the opposite inclusion, let 8 ∈ CR(X). Choose a similarity S : Rd
→ Rd

such that S(X)⊂ Int(X) and whose similarity ratio A < K−2/2, where K is a distortion
constant for 8. For every i ∈ N, set ψi = ϕi ◦ S. Note that

K−1 A‖ϕ′i‖ ≤ ‖ψ
′

i‖ ≤ A‖ϕ′i‖. (5.2)

For each n ∈ N, define 8(n) = {ϕi }
n−1
i=1 ∪ {ψn} ∪ {ϕi }

∞

i=n+1. It follows immediately
from (5.2) that 8(n)→8 as n→∞ in the λ-topology and that θ(8(n))= θ(8)=: θ > 0.
We claim that all of the 8(n) are irregular systems. Suppose for a contradiction that
Pn := P8(n)(θ)≥ 0 for some n ∈ N. Let µ be the σ -invariant Gibbs state on N∞ for the
potential ω 7→ θ log |ϕ′ω1

(π8(σω))|, ω ∈ N∞, where π8 : N∞→ X is the projection onto
the limit set induced by the system 8. Likewise, let µn be the σ -invariant Gibbs state on
N∞ for the potential ω 7→ θ log |(ϕ(n)ω1 )

′(π8(n)(σω))|, ω ∈ N∞, where π8(n) : N∞→ X is
the projection onto the limit set induced by the system8(n). From the Gibbs property there
exists a constant C ≥ 1 such that

C−1
≤
µ([ω])

‖ϕ′ω‖
θ
≤ C and C−1

≤
µn([ω])

‖(ϕ
(n)
ω )′‖θe−Pn |ω|

≤ C (5.3)

for every ω ∈ N∗. Fix an arbitrary such ω. Let k = #{1≤ j ≤ |ω| : ω j = n}. Then there is
a unique concatenation

ω = ω(1) ? nk1 ? ω(2) ? nk2 ? · · · ? ω(l) ? nkl ? ω(l+1),

such that ω(1), ω(2), . . . , ω(l), ω(l+1)
∈ (N \ {n})∗, and where |ω(2)|, |ω(3)|, . . . , |ω(l)|

≥ 1 (ω(1) and ω(l+1) can be empty), k1, k2, . . . , kl ≥ 1 and k1 + k2 + · · · + kl = k (l ≤ k).
Set ω( j)

:= ω( j) ? nk j for all 1≤ j ≤ l, and ω(l+1)
:= ω(l+1). Using the bounded distortion

property and (5.2), we obtain

‖(ϕ(n)ω )′‖ ≤ ‖ϕ′
ω(1)
‖ · ‖ψ ′n‖

k1 · ‖ϕ′
ω(2)
‖ · ‖ψ ′n‖

k2 · · · · · ‖ϕ′
ω(l)
‖ · ‖ψ ′n‖

kl · ‖ϕ′
ω(l+1)‖

≤ ‖ϕ′
ω(1)
‖ · (A‖ϕ′n‖)

k1 · ‖ϕ′
ω(2)
‖ · (A‖ϕ′n‖)

k2 · · · · · ‖ϕ′
ω(l)
‖ · (A‖ϕ′n‖)

kl · ‖ϕ′
ω(l+1)‖

= Ak(‖ϕ′
ω(1)
‖ · ‖ϕ′n‖

k1) · (‖ϕ′
ω(2)
‖ · ‖ϕ′n‖

k2) · · · · · (‖ϕ′
ω(l)
‖ · ‖ϕ′n‖

kl ) · ‖ϕ′
ω(l+1)‖

≤ Ak(K k1‖ϕ′
ω(1)
‖) · (K k2‖ϕ′

ω(2)
‖) · · · · · (K kl‖ϕ′

ω(l)
‖) · ‖ϕ′

ω(l+1)‖

= Ak K k
‖ϕ′
ω(1)
‖ · ‖ϕ′

ω(2)
‖ · · · · · ‖ϕ′

ω(l)
‖ · ‖ϕ′

ω(l+1)‖

≤ Ak K k+l
‖(ϕω(1) ◦ ϕω(2) ◦ · · · ◦ ϕω(l) ◦ ϕω(l+1))

′
‖

= Ak K k+l
‖ϕ′ω‖ ≤ Ak K 2k

‖ϕ′ω‖ = (AK 2)k‖ϕ′ω‖ ≤ 2−k
‖ϕ′ω‖,

where the last inequality follows from the fact that A < K−2/2.
Applying (5.3), we deduce that

µn([ω])≤ C‖(ϕ(n)ω )′‖θe−Pn |ω| ≤ C‖(ϕ(n)ω )′‖θ ≤ C · 2−kθ
‖ϕ′ω‖

θ
≤ C2

· 2−kθµ([ω]). (5.4)
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Hence, the measure µn is absolutely continuous with respect to µ, and since these two
measures are ergodic (as Gibbs states of Hölder continuous potentials) with respect to
the shift map σ : N∞→ N∞, they must be equal, that is, µn = µ. However, if ω ∈ N∗
is a word with k that is so large that C2

· 2−kθ < 1, then, in view of (5.4), we have
µn([ω]) < µ([ω]), which implies that µn 6= µ. This contradiction completes the proof. 2

As a straightforward corollary, we obtain the following.

COROLLARY 5.12. We have ∂(CR(X))= CR(X).

Proof. The previous proposition implies that Int(CR(X))= ∅. Otherwise, if this were not
the case, then ∂(IR(X)) 6= CR(X). 2

We now turn our attention to SR(X).

PROPOSITION 5.13. We have ∂(SR(X))= ∂(SR(X) \ CFR(X))⊂ CR(X).

Proof. We first prove that ∂(SR(X))⊂ CR(X). Since SR(X) is open, we have ∂(SR(X)) ∩
SR(X)= ∅. Since IR(X) is open, we also have ∂(SR(X)) ∩ IR(X)= ∅. Therefore,
∂(SR(X)) ∩ (IR(X) ∪ SR(X))= ∅ and, hence, ∂(SR(X))⊂ CR(X).

Regarding the equality ∂(SR(X))= ∂(SR(X) \ CFR(X)), observe that this latter
follows from the topological lemma below and the fact that CFR(X) is clopen in the
λ-topology according to [8, Lemma 5.9(i)]. 2

LEMMA 5.14. Let Z be a topological space, S ⊂ Z a set and T ⊂ S a clopen set in Z.
Then ∂S = ∂(S \ T ).

Proof. This follows readily from the characterization of a clopen set T as having no
boundary, that is, ∂T = ∂(Z \ T )= ∅. 2

However, note that the reverse inclusion CR(X)⊂ ∂(SR(X)) does not hold in general.

PROPOSITION 5.15. If 8 ∈ CR(X) ∪ IR(X), θ8 = d and 9 ∼8, then 9 ∈ CR(X)
∪ IR(X).

Proof. Suppose for a contradiction that 9 ∈ SR(X). Then d = θ8 = θ9 < h9 ≤ d . This
is a contradiction. 2

As an immediate consequence of this proposition, we obtain the following.

COROLLARY 5.16. If 8 ∈ CR(X) and θ8 = d, then 8 /∈ SR(X). In particular,
8 /∈ ∂(SR(X)).

A system with the property required in the hypothesis of Corollary 5.16 was described
in [7, Example 5.2.5], and thus the inclusion CR(X)⊂ ∂(SR(X)) does not hold in general.

The following result shows that a ‘large’ subset of CR(X) is contained in ∂(SR(X)).
This subset is determined by two conditions: (1) that all of the systems consist of
similarities only; and (2) that they satisfy a separation condition. Note that Corollary 5.16
guarantees that the following result is not true without this separation condition. Observe
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also that the separation condition in question is weaker than the more common super strong
separation condition, which states that for every i ∈ N

ϕi (X) ∩
⋃
j 6=i

ϕ j (X)= ∅.

PROPOSITION 5.17. Let 8 ∈ CR(X) ∩ SIFS(X) be such that there exists some m ∈ N for
which

ϕm(X)⊂ Int(X) and ϕm(X) ∩
⋃
j 6=m

ϕ j (X)= ∅.

Then 8 ∈ ∂(SR(X) \ CFR(X))= ∂(SR(X)).

Proof. Let 8 ∈ CR(X) ∩ SIFS(X) be such that there exists m ∈ N for which ϕm(X)
∩
⋃

j 6=m ϕ j (X)= ∅. Then we can find a sequence of similarities {ψn} which converges

to ϕm in C1(X), which is such that ψn(X)⊂ X , ψn(X) ∩
⋃

j 6=m ϕ j (X)= ∅ and such that
each ψn has a larger similarity ratio than that of ϕm (in other words, ‖ψ ′n‖> ‖ϕ

′
m‖ for each

n ∈ N). For each n ∈ N, define

8(n) = {ϕi }
m−1
i=1 ∪ {ψn} ∪ {ϕi }

∞

i=m+1.

Clearly, 8(n) ∈ SIFS(X) since 8(n) satisfies the OSC. Indeed, 8(n) is the same as
8 except for its mth generator which is replaced by ψn , 8 satisfies the OSC and
ψn(Int(X)) ∩

⋃
j 6=m ϕ j (Int(X))= ∅. Moreover, 8(n)→8 as n→∞ in the λ-topology

since 8(n) and 8 share the same generators except for the mth generator and {ψn}n∈N
converges to ϕm in C1(X).

We claim that all8(n) are strongly regular, although not cofinitely regular. First, observe
that θ8(n) = θ8 since 8(n) and 8 share all but finitely many generators. Moreover, 8(n) is
strongly regular for all n ∈ N since

P8(n)(θ8(n))= P8(n)(θ8) = log
∞∑

i=1

‖(ϕ
(n)
i )′‖θ8

= log
[ m−1∑

i=1

‖ϕ′i‖
θ8 + ‖ψ ′n‖

θ8 +

∞∑
i=m+1

‖ϕ′i‖
θ8

]

> log
[ m−1∑

i=1

‖ϕ′i‖
θ8 + ‖ϕ′m‖

θ8 +

∞∑
i=m+1

‖ϕ′i‖
θ8

]
= P8(θ8)

= 0.
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Finally, 8(n) is not cofinitely regular for every n ∈ N since

P8(n)(θ8(n))= P8(n)(θ8) = log
∞∑

i=1

‖(ϕ
(n)
i )′‖θ8

= log
[ m−1∑

i=1

‖ϕ′i‖
θ8 + ‖ψ ′n‖

θ8 +

∞∑
i=m+1

‖ϕ′i‖
θ8

]

= log
[ ∞∑

i=1

‖ϕ′i‖
θ8 + ‖ψ ′n‖

θ8 − ‖ϕ′m‖
θ8

]
= log[exp(P8(θ8))+ ‖ψ ′n‖

θ8 − ‖ϕ′m‖
θ8 ]

<∞. 2

This completes our study of the boundaries of the diverse types of systems. Note that
the question of whether the previous result holds for any 8 ∈ CR(X) \ SIFS(X) remains
open. The authors give some partial answers to this question in [10].

We have earlier reminded the reader that the λ-topology ensures that the finiteness
parameter function, the pressure function, and the Hausdorff dimension function are
continuous. However, we will see in the forthcoming two results that this topology is
not fine enough to guarantee that the coding map and the closure of the limit set depend
continuously on the system 8.

PROPOSITION 5.18. Equipping the space CIFS(X) with the λ-topology and the space
κ(X) of all compact subsets of X with the standard Hausdorff metric ρH , the map

J· : CIFS(X) → κ(X)
8 7→ J8

is discontinuous at every 8 ∈ CIFS(X) such that X \
⋃

n∈N ϕn(X) 6= ∅.

Proof. Let 8 ∈ CIFS(X) be such that X \
⋃

n∈N ϕn(X) 6= ∅. Pick a ball B ⊂ X \⋃
n∈N ϕn(X). Let 1

2 B denote the ball concentric with B and of radius half that of B.
Finally, let V be an open neighborhood of X such that all ϕn extend to C1 conformal
diffeomorphisms of V into V . Since limn→∞ ‖ϕ

′
n‖ = 0, there exists N ∈ N such that for

every n ≥ N there is a similarity Sn : V → 1
2 B with |S′n| = ‖ϕ

′
n‖. For each n ≥ N , define

8(n) = {ϕi }
n−1
i=1 ∪ {Sn} ∪ {ϕi }

∞

i=n+1.
Then 8(n)→8 in the λ-topology as n→∞. Indeed, it is clear that 8(n)→8 in the

pointwise topology as n→∞, and d(8(n), 8)= 1 for every n ≥ N .
However, ρH (J8(n) , J8) 6→ 0 as n→∞. Indeed, J8 ⊂

⋃
n∈N ϕn(X). Nonetheless,

for every n ≥ N we have ϕ(n)n (X)= Sn(X)⊂ 1
2 B, and hence J8(n) ∩

1
2 B 6= ∅. Thus,

ρH (J8(n) , J8)≥ 1
4 diam(B) > 0 for every n ≥ N . 2

COROLLARY 5.19. Endowing the space CIFS(X) with the λ-topology and the space
C(N∞, X) of all continuous maps from N∞ into X with the standard supremum norm,
the map

π : CIFS(X) → C(N∞, X)
8 7→ π8

is discontinuous at every 8 ∈ CIFS(X) such that X \
⋃

n∈N ϕn(X) 6= ∅.
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Proof. Let 8 ∈ CIFS(X) be such that X \
⋃

n∈N ϕn(X) 6= ∅. Suppose for a contradiction
that π is continuous at 8, and let {8(n)} be a sequence in CIFS(X) such that 8(n)→8

in the λ-topology. Then, for every ε > 0 there exists N ∈ N such that for each n ≥ N
we have ‖π8(n) − π8‖∞ ≤ ε. This means that |π8(n)(ω)− π8(ω)| ≤ ε for every ω ∈ N∞.
Then ρH (J8(n) , J8)≤ ε. Since ε > 0 and the sequence {8(n)} were chosen arbitrarily, [8,
Lemma 3.3] asserts that the map J· is continuous at 8. This contradicts Proposition 5.18,
and we are done. 2

Finally, we turn our attention to the continuity of measures. For every8 ∈ CIFS(X), let

Fin(8)= {t ≥ 0 | P8(t) <∞} = {t ≥ 0 | P(1)8 (t) <∞}.

Note that if d(8, 9) <∞, then Fin(8)= Fin(9). For every t ∈ Fin(8), let m8,t be the
corresponding conformal (Gibbs geometric) measure and µ8,t the corresponding Gibbs
invariant measure. Our main result is the following.

THEOREM 5.20. Let8 ∈ CIFS(X), and suppose that the sequence {8(n)} converges to8
in the λ-topology on CIFS(X) with all 8(n) admitting a common neighborhood V of X. If
tn→ t , where tn ∈ Fin(8) for all n ∈ N and t ∈ Fin(8), then m8(n),tn → m8,t weakly and
µ8(n),tn → µ8,t weakly.

We first prove the following property of the pressure function. This result partially
generalizes [8, Theorem 5.6].

LEMMA 5.21. Let 8 ∈ CIFS(X), and suppose that the sequence {8(n)} converges to 8
in the λ-topology on CIFS(X). If tn→ t , where tn ∈ Fin(8) for all n ∈ N and t ∈ Fin(8),
then for every k ∈ N, we have limn→∞ P(k)

8(n)
(tn)= P(k)8 (t).

Proof. The proof being inspired from that of [8, Theorem 5.6], we just give some
guidelines. Fix k ∈ N. Let ε > 0. Define tmin :=min{t, inf{tn | n ∈ N}} and tmax :=

max{t, sup{tn | n ∈ N}}. Since tn ∈ Fin(8) for all n ∈ N, t ∈ Fin(8) and tn→ t as n→∞,
we have [tmin, tmax] ⊂ Fin(8). Moreover, since {8(n)} converges to 8 in the λ-topology,
it follows from condition (5.1) that there exist C > 0 and M ∈ N such that

e−Ct̃
≤
‖(ϕ

(n)
i )′‖t̃

‖ϕ′i‖
t̃
≤ eCt̃

for all t̃ ∈ R, all i ∈ N and all n ≥ M . Since P(k)8 (tmin) <∞, there exists a finite set G ⊂ I k

such that ∑
ω∈I k\G

‖ϕ′ω‖
tmin < e−kCtmax K−ktmax

ε

2
,

where K = K8 is a constant of bounded distortion for the CIFS 8. By [8, Lemma 5.1]
there is N ∈ N such that for every n ≥ N ,∣∣∣∣ ∑

ω∈G

‖(ϕ(n)ω )′‖tn −
∑
ω∈G

‖ϕ′ω‖
t
∣∣∣∣< ε

2
.
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On the one hand, it follows that for every n ≥max{N , M}

P(k)
8(n)

(tn) ≤
∑
ω∈G

‖(ϕ(n)ω )′‖tn + ekCtn K ktn
∑

ω∈I k\G

‖ϕ′ω‖
tn

≤

∑
ω∈G

‖ϕ′ω‖
t
+
ε

2
+ ekCtmax K ktmax

∑
ω∈I k\G

‖ϕ′ω‖
tmin

<
∑
ω∈G

‖ϕ′ω‖
t
+ ε < P(k)8 (t)+ ε.

On the other hand, for every n ≥max{N , M}

P(k)
8(n)

(tn) >
∑
ω∈G

‖(ϕ(n)ω )′‖tn >
∑
ω∈G

‖ϕ′ω‖
t
−
ε

2

≥

∑
ω∈I k

‖ϕ′ω‖
t
−

∑
ω∈I k\G

‖ϕ′ω‖
tmin −

ε

2
≥ P(k)8 (t)− ε.

Consequently, for every n ≥max{N , M}

|P(k)
8(n)

(tn)− P(k)8 (t)|< ε.

Since ε > 0 was chosen arbitrarily, we have thus shown that limn→∞ P(k)
8(n)

(tn)

= P(k)8 (t). 2

We then obtain the following, which partly extends [8, Theorem 5.7].

LEMMA 5.22. Let 8 ∈ CIFS(X), and suppose that the sequence {8(n)} converges to 8
in the λ-topology on CIFS(X). If tn→ t , where tn ∈ Fin(8) for all n ∈ N and t ∈ Fin(8),
then limn→∞ P8(n)(tn)= P8(t).

Proof. Let ε > 0. Choose k ∈ N such that

1
k

log P(k)8 (t) < P8(t)+
ε

2
.

Using Lemma 5.21, pick N ∈ N such that∣∣∣∣1k log P(k)
8(n)

(tn)−
1
k

log P(k)8 (t)

∣∣∣∣< ε

2

for every n ≥ N . It follows that for every such n,

P8(n)(tn)≤
1
k

log P(k)
8(n)

(tn) <
1
k

log P(k)8 (t)+
ε

2
< P8(t)+ ε.

Since ε > 0 was chosen arbitrarily, we have thus shown that lim supn→∞ P8(n)(tn)
≤ P8(t).

Now, let t∗ > t . Since tn→ t as n→∞, there is N ∈ N such that tn ≤ t∗ for all n ≥ N .
Let F be a finite subset of N. Based on [7, Theorem 2.1.5] and on [8, Lemma 4.2], and
since the pressure function for every system is a non-increasing function, we have that

lim inf
n→∞

P8(n)(tn)≥ lim inf
n→∞

P8(n),F (tn)≥ lim inf
n→∞

P8(n),F (t
∗)= P8,F (t

∗).
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Since this is true for every finite subset F of N, we deduce from [7, Theorem 2.1.5] that

lim inf
n→∞

P8(n)(tn)≥ sup
F⊂N,Ffinite

P8,F (t
∗)= P8(t

∗).

Since this is true for every t∗ > t , and since t ∈ Fin(8) and P8 is continuous and
decreasing on Fin(8), we conclude that

lim inf
n→∞

P8(n)(tn)≥ sup
t∗>t

P8(t
∗)= P8(t)≥ lim sup

n→∞
P8(n)(tn). 2

Now consider the following normalized linear operators acting continuously on C(X):

Lt g(x)=
∑
i∈I

e−P8(t)|ϕ′i (x)|
t g(ϕi (x))

and
Ln,tn g(x)=

∑
i∈I

e−P
8(n) (tn)|(ϕ

(n)
i )′(x)|tn g(ϕ(n)i (x)).

Moreover, recall that, by definition, the operator norm is

‖Lt‖∞ := sup{‖Lt g‖∞ | g ∈ C(X), ‖g‖∞ ≤ 1}.

Recall also that I = N. We have the following result.

LEMMA 5.23. Let 8 ∈ CIFS(X), and suppose that the sequence {8(n)} converges to 8
in the λ-topology on CIFS(X). If tn→ t , where tn ∈ Fin(8) for all n ∈ N and t ∈ Fin(8),
then limn→∞ ‖Ln,tn − Lt‖∞ = 0.

Proof. As previously, let tmin =min{t, inf{tn | n ∈ N}} and tmax =max{t, sup{tn | n ∈ N}},
and let P =min{P8(t), inf{P8(n)(tn) | n ∈ N}}. Recall that [tmin, tmax] ⊂ Fin(8). Observe
also that P <∞ since P8(t) <∞. Fix 0< ε < 1. Then there exists a finite set Iε ⊂ I such
that

e−P
∑

i∈I\Iε

C tmax‖ϕ′i‖
tmin <

ε

4
,

where C ≥ 1 is a constant arising from the hypothesis that 8(n)→8 in the λ-topology.
Hence, ∑

i∈I\Iε

e−P8(t)‖ϕ′i‖
t ,
∑

i∈I\Iε

e−P
8(n) (tn)‖(ϕ

(n)
i )′‖tn <

ε

4
(5.5)

for every n ∈ N. Now, for every g ∈ C(X) and every x ∈ X , we obtain∣∣∣∣∑
i∈Iε

e−P
8(n) (tn)|(ϕ

(n)
i )′(x)|tn g(ϕ(n)i (x))−

∑
i∈Iε

e−P8(t)|ϕ′i (x)|
t g(ϕi (x))

∣∣∣∣
≤

∑
i∈Iε

e−P8(t)|ϕ′i (x)|
t
|g(ϕ(n)i (x))− g(ϕi (x))|

+

∑
i∈Iε

|g(ϕ(n)i (x))|
∣∣e−P

8(n) (tn)|(ϕ
(n)
i )′(x)|tn − e−P8(t)|ϕ′i (x)|

t
∣∣

≤ e−P8(t)
∑
i∈Iε

‖ϕ′i‖
t
|g(ϕ(n)i (x))− g(ϕi (x))|

+ ‖g‖∞
∑
i∈Iε

∣∣e−P
8(n) (tn)|(ϕ

(n)
i )′(x)|tn − e−P8(t)|ϕ′i (x)|

t
∣∣.
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Since8(n)→8 pointwise and since the set Iε is finite, taking n ∈ N large enough, the first
summand will be bounded above by (ε/4)‖g‖∞; recalling that limn→∞ P8(n)(tn)= P8(t)
according to Lemma 5.22 and limn→∞ tn = t , the second summand will also be bounded
by (ε/4)‖g‖∞ for all n sufficiently large. Furthermore, taking into account (5.5), we
deduce that

|Ln,tn g(x)− Lt g(x)| ≤
ε

2
‖g‖∞ + ‖g‖∞

∑
i∈I\Iε

e−P
8(n) (tn)‖(ϕ

(n)
i )′‖tn

+‖g‖∞
∑

i∈I\Iε

e−P8(t)‖ϕ′i‖
t

≤
ε

2
‖g‖∞ +

ε

4
‖g‖∞ +

ε

4
‖g‖∞ = ε‖g‖∞.

Hence, ‖Ln,tn g − Lt g‖∞ ≤ ε‖g‖∞. Since g was chosen arbitrarily in C(X), we conclude
that ‖Ln,tn − Lt‖∞ ≤ ε. Since ε was chosen arbitrarily, we are done. 2

Proof of Theorem 5.20. Set mt = m8,t and mn = m8(n),tn for every n ∈ N. Do similarly
for the measures µ and the operators L. Let ν be an arbitrary weak accumulation point of
the sequence {mn}, say ν = lim j→∞ mn j . In virtue of Lemma 5.23 we know that for every
g ∈ C(X)

lim
j→∞

L∗n j
mn j (g)= lim

j→∞
mn j (Ln j g)= ν(Lt g)= L∗t ν(g).

This means that the sequence {L∗n j
mn j } converges weakly to L∗t ν. However, L∗n j

mn j

= mn j and {mn j } converges weakly to ν. Thus, L∗t ν = ν. It then follows from the
uniqueness part of [7, Theorem 3.2.3] that ν = mt . Thus, the set of weak accumulation
points of the sequence {mn} consists solely of mt , meaning that {mn} converges to mt

weakly.
Now, let us consider invariant measures. We show the following.

CLAIM. The β-Hölder norms of the normalized positive fixed points ρn (i.e. with
mn(ρn)= 1) of the Perron–Frobenius operators Ln are uniformly bounded.

Indeed, starting from [7, Theorem 2.4.3 and Lemma 2.4.1] or, in fact, their ‘downstairs’
equivalents on X , we need to show that the constants Q and C are uniformly bounded
above in n. According to the last line in the proof of [7, Lemma 2.4.1], we have
C = Q(M log(T ( f ))+ 1), and thus we need to show that Q, M , and T ( f ) are uniformly
bounded, where f = ζ8(n) . From the line following inequality (2.23) in the proof of
[7, Lemma 2.4.1], we observe that M ≥ 1 will be uniformly bounded provided that
T ( f ) is. Thus, we only need to establish that Q and T ( f ) are uniformly bounded.
However, Q is a ratio bounding constant for the Gibbs state of f , and simplifying the
proof of [7, Theorem 2.3.3] to the case of a full-shift we see that Q can be taken as
max{T ( f ), T ( f )−1

}. Therefore, it remains to prove that T ( f ) is uniformly bounded away
from 0 and ∞. By definition, T ( f )= exp(Vα( f )/(eα − 1)) (in [7], see the bottom of
page 26 for the definition of T ( f ) and the top of page 19 for Vα( f )). In our case, f = ζ8(n)
is Lipschitz for all n and thus α ≡ 1 and Vα( f ) is the Lipschitz constant for f . Since α ≡ 1
and Vα( f )≥ 0 for all n, we have T ( f )≥ 1 for all n. On the other hand, the uniform upper
bound on Vα( f ) is a consequence of [7, Theorems 4.1.2 and 4.1.3]. Indeed, note the
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presence of the constants K3 and K4 in these two theorems. These constants generally
depend on the neighborhood V8(n) . Since all 8(n) admit a common such neighborhood V ,
we deduce that the constants K3 and K4 are uniformly bounded in n. Therefore, Vα( f ),
and hence T ( f ), is uniformly bounded above. The claim is proved.

In virtue of this claim, it follows from Arzela–Ascoli’s theorem that each subsequence
of the sequence {ρn} has a converging subsequence in the supremum norm. It then follows
directly from Lemma 5.23 that the limit ρ̂ of each such subsequence is a non-negative fixed
point of Lt . Since, as we already know, {mn} converges weakly to mt , we have mt (ρ̂)= 1.
Thus, ρ̂mt is an invariant Borel probability measure which is absolutely continuous with
respect to mt . Hence, ρ̂mt = ρt mt , meaning that ρ̂ = ρt . Therefore, {ρn} converges to ρt

in the supremum norm on C(X). Consequently, for every g ∈ C(X) the sequence {gρn}

converges uniformly to gρt . Thus,

lim
n→∞

∫
X

g dµn = lim
n→∞

∫
X

gρn dmn =

∫
X

gρt dmt =

∫
X

g dµt .

This means that {µn} converges weakly to µt . We are done. 2

Remark 5.24. In the case d ≥ 3, Theorem 5.20 remains valid when replacing the existence
of a common V by the weaker assumption that the centers of inversion of the generators
of all of the systems 8(n) = {ϕ(n)i }i∈N, n ∈ N, remain uniformly away from X . That is, if

a(n)i is the center of inversion of ϕ(n)i (if ϕ(n)i is a similarity, then we declare a(n)i =∞) and

if A =
⋃

i,n{a
(n)
i }, then it is sufficient to assume that dist(A, X) > 0.

As an immediate consequence of this theorem and [8, Theorem 5.10], we obtain the
following.

COROLLARY 5.25. If 8(n)→8 in the λ-topology with all 8(n) admitting a common
neighborhood V , then m8(n),h

8(n)
→ m8,h8 weakly and µ8(n),h

8(n)
→ µ8,h8 weakly.

Remark 5.26. Note that we do not assume in the above corollary that P8(h8)= 0 or
P8(n)(h8(n))= 0 for any n.

Remark 5.27. In [8], we should have assumed that the space X is connected and satisfies
X = Int(X). Moreover, there are two instances in which we failed to take into account the
distortion created by the generators of the systems.

(1) [8, Lemma 4.1] holds when X is convex. However, when this is not the case, the
following, slightly weaker result is a consequence of the local bounded distortion of the
generators of the systems. The proof of this result goes along similar lines to those in [8].

LEMMA 5.28. The coding map π : CIFS(X, I )→ C(I∞, X) is continuous. Moreover,
given 8 ∈ CIFS(X), for each 1< D < ‖8′‖−1 there is ε > 0 such that

‖π9 − π8‖ ≤
1

1− D‖8′‖
‖9 −8‖ ≤

1
1− D‖8′‖

ρ(9, 8)

for all 9 ∈ B(8, ε).
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Note that [8, Lemma 4.2] remains valid. One only needs to use in the proof the above
amended form of [8, Lemma 4.1] instead. Thus, all of the following results, as announced
in the paper, hold.

(2) The inequality in the first part of the proof of [8, Lemma 5.1] should be replaced by

|ϕn
ω(x)− ϕω(x)| = |ϕ

n
ω1
(ϕn
σω(x))− ϕω1(ϕσω(x))|

≤ |ϕn
ω1
(ϕn
σω(x))− ϕω1(ϕ

n
σω(x))| + |ϕω1(ϕ

n
σω(x))− ϕω1(ϕσω(x))|

≤ ‖ϕn
ω1
− ϕω1‖ + K8‖ϕ

′
ω1
‖ · ‖ϕn

σω − ϕσω‖,

where K8 is a distortion constant for 8.
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